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The explicit exact analytical expressions for the lowest order radiative corrections to the semi-inclusive
deep inelastic scattering of the polarized particles are obtained in the most compact, covariant form
convenient for the numerical analysis. The infrared divergence from the real photon emission is extracted
and canceled using the Bardin-Shumeiko approach. The contribution of the exclusive radiative tail is
presented. The analytic results obtained within the ultrarelativistic approximation are also shown.
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I. INTRODUCTION

Nowadays the polarized semi-inclusive deep-inelastic
scattering (SIDIS) plays a crucial role in our understanding
of the internal spin structure of the nucleons. Information on
the three-dimensional structure of the polarized proton and
neutron can be obtained by extracting the quark transverse
momentum distributions from the various single spin asym-
metries measured in SIDIS with polarized particles.
Specifically, the Sivers and Collins contributions can be
selected [1] from the present data on transversely polarized
targets p⃗ðe; e0πÞx inHERMES [2], D⃗ðμ; μ0πÞx inCOMPASS

[3], and ⃗3Heðe; e0πÞx in JLab [4] which show a strong flavor
dependence of transverse momentum distributions.
Moreover in the near future, highly accurate experiments
are planned at 12 GeV Jlab [5] that will provide unique
opportunities for the breakthrough in the investigation of the
nucleon structure by carrying outmultidimensional precision
studies of longitudinal and transverse spin and momentum
degrees of freedom from SIDIS experiments with high
luminosity in combination with large acceptance detectors.
It is well known that one of the important sources of the

systematical uncertainties in SIDIS experiments with and
without polarization of initial particles are the QED
radiative corrections (RC). RC to the threefold differential

cross section (dσ=dxdydz, where x and y are the standard
Bjorken variables and the z is the fraction of the virtual-
photon energy transferred to the detected hadron) can be
calculated using the patch SIRAD of FORTRAN code
POLRAD [6] created based on the original calculations in
Refs. [7,8] for unpolarized and polarized particles. The
calculation of RC to the fivefold differential cross section
of unpolarized particles (dσ=dxdydzdp2

t dϕh, where pt is
the detected hadron transverse momentum and ϕh is the
azimuthal angle between the lepton scattering and hadron
production planes) was performed in Ref. [9]. These
calculations did not contain the radiative tail from the
exclusive reactions as a separate contribution involving the
exclusive structure functions (SF). This limitation was
addressed in Ref. [10] in which the authors explicitly
calculated the exclusive radiative tail and implemented the
exclusive SF using the approach of MAID [11].
In the present paper we consider the general task of

RC calculation when the initial nucleon can be arbitrarily
polarized. The analytical expressions for RC to SIDIS are
obtained for the sixfold cross section with the longitudi-
nally polarized lepton and arbitrarily polarized target,
dσ=dxdydzdp2

t dϕhdϕ, where the azimuthal angle ϕ
between the lepton scattering and ground planes is intro-
duced to appropriately account for the transverse target
polarization. The contribution of the exclusive radiative
tail to the total RC is also presented. Similar to the previous
analyses we calculated RC in the model-independent
way. These corrections are induced by the unobservable
real photon emission from the lepton leg, leptonic
vertex correction, and vacuum polarization. The model-
independent correction is proportional to the leading
logarithm logðQ2=m2Þ, which is large because of high
transferring momentum squared Q2 (>1 GeV2) and small
electron massm. What is not accounted for in this approach
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is the correction due to the real and additional virtual
photon emission by hadrons including the two-photon
exchange and QED hadronic vertex correction. However,
this correction should not be accounted for in the majority
of cases, e.g., when the used model for SF was extracted
from the experiment in which emission by hadrons had not
been applied in the RC procedure of experimental data.
TheBardin-Shumeiko approach [12] is used for extraction

and cancellation of the infrared divergence coming from the
real and virtual photon emission. In contrast to the widely
used Mo-Tsai approach [13,14] the final expression for RC
within theBardin-Shumeiko approach does not depend on an
artificial parameter that is introduced in [13,14] for separa-
tion of the photon emission on the hard and soft parts.
In this paper we apply an approach for decomposition of

the initial nucleon and virtual photon polarization as well as
the real photon four-momentum over the respective bases
(the Appendix A). The polarization decomposition is used
for the hadronic tensor representation in a covariant form.
The momentum decomposition is used to simplify integra-
tion over the momentum of the unobserved photon.
Specifically, this allows us to essentially reduce the number
of pseudoscalars occurring after the convolution of the
leptonic tensors of radiative effects with the hadronic tensor
and present the final expressions for RC in a compact,
covariant form convenient for the numerical analysis. All
calculations have been performed in an exact way keeping
the lepton mass at all stages of the calculation. The
dependence of certain terms in the exact final expressions
for RC on the electron mass is quite tricky, and therefore, we
analyze respective contributions in the ultrarelativistic
approximation allowing for extraction of the electron mass
dependence explicitly and classifying all terms in RC as
leading (i.e., containing the leading logarithms), next-to-
leading (i.e., independent of the electron mass), and other
potentially negligible terms (i.e., the terms vanishing in the
approximation of m → 0). Thus the results obtained in the
paper contain both exact formulas for RC and expressions in
ultrarelativistic approximations allowing us to explicitly
control the dependence on the electron mass. Thus, the
analytic expressions for RC are valid for experiments with
muons (e.g., COMPASS [3]) in which the approximation of
the zero lepton mass could not be appropriate.
The rest of the article is organized as follows. The hadronic

tensor, different sets for the SF used in the literature, as well
as the lowest order (Born) contribution to the SIDIS process
are discussed in Sec. II. The calculation of the lowest order
QED RC to the observables in SIDIS as well as the explicit
results for both the semi-inclusive final hadronic state and
exclusive radiative tail contributions are presented in Sec. III.
The infrared divergence in these calculations are extracted
from the real photon emission with the semi-inclusive final
hadronic state by the Bardin-Shumeiko approach [12] and
then canceled with the corresponding term from the leptonic
vertex correction in such a way that the obtained results are

free from an intermediate parameter k̄0. For the parametriza-
tion of the infrared and ultraviolet divergences the dimension
regularization is used. The results of analyses of the exact
expressions in ultrarelativistic approximation are given in
Sec. IV. Particularly we show that the double leading
logarithms coming from the terms with the soft photon
emission and the leptonic vertex correction cancel in their
sum. A brief discussion and conclusion are presented in
Sec. V. Technical details and the most cumbersome parts of
the RC are presented in four Appendixes. The bases for the
decomposition of the initial target and virtual photon
polarization as well as the real photon momentum are
presented in Appendix A. The explicit expressions for the
real photon emission quantities are presented inAppendix B.
The details of the approach for the infrared divergence
extraction and cancellation are given in Appendix C. The
detailed calculations of the additional virtual particle con-
tributions are presented in Appendix D.

II. HADRONIC TENSOR AND BORN
CONTRIBUTION

The sixfold differential cross section of SIDIS with
polarized particles

eðk1; ξÞ þ nðp; ηÞ → eðk2Þ þ hðphÞ þ xðpxÞ ð1Þ
(k21 ¼ k22 ¼ m2, p2 ¼ M2, p2

h ¼ m2
h) where ξ (η) is the

initial lepton (nucleon) polarized vector can be described
by the following set of variables:

x ¼ −
q2

2qp
; y ¼ qp

k1p
; z ¼ php

pq
;

t ¼ ðq − phÞ2; ϕh; ϕ: ð2Þ
Here q ¼ k1 − k2, ϕh is the angle between ðk1;k2Þ and
ðq;phÞ planes, and ϕ is the angle between ðk1;k2Þ and the
ground planes in the target rest frame reference sys-
tem (p ¼ 0).
Also we use the following set of invariants:

S ¼ 2pk1; Q2 ¼ −q2; Q2
m ¼ Q2 þ 2m2;

X ¼ 2pk2; Sx ¼ S−X; Sp ¼ SþX;

V1;2 ¼ 2k1;2ph; Vþ ¼ 1

2
ðV1 þ V2Þ;

V− ¼ 1

2
ðV1 −V2Þ ¼

1

2
ðm2

h −Q2 − tÞ;
S0 ¼ 2k1ðpþ q− phÞ ¼ S−Q2 −V1;

X0 ¼ 2k2ðpþ q− phÞ ¼ XþQ2 −V2;

p2
x ¼ ðpþ q−phÞ2 ¼M2 þ tþ ð1− zÞSx:
λS ¼ S2 − 4M2m2; λY ¼ S2x þ 4M2Q2;

λ1 ¼ Q2ðSX −M2Q2Þ−m2λY; λm ¼ Q2ðQ2 þ 4m2Þ;
λ0S ¼ S02 − 4m2p2

x; λ0X ¼ X02 − 4m2p2
x: ð3Þ
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Noninvariant variables including the energy ph0,
longitudinal pl, and transverse pt (kt) three-momenta
of the detected hadron (the incoming or scattering lepton)
with respect to the virtual photon direction in the
target rest frame are expressed in terms of the above
invariants:

ph0 ¼
zSx
2M

;

pl ¼
zS2x − 4M2V−

2M
ffiffiffiffiffi
λY

p ¼ zS2x þ 2M2ðtþQ2 −m2
hÞ

2M
ffiffiffiffiffi
λY

p ;

pt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
h0 − p2

l −m2
h

q
; kt ¼

ffiffiffiffiffi
λ1
λY

s
: ð4Þ

As a result the quantities V1;2 can be written through
cosϕh and other variables defined in Eqs. (2)–(4) as

V1 ¼ ph0
S
M

−
plðSSx þ 2M2Q2Þ

M
ffiffiffiffiffi
λY

p − 2ptkt cosϕh;

V2 ¼ ph0
X
M

−
plðXSx − 2M2Q2Þ

M
ffiffiffiffiffi
λY

p − 2ptkt cosϕh: ð5Þ

The sine of ϕh is expressed as

sinϕh ¼ −
2ε⊥ph

pt
ffiffiffiffiffi
λ1

p ; ð6Þ

where

εμ⊥ ¼ εμνρσpνk1ρqσ ð7Þ

is the pseudovector with a normal direction to the scattering
plane ðk1;k2Þ. Our definitions of ϕh and other kinematic
variables are in agreement with the common convention
introduced in [15].
The lowest order QED (Born) contribution to SIDIS is

presented by the Feynman graph in Fig. 1(a). The cross
section for this process reads

dσB ¼ ð4παÞ2
2

ffiffiffiffiffi
λS

p
Q4

WμνL
μν
B dΓB; ð8Þ

where the phase space is parametrized as

dΓB ¼ ð2πÞ4 d3k2
ð2πÞ32k20

d3ph

ð2πÞ32ph0

¼ 1

4ð2πÞ2
SSxdxdydϕ

2
ffiffiffiffiffi
λS

p Sxdzdp2
t dϕh

4Mpl
: ð9Þ

Since the initial lepton is considered to be longitudinally
polarized, its polarization vector has the form [16]

ξ ¼ λeS
m

ffiffiffiffiffi
λS

p k1 −
2λemffiffiffiffiffi

λS
p p ¼ ξ0 þ ξ1: ð10Þ

As a result the leptonic tensor is

k1 k2

p

ph

(a)

k

k1 k2

p

ph

k

k1 k2

p

ph

(c)(b)

k1 k2

p

ph

k1 k2

p

ph

(e)(d)

k

k1 k2

p

ph

k

k1 k2

p

ph

(g)(f)

FIG. 1. Feynman graphs for (a) the lowest order, (b)–(e) SIDIS,
and (f), (g) exclusive radiative tail contributions to the lowest
order RC for SIDIS scattering.
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Lμν
B ¼ 1

2
Tr½ðk̂2 þmÞγμðk̂1 þmÞð1þ γ5ξ̂Þγν�

¼ 2

�
kμ1k

ν
2 þ kμ2k

ν
1 −

Q2

2
gμν

þ iλeffiffiffiffiffi
λS

p εμνρσðSk2ρk1σ þ 2m2qρpσÞ
�
: ð11Þ

According to [17] the hadronic tensor for the SIDIS
process γ� þ n → hþ X can be decomposed in the terms of

the scalar spin-independent Hð0Þ
ab and spin-dependent HðSÞ

abi
structures functions

Wμν ¼
X3
a;b¼0

eγðaÞμ eγðbÞν

�
Hð0Þ

ab þ
X3
ρ;i¼0

ηρehðiÞρ HðSÞ
abi

�
; ð12Þ

where eγðaÞμ (or eγðbÞν ) and ehðiÞρ are the complete set of the
basis vectors for the polarization four-vectors of the virtual
photon and nucleon in the target rest frame. These vectors
can be represented in a covariant form [18] using (A1)
and (A2).
Due to the parity and current conservation, hermiticity as

well as pη≡ 0, only the following set of independent SF

Hð0Þ
ab and HðSÞ

abi in (12) survives [17]: 5 spin-independent

Hð0Þ
00 , H

ð0Þ
11 , H

ð0Þ
22 , ReH

ð0Þ
01 , ImHð0Þ

01 and 13 spin-dependent

HðSÞ
002, ReH

ðSÞ
012, ImHðSÞ

012, ReH
ðSÞ
021, ImHðSÞ

021, ReH
ðSÞ
023, ImHðSÞ

023,

HðSÞ
112, ReH

ðSÞ
121, ImHðSÞ

121, ReH
ðSÞ
123, ImHðSÞ

123, H
ðSÞ
222. All the rest

of the SF have to be set to zero [17].
The hadronic tensor in terms of these SF can be obtained

by substitution (A1) and (A2) into (12) resulting in

Wμν ¼
X9
i¼1

wi
μνHi ¼ −g⊥μνH1 þ p⊥

μ p⊥
ν H2 þ p⊥

hμp
⊥
hνH3

þ ðp⊥
μ p⊥

hν þ p⊥
hμp

⊥
ν ÞH4 þ iðp⊥

μ p⊥
hν − p⊥

hμp
⊥
ν ÞH5

þ ðp⊥
μ nν þ nμp⊥

ν ÞH6 þ iðp⊥
μ nν − nμp⊥

ν ÞH7

þ ðp⊥
hμnν þ nμp⊥

hνÞH8

þ iðp⊥
hμnν − nμp⊥

hνÞH9: ð13Þ

Here g⊥μν ¼ gμν − qμqν=q2 and nμ ¼ εμνρσqνpρphσ .
The generalized SF Hi can be expressed via Hð0Þ

ab and

HðSÞ
abi using the decomposition of the nucleon polarized

three-vector η ¼ ðη1; η2; η3Þ over the basis (A2) in the
following way:

H1 ¼ Hð0Þ
22 − η2H

ðSÞ
222;

H2 ¼
4

λ2Yp
2
t
½λYp2

t Q2ðHð0Þ
00 − η2H

ðSÞ
002Þ þ λ23S

2
xðHð0Þ

11

− η2H
ðSÞ
112Þ − λ2λYðHð0Þ

22 − η2H
ðSÞ
222Þ

− 2Sxλ3ptQ
ffiffiffiffiffi
λY

p
ðReHð0Þ

01 − η2ReH
ðSÞ
012Þ�;

H3 ¼
1

p2
t
ðHð0Þ

11 −Hð0Þ
22 þ η2ðHðSÞ

222 −HðSÞ
112ÞÞ;

H4 ¼
2

λYp2
t
½λ3SxðHð0Þ

22 −Hð0Þ
11 þ η2ðHð0Þ

112 −HðSÞ
222ÞÞ

þ ptQ
ffiffiffiffiffi
λY

p
ðReHð0Þ

01 − η2ReH
ðSÞ
012Þ�;

H5 ¼
2Q

pt
ffiffiffiffiffi
λY

p ðImHð0Þ
01 − η2ImHðSÞ

012Þ;

H6 ¼
4M

λ3=2Y p2
t

½Qpt

ffiffiffiffiffi
λY

p
ðη1ReHðSÞ

021 þ η3ReH
ðSÞ
023Þ

− λ3Sxðη1ReHðSÞ
121 þ η3ReH

ðSÞ
123Þ�;

H7 ¼
4M

λ3=2Y p2
t

½Qpt

ffiffiffiffiffi
λY

p
ðη1ImHðSÞ

021 þ η3ImHðSÞ
023Þ

− λ3Sxðη1ImHðSÞ
121 þ η3ImHðSÞ

123Þ�;

H8 ¼
2Mffiffiffiffiffi
λY

p
p2
t
ðη1ReHðSÞ

121 þ η3ReH
ðSÞ
123Þ;

H9 ¼
2Mffiffiffiffiffi
λY

p
p2
t
ðη1ImHðSÞ

121 þ η3ImHðSÞ
123Þ: ð14Þ

Here λ2 ¼ V2
− þm2

hQ
2, λ3 ¼ V− þ zQ2, and V− is defined

in Eqs. (3).
Finally we find the Born contribution in the form

σB ≡ dσB

dxdydzdp2
t dϕhdϕ

¼ α2SS2x
8MQ4plλS

X9
i¼1

θBi Hi; ð15Þ

where θBi ¼ Lμνwi
μν=2,

θB1 ¼Q2− 2m2; θB2 ¼ ðSX−M2Q2Þ=2;
θB3 ¼ ðV1V2−m2

hQ
2Þ=2; θB4 ¼ ðSV2þXV1− zQ2SxÞ=2;

θB5 ¼
2λeSε⊥phffiffiffiffiffi

λS
p ; θB6 ¼−Spε⊥ph;

θB7 ¼
λeS
4

ffiffiffiffiffi
λS

p ½λYVþ−SpSxðzQ2þV−Þ�; θB8 ¼−2Vþε⊥ph;

θB9 ¼
λe

2
ffiffiffiffiffi
λS

p ½SðQ2ðzSxVþ−m2
hSpÞþV−ðSV2−XV1ÞÞ

þ 2m2ð4M2V2
−þ λYm2

h − zS2xðzQ2þ 2V−ÞÞ�: ð16Þ

The quantities Hð0Þ
ab and HðSÞ

abi can be expressed through
another set of the SF presented in [19]. Taking into
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account that η1 ¼ cosðϕs − ϕhÞS⊥, η2 ¼ sinðϕs − ϕhÞS⊥,
and η3 ¼ Sjj we find that

Hð0Þ
00 ¼ C1FUU;L;

Hð0Þ
01 ¼ −C1ðFcosϕh

UU þ iFsinϕh
LU Þ;

Hð0Þ
11 ¼ C1ðFcos2ϕh

UU þFUU;TÞ;
Hð0Þ

22 ¼ C1ðFUU;T −Fcos2ϕh
UU Þ;

HðSÞ
002 ¼ C1F

sinðϕh−ϕsÞ
UT;L ;

HðSÞ
012 ¼ C1ðFsinϕs

UT −Fsinð2ϕh−ϕsÞ
UT − iðFcosϕs

LT −Fcosð2ϕh−ϕsÞ
LT ÞÞ;

HðSÞ
021 ¼ C1ðFsinð2ϕh−ϕsÞ

UT þFsinϕs
UT − iðFcosð2ϕh−ϕsÞ

LT þFcosϕs
LT ÞÞ;

HðSÞ
023 ¼ C1ðFsinϕh

UL − iFcosϕh
LL Þ;

HðSÞ
121 ¼ C1ð−Fsinð3ϕh−ϕsÞ

UT −FsinðϕhþϕsÞ
UT þ iFcosðϕh−ϕsÞ

LT Þ;
HðSÞ

123 ¼ C1ð−Fsin2ϕh
UL þ iFLLÞ;

HðSÞ
112 ¼ C1ðFsinð3ϕh−ϕsÞ

UT þFsinðϕh−ϕsÞ
UT;T −FsinðϕhþϕsÞ

UT Þ;
HðSÞ

222 ¼ C1ðFsinðϕhþϕsÞ
UT þFsinðϕh−ϕsÞ

UT;T −Fsinð3ϕh−ϕsÞ
UT Þ; ð17Þ

where

C1 ¼
4MplðQ2 þ 2xM2Þ

Q4
: ð18Þ

III. LOWEST ORDER
RADIATIVE CORRECTIONS

The six matrix elements shown in Figs. 1(b)–1(g)
contribute to the lowest order QED RC to the cross section
of the base SIDIS process [Fig. 1(a)]. A critical difference
in the graphs 1(a)–1(e) compared to the graphs 1(f) and 1(g)
is the distinct final unobserved hadronic state: continuum of
particles in the former case and a single hadron in the latter
case. The underlying processes are semi-inclusive and
exclusive hadron leptoproduction, respectively. At the level
of RC, both of them include the unobservable real photon
emission from the lepton leg as presented in Figs. 1(b) and
1(c) as well as 1(f) and 1(g). The contribution to RC from
the semi-inclusive process contains also the leptonic vertex
correction and vacuum polarization [Figs. 1(d) and 1(e)].
Thus these two separate contributions to the total RC to the
SIDIS cross section are considered in two separate sub-
sections below.

A. Semi-inclusive contribution

The real photon emission in the semi-inclusive process,

eðk1; ξÞ þ nðp;ηÞ→ eðk2Þ þ hðphÞ þ xðp̃xÞ þ γðkÞ; ð19Þ
where k is a real photon four-momentum depicted in
Figs. 1(b) and 1(c) is described by the set variables
presented in (2) and three additional quantities,

R ¼ 2kp; τ ¼ kq
kp

; ϕk; ð20Þ

where ϕk is an angle between ðk1;k2Þ and ðk;qÞ planes.
Its sine in the covariant form is

sinϕk ¼
2ε⊥k

ffiffiffiffiffi
λY

p

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1ðQ2 þ τðSx − τM2ÞÞ

p : ð21Þ

The contribution of real photon emission from the
leptonic leg is

dσR ¼ ð4παÞ3
2

ffiffiffiffiffi
λS

p
Q̃4

W̃μνL
μν
R dΓR: ð22Þ

Here the “tilde” symbol denotes that the arguments of the
hadronic tensor such as Q2, W2, z, t, and ϕh are defined
through the shifted q → q − k, i.e., Q̃2 ¼ −ðq − kÞ2 ¼
Q2 þ Rτ. The phase space of the considered process has
the form

dΓR ¼ ð2πÞ4 d3k
ð2πÞ32k0

d3k2
ð2πÞ32k20

d3ph

ð2πÞ32ph0
; ð23Þ

where

d3k
k0

¼ RdRdτdϕk

2
ffiffiffiffiffi
λY

p : ð24Þ

For the representation of explicit results in the simplest
way the leptonic tensor Lμν

R in (22) is separated into two
parts:

Lμν
R ¼ Lμν

R0 þ Lμν
R1: ð25Þ

The first term includes the part of the leptonic tensor that
contains spin-independent terms and terms containing ξ0,
i.e., the part of the polarization vector (10),

Lμν
R0 ¼ −

1

2
Tr½ðk̂2 þmÞΓμα

R ðk̂1 þmÞð1þ γ5ξ̂0ÞΓ̄ν
Rα�; ð26Þ

where

Γμα
R ¼

�
kα1
kk1

−
kα2
kk2

�
γμ −

γμk̂γα

2kk1
−
γαk̂γμ

2kk2
;

Γ̄ν
Rα ¼ γ0Γ

ν†
Rαγ0

¼
�
k1α
kk1

−
k2α
kk2

�
γν −

γνk̂γα
2kk2

−
γαk̂γν

2kk1
: ð27Þ

The second term in (25) is proportional only to the residual
part ξ1 of the polarization vector ξ,

Lμν
R1¼−

1

2
Tr½ðk̂2þmÞΓμα

R ðk̂1þmÞγ5ξ̂1Γ̄ν
Rα�: ð28Þ
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As shown below this part of the leptonic tensor gives a
nonvanishing contribution to RC in the ultrarelativistic
approximation for both the semi-inclusive (72) and the
exclusive (74) final hadronic states.
The convolution of the leptonic tensors Lμν

R0 and L
μν
R1 with

the shifted hadronic tensor can be presented as

W̃μνL
μν
R0¼

X9
i¼1

w̃i
μνH̃iL

μν
R0¼−2

X9
i¼1

Xki
j¼1

H̃iθ
0
ijR

j−3;

W̃μνL
μν
R1¼

X
i¼5;7;9

w̃i
μνH̃iL

μν
R1¼−2

X
i¼5;7;9

Xki
j¼1

H̃iθ
1
ijR

j−3; ð29Þ

where i enumerates the contributions of respective SF in
(13). The sum over j represents the decomposition of the
leptonic (26) and (28) and hadronic tensor convolutions
over R. In this decomposition quantities θ0;1ij do not
depend on R. Their explicit expressions are presented in
Appendix B. The number of terms is different for different
SF: ki ¼ f3; 3; 3; 3; 3; 4; 4; 4; 4g.
The lowest order SIDIS process (1) is described by the

four independent four-momenta such us p, k1, q, and ph.
Therefore, the Born cross section contains only one
pseudoscalar εμνρσphμpνk1ρqσ. This pseudoscalar contrib-
utes to θB5;6;8 as it was shown in Eqs. (16) and, according to
Eqs. (6) and (7), can be expressed in terms of the variables
(2)–(4) as εμνρσphμpνk1ρqσ ¼ ε⊥ph ¼ −pt

ffiffiffiffiffi
λ1

p
sinϕh=2.

When we deal with real photon emission, the additional
independent four-momentum k appears. As a result the
number of pseudoscalar quantities that can exist in the
expressions for the cross section grows up to five. They are
not independent, and their number can be reduced to two,
namely ε⊥ph and ε⊥k, using the decomposition of the
photonic four-momentum over the basis introduced in
Appendix A by Eqs. (A5). As shown in Eqs. (A9) the
remaining three pseudoscalars are expressed through the
linear combination of ε⊥ph and ε⊥k. The explicit expres-
sion for ε⊥k follows from (21):

ε⊥k ¼ sinϕkR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1ðQ2 þ τðSx − τM2ÞÞ

p
2

ffiffiffiffiffi
λY

p : ð30Þ

After substituting (29) into (22)

dσR ¼ −
α3

4π2Q̃4
ffiffiffiffiffi
λS

p
X9
i¼1

Xki
j¼1

H̃iθijRj−3 d
3k
k0

d3k2
k20

d3ph

ph0

¼ −
α3SS2xdxdydzdptdϕhdϕdτdϕkdR

64π2MplλS
ffiffiffiffiffi
λY

p
Q̃4

×
X9
i¼1

Xki
j¼1

H̃iθijRj−2; ð31Þ

where θij ¼ θ0ij for i ¼ 1–4,6,8 and θij ¼ θ0ij þ θ1ij for
i ¼ 5, 7, 9, we found that the term with j ¼ 1 in (31)

contains the infrared divergence at R → 0 that does not
allow one to perform the straightforward integration of dσR
over the photonic variable R. For the correct extraction
and cancellation of the infrared divergence the Bardin-
Shumeiko approach [12] is used. Following this method the
identical transformation,

dσR ¼ dσR − dσIRR þ dσIRR ¼ dσFR þ dσIRR ; ð32Þ

is performed. Here dσFR is the infrared free contribution and
dσIRR contains only the j ¼ 1 term in which arguments of
SF are taken for k ¼ 0,

dσIRR ¼ −
α3

4π2Q4
ffiffiffiffiffi
λS

p
X9
i¼1

Hiθi1
R2

d3k
k0

d3k2
k20

d3ph

ph0
: ð33Þ

This decomposition allows us to perform the treatment of
the infrared divergence analytically since the arguments of
the SF in (33) do not depend on photonic variables. Due to
θi1 ¼ 4FIRθ

B
i one can find that this contribution can be

factorized in front of the Born cross section

dσIRR ¼ −
α

π2
dσB

FIR

R2

d3k
k0

; ð34Þ

where

FIR ¼
�
k1
z1

−
k2
z2

�
2

; ð35Þ

z1;2 ¼ kk1;2=kp, and the explicit expressions of these
quantities are given in Appendix B [see (B4)].
The term (34) is then separated into the soft δS and hard

δH parts,

σIRR ¼ α

π
ðδS þ δHÞσB; ð36Þ

by the introduction of the infinitesimal photonic energy
k̄0 → 0 that is defined in the system pþ q − ph ¼ 0:

δS ¼ −
1

π

Z
d3k
k0

FIR

R2
θðk̄0 − k0Þ;

δH ¼ −
1

π

Z
d3k
k0

FIR

R2
θðk0 − k̄0Þ: ð37Þ

The additional regularization with the parameter k̄0
allows us to calculate δH for n ¼ 4 and to simplify the
integration for δS in the dimensional regularization by
choosing the individual reference systems for each invari-
ant variables z1 and z2 to make them independent of the
azimuthal angle ϕk.
The explicit integration, details of which are described in

Appendix C, results in the final explicit expressions for
these two contributions in the form
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δS ¼ 2ðQ2
mLm − 1Þ

�
PIR þ log

2k̄0
ν

�

þ 1

2
S0LS0 þ

1

2
X0LX0 þ Sϕ;

δH ¼ 2ðQ2
mLm − 1Þ logp

2
x −M2

th

2k̄0
ffiffiffiffiffi
p2
x

p : ð38Þ

HereMth is the minimum value of the invariant mass of the
undetected hadrons px for the SIDIS process, e.g., Mth ¼
M þmπ when the detected hadron is the pion. The symbols
Lm, LS0 , and LX0 are defined in Eq. (C10).
The sum of δS and δH does not depend on the separated

photonic energy k̄0 but includes the term representing the
infrared divergence

PIR ¼ 1

n − 4
þ 1

2
γE þ log

1

2
ffiffiffi
π

p ð39Þ

as well as the arbitrary parameter ν, the mass scale of
dimensional regularization. These two quantities should be
canceled by summing the infrared divergent part with the
contribution from the leptonic vertex correction that is
considered below.
The term Sϕ has the form

Sϕ ¼ −
Q2

m

2
ffiffiffiffiffi
λm

p
�
log

X0 −
ffiffiffiffiffi
λ0X

p
X0 þ ffiffiffiffiffi

λ0X
p log

ðz − z1Þðz − z3Þ
ðz − z2Þðz − z4Þ

þ
X4
i;j

Sjð−1Þiþ1

�
1

2
δijlog2ðjz − zijÞ

þ ð1 − δijÞ
�
logðjz − zijÞ logðjzi − zjjÞ

− Li2

�
z − zi
zj − zi

����				
z¼zu

z¼zd

; ð40Þ

where

Li2ðxÞ ¼ −
Zx

0

log j1 − yj
y

dy ð41Þ

is Spence’s dilogarithm and

z1;2 ¼
1ffiffiffiffiffi
λ0X

p
�
X0 − S0 þ 2p2

xðQ2 ∓ ffiffiffiffiffi
λm

p Þ
X0 −

ffiffiffiffiffi
λ0X

p
�
;

z3;4 ¼
1ffiffiffiffiffi
λ0X

p
�
S0 − X0 −

2p2
xðQ2 � ffiffiffiffiffi

λm
p Þ

X0 þ ffiffiffiffiffi
λ0X

p
�
;

zu ¼
ffiffiffiffiffi
λ0S
λ0X

s
− 1; zd ¼

X0ðS0 − X0Þ − 2p2
xQ2

λ0X
;

Sj ¼ f1; 1;−1;−1g: ð42Þ

The infrared free contribution dσFR from (32) integrated
over the three photonic variables reads

σFR ¼ −
α3SS2x

64π2MplλS
ffiffiffiffiffi
λY

p
Zτmax

τmin

dτ
Z2π

0

dϕk

ZRmax

0

dR

×
X9
i¼1

�
θi1
R

�
H̃i

Q̃4
−
Hi

Q4

�
þ
Xki
j¼2

H̃iθij
Rj−2

Q̃4

�
; ð43Þ

where the limits of integration are

Rmax ¼
p2
x −M2

th

1þ τ − μ
;

τmax =min ¼
Sx �

ffiffiffiffiffi
λY

p
2M2

ð44Þ

and the quantity μ is defined in Eq. (B3).
The additional virtual particle contributions consist of

the leptonic vertex correction [Fig. 1(d)] and vacuum
polarization by leptons and hadrons [Fig. 1(e)]. These
contributions are given by Eq. (8) with the replacement of
the leptonic tensor Lμν

B by

Lμν
V ¼ 1

2
Tr½ðk̂2 þmÞΓμ

Vðk̂1 þmÞð1þ γ5ξ̂Þγν�

þ 1

2
Tr½ðk̂2 þmÞγμðk̂1 þmÞð1þ γ5ξ̂ÞΓ̄ν

V �; ð45Þ

where

Γμ
V ¼ Λμ þ Πlμ

α γα þ α

2π
δhvacγ

μ ð46Þ

and Γ̄ν
V ¼ γ0Γ

ν†
V γ0.

The first two terms corresponding to the leptonic vertex
correction Λμ and vacuum polarization by leptons Πlμ

α are
calculated analytically using Feynman rules while the fit for
the vacuum polarization by hadrons δhvac can be taken from
the experimental data [20].
SinceΛμ andΠ

lμ
α contain the ultraviolet divergence while

Λμ also includes the infrared divergent term, the dimen-
sional regularization is used for the calculation of the loop
integrals:

Λμ ¼ −ie2
Z

dnl
ð2πÞnνn−4

×
γαðk̂2 − l̂þmÞγμðk̂1 − l̂þmÞγα

l2ðl2 − 2lk2Þðl2 − 2lk1Þ
;

Πl
αμ ¼ −

ie2

Q2

Z
dnl

ð2πÞnνn−4

×

� X
i¼e;μ;τ

Tr½ðl̂þmiÞγαðl̂ − q̂þmiÞγμ�
ðl2 −m2

i Þððl − qÞ2 −m2
i Þ

�
: ð47Þ

Details of the calculations are presented in Appendix D; Λμ

and Πi
αμ have the following structure:
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Λμ ¼
α

2π

�
δUVvertðQ2Þγμ −

1

2
mLm½q̂; γμ�

�
;

Πl
αμ ¼

X
i¼e;μ;τ

α

2π
δiUVvac ðQ2Þg⊥αμ; ð48Þ

where the second term in Λμ is the anomalous magnetic
moment. To remove the ultraviolet divergence the standard
on the mass-shell renormalization procedure is used:
δUVvertðQ2Þ and δiUVvac ðQ2Þ are substituted by the difference
of these quantities and their values at Q2 ¼ 0:

δvert ¼ δUVvertðQ2Þ − δUVvertð0Þ;
δivac ¼ δiUVvac ðQ2Þ − δiUVvac ð0Þ: ð49Þ

Here δUVvertð0Þ ¼ 2 − PUV − 2PIR − 3 logðm=νÞ, δiUVvac ð0Þ ¼
4ðPUV þ logðmi=νÞÞ=3, PUV ¼ PIR, and the ultraviolet
free terms have the form

δvert¼−2ðQ2
mLm−1Þ

�
PIRþ log

m
ν

�
−2þ

�
3

2
Q2þ4m2

�
Lm

−
Q2

mffiffiffiffiffi
λm

p
�
1

2
λmL2

mþ2Li2

�
2

ffiffiffiffiffi
λm

p
Q2þ ffiffiffiffiffi

λm
p

�
−
π2

2

�
;

δlvac¼
X

i¼e;μ;τ

δivac

¼
X

i¼e;μ;τ

�
2

3
ðQ2þ2m2

i ÞLi
m−

10

9
þ8m2

i

3Q2

�
1−2m2

i L
i
m

��
:

ð50Þ

The quantity Lm is defined in (C10) while the expressions
for λim and Li

m are defined by Eqs. (D3).
Finally the contribution of the inelastic tail to the sixfold

SIDIS cross section reads

σin ¼ α

π
ðδV R þ δlvac þ δhvacÞσB þ σFR þ σAMM; ð51Þ

where the sum of the infrared divergent terms,

δVR¼ δSþδHþδvert

¼ 2ðQ2
mLm−1Þ logp

2
x−M2

th

m
ffiffiffiffiffi
p2
x

p þ1

2
S0LS0

þ1

2
X0LX0 þSϕ−2þ

�
3

2
Q2þ4m2

�
Lm

−
Q2

mffiffiffiffiffi
λm

p
�
1

2
λmL2

mþ2Li2

�
2

ffiffiffiffiffi
λm

p
Q2þ ffiffiffiffiffi

λm
p

�
−
π2

2

�
; ð52Þ

is free both from the infrared divergent term PIR appearing
in δS and δvert that are defined by Eqs. (38) and (50) and the
arbitrary parameter ν. The infrared free contribution σFR is
defined by Eq. (43).

At last the contribution of the anomalous magnetic
moment coming from the second term in Λμ given by
Eqs. (48) has the form

σAMM ¼ α3m2SS2x
16πMQ2plλS

Lm

X9
i¼1

θAMM
i Hi; ð53Þ

with

θAMM
1 ¼6; θAMM

2 ¼−
λY
2Q2

;

θAMM
3 ¼−2m2

h−2
V2
−

Q2
; θAMM

4 ¼−2Sx
�
zþV−

Q2

�
;

θAMM
5 ¼2λeð2SþSxÞε⊥phffiffiffiffiffi

λS
p

Q2
;

θAMM
7 ¼λeð2SþSxÞ

4
ffiffiffiffiffi
λS

p
Q2

ðSxðSV2−XV1−zSpQ2Þþ4M2Q2VþÞ;

θAMM
9 ¼ λe

2
ffiffiffiffiffi
λS

p
Q2

ðS2xð4m2ðm2
h−zðzQ2þ2V−ÞÞþV1V−Þ

−4ðM2ðQ2−4m2ÞþS2Þðm2
hQ

2þV2
−Þ

þzQ2SxðSxðzQ2þV1þV−Þþ2SVþÞþ2SSxV−VþÞ;
θAMM
6 ¼θAMM

8 ¼0: ð54Þ

B. Exclusive radiative tail

The exclusive radiative tail is the process

eðk1;ξÞþnðp;ηÞ→ eðk2ÞþhðphÞþuðpuÞþ γðkÞ; ð55Þ

where pu is the four-momentum of a single undetected
hadron (p2

u ¼ m2
u) shown in Figs. 1(f) and 1(g). The final

unobserved state contains the photon radiated from the
lepton line and a hadron produced in an exclusive reaction
of γ� and p. The process (55) gives a contribution to the RC
in SIDIS because two observed particles in the final state
can have the same momenta as the unobserved particles in
the SIDIS process (1). The square of the invariant mass of
the unobserved state p2

x¼ðpþq−phÞ2¼2kðpþq−phÞþm2
u

depends on the photonic variables. Emission of the soft
photons would result in p2

x ¼ m2
u. This is beyond the

kinematic region of SIDIS. Therefore, the process (55)
being the contribution to RC to the SIDIS cross section
does not contain the infrared divergence [10].
A description of the exclusive process without the

radiated photon requires only five of the six variables of
SIDIS presented in Eqs. (2): x, y, t, ϕh, and ϕ. The process
with the radiated photon is additionally described by the
three photonic variables R, τ, and ϕk introduced above by
Eq. (20). In this case the sixth SIDIS variable z is expressed
through other SIDIS and photonic variables:
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z ¼ M2 −m2
u þ t − Rð1þ τ − μÞ

Sx
þ 1; ð56Þ

where μ is defined by Eq. (B3). Since we calculate RC to
SIDIS we need to keep z and use this equation in order
to express R in terms of z and two remaining photonic
variables:

Rex ¼
p2
x −m2

u

1þ τ − μ
; ð57Þ

and therefore to reduce the integration over the photon
momentum to the two-dimensional integral with respect to
variables τ and ϕk.
The contribution of the exclusive radiative tail in the

form similar to (22) reads

dσexR ¼ ð4παÞ3
2

ffiffiffiffiffi
λS

p
Q̃4

W̃μν
exLR

μνdΓex
R ; ð58Þ

where the hadronic tensor Wμν
ex describes the exclusive

process γ� þ n → hþ u and has the same structure as the
hadronic tensor in Eq. (13) but with the SF dependent only
on Q2, W2, and t variables. The leptonic tensor LR

μν and its
convolution with the hadronic structures w̃μν

i are the same
as in Eqs. (26)–(29).
The phase space of this process is

dΓex
R ¼ 1

ð2πÞ8
d3k2
2k20

d3k
2k0

d3ph

2ph0

d3pu

2pu0

× δ4ðk1 þ p − k2 − ph − pu − kÞ

¼ 2RexSS2xdxdydϕdzdϕhdp2
t dτdϕk

ð4πÞ8ð1þ τ − μÞMpl
ffiffiffiffiffiffiffiffiffi
λSλY

p : ð59Þ

The use of the phase space (59) and convolution
of leptonic and hadronic tensors (29) with replacement
H̃i → H̃ex

i in (58) and the subsequent integration of the
obtained expression over two photonic variables results in
the contribution of the exclusive radiative tail to the SIDIS
process in the form

σexR ¼ −
α3SS2x

29π5MplλS
ffiffiffiffiffi
λY

p
Zτmax

τmin

dτ
Z2π

0

dϕk

×
X9
i¼1

Xki
j¼1

H̃ex
i θijR

j−2
ex

ð1þ τ − μÞQ̃4
: ð60Þ

IV. ULTRARELATIVISTIC APPROXIMATION

In Sec. III all contributions to the lowest order RC are
presented by exact formulas. Some of them have a rather
complicated analytical structure. However, due to the
smallness of the leptonic mass compared to other quantities

that describe kinematics of the process it is rather useful
to obtain RC in the ultrarelativistic approximation keeping
the leptonic mass m only as an argument of the logarithmic
function. This allows us to simplify the analytical expres-
sions essentially as well as clarify the leading log behavior
of the obtained results. In other words, the lowest order
QED RC in this approximation has the form

σRC ¼ α

π

�
Alm þ BþO

�
m2

Q2

��
; ð61Þ

where lm ¼ logQ2=m2 and the terms A and B are inde-
pendent of the leptonic mass and represent the lowest order
leading and next-to-leading contributions to the RC to the
cross section, respectively.
The terms in (51) that are factorized in front of the Born

contribution are essentially simplified, resulting in a more
transparent structure after applying the ultrarelativistic
approximation, e.g., the terms (36)

σIRR ¼ α

π

�
ðlm − 1Þ

�
2PIR þ 2 log

m
ν
þ log

ðp2
x −M2

thÞ2
S0X0

�

þ 1

2
l2m −

1

2
log2

S0

X0 þLi2

�
1−

Q2p2
x

S0X0

�
−
π2

3

�
σ0 ð62Þ

contain both lm and l2m. The latter comes from the soft
photon emission whose contribution cancels in the sum
with the leptonic vertex correction:

δV R ¼ ðlm − 1Þ log ðp
2
x −M2

thÞ2
S0X0 þ 3

2
lm

−
1

2
log2

S0

X0 þ Li2

�
1 −

Q2p2
x

S0X0

�
−
π2

6
− 2: ð63Þ

The vacuum polarization by lepton i (i ¼ e, μ, τ) in the
limit Q2 ≫ m2

i reads

δivac ¼
2

3
log

Q2

m2
i
−
10

9
: ð64Þ

The ultrarelativistic approximation for the hard photon
emission contribution (43), (60) requires additional care
because of the integration over photonic variables and the
nontrivial dependence of the integrand on the leptonic
mass. Specifically, the integrand contains the terms 1=z1
and 1=z21:

Z2π

0

dϕk

z1
¼ 2π

ffiffiffiffiffi
λY

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðQ2þτSÞ2þ4m2ðτðSx−τM2ÞþQ2Þ

p ;

Z2π

0

dϕk

z21
¼ 2πðQ2SpþτðSSxþ2M2Q2ÞÞ ffiffiffiffiffi

λY
p

ððQ2þτSÞ2þ4m2ðτðSx−τM2ÞþQ2ÞÞ3=2 : ð65Þ
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These have a sharp peaking behavior in the region
τ → τs ≡ −Q2=S due to the smallness of the lepton mass.
The integration of the expressions (65) over ϕk and τ gives

Zτmax

τmin

dτ
Z2π

0

dϕk

z1
¼ 2π

ffiffiffiffiffi
λY
λS

s
log

Sþ ffiffiffiffiffi
λS

p
S −

ffiffiffiffiffi
λS

p ;

Zτmax

τmin

dτ
Z2π

0

dϕk

z21
¼ 2π

ffiffiffiffiffi
λY

p
m2

: ð66Þ

Since

lim
m→0

log
Sþ ffiffiffiffiffi

λS
p

S −
ffiffiffiffiffi
λS

p ¼ lm þ log
S2

Q2M2
; ð67Þ

the terms containing 1=z1 contribute to the leading and
next-to-leading RC. The terms containing 1=z21 also contain
m2 in numerators and therefore contribute to the next-to-
leading RC only (the only exception is θ̂053 that is discussed
below). The similar conclusions are true for the terms
containing 1=z2 and 1=z22 terms.
Actually the integrand in (66) has to be multiplied by the

SF according to (43) and (60). Therefore, we make the
identical transformation for extraction of the leading and
next-to-leading terms:

Zτmax

τmin

dτ
Z2π

0

dϕk
Gðτ;ϕkÞ

z1
¼2π

ffiffiffiffiffi
λY
λS

s
log

ffiffiffiffiffi
λS

p þSffiffiffiffiffi
λS

p
−S

Gðτs;0Þ

þ
Zτmax

τmin

dτ
Z2π

0

dϕk
Gðτ;ϕkÞ−Gðτs;0Þ

z1
;

m2

Zτmax

τmin

dτ
Z2π

0

dϕk
Gðτ;ϕkÞ

z21
¼2π

ffiffiffiffiffi
λY

p
Gðτs;0Þ

þ
Zτmax

τmin

dτ
Z2π

0

dϕkm2
Gðτ;ϕkÞ−Gðτs;0Þ

z21
;

ð68Þ

where Gðτ;ϕkÞ is a regular function of τ and ϕk. The second
term in the right-hand side of the first transformation does
not include the leading terms, and the second term in the
second equality is proportional to m2 and vanishes in the
ultrarelativistic approximation.
The approach of extraction of the leading and next-to-

leading contributions can be illustrated by considering the
terms originated from the convolution of the leptonic tensor
(28) with the hadronic structures w̃i

μν. Summing up the
terms θ1ijR

j−3 in the last expression of Eq. (29) and keeping

the leptonic mass only in the term m2=z21 (in θ1ij the term
1=z22 is proportional to m4) results in

w̃i
μνL

μν
R1 ¼ −2

Xki
j¼1

θ1ijR
j−3 ¼ m2

z21
θ1i ðR; τ;ϕkÞ ð69Þ

with the quantities θ1i ðR; τs; 0Þ expressed through (16) as

θ1i ðR; τs; 0Þ ¼
4R

SðS − RÞ θ
B
i

�
k1 →

�
1 −

R
S

�
k1

�
: ð70Þ

The replacement in the brackets is applied for any kin-
ematic variable defined through k1, e.g., S → S − R,
Q2 → ð1 − S=RÞQ2, and ε⊥ph → ð1 − S=RÞε⊥ph. Note
that R ¼ Rex has to be used for the exclusive radiative tail.
The resulting equation for the σξ1R is obtained using the

second equation of (68) with the regular function Gðτ;ϕkÞ,

Gðτ;ϕkÞ ¼
ZRmax

0

RdR
ðQ2 þ τRÞ2

X
i¼5;7;9

θ1i ðR; τ;ϕkÞH̃i: ð71Þ

Therefore, the contribution from the second part ξ1 of the
lepton polarized vector (10) reads

σξ1R ¼ −
αS2x

πMplS2

ZRs
max

0

ps
lRdR

ðSx − RÞ2 σ̃
B
pl; ð72Þ

where

ps
l ¼

zSSxðSx − RÞ þ 2M2ðRV1 − 2SV−Þ
2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sð4M2Q2ðS − RÞ þ SðSx − RÞ2Þ

p ;

Rs
max ¼ Sðp2

x −M2
thÞ=S0; ð73Þ

and σ̃Bpl is proportional to the λe part of the Born
contribution with the following replacement: m → 0,
S → S − R, Q2 → Q2ð1 − R=SÞ, V1 → V1ð1 − R=SÞ, and
z → zSx=ðSx − RÞ.
A similar calculation of the exclusive radiative tail

results in

σex ξ1R ¼ −
αS2xRs

exps ex
l

πMplSS0ðSx − Rs
exÞ

dσ̃exBpl

dx̃dỹdp̃tdϕhdϕ
; ð74Þ

where

ps ex
l ¼ 1

2M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sð4M2Q2ðS − Rs

exÞ þ SðSx − Rs
exÞ2Þ

p
× ½ðSx − Rs

exÞðSðSx − 2V− þm2
h −m2

uÞ
− Rs

exðS − V1ÞÞ −Q2ðS − Rs
exÞðSx − Rs

exÞ
þM2ðSðSx − 4V−Þ − Rs

exðS − 2V1ÞÞ�; ð75Þ
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Rs
ex ¼ Sðp2

x −m2
uÞ=S0, and the exclusive Born cross section

reads

dσexBpl

dxdydptdϕhdϕ
¼ α2SSx

64π3Q4MplλS

×
X

i¼5;7;9

Hex
i θ

B
i

�
z →

tþM2 −m2
u

Sx
þ 1

�
:

ð76Þ

Finally, we consider the extraction of the leading
and next-to-leading terms in the quantity θ̂053 given in
Appendix B. In contrast to other θ̂0ij, the quantity θ̂053
includes terms 1=z21 without factors proportional to m2 and
therefore can potentially result in electron mass singularity
∼m−2 after integration (66). This is, however, not the case
because θ̂053 ¼ 0 at the peak point, i.e., for τ ¼ τs ¼ −Q2=S
(and μ ¼ V1=S). Explicit integration in the limit m2 → 0,

Zτmax

τmin

dτ
Z2π

0

dϕkθ̂
0
53

¼−
2λeπpt sinϕh

ffiffiffiffiffi
λY

p

M2S2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðSX−M2Q2Þ

p

×

�
4M2Q2ðSX−M2Q2Þ

�
lmþ log

S2

Q2M2
−3

�
þS2λY

�

ð77Þ

shows that θ̂053 has a standard form A logðQ2=m2Þ þ B.
The final result for the observed cross section in the

ultrarelativistic approximation is obtained by the following
substitutions in Eqs. (51) and (60): (i) σAMM ¼ 0;
(ii) Eqs. (63) and (64) for δVR and δivac; (iii) m ¼ 0 in
the Born cross section [Eq. (15)]; and (iv) σFR ¼ σF1R þ σξ1R
and σexR ¼ σex 1R þ σex ξ1R , where σξ1R and σex ξ1R are given by
(72) and (74), respectively, and σF1R and σex 1R are given by
Eqs. (43) and (60) with θ1ij ¼ 0 and the leptonic mass
keeping only in the coefficients at F21 and F22.

V. CONCLUSION

Newly achieved accuracies in modern SIDIS experi-
ments in TJNAF and CERN require renewed attention to
RC calculations and their implementation in data analysis
software. In this paper we obtained the exact analytical
expressions for the lowest order model-independent part of
QED RC to the SIDIS cross section with the longitudinally
polarized initial lepton and arbitrarily polarized target and
demonstrated how the leading and next-to-leading contri-
butions can be extracted. The model-independent RC
includes (i) the contributions of radiated SIDIS processes
and loop diagrams (51) and (ii) the contribution of the

exclusive radiative tail (60). The methodology developed in
this paper is the extension of the covariant approach for the
RC calculations developed earlier: (i) the method of
covariant extraction and cancellation of the infrared diver-
gence suggested by Bardin and Shumeiko [12]; (ii) the set
of integration variables used in RC calculation to DIS [16];
(iii) RC to unpolarized and polarized SIDIS in the quark-
parton model [6–8], (iv) RC for SIDIS of unpolarized
particles [9], and (v) the calculation of the exclusive
radiative tail for unpolarized SIDIS [10]. The calculations
of RC in SIDIS measurements were performed by the
model-independent way that involves constructing and
using the SIDIS (and exclusive) hadronic tensor containing
the 18 SIDIS and exclusive SF. We obtained the explicit
form of the hadronic tensor using the approaches of [17,18]
and demonstrated that the Born cross section exactly
coincides with that given by [19]. The next step in the
RC calculation includes coding of the formulas and
numeric evaluation of the effects of the RC. However, this
requires models of the SIDIS/exclusive SF that are not
known now. Therefore, a broad discussion and efforts of
theoreticians and experimentalists are required to complete
the evaluation of all SIDIS SF as well as SF in the
resonance region and exclusive SF. Further development
will include development of (i) the iteration procedure with
fitting of measured SF and joining with models beyond
SIDIS measurements at each iteration step, and (ii) tools for
generation of the radiated photon. Such a generator can be
constructed based on a code for RC in SIDIS in the same
way RADGEN [21] is constructed based on POLRAD 2.0.
Generation of semi-inclusive processes based on DIS
Monte Carlo generators can provide only approximate
cross sections, because a part of the SIDIS cross section
involving pure semi-inclusive SF and respective convolu-
tions of the leptonic and hadronic tensors are not presented
in such DIS Monte Carlo generators.
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APPENDIX A: BASES IN THE
FOUR-DIMENSIONAL SPACE

In this Appendix three bases in the four-dimensional
space that are used in our analyses are presented. The first
two are used for the decomposition of the initial target and
virtual photon polarization in the hadronic tensor defined
by (12). The latter allows us to decompose the real photon
momentum in such a way that all five pseudoscalar
quantities appearing in processes (19) and (55) reduce
down to two: ε⊥ph and ε⊥k.

LOWEST ORDER QED RADIATIVE EFFECTS IN POLARIZED … PHYS. REV. D 100, 033005 (2019)

033005-11



For the decomposition of the hadronic tensor over the
SF it is convenient to introduce the reference system
ðxh; yh; zhÞ in the target rest frame where the two polar
axes are defined as follows: zh is chosen in the virtual
photon three-momentum direction q ¼ k1 − k2, and the xh
along the part of the registrated hadronic momentum that is
transverse to the zh axis. The direction of the rest axial yh
axis is defined as yh ¼ zh × xh. In this system the complete
basis for polarization vectors can be presented in covariant
form [18] for both the virtual photon

eγð0Þμ ¼ 2Qffiffiffiffiffi
λY

p p⊥
μ ;

eγð1Þμ ¼ 1

pt

�
p⊥
hμ −

Sxðm2
h þ ð2z − 1ÞQ2 − tÞ

λY
p⊥
μ

�
;

eγð2Þμ ¼ 2
εμνρσpνqρphσ

pt
ffiffiffiffiffi
λY

p ;

eγð3Þμ ¼ qμ
Q

ðA1Þ

and the nucleon

ehð0Þμ ¼ pμ

M
;

ehð1Þμ ¼ 1

pt

�
p⊥
hμ −

Sxðm2
h þ ð2z − 1ÞQ2 − tÞ

λY
p⊥
μ

�
;

ehð2Þμ ¼ 2
εμνρσpνqρphσ

pt
ffiffiffiffiffi
λY

p ;

ehð3Þμ ¼ 2M2qμ − Sxpμ

M
ffiffiffiffiffi
λY

p ; ðA2Þ

where Q ¼
ffiffiffiffiffiffi
Q2

p
as well as for any four-vector a⊥μ ¼

aμ þ aqqμ=Q2. Note that the direction of ehð2Þ (and eγð2Þ

as well) is chosen in such a way that the projection ofk1;2 on
yh reads yh ·k1¼yh ·k2¼−ehð2Þk1¼−ehð2Þk2¼kt sinðϕhÞ.
The components of these two bases in the reference

system ðxh; yh; zhÞ read

eγð0Þμ ¼ 1

2MQ
ð

ffiffiffiffiffi
λY

p
;0;0;SxÞ; ehð0Þμ ¼ ð1;0;0;0Þ;

eγð1Þμ ¼ ð0;1;0;0Þ; ehð1Þμ ¼ ð0;1;0;0Þ;
eγð2Þμ ¼ ð0;0;1;0Þ; ehð2Þμ ¼ ð0;0;1;0Þ;

eγð3Þμ ¼ 1

2MQ
ðSx;0;0;

ffiffiffiffiffi
λY

p
Þ; ehð3Þμ ¼ ð0;0;0;1Þ: ðA3Þ

In the rest frame system the virtual photon longitudinal
and transverse polarizations correspond to eγð0Þ and eγð1;2Þ,
respectively, and the left and right circular polarizations are
defined as

eγð�Þ ¼ ∓ 1ffiffiffi
2

p ðeγð1Þ � ieγð2ÞÞ: ðA4Þ

To decompose the photonic four-momentum the other
reference system ðxl; yl; zlÞ in the rest target frame has to be
introduced. In this system the polar zl axis has the same
direction as the three-vector q, the other polar xl-axis is
chosen along the incoming or outgoing lepton part that
is transverse to q, and the axial yl axis is defined as
yl ¼ zl × xl. As a result ðxl; ylÞ is the scattering plane.
In the covariant form this basis reads as

elð0Þμ ¼ pμ

M
;

elð1Þμ ¼
ffiffiffiffiffi
λY
λ1

s �
1

2
ðk1μ þ k2μÞ −

SpQ2

λY
p⊥
μ

�
;

elð2Þμ ¼ −
2ε⊥μffiffiffiffiffi
λ1

p ;

elð3Þμ ¼ 2M2qμ − Sxpμ

M
ffiffiffiffiffi
λY

p : ðA5Þ

Note that the direction of yl is chosen in such a way that the
projection of ph on yl is yl · ph ¼ −elð2Þph ¼ −pt sinðϕhÞ.
The two reference systems ðxh; yh; zhÞ and ðxl; yl; zlÞ can
be expressed through each other in the following way:

xh ¼ xl cosðϕhÞ − yl sinðϕhÞ;
yh ¼ xl sinðϕhÞ þ yl cosðϕhÞ;
zh ¼ zl; ðA6Þ

where cosðϕhÞ and sinðϕhÞ are defined by Eqs. (5) and (6),
respectively.
It should also be noted that for i ¼ γ, h, l

eiðaÞμ eiðbÞν gμν ¼ gab;

eiðaÞμ eiðbÞν gab ¼ gμν: ðA7Þ
The photonic four-momentum can be decomposed into

the following way, k ¼ kðaÞeðaÞ, where

kð0Þ ¼ kelð0Þ ¼ R
2M

;

kð1Þ ¼ −kelð1Þ ¼ RðQ2Sp þ τðSSx þ 2M2Q2Þ − z1λYÞ
2

ffiffiffiffiffiffiffiffiffi
λ1λY

p ;

kð2Þ ¼ −kelð2Þ ¼ 2ε⊥kffiffiffiffiffi
λ1

p ;

kð3Þ ¼ −kelð3Þ ¼ RðSx − 2τMÞ
2M

ffiffiffiffiffi
λ1

p : ðA8Þ

This decomposition for the four-momentum of the real
unobservable photon allows us to express all pseudoscalars
through the linear combinations of two of them, ε⊥ph and
ε⊥k:
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εμνρσkμphνk1ρqσ ¼
1

2λ1
ðRε⊥phðτðQ2Sþ 2m2SxÞ þQ2ð4m2 þQ2 − z1SpÞÞ

þ ε⊥kðQ2ðSV2 þ XV1 − zQ2SxÞ − 4m2SxðzQ2 þ V−ÞÞÞ;

εμνρσkμpνphρqσ ¼
1

2λ1
ðRε⊥phðz1λY −Q2Sp − τðSSx þ 2M2Q2ÞÞ

þ ε⊥kðSxðzQ2Sp − SV2 þ XV1Þ − 4VþM2Q2ÞÞ;

εμνρσkμpνk1ρphσ ¼
1

2λ1
ðRε⊥phðτλS þ 2m2Sx þQ2S − z1ðSSx þ 2M2Q2ÞÞ

þ ε⊥kð2m2ð4V−M2 − zS2xÞ þ SðSV2 − XV1 − zQ2SxÞ þ 2V1M2Q2ÞÞ: ðA9Þ

APPENDIX B: EXPLICIT EXPRESSION FOR θij

For all i ¼ 1–8, the quantities θ0i1 ¼ 4FIRθ
B
i and FIR are defined by (B5). The other θ0ij read

θ012 ¼ 4τFIR;

θ013 ¼ −4 − 2Fdτ
2;

2θ022 ¼ SxSpF1þ þ 2m2SpF2− þ 2ðSx − 2τM2ÞFIR − τS2pFd;

2θ023 ¼ ð4m2 þ τð2τM2 − SxÞÞFd − SpF1þ þ 4M2;

θ032 ¼ 2ððμV− − τm2
hÞFIR þ Vþðμm2F2− þ V−F1þ − τVþFdÞÞ;

θ033 ¼ ð2μ2m2 þ τðτm2
h − μV−ÞÞFd − μVþF1þ þ 2m2

h;

θ042 ¼ ðSV1 − XV2ÞF1þ þm2ðμSp þ 2VþÞF2− − 2τSpVþFd þ ððμ − 2τzÞSx þ 2V−ÞFIR;

2θ043 ¼ ð8μm2 þ τðð2τz − μÞSx − 2V−ÞÞFd − ðμSp þ 2VþÞF1þ þ 4zSx;

θ052 ¼
λeS

λ1
ffiffiffiffiffi
λS

p
�
ε⊥phð2ðSxðQ2 þ 4m2Þ þ 2τðSX − 2M2ðQ2 þ 2m2ÞÞÞFIR þQ2ðSpðSxF1þ þ 2m2F2−Þ

− τð4SX þ S2xÞFdÞÞ þ 2
ε⊥k
R

ðm2ðSxðSV2 − XV1 − zQ2SpÞ þ 4M2Q2VþÞF2−

þ ððQ2 þ 4m2Þð4M2V− − zS2xÞ þ SpðSV2 − XV1ÞÞFIRÞ
�
;

θ053 ¼ θ̂053 þ
λeS

λ1
ffiffiffiffiffi
λS

p
�
ε⊥phð8m2ðτðτM2 − SxÞ −Q2ÞF21 þ ðQ2ð4τM2 þ SpÞ þ 2τSSxÞF1þ þ τð4m2ð2τM2 − SxÞ

þQ2ðSx − 4SÞ − 2τS2ÞFdÞ þ 2
ε⊥k
R

ð2m2ðSxð2zQ2 þ 2V− þ ðτz − μÞSxÞ − 4M2ðμQ2 þ τV−ÞÞF21

þ τð2m2ðzS2x − 4M2V−Þ − 2M2Q2V1 þ SðzSxQ2 − SV2 þ XV1ÞÞFdÞ
�
;

θ̂053 ¼
2λeS
λ1

ffiffiffiffiffi
λS

p F21

�
ε⊥k
R

ð2ðμQ2 þ τV1ÞðSX −M2Q2Þ þ ðQ2 þ τSÞðzQ2Sx − SV2 − XV1ÞÞ − ε⊥phðQ2 þ τSÞ2
�
;

θ062 ¼
1

2λ1

�
ε⊥phðð4M2Q2ðQ2 þ 4m2Þ − S2xðQ2 − 4m2Þ − 8Q2SXÞðSxF1þ þ 2m2F2− − τSpFdÞ

þ 2Spð2τð2M2ðQ2 þ 2m2Þ − SXÞ − SxðQ2 þ 4m2ÞÞFIRÞ þ 2Sp
ε⊥k
R

ðm2ðSxðzSpQ2 − SV2 þ V1XÞ

− 4M2Q2VþÞF2− þ ððQ2 þ 4m2ÞðzS2x − 4M2V−Þ þ SpðXV1 − SV2ÞÞFIRÞ
�
;
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θ063 ¼
1

2λ1

�
2ε⊥phðð2Q2ðSX − 2M2Q2Þ − τSxðS2x þ 3SX − 4m2M2Þ − ðQ2 þ 2m2ÞS2xÞF1þ

þm2ð2τð2M2ðQ2 þ 2m2Þ − SXÞ − SxðQ2 þ 4m2ÞÞF2− −Q2SpFIR þ Spðτ2ðS2x þ 2SX

− 2M2ðQ2 þ 4m2ÞÞ þ 2τSxðQ2 þ 2m2Þ − 4m2Q2ÞFd þ SpS2xÞ þ
ε⊥k
R

ðððQ2 þ 4m2ÞðzS2x − 4M2V−Þ
þ SpðXV1 − SV2ÞÞðSxF1þ þ 2m2F2−Þ þ 2m2ðSxðzQ2Sp − SV2 þ XV1Þ − 4M2Q2VþÞF2þ
þ ð4τðM2Q2ð4SV− þ SxðV2 − V−ÞÞ þ 2SXðSV2 − XV1Þ þ 2m2Spð4M2V− − zSx2ÞÞ

þ ð3τSx þ 2ðQ2 − 2m2ÞÞðSV2 − XV1 − zQ2SpÞSx þ 8ðQ2 − 2m2ÞM2Q2VþÞFdÞ
�
;

θ064 ¼
1

2λ1

�
ε⊥phðððQ2 þ 4m2ÞSx þ 2τðSX − 2M2ðQ2 þ 2m2ÞÞÞF1þ þ SpðτQ2Fd − 2SxÞÞ

þ ε⊥k
R

ðððQ2 þ 4m2Þð4M2V− − zS2xÞ þ SpðSV2 − XV1ÞÞF1þ þ τð4M2Q2Vþ þ SxðSV2 − XV1 − zQ2SpÞÞFdÞ
�
;

θ072 ¼
λeS
2

ffiffiffiffiffi
λS

p ½Q2ð4M2V− − zS2xÞF1þ þm2ðμλY − 2SxðzQ2 þ V−ÞÞF2− þ ð2ð4τM2 − SxÞVþ

þ ðμ − 2τzÞSpSx − 2SV2 þ 2XV1ÞFIR þ τðQ2ðzSxSp − 4M2VþÞ þ SxðXV1 − SV2ÞÞFd�;

θ073 ¼
λeS
4

ffiffiffiffiffi
λS

p ½ðSxð4zQ2 þ 2V− − μSxÞ − 8 μM2Q2ÞF1þ þ 2m2ð4μτM2 þ 2V− − ðμþ 2τzÞSxÞF2−

þ 2ð2Vþ − μSpÞFIR þ τð4ðSx − 2τM2ÞVþ þ Spðð2τz − μÞSx − 2V−ÞÞFd�;

θ074 ¼
λeS
4

ffiffiffiffiffi
λS

p ½ððμþ 2τzÞSx − 2V− − 4μτM2ÞF1þ þ τðμSp − 2VþÞFd�;

θ082 ¼
1

λ1

�
ε⊥phððQ2SxðSxVþ − 2SV2Þ − 2V−ð2λ1 þQ2SSxÞÞF1þ − 2m2ð2μλ1 þQ2SpVþÞF2−

þ Vþð2m2ð2τð2ðQ2 þ 2m2ÞM2 − SXÞ − ðQ2 þ 4m2ÞSxÞF2þ þ ð4m2ðð3Q2 þ 4m2ÞSx
þ τð2SX − 4ð3Q2 þ 2m2ÞM2 − S2xÞÞ þQ2ðτð12SX þ S2xÞ þ 2Q2ðSx − 6τM2ÞÞÞFdÞÞ

þ 2Vþ
ε⊥k
R

ðððQ2 þ 4m2ÞðzS2x − 4M2V−Þ þ SpðXV1 − SV2ÞÞFIR þm2ðSxðXV1 − SV2 þ zSpQ2Þ

− 4Q2VþM2ÞF2−Þ
�
;

θ083 ¼
1

2λ1

�
ε⊥phðð2μðQ2 − 2m2ÞQ2Sp þ τð2ðQ2 þ 8m2ÞSxVþ þQ2ðμSxSp þ 2SV1 − 2XV2ÞÞ

− 2τ2ð4ðQ2 þ 4m2ÞVþM2 − SpðSV1 þ XV2ÞÞÞFd þ 2 μm2ð2τð2ðQ2 þ 2m2ÞM2 − SXÞ − ðQ2 þ 4m2ÞSxÞF2−

þ 4SpSxV− − 2 μm2Q2SpF2þ þ ð2τðX2V2 − S2V1Þ þ 8m2V−ð2τM2 − SxÞ þQ2ð4μðSX − 2Q2M2Þ

− Sxð2V− þ μSxÞÞÞF1þÞ þ 2
ε⊥k
R

ðððQ2 þ 4m2ÞðzS2x − 4M2V−Þ þ SpðXV1 − SV2ÞÞðV−F1þ þ μm2F2−Þ
þ μm2ðSxðzSpQ2 þ XV1 − SV2Þ − 4Q2VþM2ÞF2þ þ ðμðQ2 − 2m2Þð4Q2VþM2 þ SxðSV2 − XV1

− zSpQ2ÞÞ þ τðSxSpV2ðV1 þ VþÞ þ 2V−VþððSx − 4SÞX þ 2ð3Q2 þ 8m2ÞM2Þ þ zSxðQ2ðXV2 − SV1Þ

− ðQ2 þ 8m2ÞSxVþÞÞÞFdÞ
�
;
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θ084 ¼
μ

2λ1

�
ε⊥phðððQ2 þ 4m2ÞSx þ 2τðSX − 2ðQ2 þ 2m2ÞM2ÞÞF1þ þ SpðτQ2Fd − 2SxÞÞ

þ ε⊥k
R

ðððQ2 þ 4m2Þð4M2V− − zS2xÞ þ SpðSV2 − XV1ÞÞF1þ þ τð4Q2VþM2 þ SxðSV2 − XV1 − zSpQ2ÞÞFdÞ
�
;

θ091 ¼
2λeSffiffiffiffiffi
λS

p ðQ2ðzSxVþ −m2
hSpÞ þ V−ðSV2 − XV1ÞÞFIR;

θ092 ¼
λeSffiffiffiffiffi
λS

p ðQ2SxðzV− −m2
hÞF1þ þm2ðQ2ðμzSx − 2m2

hÞ þ V−ðμSx − 2V−ÞÞF2−

þ τðQ2ðm2
hSp − zSxVþÞ þ V−ðXV1 − SV2ÞÞFd þ ð2V−ð2μS − VþÞ þ 2τðzSxVþ −m2

hSpÞ
− μðV1 þ V−ÞSxÞFIRÞ;

θ093 ¼
λeS
2

ffiffiffiffiffi
λS

p ðð2ð2m2
hQ

2 þ V2
−Þ − μSxð2zQ2 þ V−ÞÞF1þ þm2ðμðð2τz − μÞSx þ 2V−Þ − 4τm2

hÞF2−

þ μð2Vþ − μSpÞFIR þ τð2τðm2
hSp − zSxVþÞ þ μSxðV− þ V1Þ þ 2V−ðVþ − 2μSÞÞFdÞ;

θ094 ¼
λeS
4

ffiffiffiffiffi
λS

p ðð2τð2m2
h − μzSxÞ þ μðμSx − 2V−ÞÞF1þ þ μτðμSp − 2VþÞFdÞ: ðB1Þ

The quantities θ1ij have the form

θ151 ¼ 0;

θ152 ¼
2m2λe
λ1

ffiffiffiffiffi
λS

p
�
ε⊥phð2ð2m2λY þ ðQ2 þ τSÞð2M2Q2 þ SSxÞÞF21 − SxλYF1þ þ ð2Q2XSx þ τSxð2S2 − S2pÞ

þ 4M2Q2ðτS −Q2Þ − 4m2λYÞFdÞ þ 2
ε⊥k
R

ðSxðzSpQ2 þ XV1 − SV2Þ − 4M2Q2VpÞðXFd − SF21Þ
�
;

θ153 ¼
2m2λe
λ1

ffiffiffiffiffi
λS

p
�
ε⊥phð2ððQ2 þ 2m2Þð2τM2 þ XÞ − ðτX þ 2m2ÞSÞF21 − λYF1þ þ ð4m2ðSx − 2τM2Þ þ 2Q2S

þ τðS2 þ X2ÞÞFdÞ þ 2
ε⊥k
R

ðð2m2ðzS2x − 4M2V−Þ þ 2M2Q2V2 þ XðXV1 − SV2 − zSxQ2ÞÞF21

þ ð2m2ð4M2V− − zS2xÞ þ 2M2Q2V1 þ SðSV2 − XV1 − zQ2SxÞÞFdÞ
�
;

θ171 ¼ 0;

θ172 ¼
m2λeffiffiffiffiffi
λS

p ðð4M2ðτSV− −Q2VþÞ − S2xðτzSþ zQ2 þ V1Þ þ μλYSÞF21 þ ð4M2ðQ2Vþ − τXV−Þ

þ S2xðτzX þ V2 − zQ2Þ − μλYXÞFdÞ;

θ173 ¼
m2λeffiffiffiffiffi
λS

p ½ð2M2ðμðQ2 þ τSÞ − 2τVþÞ þ Sxððτz − 2μÞSþ 2Vþ − zQ2Þ þ ðμ − τzÞS2xÞF21

þ ð2M2ðμðQ2 − τXÞ þ 2τVþÞ þ Sxðð2μ − τzÞS − zQ2 − 2VþÞ − μS2xÞFd�;

θ174 ¼
m2λeffiffiffiffiffi
λS

p ½ð2μτM2 þ μX − τzSx − V2ÞF21 þ ð2μτM2 þ V1 − μS − τzSxÞFd�;

θ191 ¼
4λem2ðm2

hλY þ 4M2V2
− − zS2xðzQ2 þ 2V−ÞÞffiffiffiffiffi
λS

p FIR;
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θ192 ¼
2m2λeffiffiffiffiffi

λS
p ½2m2ð2m2

hð2τM2 − SxÞ þ 2ðzSx − 2 μM2ÞV− þ zðμ − τzÞS2xÞF2þ

þ SxðzQ2ðμS − VþÞ þ V−ððμþ τzÞS − V1Þ −m2
hðQ2 þ τSÞÞF21

þ ðSxððm2
h − zV−ÞðτX þ 3Q2 þ 8m2Þ þ ðV− þ zQ2ÞðV2 − μXÞÞ

þ 2ð4M2ðμV− − τm2
hÞ þ ðzτ − μÞzS2xÞðQ2 þ 2m2ÞÞFd�;

θ193 ¼
m2λeffiffiffiffiffi
λS

p ½4m2ðm2
h þ μ2M2 − μzSxÞF2þ þ ð2m2

hðτX −Q2Þ þ Sxðμðτz − μÞS − 2τzVþ þ μzQ2

þ μV1Þ þ 2V−ðV2 − μXÞÞF21 þ ðμððQ2 þ 2m2Þð5zSx − 4 μM2Þ þ ðμ − τzÞXSxÞ
− 2m2

hðτSþ 3Q2 þ 4m2Þ þ Sxð2τzVþ − μV2 − 2μzm2Þ þ 2V−ðμS − V1ÞÞFd�;

θ194 ¼
m2λeffiffiffiffiffi
λS

p ½ðμðτzSx þ μX − V2Þ − 2τm2
hÞF21 þ ðμðτzSx þ V1 − μSÞ − 2τm2

hÞÞFd�: ðB2Þ

The variable μ is defined as

μ ¼ kph

kp
¼ ph0

M
þ plð2τM2 − SxÞ

M
ffiffiffiffiffi
λY

p

− 2Mpt cosðϕh þ ϕkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðτmax − τÞðτ − τminÞ

λY

s
: ðB3Þ

The quantities Fi (i ¼ d, 1þ, 2þ, 2−, IR) are expressed
through

z1 ¼
k1k
pk

¼ Q2Sp þ τðSSx þ 2M2Q2Þ − 2M
ffiffiffiffi
λz

p
cosϕk

λY
;

z2 ¼
k1k
pk

¼ Q2Sp þ τðXSx − 2M2Q2Þ − 2M
ffiffiffiffi
λz

p
cosϕk

λY
;

λz ¼ ðτmax − τÞðτ − τminÞλ1 ðB4Þ

in the following way:

F2� ¼ F22 � F21 ¼
1

z22
� 1

z21
;

Fd ¼
1

z1z2
;

F1þ ¼ 1

z1
þ 1

z2
;

FIR ¼ m2F2þ − ðQ2 þ 2m2ÞFd: ðB5Þ

APPENDIX C: CALCULATION OF δS AND δH

The dimensional regularization is used for the calcu-
lation of δS in (37),

d3k0

k00
→

dn−1k0

ð2πνÞn−4k00
¼ 2πn=2−1k0n−30 dk00ð1 − x2Þn=2−2dx

ð2πνÞn−4Γðn=2 − 1Þ ; ðC1Þ

where x ¼ cos θ [θ is defined as the spatial angle between
the photon three-momentum and k0

i (i ¼ 1–3) that are
introduced below] and ν is an arbitrary parameter of the
dimension of a mass. The Feynman parametrization of
propagators in FIR,

FIR ¼ R2

4k020

Z1

0

dyF ðx; yÞ; ðC2Þ

where y is the Feynman parameter and

F ðx; yÞ ¼ m2

k0210ð1 − xβ1Þ2
þ m2

k0220ð1 − xβ2Þ2

−
Q2

m

k0230ð1 − xβ3Þ2
: ðC3Þ

The energies of the real photon (k00), initial (k
0
10), and final

(k020) leptons are defined in the system pþ q − ph ¼ 0

while k030 ¼ yk010 þ ð1 − yÞk020 and βi ¼ jk0
ij=k0i0.

Then, the substitution of Eqs. (C1) and (C3) into the
definitions of δS by Eq. (37), the integration over k00, and
the expansion of the obtained result into the Laurent series
around n ¼ 4 result in

δS ¼ δIRS þ δ1S; ðC4Þ
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where

δIRS ¼ −
1

2

�
PIR þ log

k̄0
ν

� Z1

0

dy
Z1

−1

dxF ðx; yÞ ðC5Þ

and

δ1S ¼ −
1

4

Z1

0

dy
Z1

−1

dx logð1 − x2ÞF ðx; yÞ: ðC6Þ

Here PIR is the infrared divergent term defined by Eq. (39).
Since k0230 − jk0

3j2 ¼ m2 þ yð1 − yÞQ2, the integration over
x and y variables in δIRS is performed explicitly:

δIRS ¼ 2ðQ2
mLm − 1Þ

�
PIR þ log

k̄0
ν

�
: ðC7Þ

For the covariant analytical integration in δ1S we express
the initial and final lepton energies through the invariants:

k010 ¼
S0

2
ffiffiffiffiffi
p2
x

p ; k020 ¼
X0

2
ffiffiffiffiffi
p2
x

p : ðC8Þ

As a result,

δ1S¼2ðQ2
mLm−1Þ logð2Þþ1

2
S0LS0 þ

1

2
X0LX0 þSϕ; ðC9Þ

where the quantities Lm, LS0 , and LX0 are

Lm ¼ 1ffiffiffiffiffi
λm

p log

ffiffiffiffiffi
λm

p þQ2ffiffiffiffiffi
λm

p
−Q2

;

LS0 ¼
1ffiffiffiffiffi
λ0S

p log
S0 þ ffiffiffiffiffi

λ0S
p

S0 −
ffiffiffiffiffi
λ0S

p ;

LX0 ¼ 1ffiffiffiffiffi
λ0X

p log
X0 þ ffiffiffiffiffi

λ0X
p

X0 −
ffiffiffiffiffi
λ0X

p ; ðC10Þ

and

Sϕ ¼ 1

2
Q2

m

Z1

0

dy
β3ðm2 þ yð1 − yÞQ2Þ log

1 − β3
1þ β3

: ðC11Þ

The explicit expression for Sϕ after integration over y is
given in Eq. (40).
For the calculation of δH we carry out the integration in

the same reference system pþ q − ph ¼ 0,

δH¼−
1

π

Zkmax0
0

k̄0

k00dk
0
0

Zπ

0

sinðθ0kÞdθ0k
Z2π

0

dϕ0
k
FIR

R2
; ðC12Þ

where θ0k is the angle between k and q three momenta, and
ϕ0
k is the angle between ðk1;k2Þ and ðk;qÞ planes.

In this system

z1 ¼
2k00
R

ðk010 − k0t cosϕ0
k sin θ

0
k − k013 cos θ

0
kÞ;

z2 ¼
2k00
R

ðk020 − k0t cosϕ0
k sin θ

0
k − k023 cos θ

0
kÞ; ðC13Þ

which allows us to take the first integration in respect to ϕk:

δH ¼
Zkmax 0
0

k̄0

dk00
2k00

Zπ

0

sinðθ0kÞdθ0k
�

Q2
m

B1 − B2

�
1ffiffiffiffiffiffi
C2

p −
1ffiffiffiffiffiffi
C1

p
�

−
m2B1

C3=2
1

−
m2B2

C3=2
2

�
: ðC14Þ

Here

Bi ¼ k0i0 − cosðθ0kÞk0i3; Ci ¼ B2
i − sin2ðθ0kÞk02t ðC15Þ

for i ¼ 1, 2.
After the integration with respect to θ0k and the use of the

following replacements:

k0t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0210 − k0213 −m2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0220 − k0223 −m2

q
;

k013 ¼
2k010q

0
0 þQ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ q020

p ; k023 ¼
2k020q

0
0 −Q2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ q020

p ðC16Þ

with q00 ¼ k010 − k020, the hard contribution δH is expressed
in the form

δH ¼ 2

Zkmax 0
0

k̄0

dk0
k0

ðQ2
mLm − 1Þ: ðC17Þ

Since kmax 0
0 ¼ ðp2

x −M2
thÞ=2

ffiffiffiffiffi
p2
x

p
, the integration for δH

is finally presented in the form of (38).

APPENDIX D: CALCULATION OF Λμ AND Πl
αμ

The γ-matrix recombination, convolution over α indexes
in Eq. (47) for Λμ, and calculation of the traces for Πl

αμ in
n-dimensional space result in

Λμ ¼
α

4π
fγμ½ðn − 2ÞJδδ − 4Jδðk1δ þ k2δÞ þ 2Q2

mJ�
þ 2γδ½2Jδðk1μ þ k2μÞ − ðn − 2ÞJδμ� − 4mJμg;

Πl
αμ ¼

α

π

1

Q2

� X
i¼e;μ;τ

fgαμðqδJδi þm2
i Ji − JδiδÞ

þ 2Jiαμ − qαJiμ − qμJiαg
�
; ðD1Þ

where
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J ¼ 1

iπ2
lim
n→4

Z ð2πνÞ4−ndnl
l2ðl2 − 2lk2Þðl2 − 2lk1Þ

¼ −2Lm

�
PIR þ log

m
ν

�
−
1

2

ffiffiffiffiffi
λm

p
L2
m þ 1

2
ffiffiffiffiffi
λm

p
�
π2 − 4Li2

2
ffiffiffiffiffi
λm

p
ffiffiffiffiffi
λm

p þQ2

�
;

Jδ ¼
1

iπ2
lim
n→4

Z
lδð2πνÞ4−ndnl

l2ðl2 − 2lk2Þðl2 − 2lk1Þ
¼ −Lmðk1δ þ k2δÞ;

Jδρ ¼
1

iπ2
lim
n→4

Z
lδlρð2πνÞ4−ndnl

l2ðl2 − 2lk2Þðl2 − 2lk1Þ
¼ 1

4

�
gδρ

�
3 − 2PUV − 2 log

m
ν
−
λm
Q2

Lm

�
þ qδqρ

2Q2 − λmLm

Q4

− Lmðk1δ þ k2δÞðk1ρ þ k2ρÞ
�
;

Ji ¼
1

iπ2
lim
n→4

Z ð2πνÞ4−ndnl
ðl2 −m2

i Þððl − qÞ2 −m2
i Þ

¼ 2 − 2PUV − 2 log
mi

ν
−
λim
Q2

Li
m;

Jiδ ¼
1

iπ2
lim
n→4

Z
lδð2πνÞ4−ndnl

ðl2 −m2
i Þððl − qÞ2 −m2

i Þ
¼ 1

2
qδJi;

Jiδρ ¼
1

iπ2
lim
n→4

Z
lδlρð2πνÞ4−ndnl

ðl2 −m2
i Þððl − qÞ2 −m2

i Þ
¼ 1

72

�
gδρ

�
6

�
Q2 −

3λim
Q2

��
PUV þ log

mi

ν

�
þ
�
21 −

6λim
Q2

Li
m

�
λim
Q2

− 5Q2

�

þ qδqρ

�
40 − 48PUV − 48 log

mi

ν
þ 12

λim
Q4

− 6
λim
Q2

�
3þ λim

Q4

�
Lm

��
: ðD2Þ

The infrared divergent PIR term is defined by Eq. (39) while the ultraviolet divergent term has the same structure
PUV ¼ PIR and

Li
m ¼ 1ffiffiffiffiffi

λim
p log

ffiffiffiffiffi
λim

p
þQ2ffiffiffiffiffi

λim
p

−Q2
; λim ¼ Q2ðQ2 þ 4m2

i Þ: ðD3Þ

After substituting (D2) into (D1) and using nPUV ¼ 4PUV þ 1þOðn − 4Þ we find the final expressions for Λμ and
Πl

αμ (48).
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