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Electromagnetic form factors and charge radii of pseudoscalar
and scalar mesons: A comprehensive contact interaction analysis
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We carry out a comprehensive survey of electromagnetic form factors of all light, heavy, and heavy-light
ground-state pseudoscalar and scalar mesons. Our analysis is based upon a Schwinger-Dyson equations
treatment of a vector X vector contact interaction. It incorporates confinement and ensures axial vector and
vector Ward-Takahashi identities are satisfied along with the corresponding corollaries such as the
Goldberger-Treiman relations. The algebraic simplicity of the model allows us to compute the form factors
at arbitrarily large virtualities of the probing photon momentum squared with relative ease. Wherever
possible and insightful, we compare our results for the electromagnetic form factors and the charge radii
with those obtained earlier through Schwinger-Dyson equations, lattice, and with experimental observa-
tions available. We also comment on the scope and shortcomings of the model.
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I. INTRODUCTION

A major challenge in strong interaction physics is the
description of hadrons from first principles, i.e., by com-
mencing from the Lagrangian dynamics of elementary
degrees of freedom of quantum chromodynamics (QCD),
namely, quarks and gluons. The arduous task is then to
describe hadron properties by sewing together the Green
functions of dressed quarks through relativistic bound state
equations. In close analogy with the hydrogen atom of
electrodynamics, the simplest bound states of QCD are the
two-particle systems (mesons) composed of a quark and an
antiquark (¢g’). Relativistic description of such states
through the Bethe-Salpeter equation (BSE) was first
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formulated in Ref. [1]. Solutions of this equation presup-
pose the knowledge of the dressed quark propagator and the
qq’ scattering kernel. The quark propagator is obtained by
solving the gap equation, while the ¢g’ scattering kernel is
constructed by ensuring the axial vector Ward-Takahashi
identity is satisfied.

Several experimental facilities around the globe study
electromagnetic properties of mesons for a gradually
increasing interval of momentum squared (Q?) transferred
to the target by the incident probing photon. It enhances the
possibility of observing a gradual transition from non-
perturbative QCD effects to its perturbative domain, finally
settling onto its asymptotic predictions estimated decades
ago, all that in one single experiment. Resulting elastic or
electromagnetic form factors (EFFs) of mesons thus pro-
vide us with an ideal platform to study numerous uncanny
facets of QCD, unfolding the complex structure of these
bound states at varying resolutions scales.

EFFs of pseudoscalar (PS) mesons, pion, and kaon, in
particular, have been studied extensively, for example,
within the functional approach via Schwinger-Dyson equa-
tions (SDEs) [2-4], lattice QCD [5-8], contact interaction
(CD [9-11], other models and formalisms, asymptotic
QCD [12] and, of course, experimentally [13-15]. Note
that z+, K+, K°, D, and D, have also been studied in a
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hybrid model that combines the generalized Bertlmann-
Martin inequalities with smearing corrections due to
relativistic effects [16]. Light and heavy PS mesons in
the light-front framework have been reported in [17], while
with a QCD potential model there are results for D+, D°,
D}, BT, BY, and BY [18].

PS mesons have additional and important relevance as
they contribute to the hadronic light-by-light piece of the
muon anomalous magnetic moment (AMM), most domi-
nantly through the single exchange of the light mesons such
as «, 1, and 5. Furthermore, there are also loops with
charged pions (zF) and kaons (K*). These contributions
have been computed with desirable accuracy within the
SDE formalism [19-23]. On the other hand, scalar (S)
mesons have been less studied for technical hindrances and,
due to that fact, their composition is still debatable.
However, similarly to the PS mesons, they contribute to
the AMM of the muon, see the review article [24] and
references therein.

Additional overwhelming interest in studying mesons
arises from the fact that their BSE analysis provides an
important first step towards studying baryons in a quark-
diquark picture. It is firmly established that the nonpoint-
like diquark correlations play an important role in baryons
[25]. As a clear illustration, it has been demonstrated that
the quark-diquark picture of a nucleon produces its mass
within 5% of what the Faddeev equation of a three quark
system [26] yields. With this realization, it is useful to know
that the BSE for diquarks is exactly the same as that for
corresponding mesons up to a color and charge factor. The
chiral partners form a set of particles which transform into
each other under chiral transformation, like (o,7) and
(p,a;). Correspondingly, there are diquark partners
(0-,0%) and (17,17). The Bethe-Salpeter amplitudes
(BSAs), as well as the EFFs for o, 7, p, and a,, yield
the corresponding description of diquarks 0~,0%, 1T, and
17. The quark-diquark picture has been successfully used
to calculate EFFs and transition form factors (TFFs) of
baryons [27-33]. For comprehensive reviews in this con-
nection, one can consult Refs. [34,35].

We have already mentioned CI in the preceding dis-
cussion. It is a symmetry preserving vector X vector
interaction based on a momentum-independent gluon
propagator. It results in four quarks interacting at a point.
It was first proposed in [9] to calculate pion EFF.
Subsequently, CI has extensively been employed to study
EFFs and TFFs of mesons in Refs. [10,36-39] and of
baryons in Refs. [28—32]. It is a well-known realization that
the EFFs obtained from the CI are harder than the ones
obtained from full QCD predictions. However, the sim-
plicity of the model allows us to perform algebraic
calculations. Moreover, the results obtained provide a
benchmark to compare and contrast with refined QCD-
based SDE results in order to understand the correct pattern
of dynamical chiral symmetry breaking (DCSB) and the

large Q7 evolution of the EFFs, which stems from asymp-
totic QCD where Q7 is much larger than any other mass
scale relevant to the problem. In this work, we compute
EFFs using this momentum-independent interaction, regu-
larized in a symmetry-preserving manner for a large
number of PS and S mesons composed of light quarks,
heavy quarks, and the heavy-light combinations. We must
emphasize that the scalars like ¢ have a complicated
internal structure, possibly including a large component
of pion correlations. The ¢ in our article refers to a quark-
antiquark state alone, parity partner of the pion and
approximately twice as heavy as ¢(600) [40].

The article is organized as follows: in Sec. II we collect
the basic ingredients required to carry out the analysis in the
CI model: the dressed quark masses obtained through the
gap equation and the general expression for the BSAs for
PS and S mesons. We discuss the generalities of the EFFs
for PS and S mesons in Sec. IIl, i.e., the quark-photon
vertex and the triangle diagram, which are the two building
blocks to calculate all the meson EFFs in our formalism.
Section IV is dedicated to computing EFFs of the ground
state PS mesons. It allows us to evaluate their charge radii
in the limit Q> ~0 and simultaneously understand the
asymptotic behavior of the meson EFFs at large Q2 i.e.,
0? = 0. In Sec. V, we repeat our study for the S mesons.
A brief summary and perspectives for future work are
presented in Sec. VL.

II. THE INGREDIENTS

Calculation of the meson EFFs presupposes the knowl-
edge of the dynamically generated dressed valence quark
masses, BSAs of the mesons, as well as the quark-photon
interaction vertex at different probing momenta of the
incident photon. In this section, we provide a brief but
self-contained introduction to the CI, its essential ingredients
and characteristics, namely, the gluon propagator, the quark-
gluon vertex, and the set of parameters employed, which
collectively define the CI. This discussion is followed by the
solution of the gap equation to obtain dynamically generated
dressed quark masses. We then provide the general expres-
sions of the BSAs for PS and S mesons. The corresponding
BSE is set up consistently with the gap equation. The
numerical solution is presented in the respective sections
dedicated to the analysis of these mesons.

A. The gap equation

The starting point for our study is the dressed-quark
propagator for a quark of flavor f, which is obtained by
solving the gap equation,

S(p)' =ir-p+m;+2(p),

4
Xp) =5 [ il = S@Tia.p). (1)

3
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FIG. 1. Diagrammatic representation of the CI, employing the
simplified model of the gluon propagator in Eq. (2).

AN

where m is the Lagrangian current-quark mass, D, (p) is
the gluon propagator, and I',(g, p) is the quark-gluon
vertex. It is a well-established fact by now that the
Landau gauge gluon propagator saturates in the infrared
and a large effective mass scale is generated for the gluon,
see for example [41-46]. It also leads to the saturation of
the effective strong coupling at large distances. This
modern understanding of infrared QCD forms the defining
ideas of the CI proposed in [47]. We assume that the quarks
interact, not through massless vector-boson exchange but
via a CI. Thus the gluon propagator no longer runs with a
momentum scale but is frozen into a CI in keeping with the
infrared properties of QCD, see Fig. 1. Thus,

gzD/w(k) = 4”&IR5MD’ (2)

where R = aR/ mﬁ. The scale m, is for dimensional
reasons and is interpreted as the infrared gluon mass scale
generated dynamically within QCD [9,48,49]. We take the
currently accepted value m, = 500 MeV [41,50-52]. It is
clear that in the CI gap equation, the effective coupling,
which appears, is ¢ instead of ar. We choose apg /7 to be
0.36 so that ar has exactly the same value as in all related
previous works [9,49,53,54]. The interaction vertex is bare,
i'e" Fl/(q’ p) =7u

This constitutes an algebraically simple but useful and
predictive rainbow-ladder truncation of the SDE of the
quark propagator, whose solution can readily be written as
follows:

S(q.My) = =iy - qoy(q,My) + 05(q, My),  (3)

with

ov(q.My) = os(q.My)=M;oy(q.My), (4)

2 b
q +Mf

where M, for the CI, is momentum-independent dynami-
cally generated dressed quark mass determined by

4(IIR 1
M, = M dss ——— . 5
r=mp+ My 371/ ssS+M% (5)

Our regularization procedure follows Ref. [55],

2
%: / ® et EM) / W52
s+ Mf 0 Toy

e_(S+M})T%JV e—(S+M§)rfR

) )
’ (6

where 71 yy are, respectively, infrared and ultraviolet
regulators. It is apparent from Eq. (6) that a finite value
of 7jg = 1/AR implements confinement by ensuring the
absence of quark production thresholds. Since Eq. (5) does
not define a renormalizable theory, Ayy = 1/7yy cannot be
removed but instead plays a dynamical role, setting the
scale of all mass dimensioned quantities. Using Eq. (6), the
gap equation becomes

My =my+ Mp—==C(M7). (7)

where

c(M?)
M2

=TI(- IMZTUV) I'(- IMQTIR) (8)

and ['(a, x) is the incomplete gamma function.

We report results for PS mesons using the parameter
values listed in Tables I and II, whose variation with quark
mass was dubbed as “heavy parameters” in Ref. [49]. In
this approach, the coupling constant and the ultraviolet
regulator vary as a function of the quark mass. This
behavior was first suggested in Ref. [56] and later adopted
in several subsequent works [39,49,54,57,58]. Table II
presents the current quark masses m; used herein and the

TABLE 1. Ultraviolet regulator and coupling constant for
different combinations of quarks in PS mesons. Note that
R = Qre/Zy, where app = 4.57 is extracted from the best-
fit to data as explained in Ref. [39]. Also note that AR =
0.24 GeV is a fixed parameter.

Quarks ZH AUV [GCV] &IR
u,d,s 1 0.905 4.57
c, u, s 3.034 1.322 1.50
c 13.122 2.305 0.35
b, u 11.273 3.222 0.41
b, s 17.537 3.574 0.26
b, ¢ 30.537 3.886 0.15
b 129.513 7.159 0.035
TABLEII.  Current (m,) and dressed masses (M y) for quarks in

GeV, required as an input for the BSE and the EFFs.

m, = 0.007
M, = 0.367

m; =0.17
M, =0.53

m, = 1.08
M, =152

my = 3.92
M, =475

054002-3



R.J. HERNANDEZ-PINTO et al.

PHYS. REV. D 107, 054002 (2023)

dynamically generated dressed masses M of u, s, ¢, and b
computed from the gap equation, Eq. (7).

A meson can consist of heavy (Q) or light (¢) quarks. We
present the study of all heavy (QQ), heavy-light (Qg), and
(review) light (¢g) mesons. We commence by setting up the
BSE for mesons by employing a kernel which is consistent
with that of the gap equation to obey axial vector
Ward-Takahashi identity and low energy Goldberger-
Treiman relations, see Ref. [9] for details. The PS mesons
are JP€ = 0~ states, while the S mesons are J¢ = 0+
states. The solution of the BSE yields BSAs whose general
form depends not only on the spin and parity of the meson
under consideration but also on the interaction employed as
explained in the next subsection.

B. Bethe-Salpeter equation

The relativistic bound-state problem for hadrons char-
acterized by two valence quarks may be studied using the
homogeneous BSE, whose diagrammatic representation
can be seen in Fig. 2. This equation is mathematically
expressed as [1]

4
PP = [ S Ll PL K P )
(27)
where [['(k; P)],, represents the bound-state’s BSA, and
x(q;P) = S(q + P)I'S(g) is the BS wave function; r, s, t,
u represent color, flavor, and spinor indices; and C is the
relevant quark-antiquark scattering kernel. This equation
possesses solutions on that discrete set of P> values for
which bound states exist.
A general decomposition of the BSA for the PS and the S
mesons (f,f,) in the CI has the following form:

[ps(P) = iysEps(P) + ysy - PFpg(P),
My

[g(P) = IpEs(P). (10)

Note that E;(P) and F;(P) with i € {PS, S} are known as
the BSAs of the meson under consideration, P is its total
momentum, [p is the identity matrix, and Mp =

My M /[Mg + M) is the reduced mass of the system.
iS

A
@ = -Gr x
W AN

iS

FIG. 2. Diagrammatic representation of the BSE. Blue (solid)
circles represent dressed quark propagators S, the red (solid)
circle is the meson BSA I, while the blue (solid) rectangle is the
dressed-quark-antiquark scattering kernel /C.

Equation (9) has a solution when P?> = —M2, with M),
being the meson mass. After this initial and required set up
of the gap equation and the BSE, we now turn our attention
to the description of the EFFs of mesons.

III. ELECTROMAGNETIC FORM FACTORS

The EFFs provide crucial information on the internal
structure of mesons. At low momenta, EFFs allow us to
unravel the complexities of nonperturbative QCD, i.e.,
confinement, DCSB, and the fully dressed quarks. At high
energies, we expect to confirm the validity of asymptotic
QCD for its realistic models, while at intermediate energies,
we observe a smooth transition from one facet of strong
interactions to the other, all in one single experiment if we
are able to chart out a wide range of momentum transfer
squared Q” without breaking up the mesons under study.
While there are plenty of studies on the pion EFFs, only a
few are found about heavy quarkonia and practically none
on heavy-light mesons. The process involves an incident
photon, which probes mesons, interacting with the electri-
cally charged quarks making up these two-particle bound
states. Therefore, it is natural to start this section by looking
at the structure of the quark-photon vertex within the CI.

A. The quark-photon vertex

The quark-photon vertex, denoted by I}, (k__, k_, My ), is
related to the quark propagator through the following
vector Ward-Takahashi identity:

iP X (ki ko Mg ) =Sk Ms)—S"(k_,Mg). (11)
This identity is crucial for a sensible study of a bound-

state’s EFF. It is determined through the following inho-
mogeneous BSE:

]67T&IR/ d4q

F,lyl(Q’Mf]) =7u 3 (2ﬂ)47a)(ﬂ(4+7‘]val)7a,

(12)

where y,(q..q.Myg) = S(q + P, My )T,(Q)S(q. My,).
Owing to the momentum-independent nature of the inter-
action kernel, the general form of the solution is

(0. My,) = L (Q)PL(Q%. M) + yE(Q)Pr(Q* My,).
(13)

where y; +y; =7,, and

Inserting this general form into Eq. (12), one readily
obtains (on simplifying notation)

054002-4
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P(Q)

i L 1 L 1 L 1 L 1 L
0 2 4 6 g 10
2 2
Q’(GeV?)

FIG. 3. Dressing function of the transverse quark-photon
vertex, P7(Q?), in Eq. (15).

1
P, =1, Pr=——F5——, (15)
1+ K,(0*My,)
with
> 4&IR 1 27
K},(Q ’Mfl) = ? o daa(l —G)Q Cl(a)), (16)
where
z d 2 2
C (Z) = _ZZC(Z) = F(O, ZTUV) - F(O, ZTIR)v (17)
and

@ = a)(Mj%l,a, 0% = sz‘l +a(l—a)Q>  (18)

One can clearly observe from Fig. 3 that P;(Q?) — 1 when
Q% > oo, yielding the perturbative bare vertex y, as
expected. This quark-photon vertex provides us with the
required electromagnetic interaction capable of probing the
EFFs of mesons through a triangle diagram, which keeps
the identity of the meson bound state intact.

B. The triangle diagram

Let us start from the general considerations for the
electromagnetic interactions of mesons. In the impulse
approximation, the MyM vertex, which describes the
interaction between a meson (f,f,) and a photon, reads

d*¢
AM T :N,/T M.f1, 19
| G (19)

where

GMIr =Ty (—k)S(& + ki My, )iT1(Q, M)
The notation assumes that it is the quark f; which interacts

with the photon, while the antiquark f, remains a spectator.
We define AM/2 similarly. Furthermore, we denote the

FIG. 4. The triangle diagram for the impulse approximation to
the MyM vertex.

incoming photon momentum by Q, while the incoming
and outgoing momenta of M by k;=k—Q/2 and
k; =k + Q/2, respectively. The assignments of momenta
are shown in the triangle diagram of Fig. 4.

Note that AM/ corresponds to the EFFs of different
mesons under study. The contribution from the interaction
of the photon with quark f, can be represented as
FM-/1(Q?) (stemming from AM-/1), while the contribution
arising from its interaction with quark f, can be repre-

sented as FM:/2 (Q?) (coming from AM 2). The total form
factor FM(Q?) is defined as follows [59]:

FM(Q?) = ey FMI1(Q?) + e FM72(Q?),  (20)

where e, and ez, are the quark and the antiquark electric

charges, respectively.l Both for PS and S mesons, F¥-/1 is
straightforwardly related to AM/1,
AST = 22k, FST1, APSS = 2k, FPSI (21)
All information necessary for the calculation of the EFFs
is now complete. We can employ numerical values of the
parameters listed in Tables I and II and proceed to compute
the masses of PS mesons, presented in Table III, and
subsequently the EFFs. Our evaluated analytical expres-
sions and numerical results for PS and S mesons occupy the
details of the next two sections. Keeping in mind that the
pairs of (PS and S) mesons can be considered as parity
partners, we embark upon their treatment in the following
sections in that order.

IV. PSEUDOSCALAR MESONS

We start with a detailed discussion and results on the
ground state PS mesons. These are negative parity zero
angular momentum 0~ states and occupy a special role in
hadron physics. Simultaneously, these are the simplest

'For neutral mesons composed of same flavored quarks, the
total EFF is simply FM = FM:/1,

054002-5
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bound states of a quark and antiquark and also emerge as
Goldstone bosons associated with DCSB. Pions are the
lightest hadrons and are produced copiously in collider
machines at all energies. The pion cloud effect substantially
contributes to several static and dynamical hadron proper-
ties. Therefore, understanding their internal structure has
been of great interest both for experimenters and theoret-
icians. The study of PS mesons is crucial in understanding
the capabilities and limitations of the CI model employed in

this work to reproduce and predict phenomenological
|

results. Being the Goldstone bosons associated with
DCSB, their analysis requires care in treating the associated
subtleties. From Egs. (10), we can see that the BSA of PS
mesons is the only one to be composed of two terms,
necessary to ensure the axial vector Ward-Takahashi
identity and the Goldberger-Treiman relations are exactly
satisfied. In this article, we extend and expand the work
presented in [9,39,57] and compute the EFFs of a larger
number of PS mesons composed of ggq,qQ, and QQ
quarks. With straightforward algebraic manipulations,

FPSI — P (0?) { E}GTE3(0%) + EpsFpsTh3(0?) + F%STﬁi(Qz)} : (22)

1 _ -
dada A5)0 02) + (45} = 02 Al

' dadpa| AVC A2 — g, ANNC
A adpa | ApiCi(@,) + (App — 03 A )Ch(@,) |

where
3 1 1 _
TE(0%) = i [/ daC(wy) + 2/ dadﬁaAE;%Cz(a)z)},
T 0 0
3 1
TPS 2y — .~
3 1
T73(0%) = v
and

) = o (M, a,0%) = M7 +aQ*(1 - a),

wy =y (Mg, My, a,p,My) = aM3 + (1 —a)M% —a(l —a)Mj, + o?p(1 - )0,

Cy(z) = (exp(—z7yy) — exp(—z7))/(22).

The coefficients .4; are given by the following expressions:

/2
(23)

ALy = a(M7 + M3) +2(1 — a) My, M7 + (a - 2)M§_2,

1
Agp =My, + M7

Ap) = 2M3 M- — aM, (4(a — )M}, + aQ?) + M

ALY = (3a—2)M3y + aQ?,

(2@ —12M3 + aQ*2a(f~ 1)f +a~ 1)),

AZ = 2a((a—12M4, + aM?,0*(B3af? —3ap + a — 22 + 28— 1))
+ 2aMy MG = 2M ; M+ (2(a = 1)Mj; + aQ?).

The resulting EFFs for charged, as well as neutral, mesons
are shown in Fig. 5. For the practical utility and intuitive
understanding of their low and large 0? behavior, we
perform an interpolation for PS mesons EFF in the range
Q? € [0,8M2,]. We adopt the following functional form:

_em+t apsQ* + bpsQ*

FPS 2 ,
29 1+ cpsQ* + dpsQ*

(24)

where ¢, := FP5(Q? = 0) is the electric charge of the
meson, and apg, bpg, cpg, dps are the fitted coefficients.
The best fit corresponds to the values listed in Table IV. The
fit of Eq. (24) resonates with our observation that the EFFs
of PS mesons tend to constant values for large Q% when it
becomes by far the largest energy scale in the problem. It is
a straightforward consequence of CI treatment, and it is
characteristic of a pointlike interaction, which leads to
harder EFF. However, the heavy, as well as heavy-light,

054002-6
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FIG. 5.

4

0?[GeV?]

6 8 0 2 4 6 8
Q?[GeV?]

10

EFFs of PS mesons in a CI model. Left panel: electrically charged mesons composed of quarks of different flavors. Central

panel: quarkonia including a hypothetical ground state “strangeonium” (s5). Right panel: electrically neutral mesons composed of

quarks of different flavors.

mesons approach a constant value much slower than the
light ones. This comparative large Q? behavior of EFFs
owes itself to the fact that Q? becomes larger than all other
energy scales at much higher values.

The behavior of the form factors at the other extreme,
Q? ~0, allows us to extract charge radii,

_9Fu(Q)

40> (25)

2
I"M— .
0*=0

For cii and sb states, which are normalized to
FM(0) = 0, we define 3, with a positive sign in the above
equation. The charge radii set the trend for the subsequent
evolution of the form factors as a function of Q?, especially
for its small and intermediate values. Figure 6 depicts
charge radii for all the PS mesons studied, allowing for a
5% variation around the central value. With this permitted
spread in the charge radii, one can obtain a band for the Q?

TABLE IIl. Calculated values for the BSAs and masses for PS
mesons in the CI model using the parameters in Tables I and II
(compare the parameters with the ones in Ref. [49]).

exp

evolution of the EFFs. To avoid overcrowding, we have
avoided depicting such a band for each EFF. However,
Fig. 7 shows a representative plot for the pion permitting a
5% variation in its charge radius in conjunction with the
available experimental results.

Finally, we list the central values of all ground state PS
mesons charge radii in Table V, along with a direct
comparison with available experimental observations, lat-
tice results, and the SDE findings. Moreover, we also report
the transition charge radii of light PS mesons and flavorless
neutral heavy PS mesons to two photons invoking the
following analytical parameter fit [61]:

o
L+ (My/me) In(1 + My /m;)”

o (26)
where 7y = 0.67 fm and m, = 1.01 GeV. It also yields
reasonable results for the 7 point (mass = 0.139 GeV) and
the K point (mass = 0.493 GeV) as they are made of light
quarks. But we cannot expect it to serve exactly as it is for
mesons with vastly off-balanced quark masses. However, if

TABLE IV. Parameters from the fit of Eq. (24) for PS mesons.

Mass [GeV]  Eps  Fpg  mpg [GeV]  Error [%] aps bpg Cps dps
ud 0.139 3.59 047 0.139 0.008 ud 0.330 0.029 1.190 0.068
us 0.499 3.81 0.9 0.493 1.162 us 0.335 0.029 1.092 0.065
S5 0.701 404 0.5 e e S5 0.328 0.040 0.874 0.092
cit 1.855 3.03  0.37 1.864 0.494 cit 0.616 —0.001 1.370 0.109
s 1.945 324 051 1.986 1.183 s 0.615 0.028 0.897 0.111
ub 5.082 372 021 5.279 3.735 ub 1.143 0.033 1.921 0.146
sb 5.281 2.85 0.21 5.366 1.586 sb 0.218 0.000 0.840 0.009
ch 6.138 2.58 039 6.274 2.166 ch 0.333 0.003 0.493 0.021
ct 2.952 2.15  0.40 2.983 1.053 ct 1.778 0.057 1.994 0.334
bb 9.280 204 0.39 9.398 1.262 bb 0.099 0.000 0.127 0.002
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FIG. 6. Charge radii of ground state PS mesons in the CI.

CI results were to follow this formula, then we would only
need to assign ry = 0.458 fm. The last row of Table V lists
the resulting values, which we denote as r,(CI). Let us
now summarize our findings and make explicit compar-
isons with related works:

®

(i)

As desired, pion EFF and its charge radius agree
with the first results employing the CI [9]. As an
add-on, in this article we allow for a 5% variation of
the pion charge radius to see its effect on the
evolution of the EFF as a function of Q?, Fig. 7.
A small variation of the initial slope of the curve
0? ~ 0 opens a noticeable spread for large Q> but
keeps the qualitative and quantitative behavior fully
intact.

In Fig. 8, we draw kaon EFF over the range of Q>
values, where (relatively poor) experimental obser-
vations are available. Although large error bars

1.4 4 —— Contact Interaction
¢ JLab (W=2.20 GeV)
1.2 1 { JLab (W=1.95 GeV)
¢ Amendolia et al.
1.0 1
&
S 087
g
U ¢
L 0.6
0.4 | +i |
¢
0.2 1 :
0.0 T T T T
0.0 0.5 1.0 1.5 2.0 2.5
Q’[GeV?]
FIG. 7. EFF for z-meson. The central curve is obtained using

the zyy value from Table I. The filled band allows for a 5%
variation in the charge radius. Dots represent the experimental
data from Refs. [14,15,60].

(iii)

prevent us from commenting decisively on the
validity of the CI, we expect it will yield harder
results as compared to precise experimental mea-
surements whenever these results will become avail-
able. Our reported value of its charge radius is an
indication of this behavior.

As depicted in Table V, pion and kaon charge radii
[4,7,8,23,62,63] are known experimentally and
through lattice and SDE studies. As CI EFFs come
out to be harder than “full” QCD predictions, we
expect our PS mesons charge radii to undershoot the
exact results. This is precisely what we observe for
the pion and the kaon. The percentage relative
difference between the experimental value and our
calculation for the pion charge radius is approxi-
mately 32%, while for the kaon charge radius is
slightly less, 25%. A similar difference between the
SDE and the CI results for heavy quarkonia is

TABLE V. The charge radii of PS meson systems, calculated with the CI model, refined SDE studies, lattice QCD, and extraction from
data, in a hybrid model (HM), light-front framework (LFF), and a QCD potential model (PM). In the two rows after the experimental
results, we also provide the best fit results for the transition charge radii of PS mesons to yy*, Eq. (26), and the same fit adapted to the CI.
All results are presented in fm.

ud us ss ci cs ub sb ch cc bb
Our Result 0.45 0.42 0.36 0.36 0.26 0.34 0.24 0.17 0.20 0.07
SDE [4,23] 0.676 £ 0.002 0.593 £+ 0.002 e e e e e e 0.24 0.09
Lattice [7,8,62] 0.648 +0.141 0.566 (extracted) 0.25 .
Exp. [63] 0.659 £ 0.004 0.560 + 0.031 e e
riy [61] 0.658 0.568 e 0.13 0.03
i, (CI) 0.45 0.38 0.33 e e 0.09 0.02
HM [16] 0.66 0.65 e 0.47 0.50 .- e e e e
LFF [17] 0.66 0.58 0.55 0.35 0.61 0.34 0.20
PM [18] e e 0.67 0.46 0.73 0.46 e
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FIG. 8. EFF for K-meson. The central curve of the (blue) band
is obtained by using the Ayy value from Table I. The filled (blue)
band allows for a 5% variation in the charge radius. The
experimental data is from Ref. [60].

observed: For 7, it is 20% (Fig. 9), while for 7, it is
22%, not too dissimilar. This comparatively analo-
gous behavior augments our expectation that we will
be in the same ballpark for the PS mesons, whose
charge radii are neither known experimentally as yet
nor lattice offers any results.

(iv) There are no experimental or lattice (to the best of
our knowledge) results available for ci, 5, ub, sb,
and cb mesons for comparison. However, the gen-
eral trend of decreasing charge radii with increasing
constituent quark mass seems reassuring, e.g., the
following hierarchies are noticeable:

ru[_1>ru§>rcﬁ>rul_ﬁ
ru§>rs§>rc§>rsl_7’
rcﬁ>rc§>rc‘6>rcl_ﬂ

Fui = Vss > Feg > Ypp-

We must emphasize that the CI is only a simple
model. Refined QCD calculations are required to
confirm or refute these findings.
This concludes our detailed analysis of all the ground state
PS heavy (QQ), heavy-light (Qg), as well as light (¢g)
mesons. We now turn our attention to a similar analysis of
the scalar mesons.

V. SCALAR MESONS

Recall that a S meson is a 0" state. It can be considered
as the chiral partner of the PS meson, Fig. 10. We work
under the assumption that all states are purely quark-
antiquark states. Then, for example, the states z and o

1.4 1 —— Contact Interaction
—— Dudek at al.
1.2 41
1.0 1
&
O 084
g,
o
L 0.6
0.4
0.2 1
0.0 T T T T T
0 1 2 3 4 5
Q%[GeV?]

FIG. 9. EFF for 57.-meson. The lower (green) solid curve is the
lattice result, Ref. [64]. The central curve of the (blue) band is
obtained using the Ayy value from Table I. The filled (blue) band
allows for a 5% variation in the charge radius.

get transformed into each other through the following chiral
transformation:

q — e 0. (27)
The explicit expression for the EFFs for S mesons with

mass M, constituted from a quark f; and an antiquark f,
is given by Eq. (20) with

FSIv = Pr(Q%)E3T3:(Q%), (28)
where
S (2 3 b3
807 = = | [ dati)
12 /0 ldadﬁaAgEéz(wz)], (29)
with

FIG. 10. The S meson, e.g., o is viewed as the parity partner of
the pion 7. Note that the scalars in this article only refer to their
quark-antiquark content.
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TABLE VI. Ultraviolet regulator and the coupling constant for
different combinations of quarks in S mesons. As before,
R = Qre/Zy, where app = 4.57 is extracted from a best-fit
to data as explained in Ref. [39]. A = 0.24 GeV.

Quarks Zy Ay [GeV] .

u, d, s 1 0.905 4.57
cu 3.034 1.322 1.50
¢ s 3.034 2222 1.50
¢ 13.122 2.305 0.35
b, u 18.473 10.670 0.25
b, s 29.537 11.064 0.15
b, ¢ 34.216 14.328 0.13
b 127.013 26.873 0.036

Afp=aM; —2(1 —a)M;, My

+ (a— 2)M§_2 +aM3,. (30)

Note the close resemblance between T3, and TFy. As
expected, there are only sign differences between the two
due to the presence, or absence, of the y> matrix. In Table VI,
we present the parameters used for S mesons in order to
compute the masses, amplitudes, and charge radii. We enlist
the masses and BSAs of S mesons in Table VII, while the
EFFs are depicted in Fig. 11. On the right and central panels
we present the results for neutral mesons, while the left panel
displays the EFFs of charged mesons. We emphasize that for
electrically neutral, but flavored S mesons, we normalize the
EFFs to zero at Q% = 0, while for flavorless mesons, the
normalization is F¥(0) = 1 to be consistent with the defi-
nition employed in Eq. (20). We again perform a fit in the
range Q* € [0, 8M?2,], where M, is the mass of the S meson.
All the curves are faithfully reproduced by the following
choice:

TABLE VII. Computed values of the S mesons masses and
BSAs in the CI model, see [49] for comparison, using the
parameters listed in Tables II and VI.

Mass [GeV] Eg mg? [GeV] Error [%]

ud 1.22 0.66

us 1.38 0.65

S5 1.46 0.64
cit 2.31 0.39 2.30 0.19
3 242 0.42 2.32 3.54
ub 5.30 1.53
sb 5.64 0.26
ch 6.36 1.23 6.71 5.26
ce 3.33 0.16 3.42 2.73
bb 9.57 0.69 9.86 2.95

+ as0* + bsQ*

where e, == F5(Q? = 0) is the electric charge of the meson,
and ag, by, cg, dg are the parameters of the fit. These values
for S mesons are listed in Table VIII. Based on these
numbers, we can immediately infer the large Q° behavior
of these EFFs. The coefficient b ~ 0 for all S mesons under
consideration. Therefore, the EFFs for S mesons fall as 1/ 0?
for large Q2.

We present the numerical values of the charge radii for S
mesons in Table IX. We must reiterate that for the S mesons
there are no reported measurements of their charge radii.
Theoretical results are also scarce for any direct and
meaningful comparison. It is worth mentioning again that
the internal structure of scalar mesons is not well estab-
lished. Our results are based on considering them as
effective quark-antiquark states.

1.0 B

FEM(Q?)

Q?[GeV?]

FIG. 11.

2 4 6 8 10
Q?[GeV?]

EFFs for S mesons in the CI model. Left panel: electrically charged mesons composed of quarks of different flavors. Central

panel: quarkonia including a hypothetical ground state strangeonium (s5). Right panel: electrically neutral mesons composed of quarks
of different flavors. EFFs of electrically neutral but flavored mesons have been normalized to F5(0) = 0.
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TABLE VIII. Parameters for the fit in Eq. (31) for S mesons.
dag by Cs dy
ud 0.286 0.003 1.543 0.617
us 0.266 0.002 1.486 0.629
K 0.217 0.001 1.271 0.542
cii 0.759 —0.005 0.680 0.641
s 0.004 0.001 0.783 0.047
ub 0.984 0.001 1.619 0.087
sb 0.210 0.001 0.175 0.115
ch 0.289 0.001 0.743 0.026
ce 0.217 0.001 0.860 0.673
bb 0.269 0.000 1.607 0.020

TABLE IX. The charge radii for S mesons. All quantities are
reported in fm.

ud us ss cia c¢s ub sb c¢b c¢ bb

Our result 0.55 0.54 0.50 0.47 0.44 0.42 0.41 0.40 0.43 0.39

We would like to remind the reader that we again allow
for a 5% variation in the charge radii of S mesons.
However, in Fig. 11, we present the EFFs only for their
central values for visual clarity, refraining from showing the
corresponding band to avoid possible overlapping.
However, in Fig. 12, we depict a representative plot with
a 5% variation in the charge radius for the lightest scalar
meson, o, alone. Other mesons have similar bands. Finally,

1.0

0.8}

FE™(@Q?)

0.0

T T

0 2 4 6 8 10
Q%IGeV?]

FIG. 12. EFF for o-meson. The central curve is obtained using
the Ayy value from Table VI, while the band represents a 5%
variation in the charge radius.

0.7
0.6
'E‘ *
= 0.51 054
: o |
o
< 0.4
=
©
0.31
o2
0 Ky fo Dy Dl Xco By Be Bly Xvo
FIG. 13. Charge radii of S mesons.

in Fig. 13, we plot the charge radii, extracted from the
EFFs, as a function of the S meson mass. In general, the
charge radii decrease when the S meson masses increase
just as we observed for the PS mesons.

VI. CONCLUSIONS

In this work we present an exhaustive computation of
EFFs employing the CI model for twenty ground state PS
and S mesons. Note that the CI findings for light mesons
and heavy quarkonia are already found in the literature as
mentioned before [9,39,56,57]. We include these results for
the sake of completeness and as a guide to pin down the
best parameters in order to explore heavy-light systems. We
thus report first results on the latter mesons within this
model/formalism. We expect these new EFFs to be harder
than the exact QCD predictions, especially for the PS
mesons, due to the necessary inclusion of the F-amplitude.
We also anticipate the charge radii to be in the ballpark of a
20-25% error in light of the results, where comparison with
realistic studies and/or experiments has been possible.

Furthermore, we analyze the sensitivity of the evolution
of the EFFs by a change in appropriate parameters to allow
for a 5% variation in the charge radii of the corresponding
mesons. The evolution band has been shown explicitly for
7z, K, o, and 5, alone to avoid overcrowding in other
collective plots. However, it is worth mentioning that the
corresponding bands in other EFFs are almost identical.
Interpolations have also been provided in Egs. (24) and (31)
and Tables IV and VIII, which allow for a convenient
algebraic analysis of the behavior of the EFFs in the
momentum range that we mentioned above and for any
application the reader may deem useful. We plan to
recalculate these EFFs for vector and axial vector mesons
followed by the same computation within a more realistic
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algebraic model and in the long run for truncations more
akin to full nonperturbative QCD. It is also straightforward
to generalize our analysis to study diquarks EFFs, which
are crucial in the subsequent computation of baryons EFFs,
such as the ones reported recently in [32]. All this is for
future work.
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