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We present the results that form the basis for calculations of the unpolarized gluon parton distributions
(PDFs) using the pseudo-PDF approach. We give the results for the most complicated box diagram both for
gluon bilocal operators with arbitrary indices and for combinations of indices corresponding to three matrix
elements that are most convenient to extract the twist-2 invariant amplitude. We also present detailed results
for the gluon-quark transition diagram. The additional results for the box diagram and the gluon-quark
contribution may be used for extractions of the gluon PDF from different matrix elements, with a possible
cross-check of the results obtained in this way.
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I. INTRODUCTION

Extraction of the parton distribution functions (PDFs)
from lattice calculations attracts now considerable interest
(see Refs. [1,2] for recent reviews and references to
extensive literature). Modern efforts aim at getting PDFs
fðxÞ themselves rather than their xN moments. The recent
progress in this endeavor has been stimulated by the paper
of Ji [3]. Its basic proposal is to consider equal-time
versions of nonlocal operators that define parton functions,
such as PDFs, distribution amplitudes, generalized parton
distributions, and transverse momentum dependent distri-
butions. In the case of ordinary PDFs, the major object of
Ji’s approach is a “parton quasidistribution” (quasi-PDF)
Qðy; p3Þ [3,4]. They produce PDFs obtained in the large-
momentum p3 → ∞ limit of quasi-PDFs.
Alternatively, one may use coordinate-space oriented

methods, namely, the “good lattice cross sections”
approach [5,6], the Ioffe-time analysis of equal-time
correlators [7–9], and the pseudo-PDF approach [10–12].
In these cases, parton distributions are extracted through
taking the short-distance z3 → 0 limit.
In converting the Euclidean lattice data into the light-

cone PDFs, one should take into account that both the
p3 → ∞ and z3 → 0 limits are singular, and one needs to
incorporate matching relations to perform the conversion.
The matching conditions in the quasi-PDF approach

were studied for quark [3,13–15] and gluon PDFs [16–18],

for the pion distribution amplitude (DA) [19] and gener-
alized parton distributions (GPDs) [19–21].
The matching relations in the pseudo-PDF approach

were also derived in several cases, in particular, for non-
singlet PDFs [15,22–25]. The procedure of lattice extrac-
tion of nonsinglet GPDs and the pion DA within the
pseudo-PDF framework was outlined in Ref. [26], in which
the relevant matching conditions have been also derived.
In our earlier paper [27] (see also Ref. [28]), we outlined

the basic points of pseudo-PDF approach to extraction of
unpolarized gluon PDFs and presented the one-loop match-
ing conditions for a particular combination of gluon matrix
elements, that has the “cleanest” projection on the twist-2
gluon PDF. These results have been used already in lattice
extractions of the unpolarized gluon PDFs in Refs. [29] and
[30] and [31].
However, because of the letter nature of Ref. [27], we

have skipped there some intermediate expressions and also
results for two other matrix elements that may be used for
the gluon PDF extraction.
In the present paper, we present a full result for the most

lengthy contribution of the “box” diagram and also its
projections onto all three matrix elements containing the
“twist-2” invariant amplitude. We also give more details
about our calculations of the gluon-quark mixing correc-
tions both for these matrix elements and for matrix
elements with arbitrary indices. The additional results
given in the present paper may be used for extractions
of the gluon PDF from two other matrix elements, which
may give a possibility to cross-check the results obtained
from different matrix elements.
The paper is organized as follows. In Sec. II, we study

the structure of the matrix elements of the gluonic bilocal
operators. In particular, we identify those that contain
information about the twist-2 gluon PDF. In Sec. III,
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we discuss one-loop corrections and specific properties of
their ultraviolet and short-distance behavior. In Sec. IIIf and
Appendix A, we present our results for the most compli-
cated box diagram. The subject of Sec. IV is the structure of
perturbative evolution of the gluon operators, gluon-quark
mixing, and matching conditions. The result for the gluon-
quark contribution generated by the gluon bilocal operator
with arbitrary indices is given in Appendix B. Section V
contains summary of the paper.

II. MATRIX ELEMENTS

We are going to consider the nucleon spin-averaged
matrix elements for operators composed of two-gluon
fields in the most general case when all four indices are
not contracted,

Mμα;νβðz; pÞ≡ hpjGμαðzÞ½z; 0�Gνβð0Þjpi; ð2:1Þ

where ½z; 0� stands for usual straight-line gauge link in the
gluon (adjoint) representation

½x; y�≡ Pexp

�
ig
Z

1

0

dtðx − yÞμÃμðtxþ ð1 − tÞyÞ
�
:

ð2:2Þ

A. Invariant amplitudes

We want to decompose Mμα;νβðz; pÞ in several tensor
structures accompanied by corresponding invariant ampli-
tudes. The latter may be built from two available 4-vectors,
namely, pα, zα, and the metric tensor gαβ. Building the
tensors, we incorporate the antisymmetry of Gρσ with
respect to its indices. This gives [27]

Mμα;νβðz; pÞ
¼ ðgμνpαpβ − gμβpαpν − gανpμpβ þ gαβpμpνÞMpp

þ ðgμνzαzβ − gμβzαzν − gανzμzβ þ gαβzμzνÞMzz

þ ðgμνzαpβ − gμβzαpν − gανzμpβ þ gαβzμpνÞMzp

þ ðgμνpαzβ − gμβpαzν − gανpμzβ þ gαβpμzνÞMpz

þ ðpμzα − pαzμÞðpνzβ − pβzνÞMppzz

þ ðgμνgαβ − gμβgανÞMgg: ð2:3Þ

The amplitudes M are functions of the Lorentz invariants
of the problem, i.e., the invariant interval z2 and the Ioffe
time [32] ðpzÞ≡ −ν (for further convenience, we define ν
with the minus sign).
Since the matrix element should be symmetric with

respect to interchange of the fields, the functions Mpp,
Mzz, Mgg, Mppzz, and Mpz −Mzp are even functions of
ν, while Mpz þMzp is odd in ν.

B. Twist-2 projection

The standard light-cone gluon distribution fgðxÞ is
defined through the convolution gαβMþα;βþðz; pÞ, with
the separation z taken in the light-cone “minus” direction,
z ¼ z−:

gαβMþα;βþðz−; pÞ ¼ p2þ

Z
1

−1
dxeixpþz−xfgðxÞ: ð2:4Þ

Extracting the projection gαβMþα;βþ from the decom-
position (2.3), we get

gαβMþα;βþðz−; pÞ ¼ −2p2þMppðν; 0Þ: ð2:5Þ

This means that the gluon PDF is determined by the Mpp

invariant amplitude

−Mppðν; 0Þ ¼
1

2

Z
1

−1
dxe−ixνxfgðxÞ: ð2:6Þ

In view of Eq. (2.6), our strategy is to choose matrix
elements Mμα;λβ that contain Mpp in its parametrization,
and ideally nothing else.
Having in mind lattice calculations, it is convenient to

split the “þ” components onto the sum of space and time
components. Also, due to antisymmetry ofGρσ with respect
to its indices, the combination gαβMþα;βþðz; pÞ includes
summation over the transverse indices i, j ¼ 1, 2 only, and
reduces to

gijMþi;jþ ¼ −Mþ1;1þ −Mþ2;2þ
¼ M0i;0i þM3i;3i þ ðM0i;3i þM3i;0iÞ; ð2:7Þ

with summation over i ¼ 1, 2 implied.

C. Picking out Mpp amplitude

As found in Ref. [27], there is an extension of the M0i;i0

matrix element that contains the Mpp amplitude only,

M0i;i0 þMji;ij ¼ 2p2
0Mpp; ð2:8Þ

where the summation over both i and j is implied.
One can apply a similar procedure on M3i;i3. Using the

expression

M30;03 ≡ hpjG30ðzÞG03ð0Þjpi
¼ m2Mpp − z23Mzz − z3p3ðMzp þMpzÞ
− p2

0z
2
3Mppzz þMgg; ð2:9Þ

we construct the combination

M3i;i3 þ 2M30;03 ¼ 2p2
0Mpp − 2p2

0z
2
3Mppzz; ð2:10Þ
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which still has an additional term proportional to the
Mppzz invariant amplitude. Another minimally contami-
nated combination is given by

M0i;i3 þM3i;i0 ¼ 4p0p3Mpp þ 2p0z3ðMpz þMzpÞ:
ð2:11Þ

D. Multiplicatively renormalizable combinations

Off the light cone, theMμα;λβ matrix elements have extra
ultraviolet divergences related to the presence of the gauge
link. For any set of its indices fμα; λβg, each matrix
element is multiplicatively renormalizable with respect to
these divergences [33] but, in general, with different
anomalous dimensions.
In Ref. [34], it was established that the combinations

represented in Eq. (2.7), namely, M0i;i0, M3i;i3, M0i;i3 þ
M3i;i0 (and also M0i;i3 −M3i;i0), with summation over
transverse indices i, are each multiplicatively renormaliz-
able at the one-loop level. Furthermore, as noted in
Ref. [27], the combination GijGij (with summation over
transverse i, j) has the same one-loop UV anomalous
dimension as M0i;i0, while the matrix element G30G03 has
the same one-loop UV anomalous dimension as M3i;i3.
Hence, the combinations of Eqs. (2.8) and (2.10) are
multiplicatively renormalizable at the one-loop level.

E. Reduced Ioffe-time distribution

Within thepseudo-PDFapproach[10], the link-relatedUV
divergences are eliminated through introducing the reduced
Ioffe-time distribution (ITD). Namely, for each multiplica-
tively renormalizable amplitudeM, we build the ratio

Mðν; z23Þ≡Mðν; z23Þ
Mð0; z23Þ

; ð2:12Þ

in which the link-related UV-divergent Zðz23μ2UVÞ factors
generatedby thevertex and link self-energydiagramscancel.
As a result, the small-z23 dependence of the reduced pseudo-
ITDMðν; z23Þ comes fromthe logarithmicDGLAPevolution
effects only.

III. ONE-LOOP CORRECTIONS

Below, we briefly summarize the results on “nonbox”
one-loop corrections presented in Ref. [27] and then
discuss a rather lengthy contribution of the box diagram
that was presented there in part only.

A. Link self-energy contribution

The self-energy correction for the gauge link is given by
the simplest diagram (see Fig. 1). In lattice perturbation
theory, it was calculated at one loop in Ref. [35]. An
important property of this contribution is the presence of a
∼z3=aL linear term, where aL is the lattice spacing that
provides here the ultraviolet cutoff.

Such corrections clearly factorize into a ν-independent
factor, and cancel in the ratio (2.12), so that their explicit
form is not essential in the pseudo-PDF approach. Still, in
dimensional regularization, one has

−
g2Nc

4π2½ð−z2μ2UV þ iϵÞ�d2−2
Γðd=2 − 1Þ

ð3 − dÞð4 − dÞGμαðzÞGλβð0Þ;

ð3:1Þ
where the pole for d ¼ 3 (d ¼ 4) corresponds to the linear
(logarithmic) UV divergences present in this diagram.

B. Vertex contribution

There are also vertex diagrams involving gluons that
connect the gauge link with the gluon lines; see Fig. 2.
We use the method of calculation described in Ref. [36]. It

is based on the background-field technique, with the gluon
propagator taken in the “background-Feynman” gauge [36].
The full, “uncontracted” vertex contribution is given by

Overtex
μα;νβ ¼ g2NcΓðd=2 − 1Þ

4π2ð−z2Þd=2−1
Z

1

0

du

��
u3−d − u
d − 2

�

×GμαðūzÞðzβGzνð0Þ − zνGzβð0ÞÞ

þ
�
u3−d − u
d − 2

�
ðzαGzμðūzÞ − zμGzαðūzÞÞGνβð0Þ

�

þ g2NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

×
Z

1

0

du2

�
u3−d − 1

d − 3

�
þ
GμαðūzÞGνβð0Þ: ð3:2Þ

In this expression, just one of the fields in the
GμαðzÞGλβð0Þ operator is corrected, while another remains
intact. In particular, the diagram 2(a) changes GμαðzÞ into

FIG. 1. Self-energy-type correction for the gauge link.

(a) (b)

FIG. 2. Vertex diagramswithgluonscomingout of thegauge link.
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the sum of two terms. One of them contains UV diver-
gences, while the other one is UV finite. The UV-divergent
term is given by

Ncg2

4π2
Γðd=2 − 1Þ

ðd − 2Þð−z2Þd=2−1
Z

1

0

duðu3−d − uÞ

× ðzαGzμðūzÞ − zμGzαðūzÞÞ; ð3:3Þ

where Gzσ ≡ zρGρσ and ū≡ 1 − u. The overall d-depen-
dent factor here is finite for d ¼ 4, but the u-integral
diverges at the lower limit. The divergence disappears if
one uses the UV regularization by taking d ¼ 4 − 2εUV,
which converts it into a pole at εUV ¼ 0.
Since the UV divergence comes from the u → 0 inte-

gration, we can isolate it by taking ū ¼ 1 in the gluonic
field, which gives

Ncg2

8π2
Γðd=2 − 1Þ
ð−z2Þd=2−1

1

4 − d
ðzαGzμðzÞ − zμGzαðzÞÞ: ð3:4Þ

The remainder is given by

Ncg2

4π2
Γðd=2 − 1Þ

ðd − 2Þð−z2Þd=2−1
Z

1

0

du½u3−d − u�þð0Þ

× ðzαGzμðūzÞ − zμGzαðūzÞÞ; ð3:5Þ

where the plus prescription at u ¼ 0 is defined as

Z
1

0

du½fðuÞ�þð0ÞgðuÞ ¼
Z

1

0

dufðuÞ½gðuÞ − gð0Þ�: ð3:6Þ

The second, UV finite term from the diagram 2a is
given by

Ncg2

8π2
Γðd=2 − 2Þ

ðd − 3Þð−z2Þd=2−2
Z

1

0

du½u3−d − 1�þð0Þ

×GμαðūzÞGλβð0Þ: ð3:7Þ

Note that the gluonic operator in Eq. (3.7) has the same
tensor structure as the original operator GμαðzÞGβνð0Þ,
differing from it just by rescaling z → ūz. There is no
mixing with operators of a different type. The u-integral in
this case does not diverge for d ¼ 4, but the overall
Γðd=2 − 2Þ factor has a pole 1=ðd − 4Þ.
Formally, there is also a pole 1=ðd − 3Þ, corresponding

to a linear UV divergence. However, the singularity for
d ¼ 3 is eliminated by the ½u3−d − 1� combination in the
integrand. One may say that the linear divergences present
in “u3−d” and “−1” parts cancel each other.
The remaining 1=ðd − 4Þ pole corresponds to a collinear

divergence developed because all the propagators corre-
spond to massless particles.

C. Gluon self-energy diagrams

Another simple type of one-loop corrections is repre-
sented by the gluon self-energy diagrams, one of which is
shown in Fig. 3(a). These diagrams have both the UV and
collinear divergences. The combined contribution of the
Fig. 3 diagrams and their left-leg analogs is given by

g2Nc

8π2
1

2 − d=2

�
2 −

β0
2Nc

�
GμαðzÞGλβð0Þ; ð3:8Þ

where β0 ¼ 11Nc=3 in gluodynamics, so that the terms in
the square bracket combine into 1=6.

D. Box diagram

The most complicated technically is the calculation of
the box diagram which contains a gluon exchange between
two gluon lines (see Fig. 4). This diagram does not have
UV divergences, but it has DGLAP log z23 contributions. In
contrast to the vertex diagrams, the original GμαðzÞGνβð0Þ
operator generates now a mixture of bilocal operators
corresponding to various projections of GμαðuzÞGνβð0Þ
onto the structures built from vectors p, z and the metric
tensor g.
Our result for arbitrary indices μανβ is given in the

Appendix A. It is presented in the operator form; however,
it contains only those operators that survive in the forward
case (i.e., the operators that have the form of a full
derivative are abandoned). Still, the expression is rather
lengthy. Furthermore, we mostly need it for particular
combinations of indices corresponding to matrix elements
M0i;i0 þMji;ij, M3i;i3 þ 2M30;03 and M0i;i3 þM3i;i0 that
contain the Mpp invariant amplitude and are listed in
Eqs. (2.8), (2.10), and (2.11). To shorten the formulas,
let us introduce the following notations for the bilocal
operators corresponding to these matrix elements:

(a) (b)

FIG. 3. Gluon self-energy-type insertions into the right leg.

FIG. 4. Box diagram.
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O00ðz1; z2Þ ¼ G0iðz1ÞGi0ðz2Þ þGijðz1ÞGjiðz2Þ; ð3:9Þ

O33ðz1; z2Þ ¼ G3iðz1ÞGi3ðz2Þ þ 2G30ðz1ÞG03ðz2Þ; ð3:10Þ

Oþ
03ðz1; z2Þ ¼ G0iðz1ÞGi3ðz2Þ þG3iðz1ÞGi0ðz2Þ: ð3:11Þ

In the case of O00ðz; 0Þ and O33ðz; 0Þ operators, the box diagram produces the following corrections:

O00ðz; 0Þ !box −
g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

du

�
uūþ ū3

3

�
O33ðuz; 0Þ

þ NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

Z
1

0

dufðūðu2 þ 1Þ − 2uÞO00ðuz; 0Þ þ ūðu2 þ 1ÞO33ðuz; 0Þg; ð3:12Þ

O33ðz; 0Þ !box −
g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

du

��
ūþ uūþ ū3

3

�
O33ðuz; 0Þ − ūO00ðuz; 0Þ

�

þ NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

Z
1

0

dufðūðu2 þ 1Þ − 2uÞO33ðuz; 0Þ þ ūðu2 þ 1ÞO00ðuz; 0Þg: ð3:13Þ

One can see that the box diagram contribution for each of them involves matrix elements of both the operatorsO00ðuz; 0Þ
and O33ðuz; 0Þ. Thus, these two operators mix here with each other. Furthermore, matrix elements of both of them contain
the Mpp invariant amplitude. Thus, it is interesting to rewrite Eqs. (3.12) and (3.13) in terms of the invariant functions:

Mppðν; z2Þ !box −
g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

du

�
uūþ ū3

3

�
½Mppðuν; z2Þ − z23Mppzzðuν; z2Þ�

þ g2NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

Z
1

0

duf2ðūðu2 þ 1Þ − uÞMppðuν; z2Þ − ūðu2 þ 1Þz23Mppzzðuν; z2Þg; ð3:14Þ

Mppðν; z2Þ − z23Mppzzðν; z2Þ !box −
g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

du

��
uūþ ū3

3

�
Mppðuν; z2Þ

−
�
uūþ ū3

3
þ ū

�
z23Mppzzðuν; z2Þ

�

þ g2NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

Z
1

0

duf2ðūðu2 þ 1Þ − uÞMppðuν; z2Þ

− ½ūðu2 þ 1Þ − 2u�z23Mppzzðuν; z2Þg: ð3:15Þ

These relations have a very similar structure and, in fact, coincide if one discards theMppzz terms. Taking the difference of
these expressions gives a very simple result for the box correction to Mppzz,

Mppzzðν; z2Þ!box −
g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

duūMppzzðuν; z2Þ −
g2NcΓðd=2 − 2Þ
4π2ð−z2Þd=2−2

Z
1

0

duuMppzzðuν; z2Þ: ð3:16Þ

The situation is simpler for the Oþ
03ðz; 0Þ operator, for which the box diagram contribution is expressed through the

Oþ
03ðuz; 0Þ operator only,

Oþ
03ðz; 0Þ !

box g2NcΓðd=2 − 1Þ
4π2ð−z2Þd=2−2

Z
1

0

du

�
uūþ 2

3
ū3
�
Oþ

03ðuz; 0Þ

þ NcΓðd=2 − 2Þ
4π2ð−z2Þd=2−2

Z
1

0

duðūðu2 þ 1Þ − uÞOþ
03ðuz; 0Þ: ð3:17Þ
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In all the cases, Eqs. (3.14), (3.15), and (3.17), the Γðd=2 − 2Þ terms are singular for d ¼ 4, which results in logð−z2Þ
terms generating the DGLAP evolution. The Γðd=2 − 1Þ terms are singular for d ¼ 2, which corresponds to the fact that the
gluon propagator in two dimensions has a logarithmic logð−z2Þ behavior in the coordinate space. For d ¼ 4, these terms are
finite. Note that, unlike the vertex part, the box contribution does not have the plus-prescription form.

IV. DGLAP EVOLUTION STRUCTURE

Adding the results for all the diagrams discussed above, we get the following expressions for their combined contribution
for the three operator combinations listed in Eq. (3.11):

M0i;i3 þM3i;i0 ¼ 4p0p3Mppðν; z23Þ þ 2p0z3ðMpzðν; z23Þ þMzpðν; z23ÞÞ

→
g2Nc

8π2

Z
1

0

du

���
3

2
−
1

6

�
log

�
z23μ

2
UV

e2γE

4

�
þ 2

�
δðūÞ þ

�
u − 3

u
ū
− 4

logðūÞ
ū

�
þ
þ 2

�
ūuþ 2

3
ū3
�

−2 log
�
z23μ

2
IR
e2γE

4

��ð1 − uūÞ2
ū

�
þ

�
ð4p0p3Mppðuν; z23Þ þ 2up0z3ðMpzðuν; z23Þ þMzpðuν; z23ÞÞÞ; ð4:1Þ

M0i;i0 þMij;ji

2p2
0

¼ Mppðν; z23Þ

→
g2Nc

8π2

Z
1

0

du

���
1 −

1

6

�
log

�
z23μ

2
UV

e2γE

4

�
þ 2

�
δðūÞ −

�
1

2
δðūÞ þ

�
2

3
ð1 − u3Þ þ 4uþ 4 logðūÞ

ū

�
þ

�

− log

�
z23μ

2
IR
e2γE

4

��
2ð1 − uūÞ2

ū

�
þ

�
Mppðuν; z23Þ

þ g2Nc

8π2

Z
1

0

du

�
2

3
ð1 − u3Þ þ log

�
z23μ

2
IR
e2γE

4

�
ūðu2 þ 1Þ

�
u2z23Mppzzðuν; z23Þ; ð4:2Þ

M3i;i3 þ 2M30;03

2p2
0

¼ Mppðν; z23Þ − z23Mppzzðν; z23Þ

→
g2Nc

8π2

Z
1

0

du

���
2 −

1

6

�
log

�
z23μ

2
UV

e2γE

4

�
þ 2

�
δðūÞ −

�
1

2
δðūÞ þ

�
2

3
ð1 − u3Þ þ 2u2 þ 4 logðūÞ

ū

�
þ

�

− log

�
z23μ

2
IR
e2γE

4

��
2ð1 − uūÞ2

ū

�
þ

�
ðMppðuν; z23Þ − u2z23Mppzzðuν; z23ÞÞ

−
g2Nc

8π2

Z
1

0

du

�
2ūþ log

�
z23μ

2
IR
e2γE

4

�
ūðu2 þ 1Þ

�
u2z23Mppzzðuν; z23Þ: ð4:3Þ

All these combinations contain the log ðz23μ2IR e2γE
4
Þ evolu-

tion term accompanied by the gg-component of the
Altarelli-Parisi kernel,

BggðuÞ ¼ 2

�ð1 − uūÞ2
ū

�
þ
: ð4:4Þ

However, they have different z3-independent parts, as a
result of mixing with “higher-twist” functionsMzp þMpz

in Eq. (4.1) and Mppzz in Eqs. (4.2) and (4.3). The kernel
(4.4) has the plus-prescription structure reflecting the fact
that, in the local limit, Mppðz; pÞ is proportional to the
matrix element of the gluon energy-momentum tensor that
is conserved in the absence of the gluon-quark interactions.
From now on, + means the plus prescription at 1.

The log ðz23μ2UV e2γE
4
Þ term in each result comes from the

UV-singular contributions. They contain the δðūÞ factor
which reflects the local nature of the UV divergences and
converts Mðuz; pÞ into Mðz; pÞ. Each result shares the
same UV-singular contribution from the link renormaliza-
tion and self-energy contributions, but differ in their vertex
contribution, as mentioned in Sec. III B.
The expressions given above include gluon-gluon tran-

sitions only. Thus, we need to include also the one-loop
diagrams describing the gluon-quark transition.

A. Gluon-quark mixing

The correction to the gluon operator with arbitrary
indices generated by the gluon-quark diagram shown in
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Fig. 5 is presented in Appendix B. To illustrate its structure,
let us take the projection corresponding to theOþ

03 operator.
In the MS scheme, it reads

g2CF

4π2z3

Z
1

0

du½2ūO0
qðuz3Þ þ 2ūuz3∂0O3

qðuzÞjz0¼0
�

−
g2CF

4π2
ln

�
z23μ

2
IR
e2γE

4

�Z
1

0

du½ð2ūuþ ū2Þ∂3O0
qðuz3Þ

− ðū2 þ u2Þ∂0O3
qðuzÞjz0¼0

�: ð4:5Þ

The singlet combination of quark fields Oμ
qðz3Þ is

defined as

Oμ
qðzÞ ¼ i

2

X
f

ðψ̄fðzÞγμψfð0Þ − ψ̄fð0ÞγμψfðzÞÞ; ð4:6Þ

with f numerating quark flavors. Since the matrix element
of Oμ

qðzÞ is odd in z, it can be parametrized by

hpjOμ
qðz3Þjpi ¼ 2pμ

Z
1

0

dy sin ðypzÞfSðyÞ

¼ −2pμν

Z
1

0

dαISðανÞ; ð4:7Þ

where ν ¼ −ðpzÞ, as usual, and

ISðνÞ ¼
Z

1

0

dy cosðyνÞyfSðyÞ ð4:8Þ

is the singlet quark Ioffe-time distribution.
Applying this parametrization, the gq correction to Mþ

03

may be written as

hpjG3iðzÞGi0ð0Þ þG0iðzÞGi3ð0Þjpi → −2p0p3

g2CF

4π2

Z
1

0

du

�
ln

�
z23μ

2
IR
e2γE

4

�
BgqðuÞ þ ūð1þ uÞ

�
ISðuνÞ; ð4:9Þ

with the gq component of the evolution kernel given by BgqðuÞ≡ 1þ ð1 − uÞ2. For two other matrix elements listed in
Eq. (3.11), the analogs of Eq. (4.5) are given by

hpjG0iðzÞGi0ð0Þjpi þ hpjGijðzÞGjið0Þjpi → −p2
0

g2CF

4π2
ln

�
z23μ

2
IR
e2γE

4

�Z
1

0

duBgqðuÞISðuνÞ ð4:10Þ

and

hpjG3iðzÞGi3ð0Þjpi þ 2hpjG30ðxÞG03ð0Þjpi → −p2
0

g2CF

4π2

Z
1

0

du

�
ln

�
z23μ

2
IR
e2γE

4

�
BgqðuÞ þ 4ū

�
ISðuνÞ: ð4:11Þ

B. Matching relations

As discussed already, the combinationM0i;i0 þMij;ji ¼ 2p2
0Mpp, at the tree level, is proportional to the twist-2 amplitude

Mpp without contaminations. The amplitudeMppðν; z23Þ obtained in this way may be used to form the reduced pseudo-ITD

M00ðν; z23Þ≡
Mppðν; z23Þ
Mppð0; z23Þ

ð4:12Þ

as in Eq. (2.12). Using the results (4.2), (4.10) of our calculations for the one-loop corrections toM0i;i0 þMij;ji, we obtain the
matching relation

M00ðν; z23ÞIgð0; μ2Þ ¼ Igðν; μ2Þ −
αsNc

2π

Z
1

0

duIgðuν; μ2Þ
�
log

�
z23μ

2
e2γE

4

�
BggðuÞ þ 4

�
uþ logðūÞ

ū

�
þ
þ 2

3
½1 − u3�þ

�

−
αsCF

2π
log

�
z23μ

2
e2γE

4

�Z
1

0

du

�
ISðuν; μ2Þ − ISð0; μ2Þ

Igðν; μ2Þ
Igð0; μ2Þ

�
BgqðuÞ

þ αsNc

2π

Z
1

0

du

�
2

3
ð1 − u3Þ þ log

�
z23μ

2
IR
e2γE

4

�
ūðu2 þ 1Þ

�

× u2z23

�
Mppzzðuν; z23Þ −Mppzzð0; z23Þ

Igðν; μ2Þ
Igð0; μ2Þ

�
ð4:13Þ

FIG. 5. Gluon-quark mixing diagram.
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between the “lattice function”M00ðν; z23Þ and the light-cone
ITDs Igðν; μ2Þ and ISðν; μ2Þ.
This matching condition also includes the “higher

twist” term Mppzz on its right-hand side. This term is
accompanied by a z23 factor that suppresses its contribution
for small z23 values and is omitted in the matching
conditions given in our original paper [27]. The size
of the Mppzz term may be estimated by comparing the
lattice signals for M0i;i0 þMij;ji and M3i;i3 þ 2M30;03

matrix elements. To this end, denoting M3i;i3ðz3; pÞ þ
2M30;03ðz3; pÞ≡ 2p2

0M33ðν; z23Þ, we define the “33”
reduced ITD,

M33ðν; z23Þ≡M33ðν; z23Þ
M33ð0; z23Þ

: ð4:14Þ

Now, using Eqs. (4.3) and (4.11), we obtain the matching
condition

M33ðν; z23Þ½Igð0; μ2Þ − z23Mppzzð0; z23Þ� ¼ Igðν; μ2Þ − z23Mppzzðν; z23Þ

−
αsNc

2π

Z
1

0

du½Igðuν; μ2Þ − u2z23Mppzzðuν; z23Þ�
�
log

�
z23μ

2
e2γE

4

�
BggðuÞ þ 4

�
u2=2þ logðūÞ

ū

�
þ
þ 2

3
½1 − u3�þ

�

−
αsCF

2π

Z
1

0

du

�
ISðuν; μ2Þ − ISð0; μ2Þ

Igðν; μ2Þ − z23Mppzzðν; z23Þ
Igð0; μ2Þ − z23Mppzzð0; z23Þ

��
log

�
z23μ

2
e2γE

4

�
BgqðuÞ þ 4ū

�

−
αsNc

2π

Z
1

0

du

�
2ūþ log

�
z23μ

2
IR
e2γE

4

�
ūðu2 þ 1Þ

�

× u2z23

�
Mppzzðuν; z23Þ −Mppzzð0; z23Þ

Igðν; μ2Þ − z23Mppzzðν; z23Þ
Igð0; μ2Þ − z23Mppzzð0; z23Þ

�
ð4:15Þ

that may be combined with Eq. (4.13) to estimate the
impact of the Mppzz contamination.
The gluon light-cone ITD Igðν; μ2Þ is related to the

gluon PDF fgðx; μ2Þ by

Igðν; μ2Þ ¼
1

2

Z
1

−1
dxeixνxfgðx; μ2Þ: ð4:16Þ

In fact, xfgðx; μ2Þ is an even function of x. Hence, the real
part of Igðν; μ2Þ is given by the cosine transform of
xfgðx; μ2Þ, while its imaginary part vanishes. The overall
factor Igð0; μ2Þ corresponds to the fraction of the hadron
momentum carried by the gluons, Igð0; μ2Þ ¼ hxgiμ2 . This
means that Eq. (4.13) allows us to extract just the shape of
the gluon distribution. Its normalization, i.e., the magnitude
of hxgiμ2 , must be taken from an independent lattice
calculation, similar to that performed in Ref. [37]. The
singlet quark function ISðwν; μ2Þ that appears in the OðαsÞ
correction should be also calculated (or estimated)
independently.
The matching condition (4.13) (without theMppzz terms

and neglecting the gluon-quark mixing term) has been
already used in lattice extractions of the unpolarized gluon
PDFs by the MSU group [29,30] and the HadStruc
Collaboration [31].

V. SUMMARY

In this paper, we have presented the results that form the
basis for the ongoing efforts to calculate gluon PDF using
the pseudo-PDF approach.
In particular, we have displayed our results for the most

complicated box diagram. We have presented the expres-
sion for the situation when all four indices are arbitrary and
also for combinations of indices corresponding to three
matrix elements that are most convenient to extract the
twist-2 invariant amplitude Mpp. We also displayed the
evolution structure for these matrix elements.
The results of our earlier publication [27,28] have been

already used in the lattice extractions [29–31] of the gluon
PDF from the studies of the M0i;i0 þMji;ij matrix element.
The additional results for the box diagram and the gluon-
quark contribution given in the present paper may be used
for extractions of the gluon PDF from two other matrix
elements, with a possible cross-check of the results
obtained from different matrix elements.
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APPENDIX A: BOX DIAGRAM WITH ARBITRARY INDICES

The full result for a forward matrix element is

Obox
μα;νβ →

g2NcΓðd=2Þ
8π2ð−z2Þd=2

Z
1

0

duðzμzνgαβ − zαzνgμβ − zμzβgαν þ zαzβgμνÞ
2ū3

3
GzξðuzÞGξ

zð0Þ

þ g2NcΓðd=2 − 1Þ
8π2ð−z2Þd=2−1

Z
1

0

du

�
ðgαβgμν − gμβgναÞ

2ū3

3
GzξðuzÞGξ

zð0Þ

þ ū3

3
ðgαβGzνðuzÞGzμð0Þ − gμβGzνðuzÞGzαð0Þ − gανGzβðuzÞGzμð0Þ þ gμνGzβðuzÞGzαð0ÞÞ

þ
�
2uūþ ū3

3

�
ðgαβGzμðuzÞGzνð0Þ − gμβGzαðuzÞGzνð0Þ − gανGzμðuzÞGzβð0Þ þ gμνGzαðuzÞGzβð0ÞÞ

þ ū2ðzνGαβðuzÞGzμð0Þ − zνGμβðuzÞGzαð0Þ − zβGανðuzÞGzμð0Þ þ zβGμνðuzÞGzαð0Þ
− zμGzνðuzÞGαβð0Þ þ zαGzνðuzÞGμβð0Þ þ zμGzβðuzÞGανð0Þ − zαGzβðuzÞGμνð0ÞÞ
þ ūð1þ uÞðzνGzμðuzÞGαβð0Þ − zνGzαðuzÞGμβð0Þ − zβGzμðuzÞGανð0Þ þ zβGzαðuzÞGμνð0Þ
− zμGαβðuzÞGzνð0Þ þ zαGμβðuzÞGzνð0Þ þ zμGανðuzÞGzβð0Þ − zαGμνðuzÞGzβð0ÞÞ

þ
�
ū2

2
−
ū3

3

�
ðzνgαβGμξðuzÞGξ

zð0Þ − zνgμβGαξðuzÞGξ
zð0Þ − zβgανGμξðuzÞGξ

zð0Þ þ zβgμνGαξðuzÞGξ
zð0Þ

þ zνgαβGzξðuzÞGξ
μð0Þ − zνgμβGzξðuzÞGξ

αð0Þ − zβgανGzξðuzÞGξ
μð0Þ þ zβgμνGzξðuzÞGξ

αð0Þ
þ zμgαβGνξðuzÞGξ

zð0Þ − zαgμβGνξðuzÞGξ
zð0Þ − zμgανGβξðuzÞGξ

zð0Þ þ zαgμνGβξðuzÞGξ
zð0Þ

þ zμgαβGzξðuzÞGξ
νð0Þ − zαgμβGzξðuzÞGξ

νð0Þ − zμgανGzξðuzÞGξ
βð0Þ þ zαgμνGzξðuzÞGξ

βð0ÞÞ
þ 2ūðzμzνGαξðuzÞGξ

βð0Þ − zαzνGμξðuzÞGξ
βð0Þ − zμzβGαξðuzÞGξ

νð0Þ þ zαzβGμξðuzÞGξ
νð0ÞÞ

−
ū3

6
ðzμzνgαβ − zαzνgμβ − zμzβgαν þ zαzβgμνÞGζξðuzÞGζξð0Þ

�

þ g2NcΓðd=2 − 2Þ
8π2ð−z2Þd=2−2

Z
1

0

du

�
−ūðGαβðuzÞGμνð0Þ − GμβðuzÞGανð0Þ − GανðuzÞGμβð0Þ þ GμνðuzÞGαβð0ÞÞ

− 2uGμαðuzÞGνβð0Þ þ ūð1 − 2uÞGνβðuzÞGμαð0Þ þ ūð1þ 2uÞGμαðuzÞGνβð0Þ

þ ūu2

2
ðgαβGμξðuzÞGξ

νð0Þ − gμβGαξðuzÞGξ
νð0Þ − gανGμξðuzÞGξ

βð0Þ þ gμνGαξðuzÞGξ
βð0ÞÞ

þ ūu2

2
ðgαβGνξðuzÞGξ

μð0Þ − gμβGνξðuzÞGξ
αð0Þ − gανGβξðuzÞGξ

μð0Þ þ gμνGβξðuzÞGξ
αð0ÞÞ

þ ūðgμνGαξðuzÞGξ
βð0Þ − gανGμξðuzÞGξ

βð0Þ − gμβGαξðuzÞGξ
νð0Þ þ gαβGμξðuzÞGξ

νð0ÞÞ

− ðgμνgαβ − gναgμβÞ
ū3

6
GζξðuzÞGζξð0Þ

�
: ðA1Þ

APPENDIX B: GLUON-QUARK CONTRIBUTION WITH ARBITRARY INDICES

iGμαðzÞGνβð0Þ →
g2CFΓðd=2Þzμzν
8π2ð−z2Þd=2

Z
1

0

duūψ̄cðuzÞ½−gαβzηγη − iϵαzβηγηγ5�ψcð0Þ

þ g2CFΓðd=2 − 1Þ
16π2ð−z2Þd=2−1

Z
1

0

dufgμνūψ̄cðuzÞ½ðzαgβη þ zβgαη − gαβzηÞγη − iϵαzβηγηγ5�ψcð0Þ

þ zνðūuψ̄cðuzÞ∂⃖μ½ðzαgβη − gαβzηÞγη − iϵαzβηγηγ5�ψcð0Þ
þ ūψ̄cðuzÞ½ðgμβgαη − gαβgμηÞγη − iϵαμβηγηγ5�ψcð0ÞÞ
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þ zμðūuψ̄cðuzÞ∂⃖ν½ðzβgαη − gαβzηÞγη − iϵαzβηγηγ5�ψcð0Þ
þ ūψ̄cðuzÞ½ðgανgβη − gαβgνηÞγη − iϵανβηγηγ5�ψcð0ÞÞ
− zμzνū2½ψ̄cðuzÞð∂⃖αγβ þ γα∂⃖βÞψcð0Þ�g

þ g2CFΓðd=2 − 2Þ
32π2ð−z2Þd=2−2

Z
1

0

duf−gμνū2ψ̄cðuzÞð∂⃖αγβ þ γα∂⃖βÞψcð0Þ

þ ūu2ψ̄cðuzÞ∂⃖ν∂⃖μ½ðzαgβη þ zβgαη − gαβzηÞγη − iϵαzβηγηγ5�ψcð0Þ
þ ūuψ̄cðuzÞ∂⃖ν½ðgμβgαη − gαβgμηÞγη − iϵαμβηγηγ5�ψcð0Þ
þ ūuψ̄cðuzÞ∂⃖μ½ðgανgβη − gαβgνηÞγη − iϵανβηγηγ5�ψcð0Þ
− uū2zν∂μ∂βψ̄cðuzÞγαψcð0Þ − uū2zμ∂ν∂αψ̄cðuzÞγβψcð0Þg
− H:c: − fμ ↔ αg − fν ↔ βg þ fμ ↔ α; ν ↔ βg ðB1Þ
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