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ABSTRACT: The new precision era of jet quenching observables at both RHIC and the LHC
calls for an improved and more precise description of in-medium gluon emissions. The
development of new theoretical tools and analytical calculations to tackle this challenge
has been hampered by the inability to include the effects of multiple scatterings with the
medium using a realistic model for the parton-medium interactions. In this paper, we show
how the analytical expressions for the full in-medium spectrum, including the resummation
of all multiple scatterings, can be written in a form where the numerical evaluation can
be easily performed without the need of the usually employed harmonic or single hard
approximations. We present the transverse momentum and energy-dependent medium-
induced gluon emission distributions for known realistic interaction models to illustrate how
our framework can be applied beyond the limited kinematic regions of previous calculations.
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1 Introduction

The analysis of hard probes observables in high-energy nucleus-nucleus collisions has been
proven to be one of the main tools at our disposal for the understanding and characteri-
zation of the properties of the quark-gluon plasma formed in these collisions. Recently, it
has been recognized that besides the familiar studies of jet and hadron suppression, the
theory of in-medium gluon emissions also plays a central role in the accurate description
of a varied number of observables which can provide valuable information on the different
stages of the evolution of the plasma created after the collision [1, 2].

Given the importance of medium-induced radiation in the description of heavy-ion col-
lisions, it is necessary to revisit and improve the current implementations of the evaluation
of the gluon emission spectrum in a hot plasma. The level of accuracy achieved by the
experimental data needs to be matched by the theoretical calculations. Therefore it is of
the utmost importance to relax approximations and include all the physical effects in the
formalism under which the in-medium radiation spectrum is computed.

The main difficulty encountered when an analytic approach is employed to calculate the
emission spectrum off a hard parton is the appropriate inclusion of an arbitrary number
of scatterings with the medium. It has long been known that multiple scatterings act



coherently over high-energy particles modifying the emission spectrum through the largely
studied Landau-Pomeranchuk-Migdal (LPM) effect [3, 4]. Going beyond the single particle
spectrum, it has been shown that properly accounting for the effects of multiple scatterings
is crucial for the description of processes with several particles, where color correlations
are important and can be broken through interactions with the medium [5-7].

The usual approach to include the effect of multiple scatterings is to use the BDMPS-Z
formalism [8-11], where a formal resummation can be achieved by considering only the non-
relativistic dynamics in the transverse plane. When an expansion in terms of the number
of scatterings is considered, this formalism has been shown to reproduce the outcomes
obtained by different methods in which only a few scatterings are computed [12]. The
problem with such approach lies in the fact that the formal expressions for the all-order
resummation can be analytically computed only under very specific approximations which
may miss some important physical effects. This is the case of the harmonic or multiple soft
scattering approximation, which assumes a Gaussian profile for the transverse momentum
transfers and does not reproduce the perturbative tails at high transverse momentum £k .
Given the impossibility of having fully analytical expressions, numerical implementations
would be highly desirable, but so far, the only thorough attempts to numerically evaluate
the emission spectrum and its k -dependence have been through computationally costly
Monte Carlo implementations [13].

In this paper, following the direction of ref. [14], we show how to numerically evaluate
the formal expressions of the medium-induced gluon emission spectrum for an arbitrary
number of scatterings and realistic parton-medium interactions, without any further ap-
proximations. In order to do so, we numerically solve the appropriate differential equations
defining the in-medium propagators which enter in the spectrum expression. In this way,
we are able to successfully consider the full transverse momentum dependence and calculate
the full emission spectrum, accounting for the relevant kinematic constraints.

The manuscript is organized as follows: in section 2 we outline the fundamental as-
sumptions of the BDMPS-Z approach as well as the limitations of its current approximate
analytical evaluations. In section 3 we present our framework, which allows us to calcu-
late exactly the in-medium spectrum including the resummation of all multiple scatterings
for realistic parton-medium interactions. Readers not interested in all the details of the
derivation can go directly to section 3.2.1 and section 3.3, which contain all the equations
needed to compute the full resummed medium-induced k| -differential and energy spectra.
In section 4 we present the numerical results of our approach for two models of parton-
medium interaction: Yukawa-type and hard thermal loop (HTL) interaction. Finally, we
summarize and conclude in section 5.

2 Medium-induced gluon spectrum

The medium-induced gluon radiation spectrum in the high-energy limit has been derived in
several formalisms [8, 10, 15, 16]. For clarity, we will summarize the common assumptions
entering these derivations and cite the result in the BDMPS-Z framework. Details about the



derivations can be found in [8-12, 17]. The basic assumptions which play an important role
in the successful resummation of multiple scatterings into a compact formula are as follows:

e The opening angle of the radiation is small and the emission vertices are given by
leading-order DGLAP splitting functions. Parent and daughter partons can pick up
some momentum transverse to the direction of propagation of the initial parton, but
their magnitudes are always much smaller than their respective energies.

e The main contribution to radiation comes from elastic scatterings. The interaction
between parton and medium is mediated by soft gluons, which are regarded as car-
rying only transverse momenta of the order of the characteristic medium scale.

e At high-energy, the time scale of any single interaction is much shorter than the
formation time of emitted gluons or the time scale for medium evolution. Therefore,
the interactions are considered as instantaneous and are calculated for a fixed, but
arbitrary, medium configuration which will be averaged over.

The specific details of the parton-medium interaction are given as a phenomenological
input through the elastic collision rate V(q), which then enters the calculation through the
dipole cross section!

o(r) :/V(q) (1- ) . (2.1)
q

No further assumptions are made on the form of V(q), although in all realistic models
it must have the power behavior V(q) ~ 1/q*, which is a direct consequence of having
point-like interactions with a Coulomb potential at short distances.

For simplicity, we assume the emitted gluon is soft with w/E < 1 where w is the
energy of the emitted gluon and E the energy of the initial parton. This is not a general
assumption for the derivation of the formula for the spectrum and will be relaxed in a
subsequent publication.? In this limit, the medium-induced gluon spectrum off a high-
energy parton reads:

dl 2a,Cr o _ /
Yilod?k (2m)2? e/o /0 /pq p-q K(t',q;t,p)P(co, k; ', q) , (2.2)
where k is the two-dimensional transverse momentum of the emitted gluon. The variables

3

t and t' correspond to the emission times® in the amplitude and conjugate amplitude,

respectively, /E(t’ ,q;t,p) is the emission kernel in momentum space, and P(oco, k;t', q) is
the momentum broadening factor. The radiation off hard quarks or gluons differs by the

Casimir factor Cgr = Cp = (N2 — 1)/2N, or Cg = C4 = N, respectively.

'Throughout, bold symbols describe two-dimensional variables and we adopt the shorthand fp =
J d*p/(2m)? for the transverse integrals in momentum space.

2Details on how to properly incorporate into the differential spectrum the case when the gluon takes a
finite energy fraction can found in [18-20].

3We refer to “time” as being the longitudinal coordinate along the medium.



The Green’s function Iz(t’ ,q;t,p) can be explicitly written in coordinate space as the
following path integral

K (t/,z;t, y) E/ ell@z—py) i (t’,q;t,p)

bgq

- /r:)t’)yz Dr exp [/tt/ ds <i;dv*2 — ;n(s)g(r)) ] 7 (2.3)

while the momentum broadening factor is given by

P kit q) = [dze s exp{ .y
t/

with n(s) the linear medium density.

t//

dsn(s) O'(Z)} , (2.4)

The numerical evaluation of the path integral in eq. (2.3) including all the multiple
scatterings for a realistic collision rate V(g) — such as a Yukawa-like interaction — has
always posed technical problems, which could not be overcome until very recently with
advanced Monte Carlo techniques [13]. For this reason, the spectrum in eq. (2.2) has
historically been treated in two approximations in which an analytical expression for the
kernel is possible: multiple soft and single hard momentum transfer.

Within a multiple soft in-medium scatterings approach, the dipole cross section can
be approximated by its leading logarithmic behavior

I

n(s)o(r) = 54(s)r* + O(r*Inr?), (2.5)

where ¢ is the transport coefficient that characterizes the average transverse momentum
squared transferred from the medium to the projectile per unit path length. This approx-
imation is usually employed for opaque media, when configurations where the transverse
distance r is large are believed to be strongly suppressed. By replacing eq. (2.5) in eq. (2.3),
an analytical solution for the path integral is straightforward to obtain in the static case.?
This result is also known as the harmonic oscillator (HO) or Gaussian approximation.
It is worth emphasizing that even though this approximation allows us to have analytical
calculations which can provide insight and qualitative descriptions, it has not been proven
to correspond to any limit in terms of physical variables, and therefore its quantitative
predictions have to be taken with care. One of the major drawbacks of this method is the
strong suppression of the high transverse momentum part of the spectrum where it has an
exponential behavior instead of the power-like tails characteristic of Coulomb interactions
at short distances.

The other scenario corresponds to the radiation pattern resulting from an incoherent
superposition of just a few single hard scattering processes. This limit can be obtained
by expanding the integrand of eq. (2.3) in powers of the density of scattering centers
(n(s)o(r))Y [12, 15]. This approach is usually known as opacity expansion. The first order
(N = 1) in this procedure is typically referred to as the Gyulassy-Levai-Vitev (GLV) or first

4For expanding media the static solution is also of great use, since scaling relations have been shown to
work for phenomenological purposes [9, 21].



opacity approximation and is applicable for dilute media. This approximation is expected
to be suitable for gluons with transverse momenta larger than the characteristic scale of
the medium and also for high-energy gluons. When the number of scattering centers is
large, resuming the contributions from all orders in opacity is needed, a process that is
both analytically and computationally demanding.

The above mentioned differences between these two approaches have a direct essential
consequence: the energy spectrum produced by the Gaussian approximation is much softer
than the one produced by the opacity expansion. This is mainly due to two factors: (1)
the absence of destructive LPM interferences in the latter, which naturally appear in the
former; and (2) the inclusion of the power-law tails of the interaction cross-section in the
first opacity result that otherwise are neglected in the harmonic approximation.® The
use of these approximate solutions have led to conflicting results when extracting medium
properties from measurements taken at RHIC and at the LHC [24, 25], while recent studies
may indicate that when these approximations are not employed this centrality/energy
puzzle seems to disappear [26].

In this manuscript, we thus attempt to provide a framework that naturally includes
and goes beyond both approaches above by avoiding any assumption on the nature of the
interaction between the parton and the medium. In the following section, we will explain
the logical setup that allows us to derive an analytical expression for the medium-induced
gluon radiation in the most general case.

3 Setting up the evaluation

Apart from the difficulties that arise when attempting to compute the kernel given by
eq. (2.3) without any further approximations, there are several obstacles in numerically
evaluating the spectrum in eq. (2.2). Hence, it is convenient to rearrange eq. (2.2) to put
it in a more appropriate form.

One issue is that the gluon emission can occur anywhere after the initial parton is
created, that is, either inside or outside the medium. In consequence, the interferences
between these two types of emissions need to be properly taken into account. The common
way of addressing this is by splitting the semi-infinite integration in the emission times into
two terms bound by the length of the medium, which correspond to the pure in-medium
emissions (usually denoted as “in-in” contributions) and the medium-vacuum interference
(usually named “in-out”). While this is not a limiting factor, it demands precise cancella-
tions between these two types of contributions, which might involve an additional level of
precision in the numerical evaluation, thus making it inefficient. To overcome this issue, we
analytically perform the integration in ¢ in eq. (2.2). This introduces in turn an integration
over the position of one of the scatterings. Since no scatterings occur outside the medium,
the resulting time integrations are naturally bound by its length and thus, separating them
into “in-in” and “in-out” pieces is no longer necessary.

On the other hand, as it was explained in the previous section, the expressions of
the broadening factor P and the kernel K are naturally written in coordinate space, the

® A more thorough comparison of these two approximations can be found in [22, 23].



latter involving a complicated path integral. To avoid the difficulties that arise when
attempting to numerically compute this path integral, we work directly in momentum space
by considering these objects as propagators that satisfy specific differential equations which
can be numerically solved by conventional methods.

3.1 Reorganization of the spectrum

We start by performing the ' integration in the in-medium spectrum given by eq. (2.2).
Even though ¢’ is an argument of both K and P in eq. (2.2), it can be integrated out without
knowing the explicit form of either of these two factors. For that end, we only need to
notice that both K and P are propagators that satisfy the following Schwinger-Dyson type
equations:

t//
P kit q) = (27)2 0D (k— q) — ~ / dsn(s) / ok — QP ks k), (3.1)
t‘ !

_ 2
K, q:t,p) = (21)26® (g — p) e~ 51

1 P =

— 3 ds n(s)/ o(qg—K)e 3 =)K(s, ks t, p) . (3.2)
t /

Here, the dependence in #’ is confined to phase factors and limits of integration. Now

we can replace egs. (3.1) and (3.2) in eq. (2.2) and perform the t'-integration analytically

and, after some manipulations (shown in appendix A), arrive at

Al 20,Cp . [® s (1 q
Yiwdk ~ (212w e/o Sn(s)/o /pqz P (l2 qz)

x o(l —q)K(s,q;t,p)P(c0, k;s,1) , (3.3)

where the vacuum contribution has already been subtracted. In this expression there is still
one time integral running up to infinity, but with the main difference that it represents the
position of one of the scatterings and hence the integrand is zero outside of the medium.
This allows us to use the length of the medium L as the upper limit for this integral and
for the end point of the momentum broadening as well. The effect of emissions outside
of the medium has already been integrated out (or subtracted in the case of the purely
vacuum emissions) and there is no need to deal with interferences separately or rely on
precise cancellations between different terms.

This new expression for the in-medium spectrum has another advantage with regard to
its numerical evaluation. The dipole cross section behaves, for any realistic parton-medium
interaction, as o(q) ~ 1/q* at large g, which guarantees the convergence of the integrals
over g and I, while also providing a convenient initial condition which can be evolved when
K and P are taken as propagators.

It is worth noticing that extracting the first order in opacity result from eq. (3.3) is
straightforward. We only need to take the vacuum versions of P and IE, which can be
read off directly from the first term in the r.h.s. of egs. (3.1) and (3.2). This is done
in more detail in appendix B. The obtained results represent the large energy/transverse



momentum limit of eq. (3.3), and as such, quantitative comparisons are possible. On the
contrary, the Harmonic Oscillator cannot be obtained as a particular limit of the physical
variables in eq. (3.3), yielding an approximate result, more suitable for opaque media, which
makes the comparison with the full solution more difficult. As such, in section 4, when
comparing the full resummed spectrum with the HO result we focus only on qualitative
features, while for the GLV case, we perform a more quantitative comparison.

3.2 Recasting the evaluation of the spectrum as a first order linear differential
equations problem

In this section we will describe in detail how to evaluate the differential spectrum of eq. (3.3)
using evolution equations instead of finding explicit expressions for the kernel K and the
broadening factor P.

First, we recognize that P satisfies the following differential equation:

0.P(r k: 5,1) —%n(T) / ok — KYP(r K 5,1) . (3.4)

/

with initial condition P(s, k; s,1) = (27)26®) (k—1). Instead of trying to solve this equation
for P, we define (based on eq. (3.3))

Il gq
s(rkisa)=n(s) [ (- &) ot~ Pirkis). (3.5)
It is clear that ¢(7,k; s, q) satisfies
0, (7 K 5, q) — —%n(T) / ok — K)b(r K 5,q) | (3.6)
with initial condition
kg
¢(87 ka S, q) = n(s) ﬁ - ? U(k - q) . (37)

Now, we perform a similar manipulation for the kernel K. First, we recognize that it
satisfies the following differential equation

Ok (s qit.p) = L Kls.aitep) 4 5nlt) [ o ~pR(sait k), (38)

with initial condition Iz(s, q;s,p) = (277)25(2)(q — p). Then, we define
Vokitp) = [ $(Likis @ Kis.atp). (3.9)
q

which also satisfies
Z.172 1 / /

/

with initial condition (s, k;s,p) = ¢(L,k;s,p). The first term in the right-hand side
of eq. (3.10) causes oscillations which guarantee the convergence of the p-integrals, but it



might become a problem when attempting to numerically solve the differential equation.
It is then convenient to switch to the interaction picture, with

ip2
$i(s,k;t,p) = e (s, kit p) (3.11)
satisfying
1 i (s—t) / 7M(57t) /

Octpi(s, kit,p) = on(t) | e Vo(k' —p)e™ 2 Vs (s, ki t, k) (3.12)

with initial condition
wl(S,k;S,p) = ¢(L7k,37p) . (313)

The full k-dependent spectrum can then be written as
dl 204503 2 sy

W = )% / ds/ dt/ze 20 5y (s, kst, p) . (3.14)

The procedure to evaluate the spectrum is then clear. First, we start by computing
eq. (3.7), then numerically solve eq. (3.6) to get the r.h.s. of eq. (3.13), which is the starting
point to numerically solve eq. (3.12). Once we have a solution for v, it can be plugged
into eq. (3.14) and integrated numerically to obtain the spectrum. Before we can use this
procedure for the numerical evaluation a few more manipulations are needed. Let us recall
the form of the dipole cross section ¢, in momentum space, in terms of the collision rate V,

o(@) = ~Vig) + (25 q) [V(D). (3.15)
l
Then, the differential equation eq. (3.6) and its initial condition eq. (3.7) take the form
1
0-o(1,k; s,q) = —in(r) V(k—EK) [qb(T,k:; s,q) — (1, k'; s,q)} , (3.16)
k/
q k
&(s,k;s,q) =n(s) ol Vk-q), (3.17)
while the differential equation for 1); given in eq. (3.12) is now
1 / 7M(57t) /
(s, k;t,p) = in(t) V(K —p) |Yr(s, k;t,p) —e 2w Yvr(s,k;t, k')
k/

(3.18)

For most of the cases of interest the direction of k is irrelevant, thus, we can focus

on the spectrum as a function only of its magnitude. We can therefore integrate over

the direction of k, which allows us to use rotational symmetry to analytically perform all
angular integrals. The spectrum to evaluate is then

dI 1 [ dI
_— dfy, w——ns— 1
Ydwdk? T 2 /0 B dod?k (3:.19)
which will be written in terms of the functions

2w de p
5 | Se il kit) = Bdits, kit o) (3:20)

0 p

27

d@k q
— k; — k . 3.21
5 G olrkisa) = itr ks a) (3.21)



3.2.1 Set of equations to solve numerically

For convenience, we change our variables to make them dimensionless: dummy momentum
variables are rescaled as p — \/2w/L p and time variables as s — Ls. The typical trans-
verse momentum transfer u, usually taken as the Debye mass of the screened interactions,
sets the scale for the transverse momentum and the energy of the emitted gluons. The

dimensionless variables in which we will evaluate the spectrum are®

2k w2
w2’ we  pAL
(3.

20) and (3.21)), we can define

_ 2w

K

(3.22)

Using the rescaled versions of ¢); and ¢ (see eqs.
fu(s, ki t,p) = WP Ly (sL, prs tL,py/2w/L) (3.23)
G2(7,1:.5,9) = 20 G(r L, 1/ 2] L; sL, /2] ) , (3.24)

and then write the differential medium-induced gluon emission spectrum as

dl asCR 1 S o0 e
T T /0 ds /0 dt /0 dpipe™ 0 fo(s,mitp),  (3.25)

where f, satisfies the differential equation

1. Xdg o~
Oifu(s, kit p) = 2n(t)L/ 2*61 [q Vi(q,p;x) fo(s, ki t, )
0 T

— e U@ (g, p; :E)fx(s,ff;w)] , (3:26)

with initial condition

1

fuls, ki 5,p) = —gu(1,8/Vi5,p) (3.27)

and g, satisfies the differential equation

1. < qdq
8Tgx(7,l;s,p) - —57’&(7')[/ 0 ﬁvl(hcbw) [g:l?(7_7l;sap) _gl‘(7—7Q;87p)} I (328)
with initial condition
1. - -

9u(s,:5,p) = SA()L [Villpia) = EVa(lpio)| (3.29)

Here 71(s) = n(sL), while V; and V; are the two first angular moments of the rescaled
collision rate

N 2w do 5

Wl lplo) = [ 5% V(g pia). (330)
0 7T

N 2T do 5

Valal.pli) = [ G2 costy Vi —pia) (3.31)

where 6, is the angle between g and p, and V(g:z) = 2T‘“V(q 2w/L). For the usual models
for the collision rate used in phenomenology, these angular integrals can be performed
analytically, as will be shown in section 4.

5@, is usually known as characteristic gluon frequency and, as we will see later, the emission of gluons
with w > &, is suppressed.



3.3 Enmnergy spectrum

We can also integrate over transverse momentum to obtain the energy spectrum, always
keeping in mind that the integration must respect the kinematical constraint £ < w. We get

dl /WW" 2 dl
0

Ydr ¥ drdr2
asCr L [ e
=——5"Re [ ds | dl dpipe F.(s,t;p) . (3.32)
T 0 0 0
where _
Rx2/2
F$<37t7p) = / d’%z f.T(S:’%;tvp) I (333)
0

and R = @.L = %,uzLQ. It is clear that Fy satisfies the differential equation eq. (3.26) with
initial condition

Rax/2
Fo(s, 5:p) /0 dI? g (1,1;5,p) (3.34)

while g, is still obtained by solving eq. (3.28) with initial condition eq. (3.29). The case
where the kinematical condition is removed, i.e. R — oo with fixed @, is much simpler
since the momentum broadening of the emitted gluon is irrelevant and therefore there is
no need to solve eq. (3.28). This can be seen directly from the equations by integrating
[ from 0 to oo in eq. (3.28) and noticing the right hand side vanishes. It is important to
emphasize here that the derivation of the medium-induced emission spectrum (see section 2)
assumes that the transverse momentum of the radiated gluon is small (k < w). Therefore,
since the R — oo with fixed @, limit is equivalent to extending the integration over the
transverse momentum of the emitted gluon up to infinity, this limit does not correspond
to any realistic physical situation and leads to a divergent spectrum for small values of
x. Contrarily, when realistic kinematic constraints on the transverse momentum phase
space (R finite) are imposed, the gluon energy distribution at small  is depleted. In the
following, we will present the results for R — oo along with the curves for finite values of R
for illustrative purposes and as a check that our curves have the correct behavior at large
values of z.

4 Numerical results

In this section, we present the results of our numerical analysis. For simplicity, we perform
our calculations in a static thermally equilibrated quark-gluon plasma and leave the ex-
tension to expanding media for subsequent publications. The linear density of scatterings
is then a constant n(t) = ng®(L — t). For illustration purposes, we always consider the
case where the parent parton is a quark. Therefore we take Cr = Cr = 4/9. The strong
coupling is fixed to sz = 0.3.

The numerical implementation of equations (3.25)—(3.29) involves momentum integra-
tions that run up to infinity. The high-momentum tail of V(q) ~ 1/qg* guarantees that
all the integrands in eqs. (3.25)—(3.29) approach zero as 1/g* (or faster), with increasing

~10 -



momenta. As such, the numerical evaluation uses an upper cut-off for these integrals, and
we have carefully checked the stability of the result when this cut-off is changed.

In the following, we study the results of our approach for two collision rate models. We
first consider a Yukawa-type interaction and make straightforward comparisons with the
respective first order in opacity. We also attempt to compare our results with the Gaus-
sian approximation, but always keeping in mind that there are subtle complications when
attempting a direct correspondence between the parameters involved in both evaluations.
Finally, we consider the case where the interaction is modeled through the collision rate
calculated perturbatively in a hard thermal loop (HTL) formalism [27].”

4.1 Yukawa-type interaction

The collision rate V' for a Yukawa-type elastic scattering center is given by:

T 2
Vig) = (q{ffu?)?’ (4.1)

where the screening mass 1 is related to the Debye mass in a thermal medium, p? ~ m%.

Its rescaled version V is

~ 8
V(g,z) = .

A+ o .

2w
WAL"
Performing the angular integrations of eqs. (3.30) and (3.31), yields

Vi( '1‘)_4/27r o
14,p; ) = z)o (P*+4q¢*—2pgcost+1/x)?

87(p? +¢* +1/x)
z[(p? + @2 + 1/2)2 — 4p2¢?3/2
_ 4 [27 df cost
V- . — _
Z(Q7p7m) »’U/o (p2+q2—2quOSH+1/x)2
167pq
(P2 + ¢2 + 1/2)% — 4p2¢°J32

where x =

Notice also that

| 5tavitan = [Va-p 2. (45)

In fact, V' is normalized in this way to ensure that ngL is the correct parameter for an
opacity expansion.®

We can now use the above expressions to numerically solve the medium-induced gluon
emission spectrum. This collision rate clearly depends only on one parameter u?, but

the full evaluation of the spectrum also depends on ng and L. We compute first the full

"The choice of models is motivated by the fact that they have the correct UV physics and are commonly
used in phenomenological applications. Our approach is not restricted to this choice and one could in
principle implement models with the correct IR limit as the lattice calculations in [28].

8Note that in the relevant equations egs. (3.25)-(3.29), V always appears preceded by a factor 1/2.
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Figure 1. Full medium-induced gluon radiation k| -differential spectrum for a medium with noL =
1 for the Yukawa collision rate (left column) compared to the GLV first opacity approximation (right
column). The upper panels show these spectra as function of the rescaled gluon energy x = w/w,
for fixed values of the rescaled gluon transverse momentum x = k/u. The lower panels show these
spectra versus k2 for fixed values of .

resummed medium-induced k -differential spectrum for this interaction. A comparison
of our results to the first term in the opacity expansion (GLV N = 1)? is shown in fig-
ures 1 and 2, for two different values of ngL = 1,5, respectively. Note that, though the
plots are labeled by their value of ngL only, it has to be kept in mind that the two other
parameters involved in the evaluation are implicit in the definition of x? = k?/u? and
r=2w/(u*L).

At large energy and transverse momentum, the magnitude of the full spectrum (left
panels of figures 1 and 2) and the GLV approximation (right panels) is the same. Such
overlap of the high tails in both figures, is expected since in those kinematical regions
(w > @, and kK > 1), where the spectrum is known to be suppressed, the interaction
is believed to be dominated by a single hard scattering. As we move towards smaller
energies (w < w.) and/or transverse momenta (x < 1), the differences between the two
approaches start to become more visible. In particular, in these kinematic regions, the full
spectrum is significantly smaller than the GLV approximation, given that the latter does

9The GLV spectrum is calculated using the same model for the interaction and therefore depends on the
same set of parameters as our approach (see appendix B).
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Figure 2. Full medium-induced gluon radiation k| -differential spectrum for a medium with noL =
5 for the Yukawa-type interaction (left column) compared to the GLV first opacity approximation
(right column). The upper panels show these spectra as function of the rescaled gluon energy
x = w/w, for fixed values of the rescaled gluon transverse momentum x = k/u. The lower panels
show these spectra versus 2 for fixed values of z.

not account for the coherent effect of multiple scatterings, thus confirming that the first
order in opacity expansion is not a good approximation when moving away from the large
transverse momentum and/or large energy region. With increasing ngL, the differences
between the two approaches are even larger (see figure 2).

We now present the numerical evaluation of the full resummed medium-induced energy
spectrum given by eq. (3.32) for the Yukawa collision rate. Even though this energy
distribution depends on the same three parameters as the transverse momentum spectrum,
we can employ instead the following:

nol, @.=p?L/2, and R=a.L, (4.6)

where the latter can be seen as a dimensionless kinematic constraint on the transverse
momentum phase space of the emitted gluon ensuring that & < w. Indeed, the limit
R — 0o — which removes this kinematic constraint — can be viewed as the limit of
infinite in-medium path length since it corresponds to L — oo for @, fixed.

In figure 3 we show the comparison of the full resummed medium-induced gluon energy
distribution for the Yukawa-type interaction (left panels) with the GLV first opacity (right
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Figure 3. Top: full medium-induced gluon energy distribution for the Yukawa collision rate
(left panel) compared to the GLV first opacity approximation (right panel) for different values of
R = p%L?/2 for a medium with ngL = 5 as a function of the rescaled gluon energy w/@.. Bottom:
same as top panels in log-log scale.

panels) assuming noL = 5. As previously mentioned, due to the lack of LPM suppression in
the GLV approach, for a fixed value of R and w < @, the full result is smaller than the first
opacity evaluation. In order to illustrate the asymptotic behavior of the two approaches,
we show in the bottom panels of figure 3 the same spectra using a logarithmic scale for both
axes. From here, it becomes clear that both spectra are suppressed as w./w for w > @,
but their magnitudes start to differ for w < @..

A comparison fixing the value of the linear density of scattering centers, ng = 1fm~!,
and g = 0.6 GeV while varying the medium path lengths, L = 2,3,4,5fm, is shown in
figure 4 (left). Since the opacity expansion is justified for small values of ngL, for a
fixed linear density, the smaller the value of the path length the smaller the discrepancy
between the first opacity approximation and the full resummed result. Furthermore, at
large gluon energies, the GLV energy distribution is a good approximation of the full
resummed solution, since in this kinematical region the process is dominated by a single
hard scattering. This can be clearly seen in the right panel of figure 4, where we compare
the results for L = 3fm and L = 5 fm using a logarithmic scale for the vertical axis. Again,
the differences between the two spectra start to increase significantly for values of w < @,.
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Figure 4. Left: full medium-induced gluon energy distribution for the Yukawa-type interaction
(solid lines) compared to the GLV first opacity approximation (dash-dotted lines) with p = 0.6 GeV
and linear density ng = 1fm~"! for different values of L as a function of the rescaled gluon energy
w/we. Right: same as left panel for only two values of L in log-log scale.

Now we turn our attention to the comparison between our full resummed results for
the Yukawa collision rate and the Gaussian approximation. First, it is important to keep
in mind that the correspondence between the parameters used for each evaluation is not
straightforward. In principle, the parameter ¢§ — defined through eq. (2.5) — is directly
related to the elastic cross section and can be calculated as its first moment, but the
momentum integration involved in this evaluation has a logarithmic divergence which must
be regulated by a cut-off. By expanding the dipole cross section in eq. (2.1), it can be
shown that

gL ~ (noL) i In q‘;‘j" , (4.7)

where gmax is the upper cut-off of the g-integral.

Much has been discussed in the literature about the proper choice for this cut-off [9, 22,
29, 30] sometimes making it dependent on the gluon energy. Nevertheless, all phenomeno-
logical studies which employ the HO approximation regard ¢ as a local property of the
medium, independent of the probe and the radiated gluon, and we will do the same here.

For illustrative purposes, we fix ¢L = 1.3 (noL) p?.

Changing this particular numerical
factor does not improve the agreement between the two approaches.

Additionally, the HO approach depends only on two parameters (¢ and L) as opposed to
the full evaluation which depends on three (ng, 2, and L). Different combinations of ng and
©? can correspond to the same value of §, as shown in eq. (4.7), which complicates further
the choice of parameters for meaningful comparisons. In the following, we use reasonable
sets of parameters to produce comparative plots which allow us to highlight differences
between both approaches without intending an exhaustive analysis. Specifically, we take
noLl =5 and L = 6 fm, a set of parameters for which the effects of multiple scatterings are

expected to be important.

~15 —



L=06fm L =06fm

B k2= 0.77 GoV?
0.04+

5 k% = 2.56 eV

wdl /dwdk? (GeV—2)

e
3
:
:

Figure 5. Full medium-induced gluon k& -differential spectrum for the Yukawa collision rate with
1 = 1.6 GeV for a medium of L = 6fm and ngL = 5 (solid lines) compared to the evaluation in
the harmonic approximation (dotted lines) with § = 2.8 GeV?/fm. The left panel shows these two
evaluations as function of the emitted gluon energy w for two different values of the gluon transverse
momenta k. The right panel shows these spectra versus k? for two different values of w.

The results for the k| -differential in-medium spectrum for the full resummed solution
(solid) and the HO approximation (dash-dotted) are shown in figure 5 with y = 1.6 GeV
(or @, = 39GeV) for the full result and § = 2.8 GeV?/fm (or w. = GL%/2 = 256 GeV)
for the HO result.'® The left panel shows their evolution with energy at fixed transverse
momentum and the right panel their evolution with transverse momentum for two different
values of the energy. Even though the full result does not completely agree with the HO
approximation, the differences are much smaller than the ones seen in the comparison with
the GLV result shown in figure 2. In the left panel of figure 5 the spectrum for the HO
approximation seems to diverge faster than the full result for small w. This is a region
where the validity of the formalism is not guaranteed since one of the main assumptions
is that the transverse momentum of the gluon must be much smaller than its energy. In
addition, in the right panel, it is visible that the HO result falls much faster than the
full result at large k2. Such difference is expected since it is well known that the HO
approximation does not reproduce the asymptotic behavior at large transverse momenta.

We now turn to the medium-induced gluon energy distribution in figure 6. As in the
previous figures, the solid lines correspond to the full resummed result for g = 1.6 GeV (or
we = 39 GeV in blue) and p = 0.9 GeV (or w, = 12.3 GeV inred). The dotted lines represent
the HO evaluation for the corresponding values of ¢ according to gL = 1.3 (noL) p?, i.e.,
4 = 2.8GeV?/fm (blue) and ¢ = 0.9 GeV?/fm (red). These yield an w. = §L?/2 = 256 GeV
(blue) and w. = 82GeV (red).

For large energies (w > w.), contrarily to the GLV evaluation, the HO differs sig-
nificantly from the full resummed result, since this region is dominated by single hard

0The formulae used to produce the HO curves can be found e.g. in the appendix of [23].
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Figure 6. Solid lines: full medium-induced gluon energy distribution for the Yukawa-type inter-
action with g = 1.6 GeV (blue) and p = 0.9 GeV (red) for a medium with noL = 5 and L = 6fm
as a function of the gluon energy w. Dotted lines: medium-induced gluon energy distribution in
the harmonic approximation for § = 2.8 GeV?/fm (blue) and ¢ = 0.9 GeV?/fm (red) and L = 6fm
Versus w.

scattering and thus the Gaussian approximation is not well justified. In fact, the HO result
decreases proportionally to 1/w? in this kinematic region (see for instance [23]), in con-
trast with the 1/w-behavior of the GLV and full resummed evaluations, as it was shown
in figure 4. For lower energies (w < w.), the HO approximation is expected to capture
the main physical effects of the emissions process and thus it has been massively used to
describe (with relative success so far) the overall behaviour of the gluon emission spectrum
at low energies. However, since it is not a formal limit of more general equations, we do
not expect a perfect agreement between the Gaussian and the full resummed evaluations in
any kinematic region. Although the comparison between our approach and the HO result
must be taken with care (as they do not involve the same parameters), we can observe
in figure 6 that for w < w, the two evaluations differ. It is important to note here that
a better agreement between both calculations is found for energies below the peak of the
spectra, corresponding to the region where the kinematical constraint k& < w (R finite) is
more important. Furthermore, it is worth noticing that for w < @, (with @, = 39 GeV
for the blue curve and w. = 12.3GeV for the red one), the HO result is very close to
the full evaluation, while in the same kinematic region the GLV approximation disagrees
substantially with the full resummed result (see the right panel of figure 4).

We have checked that these observations are independent of our choice of the numerical
value of the logarithmic factor used to fix the parameters in eq. (4.7). Changing this
factor moves the position of the peak while keeping the form of the low-w tail. The
discrepancies we find between our approach and the HO evaluation are in agreement with
the results in [13] where a numerical evaluation through Monte Carlo techniques was shown
to significantly differ from the HO approach.
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Our results highlight the shortcomings of the Gaussian approximation and emphasize
the necessity of implementing the full resummed spectrum for phenomenological stud-
ies. From a theoretical point of view, it would be interesting to thoroughly explore the
parameter space to determine the kinematic regions where the multiple soft scattering ap-
proximation — or possible improvements [29-31] — provide an accurate description of the
emission process. This is beyond the scope of the current manuscript and will be left for
future work.

4.2 Hard thermal loop interaction

To illustrate the flexibility of our approach, we also implement the collision rate derived
from hard thermal loop calculations which should, in principle, provide a more accurate
description of the thermal interactions. For this purpose, we take

gchm%T

1
nV _ _Js"¢"D"
5" (q) 2@+ m3)

, (4.8)
which was obtained at leading-order in the coupling in thermal field theory in a weakly-
coupled medium [27].

The angular integrations given by egs. (3.30) and (3.31) can be performed analytically
for this collision rate, giving

1.~ ) 1 1

s Vilg, p;x) = g NT - ; 4.9
" Wi )= o P> = /(P2 + 2+ 1/2)? — 422 (49)
SnVa(g,pix) = 75— T~ g = | - (4.10)
2 2pg \ P> =@ /®+q%+1/2)2 —4p2q

One difficulty with this potential is that it is divergent for p = ¢q. These divergences
always disappear when trying to solve both the initial conditions and the differential equa-
tions. Nevertheless, care must be taken to avoid a numerical evaluation at that particu-
lar point.

Plugging eqs. (4.9) and (4.10) in eq. (3.29) gives

2N.TL
9u (8,138, p) = QT lsgn(l —p)+

Py p? 1/ ] (411)

V(2 +p? + 1/2)% — 412p?

The result is clearly discontinuous, but it does not induce any singularities in the subsequent
steps of the calculations. In practice, the discontinuous term will be set to zero at p = I[.
This result will enter the integrations over 12 from zero to (possibly) infinity, so it is
important to note that even though g.(s,[;s,p) may seem to behave like 1/I? in both of
those endpoints, the factor in brackets goes to zero, thus guaranteeing the integration of
gx(s,1;8,p) over I? to be convergent.

This initial condition must be evolved with eq. (3.28), where Vi (I, ¢; z) is singular for
[ = ¢, but this singularity does not play any role since, again, the term in brackets goes
to zero in that limit. The resulting integrand will have a discontinuity at that point and
will be assigned the average value between left-handed and right-handed limits. Similarly
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Figure 7. Left: full medium-induced k -differential gluon radiation spectrum for the HTL collision
rate for a medium with TL = 1 as a function of rescaled gluon energy zg = w/w for fixed values
of the rescaled gluon transverse momentum ky = k/mp. Center: same as left panel versus qu for

fixed values of xp. Right: energy distribution for the HTL collision rate for a medium with TL =1
for different values of Ry = m%L2 /2 as a function of zg.

to the previous cases, each of the two terms in the right-hand-side of eq. (3.26) has a
divergence, but these divergences cancel out when the sum of the two terms is considered.
Again, there will be a discontinuity which will be handled in a similar manner as the one
appearing in eq. (3.28).

It is worth noticing that the HTL collision rate given by eq. (4.8) depends on the
Debye mass mp and the medium temperature 7. By replacing eqs. (4.9) and (4.10) in the
differential equations of section 3.2.1, it is straightforward to see that the full resummed
spectrum for this type of interaction depends on the following three free parameters T,
m%, and L.!'' For the energy distribution we will make use instead of

TL, o =m%L/2, and Ry =afL. (4.12)

For completeness, we now show the full resummed transverse momentum and energy-
dependent in-medium distributions for the HTL collision rate for a medium with TL = 1
in figure 7. Most of the features previously discussed for the Yukawa potential are also
visible in this case, but there are clear differences in the shapes of their kp—differential
spectra, both as a function of energy (left panel) and transverse momentum (center panel).
In order to pursue a more quantitative comparison between the Yukawa and the HTL
cases it is necessary to establish a meaningful correspondence between their respective
parameters. The behavior of the collision rate at large transverse momentum is fixed
by the Coulomb nature of the interaction at small distances and therefore, by directly
comparing eqs. (4.1) and (4.8), it is clear that one needs to require nou? = asN.Tm?,.

Since this constraint is not enough to establish a one-to-one correspondence between the

" Note that the Debye mass can be written in terms of the temperature as m%, = (1+N;/6) g2T? reducing
the total number of free parameters from three to two. For convenience, we keep the three independent

parameters. In a subsequent paper, where we will apply our results to phenomenology, this relation will be
taken into account.
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Figure 8. Left column: full medium-induced k| -differential gluon radiation spectrum for the
Yukawa-type interaction with ngL= 1 (solid lines) and the HTL interaction with TL = 0.4 (dashed
lines) as a function of r = w/w, = 2w/u?L for different values of x = k/u (top) and versus x? for

different values of z (bottom). Right column: same as left panel for the Yukawa collision rate with
ngL=5 (solid lines) and for the HTL collision rate with TL = 2 (dashed lines).

sets of parameters of both collisions rates, we decide to follow the suggestion of [31] where it

is shown that one can match their corresponding dipole cross-sections at leading logarithmic

accuracy (see eq. (2.1)) for small dipole sizes by also imposing the condition m

2 _
We then have

2
D = epu”.

TL=noL/(easN.), @ =ewm., zp==z/e, and k% =r?/e.

(4.13)
In figure 8 we show the comparison between the two models for the parton-medium
interaction for the k| -differential spectrum. The Yukawa case is plotted in solid lines for
noLl = 1 in the left panels and noL = 5 in the right panels. The HTL case is plotted
in dashed lines for the corresponding parameters according to eq. (4.13), i.e. TL = 0.4 in
the left panels and TL = 2 in the right panels. Notice that the plots are presented in
terms of Yukawa variables x and k, meaning that to produce the curves for the HTL case
one has to first rescale these variables according to eq. (4.13). In the left panels one can

see that the agreement between the two collision rates is confined to the high-energy and

—90 —



high-momentum tails, while in the right panels the differences between both evaluations
at low and medium energies and transverse momenta substantially decrease. This suggests
that when the medium gets larger/denser the details of the interaction become less impor-
tant. Finally, we would like to acknowledge that a more exhaustive study of the matching
between both interactions would be very interesting and could have a meaningful impact
on phenomenological analyses, thus deserving a full separate study.

5 Conclusions and outlook

In this work, by using Schwinger-Dyson type equations, we derive an analytical expression
for the medium-induced gluon radiation spectrum in the soft limit. Our expression contains
the full resummation of multiple scatterings and can be used for any realistic parton-
medium interaction without further assumptions, thus providing robust results outside the
usually employed multiple soft or single hard scattering approximations. The final outcome
is a set of differential equations eqgs. (3.25)—(3.29) that can be easily solved and are not as
computationally demanding as previous approaches.

In this manuscript, we first use the Yukawa parton-medium interaction model to com-
pute the full resummed transverse momentum and energy-dependent in-medium gluon
emission spectra. We also compare our results with those obtained within the well known
HO and GLV approximations, finding the differences among them significant. More specifi-
cally, the full resummed spectrum is smaller than the corresponding first opacity evaluation,
due to the lack of LPM suppression in the latter approach. However, for large gluon trans-
verse momentum and energy, the GLV limit agrees with the full resummed result, since in
this kinematic region the process is dominated by a single hard scattering. The harmonic
approximation also differs substantially from the full resummed calculations. Specifically,
at high gluon energies and transverse momenta, the harmonic oscillator spectra go much
faster to zero than the full results, thus yielding a softer energy distribution. Nevertheless,
at lower gluon energies, the HO evaluation is a better approximation to the full result than
the GLV, highlighting the importance of including the effects of multiple scatterings.

In order to show the flexibility of our approach, we also compute the full resummed
spectra for the hard thermal loop parton-medium interaction model. Furthermore, we
compare the HTL and Yukawa transverse momentum spectra by using a (leading order)
map between their respective set of parameters which ensures that the high energy and
transverse momenta tails of the spectra for both interaction models coincide. Our results
seem to suggest that the differences found between both evaluations decrease significantly
for larger/denser media.

The method of evaluation presented here has a great potential to improve the study of
jet quenching observables. In future works we plan to expand the reach of our calculations
in two main directions: relaxing approximations that will allow us to improve current
phenomenological tools, and adapt our formalism to allow precise numerical evaluations of
calculations sensitive to the effect of multiple scatterings with the medium.

First, we will relax the soft gluon approximation, thus allowing emitted gluons to take
a finite fraction of the energy, then we will explore the case of non-static media. With
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these two improvements in hand, the formalism can then be used to calculate distributions
of energy loss under realistic conditions, which can be used, for instance, to compute the
nuclear modification factor and the high transverse momentum azimuthal anisotropies.
On the other hand, we will apply our formalism to evaluate the radiation pattern
of an antenna, as a first step towards improving the precision of the evaluations aimed at
understanding the role of color coherence in the description of jet and intra-jet observables.
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A Details of the derivation in section 3.1

We outline here the steps needed to show how eq. (3.3) can be derived from eq. (2.2).
Replacing the Schwinger-Dyson equations satisfied by the kernel and the broadening factor
—egs. (3.1) and (3.2) — in eq. (2.2) one gets

d] o QQSCR 2 77,—(15/715)
Yidwd?k (2m) 2w2 / dt/ dt [k
1 2 .
—/ dsns) [ pke EC otk k)R (s kit p)
2 t pk1

1 [ p2
- 2/ ds”(s)/ p?e Do (k) — p)P(co, k; s, k1)
t/

pk1
1 tl > 'q2 ’
+ / dsy n(Sl) / dsa n(SQ) / p-q 6*2@(1‘/ —s1)
4 ¢ pak1k:
x o(q—ki)o(ka—q) E(sl, ki;t,p) P(oo, k;s2,ka)| . (A.1)

First of all, we discard the first term in eq. (A.1) since it is the vacuum contribution
and we only want to keep track of the medium-induced radiation. In all the remaining
terms, the ¢’-dependence of the integrand is given by just a phase factor, so we change the
order of integration to perform this integral first.

With the new order of the integrals, the ¢’-integral in the second term — second line
of eq. (A.1) —, goes from s to oo. It is important to recall now that a regularization

procedure to avoid divergences at late times, in the form of a factor e~

, has been omitted
in eq. (2.2). When this factor is properly taken into account, the evaluation of the ¢'-integral
of this term in the upper limit vanishes. This is equivalent to include the appropriate ie
prescription in the free propagators. The contribution of the second term of eq. (A.1) after

performing t'-integral is then given by

20sCR oo roo Dk _
dt d k—k ki;t,p). A2
o Be [ [ [ etk R ki) (A2)

- 29 —



For the third term in eq. (A.1), the integration limits of the ’-integral are finite (from
t to s), hence, the integration is straightforward. It is important to notice that, since P
is always real, the evaluation of this integral at the lower limit yields a purely imaginary
term, thus not contributing to the final result.

The t'-integral of the last term in eq. (A.1) is trivial and both terms survive. The final
result of integrating in ¢’ eq. (A.1), excluding the vacuum contribution, is given by

dI  20,Cp S %0 ok N
Re [ dt|[ d P 2 ok — ki) K(s, kst
dwko: (271')20,) e/o |:/t STL(S) /pkl ? k2 U( 1) (37 1, 7p)

0o 2
- / dsn(s) / ie %ok — p)P(co, k; s, k1)
t pk1

1 [ o0 . 2
+ / dsin(sy) / dsan(sa) / Zg (6—1‘2160(5’2—51) _ 1>
2 t S1 pgk1ka q

o(q — k) o(ky — q) K(s1, k13 t, p) P(o0, k; s2, k2):| . (A.3)

To finalize, the terms with and without phases can be recombined as follows: the
contribution without phase in the third term with the first term by using eq. (3.1); and the
contribution which do contains a phase in the third term with the second term by using
eq. (3.2). With such modifications, eq. (A.3) yields the following compact result

dI QQSOR /dt/ ds n(s /z l_a
Ydwdk ~ (27)2w b T \2 T @2

ol — q)K(s, q; t,p)P(o0, k;s,1) . (A.4)

Changing the order of integration in ¢ and s we arrive at eq. (3.3).

B Towards GLV limit

In this appendix we show how to get the GLV limit from our expressions for the full
resummed spectrum. To get the single scattering contribution one can take as starting
point eq. (3.3) and replace P and K with their vacuum versions. This is equivalent to
taking eq. (3.25) but not solving the differential egs. (3.26) and (3.28), and instead using
only the initial conditions. Following this approach we get for the GLV spectrum

" 20 L 1 n ’ = . —ip?(s—t
xd:l?d/# _2772$Re/ ds n(S)/O dt/o dpipe p°(s—t)

X [‘ﬁ(ﬁ/ﬁ,p;x)—\/?Vz(ﬂ/\/ip;w)] ,  (BI1)

with V;’s given by egs. (3.30) and (3.31). For the case of a uniform medium, as considered
in section 4, the integrals over t and s can be easily performed, giving

dl asCrngL /°° p? — sin p?
= dp ———— |V,
¥ dwdr? 22z J, P 3 1w/ v, pi) -

VPG k) x>] . (B2)
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Using the Yukawa-type interaction, we get

dI 4 00 2 o 2 2 _ 2 1
B aSCRnOL/ dp p~ —sinp K* —xp® + (B.3)
0

Tded? T 7w p3 (k2 4+ xp? + 1)2 — dxk2p?]3/2

This is the formula used for the curves in the right panels of figures 1 and 2. To calculate
the energy spectrum, we can integrate over the transverse momentum with the constraint
k2 < Rx?/2 to get

dl  4a,CR o p? —sinp? 1 1
o nOL/O dp p3 wp?+1 = 2 =
\/(%Ra:Q + ap? +1)" — 223 Rp?
(B.4)
This result allow us to generate the curves shown in the right panels of figures 3 and 4.
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