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1 Introduction

Lattice calculations devoted to extraction of the parton distribution functions (PDFs) have
attracted recently a considerable interest (see refs. [1, 2] for reviews and references). Starting
with the paper [3] by X. Ji, modern efforts aim at directly getting PDFs f(z) as functions of

the momentum fraction variable x rather than just calculating their 2™V

moments. The key
element of these efforts is the analysis of equal-time bilocal operators that define various
parton functions, in particular, PDFs, distribution amplitudes (DAs), generalized parton
distributions (GPDs), and transverse momentum dependent distributions (TMDs). The
major object of Ji’s approach in the case of ordinary PDFs, are quasi-PDFs Q(y, p3) [3, 4].
To get the PDFs from them, one should take the large-momentum p3 — oo limit of Q(y, p3).

There are alternative methods based on the coordinate-space formulation, such as the
“good lattice cross sections” approach [5, 6] and the pseudo-PDF approach [7-9], in which
the equal-time correlators M (z3,p3) are considered as functions of the Ioffe-time [10-12]
v = z3p3 and the probing scale parameter z3. In these latter cases, the parton distributions

are extracted by taking the short-distance 22 — 0 limit at fixed v.



To convert the data measured on a Euclidean lattice into the PDFs defined on the light
cone, it should be taken into account that the limits p3 — oo and z3 — 0 are singular. To
perform the conversion in such a situation, one needs to derive and use matching relations.

In the quasi-PDF approach, the matching relations were derived for quark [3, 13—15]
and gluon PDFs [16-18], and also for GPDs [19-21] and the pion DA [19].

The matching relations for the bilocal operators in the coordinate representation were
originally derived in applications to quark nonsinglet PDFs [15, 22-25]. The pseudo-PDF
procedure for lattice extraction of nonforward parton functions, such as nonsinglet GPDs
and the pion DA were described in ref. [26], where the necessary matching conditions were
also obtained.

The pseudo-PDF approach to the extraction of unpolarized gluon PDFs was formulated
in our paper [27] (see also ref. [28]). The results of one-loop calculations for the gluon
bilocal operators were presented there, and, in a more detailed form in ref. [29]. The
matching conditions following from these results have been used in lattice extractions of the
unpolarized gluon PDFs in refs. [30, 31] and [32]. One-loop corrections to the matrix element
of the twist-4 “gluon condensate” operator G*”(0)G ,, (2) have been recently obtained in
the momentum-representation calculation of ref. [33].

In the present work, we describe the basics of the pseudo-PDF approach to lattice
extraction of the polarized gluon PDFs. The paper is organized as follows. In section 2,
we investigate kinematic structure of the polarized matrix elements of the gluonic bilocal
operators built from the gluon stress-tensor and its dual. In particular, we identify the
matrix elements that contain information about the twist-2 polarized gluon PDF. In
section 3, we present the results for one-loop corrections to the bilocal operator, and discuss
their ultraviolet and short-distance behavior. The matching relations necessary for the
lattice extraction of the polarized gluon PDFs are derived in section 4. The summary of
the paper is given in section 5.

2 Matrix elements

2.1 Definitions

To extract polarized gluon distributions of a nucleon, we consider matrix elements of
bilocal operators Gq(2)Gg(0) composed of two gluon fields, with the dual field defined by
ékﬂ = %e,\gpﬂ,GW. The matrix elements are specified by

mua;)\ﬂ(z)p) = <p7 S| G/LOC(Z) E(Z, 0; A)6A5(0)|pa 5> ) (21)

where E (2,0; A) is the usual 0 — z straight-line gauge link in the gluon (adjoint) represen-
tation

F(2,0;A) = Pexp [ig 25 /01 dtfl”(tz)] . (2.2)

The standard definition of the polarized gluon PDFs [34] uses the contracted amplitude
go"\mm;w, but we will keep all four indices u,a, A, 5 non-contracted. The part that



depends on the nucleon spin is determined by the z-odd combination, which vanishes for
the unpolarized case and is linear in the spin-vector s. Thus, we start with the amplitude

M,uoz;)ﬁ(zap) = m,ua;)\ﬁ(zap) - mua;/\ﬁ(_zap) . (23)
To simplify further formulas, we normalize s, by s> = —m?, where m is the nucleon mass.
This means that our polarization vector s, is related by s, = m.S,, to the usual polarization
vector S;, which is normalized by S? = —1.

2.2 Invariant amplitudes

The tensor structures for the decomposition of M pang (2, p) over invariant amplitudes may
be built from two available 4-vectors p., z., one pseudo-vector s, and the metric tensor
gap- These structures must be anti-symmetric with respect to interchange of both {p <+ o}
and {\ < (}.

Let us list first the structures in which s carries one of the pa; AS indices. Such
structures, before the anti-symmetrization, may have two possible forms: s,Agg,\ and
saAgB,,Cy, where A, B, C' correspond to p or z. Incorporating the antisymmetry of G,»
with respect to its indices, we have

(1
Méa);/\ﬁ(z,p) = (gu)\sapﬁ — GuBSaPx — JarsSups + gaﬂs,up)\) Msp
+ (g,u)\pozsﬁ — GupPaS) — JarPusSp + gaﬁpus/\) Mps

+ (GurSa?8 — GuBSaZx — JarSuzp + gaﬁsuz)\) M.
GurZaSp — GupZasSh — JarZusp + gaBZ,wS)\) M

(
+ (
+ (pusa - pas,tt)<p/\zﬁ - pﬁz)\)ﬂpspz + (p,uza - pazu)(p)\s,b’ - p,Bs)\)j\;l/pzps
+( M

Sufa — Sazu)(pAZB - pBZA)Mszpz + (puza - pazﬂ)(skzﬂ - SBZA)Mpzsz s

(2.4)
where the invariant amplitudes M are functions of the invariant interval 22 and the
Ioffe time [35] (pz) = —v (the minus sign here is introduced to have v = pszs when
z = {0,0,0,23}).

There are also structures containing s through the (sz) product accompanied by all
the tensor combinations of p, z and metric tensor that have been used in ref. [27] for the
unpolarized case. These combinations, before the anti-symmetrization, may have three
possible forms: A,Bggux, AaBsCuDy and gazg,x, where A, B,C, D correspond to one of
p or z. Thus, we have

M ;sZ);Aﬁ(Z ,p) = (52) (9urPaPp — JupPaPA — JarPuPs + JapPupbr) Mpp
+(52) (9urzazs — GupZa?s — Jarzu?s + GapZuzn) Ms
+ (52) (gurzaDs — Guszalr — Garzubs + Jaszubr) Map

+ (52) (9uAPa?8 — GusPazr — GarPus + JapPuzn) Mps

+ (52) (Duza — Pazu) (D228 — Pa2r) Mppz-

+ (52) (gurgas — Gusgar) Mg - (2.5)



One may propose to check if we may also use the Levi-Civita tensor like €,s,, for
building possible tensor structures. Here we note that our matrix element M#a; A8 1s a
pseudo-tensor. Furthermore, it should be linear in the nucleon polarization vector s., which
is a pseudo-vector. Hence, the Levi-Civita pseudo-tensor 6,4+ should appear twice in a
particular tensor structure involving s,. However, the product of two Levi-Civita tensors
ExnExxnx MY be always written in terms of (sums of products of) metric tensors gy .
Thus, the combinations listed in egs. (2.4) and (2.5) exhaust all the possibilities for tensor
structures compliant with the Lorentz covariance and antisymmetry of G, with respect to
its indices.

In fact, our operator has the structure €xg,,Gua(2)G?7(0), where G(z) and G(0) is the
same field. As we will see in section 2.5, this imposes two relations (2.28), (2.33) between

some invariant amplitudes M parametrizing Nl(i) A8 and invariant amplitudes entering into

M 52 AB" One may also incorporate the symmetry properties of M s ,\/3(2, p) with respect to z.
Namely, since Mw;)\g(z,p) is odd in z, the invariant amplitudes ./Wsp, ./\7193, Mpzsz, /Wszpz,
M 2p ﬂpz are odd functions of v, while the remaining ones are even functions of v.

Such a decomposition of M ua)g (7, p) is quite general. But it may be also constructed, in
particular, from a formal Taylor expansion of Gq(2) FE(z,0; A)(N} 23(0) over local operators,
followed by taking their matrix elements and then recombining back the terms with the
same tensor structure. The implicit assumption of this procedure is that such a Taylor
expansion exists.

In QCD, M, ua:xg(2,p) has singularities on the light cone z? = 0 due to perturbative
logarithms ln(—z2) generated by gluonic corrections. Thus, we will assume that the invariant
amplitudes M (v, 22) are finite for 22 = 0 at the tree level, and will explicitly calculate the
perturbative one-loop corrections that produce the 111(—22) terms.

2.3 Relation to PDF

The usual light-cone polarized gluon distribution Ag(x) is obtained [34] from the matrix
element g*’M, .5, (z,p), with z taken in the light-cone “minus” direction, z = z_. In
terms of the parametrization written above, we have

9% M yaps (2-,p) = =2pysy [ MGD (0,0) + pyz Myp(v,0)] (2.6)
where ./(/lvg) = ﬂ/lvps + Mvsp. Thus, the PDF is determined by the structure

M) — My, = —iZ,(v). (2.7)

ps

More specifically,

Z,(v) = ;/11 dre ™z Ag(z) . (2.8)

Thus, to extract zAg(x), we should choose the operators with particular combinations of
the {pa; AB} indices that contain Mz(;sr) and M, in their parametrization.
It is worth stressing that it is the momentum-weighted density xAg(z) that is a natural

quantity in this definition of the polarized gluon PDF. Since M.+ (2—,p) is an odd



function of z, zAg(z) is an odd function of z. Hence, Z,(v) is an odd function of v, and,
for v > 0 it can be written as a sine transform

= /01 dx sin(zxv) zAg(x) . (2.9)

An important quantity is the spin AG contributed by the gluons to the total nucleon
spin. It is given by the integral of Ag(z) over all positive x. As noted in ref. [35], this
integral may also be written as an integral over the Ioffe-time distribution

AG = /dxAg / dv T, (2.10)

Thus, to estimate AG, it is sufficient to know the Ioffe-time distribution Z,(r), without
converting it into the PDF AG(x).

2.4 Matrix elements for extraction of Ag(x)

Since the gluon tensor G, is antisymmetric with respect to its indices, the values oo = +
and § = 4+ may be taken off the summation in eq. (2.6). Furthermore, since g__ = 0, the
combination g*” M+a;/3+(z, p) involves the summation over the transverse indices 7,7 = 1,2
only, i.e. it reduces to gijﬂ+i;j+(2,p) = MH;H(z,p) (summation over i implied), for which
we have

M+z‘;+i = Mm’;m + ]\732';&‘ + MOi;ISi + M&';Oi . (2.11)

When 2z has just the third component, i.e., z = z3, the decomposition of these combinations
in the basis of the M structures is given by

Moioi = — 2s0poM$) + 2p8s3z3 My + 25325 Mgy, (2.12)
]\731';31' =— 210383/91/23) — 22353 M)
+ 28323 [P3 My — Mgy + 23 M. + 23psMUD)] (2.13)

MOi;3i =-2 (SOPSMsp + SSPOMps) — 25023 M, — ( Z) (p0p3Mpp +p023Mpz) s (2-14)
M3i.0i = — 2 (s3poMp + sop3Mps) — 25023 M5 — 2(52) (pP3poMpp + 23p0Mzp) ,  (2.15)

where M?Zr) = Mvsz + Mzs, etc.
One may be tempted to get the “light-cone combination” /\/lz(,i') — vM,,, by adding
these three projections like in eq. (2.11). The result (for z = z3) is given by

MOi;Oi + Msz';:'n + Mm;s@' + M&‘;Oi

=— 25+p+/\7§;) + 23323p2+/(/lvpp — 2s+z3/\7§ + 233z3j\/lzz + 233z3p+./\/l (2.16)

zp’

where py = po + p3 and s = sp + s3.

One can see that only the first two terms on the right hand side resemble the combination
that we had in the case of a light-cone separation. The other terms are built from the
contaminating “Euclidean” terms, which are completely absent in the expression (2.6) for
the z = z_ function gaﬂﬂ+a;5+ (z—,p).



Looking at the projection Mgi;ol- (2.12), we see that it is rather close in structure
to the desired combination /\7}5) — w(/lvpp. Still, MOi;Oi contains the Mvgg contamination.

Fortunately, this term can be subtracted if we notice that

Mij;ij = —283Z3Mgg . (217)
This observation suggests to arrange the combination
Moj0i + Miji5 = _QSOPOMV%—) + 2pds323 My (2.18)
(+)

that contains just ./{/lvsp and /K/lvpp.

Taking p = {po, 01, ps}, using the requirement (sp) = 0 and the normalization condition
s2 = —m?, we get s = {p3,01,po} for the polarization vector in the direction of the

momentum. This gives
MOi;Oi + jﬁij;ij = —2p3p0/{/lvg;) + 2p823ﬂpp . (2.19)

Rewriting the right-hand side as

Mgi;ol' + M,‘j;,‘j = —2p3po Mg;) — VMpp — FVMPP , (2.20)

3

we see that this combination becomes proportional to the desired amplitude /\72}’ — Vﬂpp
for large p3. The p%—dependence of the remaining term may be used to separate Mﬁ;) —uﬂpp
and (m?/p3)vM,,, thus extracting Méﬁ — vM,,. Alternatively, writing the ratio

M, M. M) M m?z3

— [Mm';oz + Mij;ij} /(2p3po) = [Msp - VMpp} - TMpp (2.21)

in terms of v and z% variables, one may hope to pick out Mgz) — I/./(/lvpp exploiting the
strong extra 23 dependence of the remaining term.

In a similar way, the /ng term may be excluded from Mgi;gi (2.13) by building the
projection

Ms3i;3i — Mijiij = —2p3po [Mgz) — v My
— 223po M) + 2ppZE M. + 2p0p3z§Mvéj) . (2.22)
Note that it contains M&Z) and ﬂ/lvpp in exactly the desired combination. Still, there remain
three contaminations. As they all come with z3 factors, one may hope that these terms are

suppressed for small z3.
Finally, the remaining projections (2.14), (2.15)

Moizi = =2p3 (M) = vMyp) + 2m* Moy — 20 Mo + 20823 Mye, (2.23)
Ms;.0i = —2p3 (/Vlg;) — VMvpp) + 2m2Mvp8 —2UM,s + Zp%zg./\/lzp, (2.24)



) ViSe

and Mpp in the combination —2p0 [(Msp VMvpp] plus 2m2/T/l/5p or

2m2ﬁ/lvps. Hence, they are proportional to /\/l;(;s) — l/./\/lpp for large pg, but have two other

contain, again, M(p

contaminations.
A possible advantage of My;.3; and Ma;.o; is that they have 2pg factor in front of Mgz),
while we have the 2p3pg factor in the case of MoZ 0i + 1\4ZJ .ij- Hence, MOz .3; and M32 0i may

have a stronger signal for small ps than 1\40Z 06 + MZ] g -

2.5 Relation to F and B fields

So far, our parametrization was based on the most general properties of matrix elements,
like Lorentz covariance and antisymmetry of G, with respect to its indices. Now, let us
incorporate the fact that we deal with the matrix element G (2)G(0) in which both G and
G may be written in terms of the electric Ej and magnetic By, fields.

Namely, we have Gy; = F;, Gol = B;, Gij = —€;x By, GU = €;jxE), with the familiar
E < B interchange when G — G. To treat the fields in a more symmetric way, we use
translation invariance of the forward matrix elements, and shift the arguments of the fields
by z/2 to find

Moioi (2) = (Ei (2/2) Bi (—2/2)) = {z = =z}
= (EL(2/2) -Byi(-2/2)) —{z = -z} (2.25)

and

Maigs () = = [(eain B (2/2) esu By (=2/2)) = {z = =2}

—[(Br (2/2) By (—2/2)) — {z > —}]
= Moigi (2) - (2.26)
Thus, we arrive at the relation
Mgi;gi (Z) = MO@';OZ’ (Z) . (227)
Basically, it results from the fact that changing 0¢ into 3i corresponds to the E < B
interchange, which makes no change in the E <+ B-symmetric GG operator.
However, eq. (2.27) looks rather unexpected in view of different structure of the

decompositions (2.12) and (2.13) for these projections. Combining these decompositions
with eq. (2.27) results in the “sum rule”

2Mgg = =MD — m* My, + 23 M. + v ML) (2.28)

involving the invariant amplitudes both from M(Bw(z p) (2.4) and Mlga)m( p) (2.5).

Substituting this relation for ./\/lgg into eq. (2. 5) changes the tensor coefficients accompanylng
the invariant amplitudes M 255 ./\/lsz, ./\/lpp, Mzz, M 2p and ./\/lpz As an example, /\/lpp will
be accompanied by the

p2 p2
9ux (papﬂ - 4.9&5) — 9up (pap)\ - 4ga)\>

p? p?
— Jar (pupﬁ - 4g,w> + Gop (pupx - 4gux> (2.29)



factor, in which the original p”p?-type tensors are substituted by their traceless versions.
The changes to traceless versions will occur in the structures accompanying all other
invariant amplitudes listed above. Another sum rule is derived by considering

Migij (2) = —[(eisnBr (2/2) esBu (=2/2)) = {z = =2}
= —2[(Bs (2/2) B3 (—2/2)) — {z » -2}
= 2]\703;0:-& (2) . (2.30)

Thus, we have ]\71-]-;@-]- (2) = 2(E3(2/2)-B3(—2/2)) — {# = —=z}. To use the resulting
relation M;j.i; (2) = 2Mo3.03 () , we need the decomposition

Mos03 = poz3(poss — psso) MUL), + sopoz3 ML), — sspfzi My
+ 5323 (/\72? + szpp —22M., — u/\/lg,p) + ./\/lgg> , (2.31)

where ./{/lvggz = Mvpspz + Mvpzps, and, similarly, ./(/lvgjgz = Mvszpz + Mvpzsz. Using the sum
rule (2.28) simplifies this expression into

1\703;03 = poz3(pos3 — p3So)M( ), + Sopozg/\/lgjgz S3p(2jzgj\/lvppzz - 3323Mgg - (2.32)

pspz
Applying now ]\703;03 = %Mij;ij = —5323Mgg, we obtain the second sum rule
53P02a Moppz = (Pos3 — pgs())/\/lz(,jgz + 8023/\/18ng (2.33)

172 A ()

relating the invariant amplitude Mvppzz from M, LB with the invariant amplitudes Mysp.
and Mgzpz from M(a)w

One may ask if there are other relations following from the E < B interchange
symmetries of the M uasng matrix element. To this end, let us list various possibilities for
the set of indices {pa; AB}. The index « from the first pair may correspond to 0, 3 or one
of the transverse components 1,2, call it . Note now that, on the right-hand sides of the
decompositions (2.4), (2.5), the index a may be carried by pg, zq Or Sq, none of which
has transverse components. Hence, if o = ¢, it appears on the right-hand side through the
metric tensor g, or go3. Thus, the matrix element in this case has the structure M s X
where ¢ = 1 or i = 2. Since g11 = g22, we conclude that M, PIAL = M, u2:22- This means that,
without a loss of generahty, we can consider the sum El 1 M wizni> which from now on we
will denote simply as M uizhi> implying summation over 4, just as we did before.

For the remaining indices p, A, we have 5 possibilities: {u, A} = {0,0},{3,3},{7,7}, and
{0, 3}, {3 0}. We have already obtained the relations involving the first three possibilities,
namely MOZ’OZ M3l73,( z) and Mﬂ gi(2) = 2M03 .03 (2). The second relation, in fact, covers
the situation when neither of indices p and « of the first pair is transverse.

The remaining cases correspond to Mol';gi and Mgi;m’. Let us write the relevant bilocal
operators in terms of E and B fields. For the first of them, we have

Mm;gi (Z) = G01 (2/2) G02 (—2/2) — G02 (2/2) G(n (—Z/Q) — {Z — —Z} . (2.34)



Hence, this matrix element involves just the electric field
Moisi (2) = 2(EL (2/2) x EL (=2/2))3 , (2.35)
bringing in no restrictions on invariant amplitudes. Similarly, the matrix element
Mgi;oz‘ (2) = G31(2/2) Gag (—2/2) — G2 (2/2) G13 (—2/2) — {z — —z} (2.36)
is built from the operator containing the magnetic field only
Maigi (2) = =2 (B (2/2) x By (—2/2))5 , (2.37)
thus producing no extra restrictions on invariant amplitudes.

2.6 Multiplicatively renormalizable combinations

Off the light cone, the M, ua; g Matrix elements have extra ultraviolet divergences related
to presence of the gauge link. For any set of its indices {ua; A5}, each matrix element is
multiplicatively renormalizable with respect to these divergences [36]. However, in general,
the anomalous dimensions are different.

In ref. [37], it was established that the combinations represented in eq. (2.11), namely,
MoZ 40, Mdz i3, MoZ i3, MgZ .0, with summation over transverse indices i, are each multiplica-
tlvely renormalizable at the one-loop level. Furthermore, as we will see, the combination
Gij Gw (Wlth summation over transverse i, j) has the same one-loop UV anomalous dimen-
sion as MOI .0, while the matrix element of G30G03 has the same one-loop UV anomalous
dimension as Ms3;.;3. Hence, the combinations of egs. (2.18) and (2.22) are multiplicatively
renormalizable at the one-loop level.

2.7 Reduced Ioffe-time distribution

Within the pseudo-PDF approach [7], the link-related UV divergences are eliminated
through introducing the reduced loffe-time distribution. Namely, for each multiplicatively
renormalizable amplitude M we build the ratio

M(v, 23)

T = M)

(2.38)
in which the link-related UV divergent Z (z%,u,zUv) factors generated by the vertex and link
self-energy diagrams cancel. As a result, the small-23 dependence of the reduced pseudo-ITD
IM(v, 23) comes from the logarithmic DGLAP evolution effects only.

3 One-loop corrections

Our next goal is to develop one-loop matching relations for the matrix elements that may
be used in the lattice extraction of the polarized gluon PDF. In their calculation, we have
used the same method [38] that was used in refs. [27, 29] for the unpolarized case.



z 11z toz 0

s

Figure 1. Self-energy-type correction for the gauge link.

3.1 Link self-energy contribution

The self-energy correction for the gauge link is given by the simplest diagram (see figure 1).
In lattice perturbation theory, it was calculated at one loop in ref. [39]. The result is close
to that given by the expression

2
Cuv(zs,a) ~ fg—; N, [2|Z3| tan ! (|z?,|> —1In (1 + 2)] (3.1)

a

obtained using Polyakov regularization 1/22 — 1/(2? — a?) for the gluon propagator in the
coordinate space, with the parameter a related to the lattice spacing by a = ar /7. An
important property of this contribution is the presence of a ~ z3/ar, linear term, where ar,
is the lattice spacing that provides here the ultraviolet cut-off.

Clearly, this correction is just a function of z3. It does not induce any v-dependence,
and the resulting v-independent factors cancel in the ratio (2.38). For this reason, the
explicit form of this factor is not very essential in the pseudo-PDF approach.

For completeness, we present here the expression for the link self-energy digram in
Feynman gauge obtained using the dimensional regularization,

_ 9*Ne I'(d/2-1)
Am?((—22pudy + ie)|272 (3 —d)(4 —d)

Gua(2)Gas(0) (3.2)

where the pole for d = 3 (d = 4) corresponds to the linear (logarithmic) UV divergences
present in this diagram.

3.2 UV divergent vertex terms

UV divergent terms are also present in vertex diagrams involving gluons that connect
the gauge link with the gluon lines, see figure 2. Clearly, the gluon exchange produces a
correction just to one of the fields in the G W(z)é 23(0) operator, while another remains
intact. A minor complication compared to refs. [27, 29| is the presence of a dual field G in
one of the vertices. But this changes only the tensor structure of the contributions without
affecting the integral.

As established in refs. [27, 29], the vertex correction may be represented as the sum of
the UV divergent and UV finite parts. The UV-divergent part of the vertex correction to
G (2) is given by

2 _ 1
e s [ (87 =) (G 12) — 5,Gunlas)) . (5

~10 -
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Figure 2. Vertex diagrams with gluons coming out of the gauge link.

)

where G., = 2°G,; and u = 1 — u. As we see, the overall d-dependent factor here is finite
for d = 4, but the u-integral diverges at the lower limit. If one uses the dimensional UV
regularization with d = 4 — 2eyy, the divergence converts into a pole at eyy = 0. Isolating
the UV divergence by taking « = 1 in the gluonic field produces

N.g* T(d/2-1) ( 1 1

472 (d — 2)(f22)d/271 4—d - 2) (Zan#(Z) - Z,uGza(Z)) (3.4)

plus the remainder given by

Neg?  T(d/2-1 1 B i i
S (0 §></—Z2>d)/2—1 fy o [ =] Goantiz) — 2Gaa@)) 39

where the plus-prescription at u = 0 is defined as

[ aul o) = [ durlt) - (0] 35)

As explained in refs. [27, 29], if we take z = 23, the field Gua(2) = 20G2u(2) — 2,G2a(2)
in eq. (3.4) is actually proportional to the field G,,(z) in the original operator. In explicit
form: Goi(2) =0, Gij(2) =0, Go3(2) = —23Go3(2) and Gs;(2) = —23G3;(2). Thus, when one
of the indices equals 3, we have a nontrivial vertex anomalous dimension (AD, call it ),
since Gsq(2) = —23G34/(2) for all a. In all other cases, we have a trivial (vanishing) vertex
AD, since QZ]( ) =0 and QOZ(z) =0.

For the dual field G A8, the “y-counting” is inverse: if none of the indices A, 3 equals 3,
the field has AD equal to . Otherwise, its AD is zero. Comblnmg the ADs from G and
G we see that the matrix elements MOI 065 Mz] iy M03 03 and MgZ .3; all have vertex AD
equal to ~; while 1\402 .3; has zero AD and 1\432 .0i has AD equal to 2. These observations
lead to the results announced in section 2.6. Namely, the matrix element MZ] .;; has the
same one-loop UV anomalous dimension as MOZ .0i, While M30 .03 has the same one-loop UV
anomalous dimension as M3;.3;.

Of course, the UV cut-off produced by the dimensional regularization is rather different
from that produced by a finite lattice spacing. The latter, as pointed out earlier, is similar to
the Polyakov regularization 1/2% — 1/(2? — a?) for the gluon propagator in the coordinate
space, with the parameter a related to the lattice spacing by a = ar,/m. The UV logarithms

- 11 -



(s Ne/4Am) In 231, in this case are substituted by (s N./4m)In(1 + 23 /a?) (compare with
eq. (3.1)). In higher orders, they, as usual, exponentiate into

asNe/4Am
Zy(z3/ar) = (1 + w2z§/a%> :

(3.7)
For each particular type of the operator discussed above, one would have Z]'(z3/ar,), where
~v is the number (0, or 1, or 2) corresponding to the operator in question.

Building the matching relations for particular matrix elements entering in the combi-
nations listed in egs. (2.18), (2.22) and (2.24), we will need the following results for the
UV-divergent parts of vertex corrections

_ 2 _ 1 By, N
Gli(Z?,)Gli(O) E} 94]7\1-7;1(_;(;)/5/221) /0 du <d—2> Gli(ﬂzg)Gli(O), (3.8)

where [ = 0,3 or [ = j (in the latter case, also summation over j is implied). We also have

_ 2 _ u3fd —u _
G31(23)G0¢(0) ﬂ) 92]7\:;€£§)/d2/2_21) /01 du ((1—2) Ggi(a23)G0i(0) (3.9)

and Goi(23)G3:(0) 25 0.

3.3 Evolution contribution from the vertex diagrams

The UV finite contribution from the vertex diagrams shown in figure 2 generates the
evolution z3-dependence of the matrix element. It may be symbolically written as

2 1 3—d
~ Evol 9°NI'(d/2 —2 u -1 -
+

In this case, the gluonic operator has the same tensor structure as the original operator
Gla (23)G 23(0) differing from it just by rescaling z — @z. There is no mixing with operators
of a different type. Also, the evolution factor is the same for any combination of the indices
in G“aé)\/@.

The u-integral now does not diverge for d = 4, but the overall I'(d/2 — 2) factor has
a pole 1/(d — 4). Note that the singularity for d = 3 from the pole 1/(d — 3) formally
corresponds to a linear UV divergence. However, it is compensated by a zero coming for
d = 3 from the {u‘g_d - 1} combination in the integrand. The remaining 1/(d — 4) pole
corresponds to a collinear divergence that appears because all the propagators and external

3*d_1

lines correspond to massless particles. The integrand factor [u L_ for d = 4 produces

the [u/u], part of the evolution kernel.

3.4 Gluon self-energy diagrams

Another simple type of one-loop corrections is represented by the gluon self-energy diagrams,
one of which is shown in figure 3a. These diagrams have both the UV and collinear

- 12 —
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Figure 4. Box diagram.

divergences. The combined contribution of the figure 3 diagrams and their left-leg analogs
is given by

g*Ne 1 Bo
872 2 d/2 {2 - 2NJ Gua(2)G5(0) (3.11)

where By = 11N,./3 in gluodynamics, so that the terms in the square bracket combine
into 1/6.

3.5 Box diagram

The most nontrivial is the calculation of the “box” diagram corresponding to a gluon
exchange between two gluon lines (see figure 4). While this diagram has no UV divergences,
it contains DGLAP log 22 evolution contributions. In distinction to the vertex diagrams, the
original G« (2)G,3(0) operator generates in this case a mixture of various bilocal operators
in which G o (uz)G,5(0) is projected onto the structures built from the metric tensor g and
the vectors p and z.

The results for arbitrary indices opu are given below. We present them in the operator
form, however, the operators that have the form of a full derivative are abandoned. In other
words, we keep only those operators that survive in the forward matrix element.

The full result for the box correction to the forward matrix element of the GUP(N}’M
operator may be represented by a sum of three terms. The first one has I'(d/2) as an
overall factor.

3

2 1 -
Box,1 NCF d/2 u
GNL) (s~ comrezy) /0 ' Gg(w2)GEO) + . (3.12)

Gop(2)Gun(0) =5
e an? (3)"”

On the right-hand side here and in the next two equations we omit terms containing an
extra O(z?2) factor, operators with D, G* or with more than two gluon fields.

~13 -



The second term is proportional to I'(d/2 — 1)

=~ Box2gNF(d/2—1)
Gop(2)G 0 (0) —
P( ) HA( ) 872 (23)d/2 1

ﬂ3
/ Qi €qppun 5 Gae(u2) G£(0)

e T )
—3 o "G (uz)G.u(0) — <2uu + 3> €op) Gap(uz)G2(0)

+ u? ( eapznG)\n<uz)Gz,u(0) - GUanZ#GZV<uz)G)\T7(O) )

+ (1 + u) ( €p"Gop(uz) G (0) — €5,""2 Gxg(uz) G (0) )
o

+ (2 - 3) ( €opor (Gue(uz)GE(0) + Gg(u2)G,E(0) )

~ o5 (Guelun)GE(0) + Gglu2)G, ) )

+ QEGUPZ"ZHG)\g(uz)GTf(O) —%egpzxzang(uz)G”f(O)} —{Aepr+..00 (3.13)

The third term is proportional to I'(d/2 — 2):

INI(d/2 —2)
= (( /d/2 5 { — QUG)\,,] uz) uy(o)
— uGpA(u2)Goy(0) +u(1/2 — u)Gun(uz)G A(0) +a(1/2 4+ u)Gua(uz)Guy(0)

+ gy (Gue(12)G,5(0) + Gue(u2)G,E(0)) + @ (9 Gre(u2) G, (0) = gunGiae(u2)G,H(0) )
~3
U

6

~ Box3 1
Corp(2)Gn (0) 225~ Y

29

e Gee(uz)GE(0) | — (A o ) +. (3.14)

We use here the notation €., = 2"€,a4,, etc.

In practice, however, one may only need the projections of these expressions onto
particular combinations of indices corresponding to matrix elements Mm;m‘ + Mij;ija Mgi;gi —
M” i Mol';gi and Mgi;ol‘ that contain the “twist-2” invariant amplitude /\7](;5) — Vﬂpp and

are listed in egs. (2.18), (2.22), (2.23) and (2.24).

4 Matching relations

As discussed already, the sum Moo = MOi;Oi + Mij;ij contains only the invariant amplitudes

Mg;) and Mvpp entering in the “twist-2” combination Mg;ﬁ) — qupp. Moreover, since
Moo = —2pspo [Mvg;) — I/./{\/l/pp — V/{/lvpme/pg} , (4.1)

the ratio Mgo /(—2pspo) tends to M (;) — Vﬂpp for large p3 at fixed v. Other combinations of
matrix elements, namely, (2. 22) (2.23) and (2.24), contain extra “contaminating” invariant
amplitudes, like Méz), MI(;Z), Mzz, etc. For this reason, the combination Mgi;()i + Mij;ij is
the primary object of the ongoing lattice studies of the polarized gluon distribution.

— 14 —



4.1 Total one-loop correction

Combining all the one-loop corrections for the relevant operator (assuming that it is inserted
into a forward matrix element (...)) we get
<G02(Z)GOZ(O) + Gz] z (

2N, [4
-9 2‘3 3<+log< >>+2

+ g;iic /0 du (i - “>+ <G0i(uz)60i( ) + Gij(uz)Gi; (0 )>
2
‘6187]:;C /01 du{ ’ <Goz‘(uz)éoi( )+ Gijuz) >

— (14 u) <G3i(uz)é3i(0) + 2G30(U2)630(0)> }

2N 1 1 2vE
—|—g C/ du| | — —log z§u2e 2uu+2[—u
872 Jo €IR 4

i, dlsld ) (Goi2)Gor(0) + G (2) Gy 0))
92N, < L (
+4 812 \err o8

Using the relations in eqgs. (2.27) and (2.30) we change (Gs;(uz)G3i(0)+2Gs0(uz)Gso(0))
into (Goi(uz)Goi(0) + Gij(uz)Gi;(0)) and write everything in terms of the latter. Switching
to matrix elements, we get

(Goi(2)G0i(0) + Gy ()G (0))

_l’_

o % (jﬁvo —6) 5<a)>

+

2 QZE >> /01 du 2uu <G3Z(uz)é32(0) + 2G30(uz)630(0)> .
(4.2)

2 2

g°N. |4 [ 1 e“VE ~ ~

— g l?) <6Uv + log <Z§#2 1 )) +2] (MOi;Oi(Zap) + Mij;ij(zap))
2 1 log(1 —
+g]gc/du{—2uu+({—u> —4[u+og_(u)
2vp 1/8
2 2 - 2 0 _
+<q—log<z3u )) {{4uu+2[u /u] }+2<Nc—6>5( )]}
X (MOi;Oi(uz7p) + Mj;ij(uzap)) : (4.3)

4.2 Gluon-quark mixing

In addition to the gluon-gluon transitions, we also need to include the contribution from
gluon-quark mixing (see figure 5). The result that correspons to Mo;.0; + M;;.i;j in the MS
scheme at the operator level is:

2 1 2 2 1
g°Cr = 0 9°Cr 2 2€77F =2 0
e /0 du 2uu 0y Oy (uz) — 52 log <Z3M 1 /0 du (1 —U ) 200, (uz). (4.4)
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Figure 5. Gluon-quark mixing diagram.
The singlet combination of quark fields is defined as
1 _ _
03 () = 5 3 () 3518 (0) + (017 15051(2) ) (4.5)
f

with f numerating quark flavors. Since (92 is even in z, the matrix element can be
parametrized by

(55105 () ) = ~2ips | dwcos (zp2) As (2] (4.6)
Then, applying the time derivative, we have:
Do (p, 5| Og (2) Ip, s) = —2p0ps iALs (v), (4.7)
where v = —(zp), as usual, and
ATs (v) = /O sin (2) Afs (2). (4.8)

Applying this parametrization to eq. (4.4), we obtain:
(p, 5|Goi (2) Goi (0) |, s) + (p, 5| Gij (2) Gij (0) |p, s)

2 1 27E\
— 2pop3 987?; / du [log <Z§H26 y ) Bgg(u) + 2uu] iAZg (uv), (4.9)
0

with the gg component of the evolution kernel given by ggq(u) =1—-(1-u)%

4.3 Building reduced loffe-time pseudodistribution

A disadvantage of ]\700(23, p3) is that it is proportional to ps for small momenta p3, and one
cannot use ]\700(23, ps = 0) in the denominator of the ratio defining the reduced pseudo-ITD,
like it is done in eq. (2.38). To overcome this difficulty, we propose to form the ratio of
Mgo(Z;g,pg) and the p3 = 0 value of the unpolarized matrix element Moy = Moo + Mij.ji
of the operator Go;Gio + Gi;Gj; discussed in ref. [27]. As established there, at the tree level,
Moo (z3,p3) = 2p3 M, (v, 23), with the invariant amplitude M, (v, 23) being proportional
to the pseudo-ITD for the unpolarized gluon density z f4(x) divided by (z4). Thus, we are
going to consider the pseudo-ITD 9N (v, 22) defined by

— oy _ A Moo (23,p3) /p3po}/Z1(z3/ar)
(v 5) = e o = 0) o2}

(4.10)
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The factor i is included in view of eq. (2.7), and the factor 1/Z,(z3/ar) (defined by eq. (3.7))
is introduced to cancel the UV logarithmic vertex AD of the Mgo matrix element.

As we discussed, the main reason for taking the ratio is to cancel the factor Zy,(23/a?)
generated by linear divergence in the gluon-link self-energy. This factor is the same in
Moo (z3,p3) and in My (23, p3 = 0), so this factor cancels in the ratio. Furthermore, the
denominator factor does not have DGLAP evolution logarithms, hence the DGLAP structure
of M (v, zg) is determined by DGLAP logarithms of the numerator factor Mgo (z3,p3).

Using the results of our calculations for the one-loop corrections to the combinations
Moi0i(2,p) + Mijij(2,p) and Moiio(23,p3 = 0) + Mijji(23,p3 = 0), and neglecting the
additional term in eq. (2.21) with factor 23 /v, we obtain the matching relation

o (32
— 1 4<x5)u2> a)

. <2+3<x9>uz °@

—(}—u> —;5(u)+2uu}

+ \U +

_« 2B\ -

sCF/ duAZg (uuu ){log (zgu ; )ng(u)—i—%ju} (4.11)

between the “lattice function” 9 (v, 23) and the polarized light-cone I'TDs for gluons Z, (v, u?)
and for quarks AZg (v, ,u2). The factor

— s N,
m (1/, zg) (Tg) 2 =Tp(v, p?) —
2
— +4uu

(2%

u
4 {u—i—log_(l —u)
u

1
(wg)2 = /0 dr 2 f,(z, 12) (4.12)
has the meaning of the fraction of the hadron momentum carried by the gluons, while
1
()2 = Z/O dax (fr(e.?) + fila,12)) (4.13)
!

corresponds to the fraction of the hadron momentum carried by the singlet quarks. Note
that [2u®/4 4 4ua] | coincides for u # 1 with the gg-part of the Altarelli-Parisi kernel for
polarized gluon distribution zAg(x, u?) (see, e.g., ref. [40]).

Eq. (4.11) allows one to extract just the shape of the polarized gluon distribution. Its

normalization, i.e., the magnitude of (x4),2 must be taken from an independent lattice

calculation, similar to that performed in relE. [41]. The singlet quark function AZg(wv, u?)
that appears in the O(as) correction and (rs),2 should be also calculated (or estimated)
independently.

Using eq. (2.9) allows us to write (4.11) directly in terms of the LC polarized gluon

distribution:

Ag(
I/ z3 / da? g ala )Rgg (mu,zg,uQ)

A
—i—/ da2 fs Rl )qu (a:y z§u2>, (4.14)
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where the gluon-gluon kernel Egg is given by

R (a:y 22N2> =sin(zv)— / dusin(uzv) { log | 23p*—— e
99 <3 87r2 3 4

_ 1 é<xs>l‘2 m
( . (2 3<:rg>uz>5( >>

+4 [“*k’gﬂ(l_w +—(;—ﬁ)+—;5(ﬂ)+2au}, (4.15)

2 2
f+4uﬂ
u

and the gluon-quark kernel qu is

~ e21E\
Ry, (931/, z§,u2) aSCF / du sin(uzv) {log <z3,u 1 > Bgg(u) + 2uu} . (4.16)

5 Summary

In this paper, we formulated the basic points of the pseudo-PDF approach to lattice
calculation of polarized gluon PDFs. In particular, we have presented the results of our
calculations of the one-loop corrections for the bilocal G W(z)é A3(0) correlator of gluonic
fields. We gave the expressions for a general situation when all four indices are arbitrary,
and also specified them for combinations of indices giving three matrix elements that contain
the structures corresponding to twist-2 invariant amplitude related to the polarized PDF.
We have studied the evolution properties of these matrix elements, and derived matching
relations between Euclidean and light-cone loffe-time distributions that are necessary for
extraction of the polarized gluon distributions from the lattice data.
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