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Frederico8, Alex Gnech9, Chloë Hebborn1,10*, Michael
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Abstract

It is a fascinating phenomenon in nuclear physics that states with a pro-
nounced few-body structure can emerge from the complex dynamics of
many nucleons. Such halo or cluster states often appear near the bound-
aries of nuclear stability. As such, they are an important part of the
experimental program beginning at the Facility for Rare Isotope Beams
(FRIB). A concerted effort of theory and experiment is necessary both
to analyze experiments involving effective few-body states, as well as to
constrain and refine theories of the nuclear force in light of new data
from these experiments. As a contribution to exactly this effort, this
paper compiles a collection of “perspectives” that emerged out of the
Topical Program “Few-body cluster structures in exotic nuclei and their
role in FRIB experiments” that was held at FRIB in August 2022 and
brought together theorists and experimentalists working on this topic.
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Preface

L. Platter, K. Fossez, C. Hebborn, and S. König
Nuclear physics is rich with complexity, emerging ultimately out of the

Standard Model of particle physics and in particular out of Quantum Chromo-
dynamics (QCD), the fundamental theory of the strong interaction. Protons
and neutrons that bind together to form atomic nuclei are the initial effective
degrees of freedom in nuclear physics and ab initio nuclear structure theory
uses these to compute observables for a wide range of nuclei. However, inter-
esting emergent phenomena appear near the boundaries of nuclear stability,
the so-called driplines, where many nuclei display a transition to new effective
degrees of freedom by hosting phenomena which indicate a dominant few-body
cluster or halo structure. This fascinating feature of nuclear systems leads
frequently to dynamics that experimentally are similar to those of few-body
systems in atomic and particle physics and are considered to be signatures
of low-energy universality. The signatures of cluster states are also particu-
larly pronounced in nuclear reactions that, in most cases, cannot be accessed
directly in ab initio approaches at present.

The impact of clustering in nuclei close to the driplines affects ongoing and
proposed experiments at the Facility for Rare Isotope Beams (FRIB) and other
radioactive beam facilities around the world. Halo nuclei, i.e., systems that
can be described as a tightly bound core nucleus with weakly bound valence
nucleons, are an important example of such clustered systems that have been
studied extensively both experimentally and theoretically. In these systems,
a clear separation of scales exists facilitating the construction of a model-
independent low-energy effective field theory (EFT), a systematic expansion
with quantified uncertainty estimates. However, clustering plays a role for a
much larger group of nuclei and for those it is at present not clearly understood
how to construct such EFTs.

An important task in this exciting time with new facilities starting to oper-
ate is therefore to develop new models and EFTs that treat cluster effects
explicitly, consistently, and efficiently. These approaches should be constrained
by experimental data and be able to predict observables with reliable uncer-
tainty estimates. In addition, it is important to understand the mechanisms
underlying the transition from many-nucleon systems to new effective degrees
of freedom, and how the nuclear force gives rise to these phenomena. However,
the interplay between few-body effects and nuclear shell structure is not yet
well understood and requires a combined effort from theory and experiment
to advance our understanding.

Clearly the low-energy nuclear physics community needs to build bridges
between different groups, involving both theorists and experimentalists, to join
together in order to design, analyze, and explain current and future exper-
iments and to refine and extend nuclear theories. Experimental data can
guide theorists in constructing better models and approaches that improve our
understanding and interpretation of nuclear observables. In turn, a strong the-
ory program can assist experimental groups in identifying observables that can
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provide new insights into the underlying mechanisms of emergent phenomena
in nuclear physics.

In this collection of “perspectives,” we give an overview of thoughts on
the requirements for effective progress in this critical time that will provide a
significant amount of new data. The articles compiled here are the result of the
FRIB Topical Program “Few-Body Clusters in Exotic Nuclei and Their Role
in FRIB Experiments” held at FRIB/Michigan State University in August
2022. This program supported by the FRIB Theory Alliance brought together
theorists and experimentalists working on this topic. Each perspective was
written by a small subgroup of participants as indicated for each piece. It is our
hope that this collection will be useful to the broader community and serve as
a continuation of the stimulating discussions that we had during the program.
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1 Building the nuclear theory to experiment
pipeline

K. Fossez, C. Hebborn, D. Bazin, and A. Macchiavelli

The DOE-NP flagship FRIB has started operations at MSU and will push
forward the exploration of the nuclear landscape by giving access to more than
a thousand new exotic nuclei, mostly using nuclear reactions. Depending on
the reaction considered and the nuclear degrees of freedom to be probed, the
required beam energies can vary from keV/u to GeV/u. The different types of
reactions that can be used as a function of the energy are shown schematically
in Fig. 1. Reactions at energies up to about 200 MeV/u are already accessible
using the current nominal FRIB beam energy, but those up to 400 MeV/u will
require the so-called high-energy upgrade [1]. In addition, in anticipation of the
coming online of FRIB, critical detector development programs were started
in the last decade [2]. These programs led to new state-of-the-art detector
systems having unparalleled resolving power, and which will play a central
role in addressing essentially all of the challenges put forth in the National
Academies Decadal Study [3] and the 2015 NSAC Long Range Plan [4], i.e.
by answering fundamental questions in both nuclear structure and nuclear
astrophysics such as “How does subatomic matter organize itself and what
phenomena emerge?” and “How did visible matter come into being and how
does it evolve”?

Fig. 1 Schematic representation of the possible reaction mechanisms that can be used to
probe exotic nuclei at FRIB as a function of energy. Reactions beyond 200 MeV/u will
require the FRIB400 upgrade. Figure adapted from Ref. [1]

However, the ultimate success of the FRIB scientific program will require
a concerted effort between experiment and theory. Indeed, to infer accurate
and precise nuclear properties of exotic nuclei from experimental data, reliable
nuclear structure and reaction models will be needed. The schematic pipeline
shown in Fig. 2 depicts some of required theory inputs necessary to guide
experiments or even analyse data in some cases. Of course, data can then be
used to provide feedback on theory models.

For example, the Active Target Time Projection Chamber (AT-TPC) [5]
is ideally suited to probe the cluster structure of low-energy resonances since
it allows to perform resonant scattering reactions by scanning different beam
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Fig. 2 Schematic representation of (some of) the theory inputs required to fully exploit
experimental capabilities at FRIB.

energies in a single experiment. In order to determine complementary informa-
tion such a the spins, parities, or widths of the resonances observed, it might
be necessary to directly compare with structure models, or to look at transfer
angular distributions which require the use of reaction models to be anal-
ysed. Moreover, the absolute value of transfer cross sections is directly related
to the cluster content of the populated states, usually quantified in terms of
spectroscopic factors.

On the theory side, confrontation with experimental data should ideally be
done with a theory using nucleons as degrees of freedom, and the nuclear forces
between nucleons should be derived from effective field theories (EFTs) of the
underlying theory of quantum chromodynamics (QCD) and electroweak theory
[6, 7]. However, solving this canonical ab initio nuclear many-body problem
exactly for the description of both nuclear structure and reactions in a unified
picture is a particularly daunting task, which so far has only be achieved in
selected light nuclei with A < 12 [8–13]. To make matters worse, issues remain
in the construction of EFTs of nuclear forces due to the lack of clear separation
of scales, effectively reducing the predictive power of any theory of the atomic
nucleus beyond light nuclei [14]. This situation leads to the conundrum of
low-energy nuclear theory: making accurate predictions by solving a difficult
problem using an uncertain input. In that regard, the use of simplified effective
approaches such as few-body reaction models or the widely successful nuclear
shell model [15] to go beyond light nuclei comes as no surprise.

In the present context of few-body cluster structures in exotic nuclei, one
important line of development is the move towards a unification of nuclear
structure and reactions, in which 1-, 2-, ..., A-nucleons decay channels are
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included in the description of the A-body problem [16–19]. It has been recog-
nized early on that, far from the valley of stability, weak binding and couplings
to continuum states play an important role in shaping the properties of exotic
nuclei [20, 21]. As a consequence, closer to the drip lines, i.e. the regions
of greatest interest for FRIB, nuclear models have shortcomings due to, for
instance, the influence of couplings to continuum states [21, 22], the increased
number of particles involved, or the presence of new emergent phenomena [23]
(or interplays of them) having collective degrees of freedom and presenting a
complex few-body dynamics [24–29] (see also Sec. 2). Similar comments can
also be made for unbound excited states in well bound nuclei. As a result, it
is not rare to find halo states [30–32], clustered states [33] often near decay
thresholds [34–38], or the decay of two or more nucleons [39–43] in exotic
nuclei. The need to unify nuclear structure and reactions has been formally
recognized during a previous FRIB Theory Alliance Topical Program [44].

From the structure side of the problem, the inclusion of continuum states
within many-body calculations has essentially been achieved in, notably,
continuum shell model approaches [16, 22, 45] and many-body methods gen-
eralized in the complex-energy plane using the Berggren basis [17, 46, 47]
or the uniform complex-scaling technique [48]. However, describing the emer-
gence of collective degrees of freedom in exotic nuclei within such many-body
approaches is still a challenge (see more details in Sec. 2), and extracting
reaction observables requires additional treatment as explained hereafter.

On the reaction side, several strategies have been employed to include struc-
ture information explicitly, for example by combining the resonating group
method with structure methods [8–10, 27, 49, 50] to treat the relative motion
of a target and a projectile directly within a many-body framework. Such
approaches can thus provide reaction cross sections in a unified picture of
nuclear structure and reactions, but so far their ab initio formulation limits
them to light nuclei and at best includes only selected two- or three-body reac-
tion channels. Other ab initio approaches that can provide scattering cross
sections in light nuclei include, for instance, the lattice-EFT (L-EFT) [11]
and the quantum Monte Carlo (QMC) [12, 13] methods. Both techniques are
formulated in radial space and thus offer an alternative to traditional clus-
ter approaches based on nucleons as degrees of freedom [51–53] to study the
impact of clustering in exotic nuclei. In the near future, symmetry adapted ab
initio methods [54] will hopefully provide a way to extend ab initio reactions to
medium-mass nuclei while capturing nuclear shapes and collective modes natu-
rally. For all these methods, additional developments will be needed to include
more continuum couplings within the target and projectile, e.g. through the
inclusion of many-body reaction channels.

Such first-principles methods can provide and have provided valuable
insight about the emergence of few-body dynamics in nuclei, but few of these
methods can be used in a practical way to give reliable spin and parity
assignments in medium-mass nuclei due to their prohibitive computational
cost.
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Fig. 3 Reduction of the many-body problem into a few-body one.

An alternative to solving the full A-body problem for structure and reac-
tions consists in using effective degrees of freedom, as is illustrated in Fig. 3
showing a schematic reduction of the many-body problem into a few-body
one, composed of tightly bound clusters assumed structureless. This strategy
has the obvious advantage of dramatically reducing the computational cost of
calculations, and thus to allow for studies beyond light nuclei.

In this few-body picture, the structures of both the projectile and the target
are described using effective potentials reproducing their low-energy single-
particle spectra, and the cluster-cluster interactions are simulated using optical
potentials [55–57]. Additionally, only pairwise cluster interactions are usually
considered and other irreducible interactions beyond this level are neglected,
even though there is some evidence from deuteron-induced reactions that this
approximation leads to sizeable uncertainties [58–61]. For that reason, efforts
are underway to quantify the effect of irreducible three-body cluster-cluster
interactions (see Sec. 6). In general, additional investigations on the reduction
of the many-body problem into a few-body one should be supported, as they
will provide paths to efficiently inform few-body reaction models by many-body
predictions.

For most reactions, the few-body problem is solved using approximate
schemes such as continuum-discretized coupled-channel methods [62–65], the
eikonal approximation [66–68], the distorted wave Born approximation, or the
adiabatic distorted wave approximation [69, 70]. These models are usually
applied to the three-body problem, but some have recently been extended
up to the five-body problem (see for example Ref. [71]). Moreover, due to
the high cost of treating the few-body problem in the continuum, most of
these models rely on additional assumptions such as neglecting excitations of
the clusters during the reaction, considering only one-step processes, or they
neglect excitations of the projectile and the target during the reaction. These
approximations limit the accuracy of the information inferred from experi-
ments (see for example Refs [72–74]) and it is thus crucial to develop more
complex reaction models treating dynamical excitations explicitly (see more
detailed discussion in Secs. 4 and 5).

Besides the treatment of the reaction dynamics, another important ele-
ment is the quality of the cluster-cluster effective potentials. For bound states,
these interactions are typically adjusted to reproduce properties of the low-
energy spectra of the relevant nuclei, i.e., the energy of the states, their spins,
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parities, partial widths, and electromagnetic transition probabilities, as well
as information about the overlap functions, their asymptotic normalization
constants (ANCs), root mean square (rms) radii, and spectroscopic factors
(SFs) (see Fig. 2). The optical potentials between the projectile’s and target’s
clusters have been historically fitted on elastic-scattering data on the same
system [75, 76]. However, most of the scattering data used to constrain these
phenomenological interactions were from stable targets, and therefore their
quality for unstable systems is uncertain. With the start of FRIB, it is thus
urgent to develop optical potentials that can reliably be extrapolated away
from stability to the driplines.

As a consequence, recent efforts have been undertaken to enhance our
predictive power for reactions involving exotic nuclei by strengthening the
connection between many- and few-body approaches. One promising avenue
rests on the EFT framework, which provides a rigorous way to construct the-
ories. By definition, EFTs are as good as the underlying theory within a limit
range defined by the effective separation of scales exploited, and they can
be improved systematically with quantified systematic errors at each order.
Examples of successful EFTs related to few-body physics are the so-called halo
EFTs [77–81] (see Sec. 3) and the EFT formulation of the particle-plus rotor
model [82–84]. What makes EFTs interesting in the reduction of the many-
body problem is that when they are applied to the few-body problem, their
low-energy constants can be fixed using results from experiments or many-body
approaches. While this limits their predictive power, in principle, it allows for
the rigorous construction of cluster-cluster interactions for few-body reaction
models. For that reason, we propose to prioritize two research programs to
address this problem: i) to reformulate phenomenological models into EFTs
to ensure a proper connection with the underlying theory, and ii) to match all
the EFTs with each other when appropriate, and with the underlying theory.
Such programs will bring few-body approaches to a new level of predictive
power and ensure consistency across the description of all few-body effects in
exotic nuclei.

In situations where EFTs cannot a priori be developed, i.e., when they
are no clear separation of scales that can be exploited, cluster-cluster inter-
actions for few-body reaction models can be built from many-body theory
using Watson multiple scattering theory, the Feshbach projection operator
formalism, Green’s function theory, or by starting from nuclear matter predic-
tions (see recent white paper [85] and references therein). Optical potentials
obtained from many-body approaches have the advantage of carrying the cor-
rect isospin dependence and are therefore more likely to extrapolate properly in
the regions of greatest interest for FRIB away from stability. In addition, when
an optical potential obeys dispersion relations, bound and scattering states
are described on the same footing, providing that a consistent description of
the reaction (see discussion in Sec. 5). Nevertheless, a common shortcoming of
these microscopic potentials is their lack of absorption strength, which can be
improved by informing them elastic and inelastic experimental data from, for
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Fig. 4 Example of a proton track recorded in the AT-TPC from a (d, p) reaction between a
10Be beam and a deuteron from the deuterium gas filling the active volume of the detector.

example, transfer, charge-exchange and breakup reactions. This experimental
feedback will become particularly important for experiments at FRIB using,
for instance, the previously mentioned AT-TPC detector, in which plenty of
high-quality data for different reaction channels and at different energies will
be obtained (Fig. 4 shows an example of trajectory in the AT-TPC chamber).

To conclude, in light of the experimental needs at FRIB and the state
of theoretical developments, the success of the FRIB scientific mission will
require a concerted effort between theory and experiment, and in particular
important developments to pursue the unification of nuclear structure and
reactions in exotic nuclei to provide reliable predictions during the exploration
of the drip lines. We believe that close collaborations between experimentalists
and theorists will benefit the planning of new experiments and maximize our
discovery power of new exotic phenomena in nuclei.
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2 Emergence of few-body effects in exotic nuclei

K. Kravvaris, F. Bonaiti, A. Gnech, K. Fossez, and K. Becker

How do few-body effects emerge in atomic nuclei? This remains one of the
most intriguing open questions of low-energy nuclear physics [3, 4]. Collec-
tive phenomena appear when a transition from (many) single-particle degrees
of freedom to (few) collective ones occurs, leading to the emergence of few-
body dynamics, which can have a direct impact on nuclear observables and
astrophysical processes. It is thus critical to develop a proper theoretical
understanding of collective phenomena and their associated few-body effects.
However, a comprehensive description of collectivity in nuclei is challenging
because it appears at various nearby energy scales comparable to single-particle
energies, and leads to a rich variety of phenomena such as deformation, cluster-
ing, rotational and vibrational motions, or pairing dynamics. In exotic nuclei
near the drip lines, which the Facility for Rare Isotope Beams (FRIB) will
be exploring in the coming decades, couplings to the continuum of scatter-
ing states and decay channels [20, 21, 44] can dramatically impact collective
phenomena, and lead to new ones such as halo structures, the superradiance
effect [86], or exotic decay modes like two-neutron or two-proton decay [39–
43]. Moreover, the delicate interplay between various collective phenomena can
fundamentally shape the properties of a system, as seen, for example, in the
case of a halo structure above a deformed core, or when a rotational band
extends into the continuum forming resonant rotational states [24, 87]. In this
perspective piece, we will mention some recent works related to the emergence
of few-body effects in exotic nuclei to illustrate more general ideas which, we
will argue, should be investigated to ensure the success of the FRIB scien-
tific program. Essentially, these ideas fall into two main topics which are i)
the proper theoretical description of collectivity in exotic nuclei and the asso-
ciated few-body dynamics, and ii) the connection between nuclear forces and
emergent properties in exotic nuclei.

Deformation

Nuclear deformation is one of the most common emergent phenomena in
atomic nuclei. It has been shown to naturally arise from the underlying strong
nuclear force in large-scale ab initio calculations [88], and yet its fundamental
origin and link to the elementary particle dynamics is still not fully under-
stood. While enhanced deformation is evident in both heavy nuclei and those
away from closed shells, as recognized early on [89, 90], deformed configura-
tions are present even in a nucleus such as the doubly closed-shell 16O, which
is commonly treated as spherical in its ground state, and whose first excited
state is the head of a strongly deformed rotational band. This shape coex-
istence of states of widely differing deformation in many nuclei is now well
established [91] and it has been argued that it occurs in nearly all nuclei [92].

Moreover, while vibrational spectra are often associated with spherical
nuclei, the fact that a nucleus has a zero quadrupole moment in its 0+ ground
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state does not imply that it is spherical in its intrinsic frame; for quantum
mechanical reasons, it appears spherical in the lab frame. With an expanding
body of experimental evidence, it is becoming clear that non-zero deformation
is far more widespread than zero deformation [93]. Deformation is also found in
the so-called “islands of inversion”, the regions of the nuclear chart where shell
evolution brings two major shell blocks, such as sd and fp shells, together (for
further discussion, see, e.g., [94]). The preference of the nuclear force for spa-
tially symmetric and low-spin configurations, which are energetically favored,
leads to an enhancement of quadrupole couplings and a spontaneous symme-
try breaking in the intrinsic frame, as observed in Elliott’s model (similarly
in the Jahn-Teller effect). The emergence of deformation and the subsequent
dominance of collective rotational degrees of freedom in the nuclear spectrum
reflects the presence of an effective separation of scales, which can be exploited
to simplify the description of deformed nuclei.

Interestingly, unambiguously claiming the presence of deformation in an
atomic nucleus based on energy spectra can be challenging. For instance,
phenomena like shape coexistence can affect energy levels, and disentangling
vibrational and deformation effects can be difficult.

On the theory side, one of the best ways to detect deformation is to study
the neutron and proton quadrupole (or higher) moments. When such quantities
can be extracted from, for example, ab initio calculations, results can then
be matched with simpler collective models to extract additional information.
Such matching can be made rigorous using the effective field theory framework
[7, 95, 96], as was done, for instance, in Ref. [82, 97] for the particle-plus-
rotor model. However, in exotic nuclei, and in particular in unbound states,
measuring quadrupole moments might not be an option, and one has to rely
on the observation of rotational bands extending in the continuum. The study
of how continuum couplings affect deformation [29, 98] and rotational motion
[24, 25] will be critical for the interpretation of experimental data at FRIB.

Apart from quadrupole moments, but directly related to them, certain elec-
tromagnetic transitions–such as the electric quadrupole (E2)–between states
at low excitation energy are also typically considered signatures of collec-
tive behaviour [99]. However, such calculations remain challenging in various
first-principle approaches scaling polynomially with model space sizes, as can
be seen in, for instance, valence-space in-medium similarity renormalization
group [100] and coupled-cluster theory [101] calculations, which systematically
underestimate experimental data [102]. One of the culprits behind this discrep-
ancy is the difficulty to capture both ”static” and ”dynamical” correlations
[103] and hence, collectivity. Dynamical correlations involve the mixing of a
dominant configuration with small (but energetically significant) contributions
coming from other configurations. This is what ab initio many-body methods
as the ones mentioned above are designed to do. In this framework, in fact,
one starts from a reference state (usually a Hartree-Fock Slater determinant),
and includes dynamical correlations adding particle-hole excitations on top of
the reference. Static correlations, instead, are harder to capture: they emerge
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Fig. 5 a. Emergence of almost perfect symplectic symmetry in nuclei from first principles
[54, 106] (figure adapted from Ref. [88]), enabling ab initio descriptions of clustering, col-
lectivity, and continuum in (b) exotic nuclei as 10He and (c) intermediate-mass nuclei as
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when there are two or more equally relevant configurations, as, for instance, the
degenerate states produced by rotating a symmetry-breaking reference. Some
progress in this direction has already been made. As an example, static corre-
lations can be included in the reference state, as was done in the in-medium
generator coordinate method [104]. Restoration of the broken rotational sym-
metry, e.g. via angular momentum projection is another strategy that can
be pursued to capture such correlations. For instance, recent coupled-cluster
computations, starting from axially-symmetric reference states and including
angular momentum projection, reproduced the ground-state rotational band
of 34Mg [105]. This result is particularly relevant considering the ongoing
experimental investigations of magnesium isotopes, e.g. 40Mg, at FRIB.

To capture both static and dynamical correlations in medium-mass ab initio
calculations, it is advantageous to use a physically motivated, correlated basis
to solve the many-body problem. This is the case in the symmetry-adapted
no-core shell model (SA-NCSM) (reviewed in [54, 106]), which exploits sym-
metries of the nuclear dynamics (Fig. 5a). Specifically, ab initio descriptions of
spherical and deformed nuclei up through the calcium region are now possible
in the SA-NCSM without the use of interaction renormalization procedures
and effective charges. Using the SA basis, one can reach higher shells necessary
for the accurate description of clustering, collective, and continuum degrees
of freedom (dof’s), and to reach heavier nuclei such as 20Ne, 21,22Mg, 28Mg,
as well as 32Ne and 48Ti [106] (e.g., Fig. 5b & c). These studies provide col-
lective observables, such as E2 transition strengths and quadrupole moments,
as well as α-decay partial widths and ANCs [108, 109] (Fig. 5d & e). The
SA eigenfunctions are represented in terms of all possible deformed micro-
scopic configurations, including zero deformation and single-particle dof’s, and



Springer Nature 2021 LATEX template

CONTENTS 15

directly reveal the deformation content of a nucleus (Fig. 5). This, in turn,
provides a straightforward way to detect deformation. Indeed, any microscopic
model through projections onto the SA basis can identify deformation, even
in 0+ states. The critical importance of dynamical correlations is recognized
when the SU(3) SA basis [110, 111] is further reorganized according to the
symplectic Sp(3,R) group [112], and highly regular patterns in wave functions
become strikingly clear. In particular, a single nuclear shape (or only a few
shapes) is found to dominate low-lying nuclear states (Fig. 5) [88]. Collectivity
is almost completely driven by these shapes, and typically only a few hun-
dred shapes or less are needed for convergence of various short- and long-range
observables. Remarkably, it is the dynamical deformations that, when prop-
erly developed, drastically decrease the energy of a nuclear shape (the 4p-4h
enhanced static deformation of the Hoyle state lies at ∼ 30 MeV excitation
energy or higher, whereas the vibrations lower it to ∼ 7 MeV); in addition,
as shown in Ref. [113], without vibrations the quadrupole moment is under-
estimated roughly by a factor of two. This factor is often accommodated by
various models by an effective charge or starting from an effective static shape.

In short, state-of-the-art many-body methods can provide insight in how
deformation emerges in exotic nuclei and how the associated few-body dynam-
ics affect their properties. They can also provide inputs for effective approaches
with collective degrees of freedom. However, difficulties remain in either captur-
ing deformation from first principles, or in dealing with couplings to continuum
states near particle emission thresholds. In this regard, it would be worth
exploring new strategies to include static correlations in ab initio calculations
of deformation-relevant observables, as quadrupole moments and B(E2) tran-
sitions, with an eye to the reduction of their computational cost. This effort
should be accompanied by robust estimates of theoretical uncertainties, which
play a key role in the comparison to experimental data.

Clustering

Parallel to collectivity emerging in rotovibrational nuclei is the phenomenon
of nuclear clustering. Traditionally, clustering refers to the formation of dis-
tinct substructures within atomic nuclei; for example, states in 20Ne having a
16O+4He character. Naturally, such states are expected to form in the prox-
imity of the respective decay threshold [34–38], however they are also observed
at higher energies [114]. An even more extreme example of clustering is seen
in halo nuclei, where the clustered state lies slightly below the decay thresh-
old, leading to spatially extended nucleus that can be well described in a core
plus particle(s) picture.

From a practical point of view, clustered states can significantly impact
astrophysical reaction rates since clustering typically translates to relatively
large decay widths [109, 115–117]. This is perhaps most famously exemplified
in the case of the Hoyle state, which has a pronounced 3α cluster arrange-
ment allowing for the triple-α reaction to proceed in solar environments,
bypassing the mass-eight gap. Indeed, the population of nuclear states in, for
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example, transfer reactions–one of the main tools to be employed at FRIB
for the study of exotic nuclei–is expected to be directly proportional to the
degree of clustering of a state (typically quantified in terms of spectroscopic
factors) [118].

Thus, a concrete understanding of how clustering (and other types of
collectivity) emerge from single particle degrees of freedom and the nuclear
interaction, and how the resulting interplay of the bound and continuum parts
of the nuclear wave function affects observables is a key target of nuclear the-
ory in the coming years. However, building such an understanding requires
both advances in few- and many-body nuclear theory as well as a significant
amount of new experimental data, especially along isotopic chains and near
the driplines where cluster phenomena may dominate the spectrum.

On the theory side, first steps have already been made for the microscopic
description of clustered states in light nuclei, both in phenomenological and ab
initio approaches, for example Refs [27, 108, 119–122] to name a few, and in
intermediate-mass nuclei [106]. Despite this progress, a lot remains to be done.

In particular, the competition between various forms of clusterization
remains a pressing issue, as this type of shape coexistence can serve to quench
or amplify clustering effects [123]. Furthermore, while first ab initio studies of
how clustering evolves along an isotopic change have been performed [124], the
pertinent question of how composite clusters manifest in the nuclear medium
remains. Moreover, as origins of α-clustering have been investigated in mean-
field approaches [125], it is relevant to draw parallels to the fundamental
nuclear interactions and map out the connection. Last, but definitely not least,
the observed signatures of α-clustering in heavier nuclei [126] suggest that
there may still exist new mechanisms, that are significantly different than the
ones active in light systems and cannot yet be accessed in ab initio approaches,
marking the need for further investigations.

As a particular example where collectivity manifests itself one can focus
on dipole-excited states. In such collective states the analysis of the so-called
“cluster sum rule” [127, 128] can give some insight on how clustering phenom-
ena emerge from first principles. This sum rule becomes particularly interesting
when looking at halo nuclei, which are usually modeled as a tightly-bound
core, surrounded by one or more weakly-bound nucleons. The ratio of this clus-
ter sum rule with respect to the full energy-weighted dipole sum rule of the
nucleus provides an estimate of how much of the dipole strength is given by
the relative motion between the core and the halo. Here it is worth pointing
out that taking ratios of observables instead of their absolute value allows for
the suppression of systematic errors [108, 129, 130], and thus leads to more
robust predictions. Such an analysis has been done in a recent work on the
halo nucleus 8He [131]. There, the discretized dipole response of 8He was com-
puted in the framework of coupled-cluster theory, merged with the Lorentz
Integral Transform (LIT-CC) [132, 133]. The evaluation of the cluster sum rule
in this case pointed out that around 1/3 of the total dipole strength in 8He is
determined by the relative motion between the 4He core and the four-neutron
halo.
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Halo structures

The definition of a halo state, usually accepted as a state in which one or few
nucleons have a 50% probability of being found in the classically forbidden
region of the potential generated by the rest of the system, is not without
ambiguity [30–32, 134]. First, the classically forbidden region is not so clear for
more than one nucleon in the halo, and second, the rest of the system can be
itself made of more than one cluster. It could be argued that the latter situation
is found in the first excited state of 11Be [135], which can be seen as one neutron
halo around 10Be = 2α+ 2n. Another challenge to the accepted definition of a
halo state is the presence of deformation in the core, as mentioned previously.
While it can be shown that the deformation of the core becomes irrelevant in
the limit of a vanishing binding energy between the core and halo nucleon [136],
in practice many weakly bound nuclei have binding energy sufficiently large
for couplings between the deformed core and the halo nucleon to play a role
as, for example, in 17C [137] or 31Ne [138, 139]. When deformation matters,
the deformed Nilsson orbits in which halo nucleons live can be represented
as linear combinations of spherical shells, and can include a mix of ℓ = 0 or
ℓ = 1 shells with ℓ > 1 shells. The question then becomes whether or not we
still have a halo system if ℓ > 1 shells have a significant occupation and do
not extend far into the classically forbidden region. In a naive classical picture
halo nucleons would be on an elliptical orbit passing close to the core and
extending far from it. From a theoretical point of view, clarifying the definition
of a halo structure is critical as FRIB will allow pursuing the exploration of
drip lines into the medium-mass region and is likely to uncover many deformed
halo states, potentially involving several neutrons in the halo. Clustering is
usually expected to play a smaller role in medium-mass nuclei based on the
dominance of the mean-field, but this is not necessarily true in excited states
and especially if states are found just below decay thresholds as in 11Be. To
summarize, testing the boundaries of what is considered a halo state should
be an experimental priority to stimulate progress in our understanding of halo
physics. On the theory side, priority should be given to the development of
more comprehensive models of halo structures through the development of
effective fields theories going beyond existing halo EFTs [77–80], and of many-
body method capable of describing such physics from nucleons as degrees of
freedom more efficiently than current approaches.

Making the connection with nuclear forces

Besides the challenge of understanding how few-body effects emerge from the
many-body dynamics, there is the question of which specific components of
nuclear forces drive collective phenomena. For example, sensitivity studies on
the low-energy constants (LECs) of a two-body chiral EFT have been carried
out for the quadrupole moments of 6Li and 12C using the SA-NCSM [140, 141].
This analysis demonstrated, on the one hand, that the quadrupole moments
are predominantly sensitive to only two of the LECs parameterizing chiral
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interactions at NNLO. On the other hand, simultaneous variation of all 14
LECs at this order has little effect on the dominant nuclear shape(s) and
the associated symplectic symmetry. It remains to be seen if the extension
to other observables, such as quadrupole and dipole transitions, will lead to
the same outcome. Some recent studies on 6Li based on NCSMC [142] and
HH [143] showed the strong dependence of clustering observables to the tensor
terms of the two and three-body nuclear interactions. In Ref. [143] it has
been shown that the strength of 6Li quadrupole moment is directly connected
to the strength of the tensor forces in the NN nuclear interaction. A similar
effect is expected to be determined also by three-nucleon interactions. Indeed
in Ref. [142] the comparison of the ratio of the ANCs obtained with the NN
interaction only and NN+3b interaction shows an increase of the strength of
the D-wave component in 6Li which suggests that three-nucleon interactions
play an important role too in determining cluster and deformation observables.
Clearly, these studies are limited only to 6Li and should be extended to more
systems and chiral interactions to define a general trend. Therefore, in the
future, it would be interesting to extend the LECs sensitivity studies of the
SA-NCSM, which have the possibility to deal with larger and more deformed
systems, also to individual terms of the two and three-body nuclear interaction,
i.e. single diagrams of the chiral expansion, in particular the ones that give rise
to tensor forces. In addition, this type of investigation should be performed on
other systems with different properties to better understand how individual
interaction terms give rise to collective behavior across the Segre chart. We note
that the problem of the prohibitive computational cost of such calculations
can be contained thanks to the reduced basis method known as eigenvector
continuation (see for example the symmetry-adapted eigenvector continuation
(SA-EVC) case [140]), which provides the basis to build efficient and precise
emulators of the many-body method [144–146].

Another way to study the impact of specific components of nuclear forces
on emergent properties in exotic nuclei is to disentangle the role of two- and
three-body forces. It appears that two-body forces alone seem to be able to
generate most emergent phenomena observed in exotic nuclei, which is a con-
sequence of the fact that many of these systems live close to the unitary limit
and manifest signs of universal behavior (see Sec. 8). However, as discussed
earlier, in exotic nuclei where an interplay between continuum couplings and
standard phenomena such as deformation and clustering is present, the situ-
ation becomes more complex (for instance in so-called deformed halo states
where one or more nucleons form a halo around a deformed core whose rota-
tional motion can have an impact on the dynamics of the halo, as is the case in
40Mg [147–149]). Indeed, ab initio calculations suggest the need of three-body
forces in specific two-body parameterizations to obtain an accurate description
of nuclear structure in general, but even more so in nuclei where clustering is
present such as 10B [33, 150, 151], where it was found that using (n, α) scatter-
ing data to determine three-body forces improved the ordering of the low-lying
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states [152]. Unfortunately the role of three-body forces in collective phenom-
ena has not been fully investigated yet, but this knowledge will be necessary
to understand many exotic nuclei at the drip lines.

Finally, we can also turn the tables and use emergent phenomena in exotic
nuclei to constrain nuclear forces. For example, widths of resonances depend
exponentially on the associated decay thresholds, making them difficult to
describe and fairly sensitive to details of the interaction. This sensitivity can be
exacerbated when considering multi-nucleon resonances, like the famous two-
neutron decay of 26O [39, 153–156], which only happens because the energy
pattern of the ground states of 24O and 25O, confined within a few keV, allows
it. Even more exotic patterns can be observed in neutron-rich helium isotopes
where the presence of a large number of neutrons in 9He [157] leads to a sit-
uation where it is still unclear whether or not the lowest state observed, with
Jπ = 1/2+ and strongly impacted by s1/2 partial waves, is a resonance or a vir-
tual state and can thus be considered as the ground state [26, 158, 159]. While
testing nuclear interactions with precision on such phenomena remains chal-
lenging, they can shed some light on which parts of the nuclear forces we have
not yet fully under control and give us some hints on how to constrain them.
Therefore, when it is possible, we should post-select interactions reproducing
data on exotic phenomena.
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3 Understanding few-body dynamics in
knockout and transfer reactions

T. Frederico, B. Kay, Ch. Elster, L. Hlophe, M. Higgins, and S.
König

Overview and motivation

Low-energy universal dynamics are present in a nuclear system when the
degrees of freedom for the driving physics are configurations characterized by
length scales larger than the range of the forces involved in the process [30, 31].
In EFT this is associated with long wavelength scales in weakly bound sys-
tems and a short wavelength scale that allows a systematic expansion of the
scattering amplitude, including in the LECs, for example, effects from the
effective ranges, besides the scattering lengths or low-lying resonances taken
into account directly at leading order (see e.g. [7, 80]). A manifestation of this
universality are so-called “halo nuclei” states, which can be thought of one or
more valence nucleons loosely bound to a core with lowest excitation energy
much smaller than the separation energy of the core valence nucleons. The
low-energy continuum of such few-body halo states may exhibit the properties
that are model independent and closely related to the bound halo formation,
namely excitation energies of few hundreds of keV. These properties can be
probed in (d, p) and (t, p) reactions, and other processes, where the projec-
tile gets one or two neutrons and eventually breaks. In this section we discuss
possibilities to study universality from that angle, suggesting new experiments
and perspectives for accompanying theoretical efforts.

The study of (d, p) and (t, p) reactions, and also of nucleon or nucleons
removal processes, will allow to learn about the evolution of universality in the
formation of neutron halos along isotopic chains and their final state interac-
tion (FSI) as the continuum counterpart to the bound halo state. The outcome
of such investigation will be the determination of the minimal conditions from
the nuclear force that allows to form the neutron halos and their continuum
counterparts. Possibly, much more relying on the on-shell properties of the
neutron-core interaction, which may be determined as essential for the halo
formation along the isotopic chain and for the continuum properties at low
excitation energies, as long as universality and model independence holds. We
will be able to provide the conditions for the stability of neutron-halos in the
presence of a core, and also the continuum features, as for example, how the
tetraneutron properties manifests in the presence of a core and its relation to
the formation of neutron rich nuclei. At the same time, the involved few-body
reaction mechanism will challenge our methods due to the explicit presence of
the halo neutrons, which will require further theory developments.
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Suggested experimental studies

Various known halo nuclei are interesting candidates to study final-state
universality, like for example 6He(t, p)8He∗, with 8He∗ = α+4n, or other situ-
ations as 9Li(t, p)11Li∗, 11Li∗ = 9Li+2n, where we are interested in the physics
revealed by the fragments FSI, which comes from the transfer to the contin-
uum. These final states with low-excitation energies can show up a diverse
range of universal phenomena, which we discuss further using some typical
examples: (i) 11Li∗, (ii) 19B∗ and (iii) 8He∗ (the ∗ indicates excitation to the
continuum).

In the case of 11Li∗ = 9Li+n+n, the dominant interactions will be on
the s-wave. Indeed for 10Li∗ = 9Li+n already the virtual s1/2 state has
been studied [160] in a 9Li(d, p) reaction, where the scattering length of
−8 fm was found. The 9Li+n+n characterizes a three-body system in the
continuum, which is dominated at hundreds of keV by the s-wave physics,
considering in addition to the 10Li s-wave virtual state the dominant 1S0

neutron-neutron channel. It is expected that the final state interaction within
the 9Li+n+n system is dominated by the Efimov physics [161], when the
interaction is resonant in the s-wave, namely the scattering lengths have large
magnitudes with respect to the interaction range. Although there is not yet
a two-neutron halo system, Borromean or Samba (20C), which can have an
Efimov excited state [31, 162, 163], still would be possible that Borromean
systems present an Efimov-like continuum resonance for large and negative
scattering lengths [164–166], which on the theory side has to be extended
to mass-imbalanced systems. It could well be that these continuum reso-
nances, associated with Borromean states, would be broad and hard to be
seen, although the few-body universal Efimov dynamics will drive the FSI in
core+n+n systems with the quantum numbers of the ground state. We return
to discuss in Sect. 8 the possibility to form an excited Efimov state by remov-
ing nucleons from the core, while keeping the neutron halo intact during some
time.

In particular, we should mention the 17B+n+n system, which has a shal-
low Borromean bound state of 19B [167] and a large n− 17B scattering length.
The transfer to the continuum in the reaction 17B(t, p)19B∗ close to the thresh-
old could eventually populate a nearby Efimov continuum resonance. In this
case it will be desirable to have measurements for 17B(d, p)18B∗ to achieve a
better accuracy in the scattering length, as has been done for 9Li(d, p) [160].
Increasing the number of neutrons in the final state, for example with the
transfer reaction 19B(t, p)17B+4n, at low relative energies, the FSI in 17B+4n
system, should be determined by S2n in 19B, the nn and n−17B scattering
lengths, as suggested by the dominance of the universal Efimov physics. Curi-
ously enough, when the nn system is at unitarity the neutron cloud turns to
be a system within “unnuclear physics” [163]. Therefore, it seems quite inter-
esting the situation where the nuclear core is in the presence of a neutron
cloud with 2n, 3n, 4n,... dominated by “unnuclear” FSI effects at low relative
energies, which correspond to small excitation energies in the continuum of
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the core+Nn (N ≥ 4), going beyond the drip line. Indeed the much debated
tetraneutron, which is now understood as a strong correlation between the free
neutrons [168] could reveal itself in the presence of the core, when the core+4n
is at low excitation energies. The detection of the charged core can provide
further information of the interaction of a quasi “unnuclear” system, i.e. the
neutron cloud, with the core nucleus. Furthermore, it may well be possible
that a core+n+n continuum Efimov resonance can be formed in the presence
of the two other neutrons at low relative energies from the (t, p) reaction when
the n-core scattering length is large and negative.

Among other possibilities which are not Efimov-physics dominated we men-
tion the 6He(t, p)4He+4n reaction close to the scattering threshold where,
the low-lying p-wave 5He resonance is the main interaction channel of the α
with the neutron cloud. The model independent and universal correlations
are enriched with low-lying resonances in the subsystems, like the 5He p-wave
one necessary to establish the properties of 6He. Furthermore, such a low-
lying p-wave resonance may possibly dominate the 8He properties in a α+4n
description.

Overview of available theory approaches

The theory should be able to compute the inclusive cross-sections in A(d, p),
A(d, n), A(t, p) and A(t, n), where for example the final states (A + Nn)∗ or
(A + n + p)∗ can be achieved. If the projectile is a weakly bound one- or
two-neutron halo, the different processes are possible (A + n)(d, n)(A + 2n)∗,
(A + n)(t, n)(A + 3n)∗, (A + 2n)(d, n)(A + 3n)∗, (A + 2n)(t, n)(A + 4n)∗,
and eventually it will require up to six-body calculations. The inclusive cross-
sections where the proton is observed and the excitation spectrum is obtained,
is one of the possibilities, and if in addition the charged core is detected, further
information on the FSI of the core and neutrons can be revealed. The angular
distribution of the core as well as the proton at low excitation energies of the
system (A + Nn), can be a tool to select the angular momentum states of
the neutron cloud and the core nucleus. It is interesting to observe that at
non-zero total orbital angular momentum of the core+Nn system the effect
of the FSI at low excitation energies is even less sensitive to the details of the
potential, beyond the low-energy on-shell pairwise observables, enhancing the
universality of the expected results. Developments were done incorporating
the halo-EFT in reaction models for one-body halos [81, 169–172], which has
to be generalized to two or more neutron halos, to allow the investigation of
the N-neutron cloud properties in the presence of the core. Effects as few-
body forces induced by the core excitation can be for example incorporated
by the theory [171], however the systems worked out recently within EFT are
restricted to one-body halos, as has also been done in extracting the virtual
state of 10Li from the excitation spectrum in a (d, p) reaction [160].

The s-wave interactions in the limit of zero range collapse the three-body
system, and therefore a three-body information has to be included as a short-
range scale. The low-energy observables will be correlated in an universal
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form and independent on the details of the short-range interaction once the
two-neutron separation energy and the scattering lengths are given. This, for
example, provides the different radii in the core-n-n weakly bound nuclei [31].
Corrections due to the effective range are expected and already studied [7].
These universal correlations are represented by scaling functions, which are
limit cycles from the breaking of the continuous scale symmetry to a discrete
one [7, 31]. Systems including more neutrons will not exhibit further sensitivity
to short-range effects beyond the three-body one, as the Pauli principle does
not allow more than two neutrons be on the top of the other. Therefore, at
leading-order a system like 18C+4n for low excitation energies will only depend
on the two neutron separation energy in 20C and the nn scattering length, in
a model independent way. One can be reminded of the Bertsch unitary Fermi
gas (see [173]), for which the only scale is the Fermi momentum.

Theory has to evolve to treat the five-body system at low excitation energies
to unravel the universal physics of the configuration of an unbound cloud of
four neutrons and a core nucleus. Of course, this should not be restricted to
light nucleus as the core, but to other nuclei, which the low lying excited state
can be a MeV or so above the ground state, without being restrictive. The
reaction mechanism has also to be taken care, as the quasi-free scattering can
be distorted by the remaining proton, in (d, p) or (t, p) reactions, as FSI have
to be accounted for. The elastic breakup and the incomplete fusion processes
may overlap in the kinematical region of low excitation energies.

Hyperspherical expansion methods

Hyperspherical methods have been extensively used in studying few-body
physics in a wide variety of atomic and nuclear systems, such as cold and ultra-
cold atomic collisions and low-energy states in light nuclei. Some of the types
of systems studied include three-body recombination [174], some four-body
recombination rates (i.e. the formation of Efimov trimers in the recombination
process B + B + B + B → B3 + B [175, 176]), and even five-body recombina-
tion [177], dimer-dimer collisions [178], universality in trapped two-component
fermionic systems [179], the BCS-BEC crossover problem [180], among other
physical processes. In the nuclear context, hyperspherical methods have been
used to study bound states of light nuclei up to A = 7 [143, 181], and few–
nucleon scattering processes such as n + d [182], t + p and d + d elastic and
inelastic collisions [183, 184]. The hyperspherical approach has even treated
scattering in the full N -body continuum, as is the case for the three and four
neutron systems [185, 186]. Existing formalism can also accommodate systems
of a core plus a few neutrons (i.e. processes where the final state includes
core+Nn), using model core+nucleon interactions.

The adiabatic hyperspherical treatment can treat local two- and three-
body interactions including but not limited to central, spin-orbit, and tensor
interactions. However, the adiabatic hyperspherical formalism in its current
development is incompatible with interactions that are non-local. A Hamil-
tonian containing non-local interactions would lead to non-locality in the
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hyperradial wave function and thus in the adiabatic hyperspherical potential
curves. It is unclear how to interpret non-local adiabatic hyperspherical poten-
tial curves, which would actually be potential surfaces in hyperradii ρ and ρ′.
While the current treatment of the hyperspherical method in an adiabatic rep-
resentation is incompatible with non-local interactions, semi-local l-dependent
potentials in a partial-wave expansion can be used, like in the case of the
10Be + n + n system to study states of 12Be∗ [187, 188].

With the adiabatic hyperspherical approach, there are a vast number of
nuclear systems and reaction processes that can be studied. A class of reactions
that would be of interest to study are knockout reactions such as the four-
body processes 6He(p, pα)nn and 10Be(3H, p)12Be∗ to probe two-neutron halo
dynamics in 6He + p → (4He +n+n) + p and 10Be + 3H → (10Be +n+n) + p.
In principle adiabatic hyperspherical methods can be pushed to more than
four particles. In this case, the computational limitations of this method
would be put to a rigorous test since the vast majority of studies using this
approach are for systems with N = 3 or N = 4 [189]. For systems larger
than N = 4, only the lowest hyperradial channel has been studied (i.e. in
studies of alpha clusters up to N = 10 [190, 191]). There are many nuclear
reactions that are modeled as reactions of nucleons and clusters with N > 4
that are of experimental and theoretical interest. Such systems include study-
ing five-body systems like 8He to probe the final state interaction of an alpha
core interacting with four neutrons, and five- and six-body reaction processes
8He(p, pα)4n, and 4He(8He,8 Be)4n (by modeling 8Be as an αα cluster). The
reactions 8He(p, pα)4n and 4He(8He,8 Be)4n would be of particular importance
to better understand the nature of the low-energy correlation of four–neutrons
seen in both the Kisimori et al. experiment in (2016) [192] and subsequently
the M. Duer et al. experiment in (2022) [168].

Faddeev equations framework

The Faddeev formalism [193] provides a rigorous mathematical formulation
of the quantum mechanical three-body problem in the framework of non-
relativistic dynamics. Alt, Grassberger, and Sandhas [194] (AGS) introduced
a momentum space formulation of the Faddeev equations for scattering in
terms of three-particle transition amplitudes. The latter are convenient since
they are smooth functions of the momentum contrary to the original Faddeev
wave function components. For a long time applications of the Faddeev-AGS
formalism to the nuclear scattering problem with realistic potentials were
limited by the difficulty of treating the long-ranged Coulomb potential. A
breakthrough was achieved [195, 196] by developing the screening and renor-
malization procedure for the Coulomb interaction in momentum space using
a smooth but at the same time sufficiently rapid screening. This approach
has been successfully applied to obtain ab initio solutions for the three-body
scattering problem (below and above the breakup threshold) for particles
with arbitrary masses [197, 198]. Following the success of the Faddeev-AGS
approach, coordinate space techniques based on the Faddeev-Merkuriev [199]
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(FM) were developed and successfully applied to the three-particle scattering
problem [200, 201] using complex scaling [202, 203] to handle the complicated
boundary conditions above the breakup threshold.

On one hand, the FM method has been extensively applied to lighter sys-
tems (i.e. three nucleons or a light core plus two nucleons). On the other hand,
the Faddeev-AGS equations have been successfully used to describe nuclear
reactions involving a broader range of nuclei, from 4He to 58Ni. Limitations are
primarily due to the utilization of the screening and renormalization procedure
needed to treat the long-ranged Coulomb potential. Numerical instabilities
limit the applicability of this approach to lighter systems where the Coulomb
potential is not too strong. An alternative approach to incorporating the
Coulomb potential was already suggested by AGS [194], which involved refor-
mulating the Faddeev-AGS equations in a basis of Coulomb scattering wave
functions by adopting a separable expansion of the pairwise potentials. A more
rigorous development of the method was presented in Refs. [204, 205] and was
later extended to incorporate core excitations [206]. This approach has the
advantage that the Rutherford scattering amplitudes are isolated and treated
analytically so that only the well-behaved short-ranged three-body scattering
amplitudes are computed numerically. The need for screening the Coulomb
potential is thus eliminated allowing the approach to be applied to heavier sys-
tems (and lower energies) where the Coulomb effects are very strong. Recently,
a practical implementation of this formulation has been carried out [58] and
extensions above the breakup threshold are nearing completion. Further, the
Faddeev-AGS equations are suitable for generalizations to systems with more
than three clusters and a formulation for four clusters was already developed
in the seventies [207]. The Faddeev-AGS approach is thus suitable for comput-
ing the aforementioned deuteron-induced transfer and breakup cross sections
for processes, namely, A(d, p), A(d, n), and A(d, np).

Following their successful application to three-cluster systems, the Faddeev-
AGS equations have been used to provide an exact description of four nucleon
reactions [208, 209]. Application of the Faddeev-AGS formalism to systems
with four clusters, e.g., A+n+n+n, is thus feasible in principle. Since the
number of two-body and three-body partial waves increases with the size of
the system, the feasibility of computing four-cluster reactions involving heavy
nuclei still needs to be tested. An implementation of the four-particle Faddeev-
AGS equations would enable the description of reactions involving, e.g., one-
neutron halos such as (A+n)+d −→ A+2n+p. The Faddeev-AGS equations
can in principle be generalized to an even larger number of clusters (e.g., five
or six clusters). Such calculations maybe feasible especially for systems of the
type A+3n+p and core+3n+p, where the number of coupled equations are
reduced considerably due to the identical nature of the external nucleons.

The generalization of Faddeev-AGS to more complex systems, four and
five-particles, is crucial to understand/describe exotic nuclear structures close
to the driplines and central to FRIB science. However, such developments have
not yet occurred and the Faddeev-AGS description of reactions involving five
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and six clusters remains a subject for future investigations. We note that a
four and five-particle generalization of the FM equations, the coordinate coun-
terpart of the Faddeev-AGS equations, has been successfully applied to four-
and five-nucleon scattering [210, 211], although the five-nucleon scattering has
been limited to low energy elastic scattering.
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4 Continuum and cluster effects in reaction
theory

G. Potel, L. Hlophe, and J. Lubian Rios

Not surprisingly, our experimental understanding of the physics of clusters
and halos in nuclei derives mostly from nuclear reactions. Clustering effects can
be probed, for example, in cluster transfer reactions, resonant scattering, and
through the interplay of incomplete fusion (ICF) and complete fusion (CF).

When a clustered nucleus collides with a target, the fusion process can
proceed both through CF, where the whole projectile fuses with the target, or
through ICF, where only one of the fragments undergo fusion, while the rest
of the projectile flies away. The relative importance of these two contributions
depend strongly on the cluster dynamics of the process, as well as on the
degree of clustering of the projectile. This problem gathered attention in the
80’s, when the Ichimura Austern Vincent (IAV) [212] model was developed.
This model was recently revived by the Sevilla group to determine the CF for
the 6,7Li +209Bi [213–215], and has also been applied to the study inclusive
breakup cross sections in reactions induced by 6He and 6,7Li in Ref. [216] and
by 17F in Ref. [217].

The Rio group was also able to compute the CF as well as the ICF of each
fragment for the case of projectiles breaking into two fragments. This model
has been applied to the study of fusion of 6,7Li with heavy targets (209Bi,
197Au, 198Pt, and 124Sn) with success [218–220]. The effect of the breakup
channels (continuum) on the fusion cross section has been discussed in detail,
and it has been shown that the CF is hindered above the barrier due to the
dynamic effects of the couplings of the elastic channel with the continuum, that
produces a repulsive polarization. It was also shown that the cluster structure
of these projectiles produces a static effect that reduces the Coulomb barrier
(VB) and makes it thinner, producing an enhancement at energies above and
below the barrier. The net effect is a competition between static and dynamic
effects. The total fusion (defined as the sum of CF and ICF) is enhanced at
energies below VB because the ICF becomes dominant and larger than the CF.
However, it is essential to have more exclusive and inclusive cross sections for
CF, ICF, TF, elastic breakup and nonelastic breakup that would put strong
constrains on the theoretical calculations.

Breakup effects are particularly important for weakly bound nuclei, to the
extent that clustered configurations are often present in weakly bound and
halo nuclei. However, present theoretical models for the derivation of CF and
ICF were developed for two-body projectiles, and the extension to projectiles
that break into more than two fragments is still pending.

The effects of the breakup channel on other reaction mechanisms are not
the same at different energy regimes and mass ranges. In the case of light
projectiles the CF and ICF cannot usually be separated because they have
similar decay modes, calling, therefore, for the development of new detection
techniques. In a more general case, where the target is deformed, the models
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have to be improved in order to account for inelastic channels. The competition
of the breakup channel with transfer reactions, as well as core excitation and
sequential processes (breakup triggered by transfer) might also be relevant and
should be included in the present models.

These reaction calculations rely on a variety of nuclear structure ingredi-
ents. Optical potentials are needed to describe the interaction between the
fragments and the target, and the double-folding São Paulo has been suc-
cessfully used in this context (SP) [221]. Its first version uses a systematic
parametrization for matter density distributions for the projectile and tar-
get, based on experimental data and Dirac-Hartree-Bogolyubov calculations.
In order to extend the applicability away from stability, a new version of
the SP potential was published [222] where the specific matter densities for
each specific nucleus near the drip-line were included. Within this context,
fragment-target elastic scattering angular distributions could be useful to
constrain nucleus-nucleus optical potentials. In order to generate the cluster-
cluster and cluster-particle continuum states, Woods-Saxon potentials are
usually used. The parameters of these simple potentials (depth, reduced radius,
and diffuseness) are adjusted to describe experimental binding energies, posi-
tion and width of the resonances, root mean square radius of the composite
nucleus, reduced transition probabilities, multipole moments, etc. The use of
more microscopic wavefunctions would provide further tests to the nuclear
structure models in reaction calculations, as they can be introduced as external
information in some reaction codes. In order to implement the aforementioned
coupled channel calculations for deformed nuclei, deformation parameters of
collective motions are usually taken from systematic such as Ref. [223] for β2

and Ref. [224] for β3. Transfer reactions are also good candidates to study the
cluster configurations of exotic nuclei and pairing correlations, and the main
ingredients and experimental inputs needed for the corresponding theoretical
description are similar to the ones mentioned above.

When one or two neutrons are transferred to/from a one- or two- neutron
halo system, one has to add to the above ingredients a good description of the
continuum. In particular, an accurate quantitative account of the two-neutron
transfer cross section associated with Borromean two-neutron halo systems
requires the consideration of the successive transfer contribution through the
intermediate, one-neutron transfer, unbound channel [225, 226]. The role of
continuum is, unarguably, even more conspicuous when the one- or two-
neutron state populated in the final channel is unbound [160, 227, 228]. Among
the techniques employed to describe virtual or real states in the continuum
in the contexts describe above, we mention dicretization in a finite spheri-
cal box [225], Continuum Discretized Coupled Channels (CDCC) calculations
[226, 227], and the Green’s Function Transfer (GFT) formalism [160, 228].
Let us finally mention that the accuracy of reaction calculations in these con-
texts relies on a good description of the structure associated with the relevant
unbound states. In particular, one needs to describe one- and two-neutron
resonances, and describe pairing correlations in the continuum. An excellent
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example of such combined structure and reaction challenges is given by the
quest for the Giant Pairing Vibration (GPV) [227, 229, 230].
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5 Spectroscopic factors, experimental probes
and perspectives

C. Hebborn, G. Potel, D. Bazin, and A. Macchiavelli

The quantitative signature of clustering in nuclei is often expressed mak-
ing use of the concept of spectroscopic factors, which are also widely applied
to the study of single-particle degrees of freedom [231]. Within this context,
transfer processes, quasi-free scattering, and knockout reactions, which either
add or remove one nucleon, play a prominent role in experiments [232–235].
The standard theoretical approach to describe these processes consists in com-
bining the overlaps computed within some structure formalism of choice with a
description of the collision process making use of appropriate reaction theory.

Systematic measurements of quasi-free scattering, transfer and knockout
have been done for nuclei exhibiting different binding energies from the val-
ley of stability to extremely exotic regions of the nuclear chart. The difference
between the theoretical cross section and the experimental one has been inter-
preted as a quantitative measure of the missing many-body correlations in the
structure model. Arguably, the most striking feature of this analysis is that
the ratio between the experimental and theoretical knockout cross sections
exhibits a systematic trend as a function of the neutron-proton asymme-
try of the studied nucleus (see right panel of Fig. 6), which is still not well
understood [231, 235]. Since similar analyses on electron-induced [236], quasi-
free [232] and transfer reactions [233, 234, 237] do not show this trend (see
three left panels of Fig. 6), a possible deficiency in the theoretical description
of knockout reactions has been put forward [231]. The analysis of knock-
out reactions relies on shell model spectroscopic factors and the high-energy
eikonal approximation [67, 235]. In order to understand the asymmetry depen-
dence of the knockout cross section, the validity of these approaches have been
thoroughly analyzed for the last two decades.

In the shell model, nucleons filling completely shells are treated as an inert
core, the rest of the nucleons are considered as active, and excited states are
obtained by elevating a nucleon to a higher shell [238]. With this approxima-
tion, the nuclear structure is approximated by Slater determinants built from
various single-particle states, describing the active nucleons as independent
particles subject to a mean field generated by the inert core. This simplis-
tic view therefore approximates the correlations associated with coupling of
nucleons to high-momentum states arising from short-range nucleon-nucleon
interactions and long-range couplings involving collective excitations, through
the use of effective shell-model interactions.

Different studies have quantified correlations beyond the independent-
particle motion. In particular, microscopic structure studies [239–242] showed
that many-body correlations arising from a combination of configuration mix-
ing at the Fermi surface and coupling to the continuum induce a reduction—so
called quenching—of the spectroscopic strength for deficient nucleon species.
Other studies [243–246] have also pointed out that spectroscopic factors are not
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Fig. 6 Quenching of the spectroscopic factor for (from left to right): electron-induced
knockout reactions, transfer reactions, quasifree knockout reactions, and knockout reaction
on composite target (typically 9Be or 12C). This figure is taken from Ref. [231].

observables as they run with the resolution scale of the interaction. Moreover,
systematic studies of knockout cross sections have shown that these observ-
ables are not sensitive to the interior of the single-particle wave functions,
and scale with the square of the asymptotic normalization constants for halo
nuclei and mean square radii for more bound systems [172, 247–250]. Both
the scheme dependence and these sensitivity analyses highlight the need of a
consistent description of structure and reaction observables.

Other groups using phenomenological approaches have also studied the
isospin dependency of the spectroscopic strengths. In particular, the Disper-
sive Optical Model (DOM), which treats consistently structure and reaction
by constraining an optical potential with both bound and scattering data, also
observes a quenching of the spectroscopic strengths for more deeply bound
nucleons [251]. Another phenomenological study [252] showed that the quench-
ing of the spectroscopic factor in the knockout of a deficient species is consistent
with the recent results on short-range correlations from high-energy electron
scattering experiment. However, all of the microscopic and phenomenological
studies predict a rather mild dependence of the quenching of the spectroscopic
factor for different proton-neutron asymmetry of nuclei, suggesting that the
reaction theory involved in the analysis of knockout data are also at stake.

The typical observables for knockout reactions are inclusive with respect
to the target states, i.e., they are summed over all possible target-nucleon final
states. The experimental cross sections are usually analyzed with the eikonal
approximation, which assumes that the projectile is only slightly deflected by
the target and thus that the projectile-target relative motion does not differ
much from the initial plane wave [66, 67]. This model is valid only at high
enough energy, i.e., beam energy above 50 MeV/nucleon. We want to stress
here that two subsequent approximations are made in the traditional eikonal
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description of knockout reactions [67]: the adiabatic and the core-spectator
approximations.

The adiabatic approximation implies that the projectile’s intrinsic energy
and its velocity stay constant during the collision and, as a consequence, vio-
lates energy conservation. The resulting parallel momentum distributions are
symmetric with respect to the maximum at zero momentum transfer, while
experimental ones exhibit some degree of asymmetry that becomes very appar-
ent for knockout of more deeply bound nucleon, for which the ratio between
the single-nucleon separation energy and the beam energy is smaller [253].
Some works including in their analysis this mismatch between initial and
final energies obtained theoretical asymmetric momentum distributions which
reproduce very well the experimental shapes [253]. However, recent knockout
measurements done at higher energies, at which the adiabatic approximation
is expected to be more accurate, exhibit the same quenching of the ratio of
the experimental to theoretical cross sections [235]. This suggests that the
cross section integrated over the whole distorted momentum distribution is
essentially identical to the one obtained from the adiabatic, symmetric one.

The core-spectator approximation assumes that the core degrees of free-
dom are “frozen” during the collision process, thus ignoring dissipation effects
associated with the extraction of the nucleon. A recent work [254] suggests
that these dissipation effects might populate excited states above the parti-
cle emission thresholds, leading to particle evaporation and a loss of flux that
could explain part of the quenching of spectroscopic factors. This has stimu-
lated efforts in the theory community to revisit the reaction theory at the basis
of the description of knockout experiments. Recently, Gómez Ramos and Moro
studied the effects of absorption in the final channel [255], while Hebborn and
Potel went also beyond the core-spectator approximation within the Green’s
Function Knockout (GFK) formalism [256], in order to account for dissipative
effects in the nucleon extraction process. None of these approaches use the adi-
abatic approximation. A systematic revisiting of the available knockout data
making use of these and other improved reaction formalisms is desirable and
might contribute to elucidate the quenching puzzle.

The above parlance highlights the general need to integrate in a consis-
tent theoretical framework the structure and dynamics of many nucleons in a
nucleus, and the description of reactions used to study them in an experimen-
tal context. A possible approach is suggested in the GFK, where the dynamics
(driven by the optical potential) and the structure (embodied in the Green’s
function) are consistently integrated making use of the DOM.

Experimentally, the possibility to disentangle the reaction model and struc-
ture contributions to the quenching trend observed with knockout reactions
has been put forward using mirror reactions. In this type of study, knockout
cross sections between mirror initial and final states are compared to each
other, with the assumption that the relevant spectroscopic factors are identi-
cal due to isospin symmetry. Pioneering works have been performed on some
p-shell nuclei [257, 258], but need to be extended to more cases and to heavier
nuclei.
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It is clear that more experimental data is needed to improve the quenching
comparisons between different reaction probes. This is particularly true for
transfer and quasi-free scattering for which the few existing data sets only
cover a limited range of the neutron-proton asymmetry energy. Progress is
being made in that direction, for instance using high luminosity detectors such
as the AT-TPC [5], that enable to perform transfer reactions with lower beam
intensities. Reactions such as (d,p) on proton-rich nuclei or (3He,d) on neutron-
rich nuclei would probe the quenching effect on deeply bound nucleons, for
which the knockout data shows largest effect.

Finally, theoretical uncertainties, coming mainly from the choice of the
optical potentials (discussed more extensively in Sec. 7), are usually not
quantified. Recent works on transfer reactions have shown that these uncer-
tainties introduce an error from ∼ 20% to 100% on the spectroscopic strength
inferred from transfer data (see Ref. [259] for a recent review). To be able
to make a robust comparison between different experimental probes, all the
theoretical uncertainties should be quantified. A first step in that direction
would be to quantify the errors introduced by the choice of optical potentials,
which strongly influence the magnitude of these cross sections and hence the
extracted spectroscopic factors.

Ultimately, the quantification of clustering or halo effects in nuclei relies
on the determination of spectroscopic factors of the corresponding states or
resonances. As these can be best populated via reactions, it becomes essential
to have the most accurate theoretical tools to extract the spectroscopic factors
from measured cross sections. The understanding of the different quenching
trends observed between various reaction probes is therefore paramount to
achieve this objective.
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6 Universal corrections for few-body reaction
models

L. Hlophe and Ch. Elster

Experiments at FRIB are poised to produce and study the properties of a
wide variety of exotic isotopes, often using light probes such as the deuteron or
the triton. Such nuclear reactions generally constitute a complex many-body
scattering problem for which exact solutions are typically not feasible. Tradi-
tional models rely on identifying the relevant degrees of freedom and projecting
the many-body system onto the few-body space, leading to a system of few
clusters interacting via pairwise forces. The latter are usually constructed by
fitting phenomenological (Woods-Saxon) forms to (elastic) scattering data. A
few-body Hamiltonian (HFB) is then constructed using the effective pairwise
potentials and observables are computed from eigenstates of HFB . However, a
formal reduction of the many-body problem onto the few body space generally
leads to ‘irreducible” few-body forces beyond the direct sum of the pairwise
potentials. A very common case is that of three-body reaction model which
is employed to described processes such as the transfer of a cluster from one
nucleus to another as well as three-body breakup processes. In this case, the
irreducible effective three-body potential arises from antisymmetrization of
the many-body problem and excitation of the clusters. In the past, attempts
based on simplified nuclear structure and reaction models [260–263] were made
to quantify the effects of the irreducible three-body force (3BF) on deuteron-
induced reaction observables. Such works already gave indications that the
impact of the 3BF on reaction observables was significant, necessitating more
thorough investigations using modern techniques for describing nuclear struc-
ture and reactions. Recently a study of the effects of the 3BF arising from core
excitations based in deuteron-induced reactions has been carried out [264].
The study utilizes multiple scattering theory to estimate leading order con-
tribution to the 3BF, which is expressed in terms of the phenomenological
nucleon-nucleus potentials. This work indicates that the impact of the 3BF on
transfer cross sections can be substantial and should be accounted in order to
reliably extract structure information from reaction measurements.

Quantifying effects of the 3BF arising from exchange of nucleons between
clusters requires a microscopic theory that is valid for the description of
both structure and reaction dynamics. In Ref. [265] several bound systems
(6He=α+n+n, 9Be=α+α+n, 12C=α+α+α) were studied using the no-core
shell model coupled with the resonating group method (NCSM/RGM) starting
from phenomenological nucleon-nucleon (NN) forces. The bound state ener-
gies for each nucleus were computed using two approaches, namely, (1) a fully
microscopic NCSM/RGM calculation and (2) a three-body calculation using
effective nucleon-nucleus potentials evaluated using the NCSM/RGM starting
from the same NN potentials used in (1). To ensure that differences only reflect
the effects of nucleon exchanges between clusters, all clusters were fixed in
their ground states. The result showed that the three-body model consistently
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leads to smaller binding energies when compared to the fully microscopic cal-
culation. The work of Ref. [58] investigated the effects of the 3BF arising from
antisymmetrization in deuteron (d)+nucleus systems, using as a test case the
d+α. Using a similar strategy as in Ref. [265], fully microscopic NCSM/RGM
calculations for the 6Li=α+p+n bound state were compared to three-body
Faddeev calculations based on microscopic NCSM/RGM nucleon-α potentials.
Both the fully microscopic NCSM/RGM calculation and the NCSM/RGM
nucleon-α were based on the same chiral effective theory (χEFT) NN poten-
tials. The three-body model was found to be underbound by approximately
600keV, consistent with the observations in Ref. [265]. In addition to comparing
the bound state energies, the study of Ref. [58] was extended to the scat-
tering regime. The fully microscopic NCM/RGM was used to compute phase
shifts and cross sections for deuteron-α scattering below the deuteron breakup
threshold, starting from the same χEFT NN potential adopted for the bound-
state calculations. The results were compared against three-body Faddeev
calculations using the aforementioned NCSM/RGM microscopic nucleon-α
potentials. It was observed that the two approaches yield significantly different
cross sections. Particularly, the 3+ resonance peak is found shifted to a higher
energy in the three-body (see Fig. 7). Both the bound state and scattering
results suggest that the contribution to the 3BF due to antisymmetrization
is attractive. Owing primarily to the difference in the resonance position, the
d+α angular distributions computed using the two methods also differ con-
siderably. While the contribution to the binding energy was shown to increase
with system size in Ref. [265], a similar investigation of the effects on reactions
observables is still outstanding and should be a subject for future studies. In
addition, a study of the full effects of the 3BF (antisymmetrization and core
excitations) can be quantified by adopting the state-of-the-art ab initio reac-
tion theories such as the no-core shell model with continuum in place of the
NCSM/RGM.

To take full advantage of the capabilities at FRIB, accurate few-body
reaction models are necessary as they provide means to translate observed
experimental yields into useful structure information. In particular, single
nucleon transfer reactions are typically described within a three-body model
where the primary input are the nucleon-nucleus and nucleon-nucleon poten-
tials. While a lot of progress has been made in ensuring that the three-body
dynamics in these reactions are treated correctly, questions pertaining to the
three-body Hamiltonian remain. Currently there is a considerable effort being
dedicated to improving the effective nucleon-nucleus potentials (optical poten-
tials) with a particular focus on exotic nuclear systems. While this is an
essential step, it should be coupled with universal corrections to the three-
body model itself through the quantification of irreducible three-body effects.
As already indicated above, such corrections alter the theoretical energy and
angular distributions and can thus potentially distort the extracted structure
quantities such as spectroscopic factors. Moreover, some of the FRIB trans-
fer measurements will use heavier probes such as 3H, 3He, and 4He. Although



Springer Nature 2021 LATEX template

36 CONTENTS

0.5 1 1.5
E

c.m.
 [MeV]

0.2

1

5

d
σ/

d
Ω

 [
m

b
/s

r]

NCSM/RGM
Faddeev

θ
c.m.

 = 38.7 deg

Fig. 7 The differential cross section for elastic d+α scattering as a function of the center-
of-mass energy Ec.m. at the scattering angle θc.m. = 38.7 deg. The dashed lines shows
phase shifts computed using the NCSM/RGM while the Faddeev results are depicted by
solid lines. The model space for the Faddeev calculation is restricted to a total two-body
angular momentum of In+p ≤ 3 and IN+α ≤ 9/2 for the n+p and N -α subsystems. The
NCSM/RGM model space is truncated at Nmax = 12/13 for the positive/negative parity
partial waves and ℏΩ = 14 MeV.

approximate solutions of the few-body problem provide means for analyzing
those experiments, exact methods will need to be extended to enable a treat-
ment of more degrees of freedom. This is necessary not only for verifying the
accuracy of the approximate methods but also make reliable predictions for
other exotic nuclei.
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7 Remarks on experimental and theoretical
uncertainties in reaction studies

X. Zhang, F. Nunes, and B. P. Kay

Reactions are often used to populate, dissect or modify few-body cluster
states in nuclei. The understanding from a measurement requires the conflu-
ence of a detailed account on the experimental errors but also quantification
of model uncertainties used in the interpretation. Arguably as compared to
the experimental counterpart, the theoretical community has lagged behind
in scrutinizing theory uncertainties. It is very important to make a signifi-
cant investment to first understand all sources of uncertainty and then devise
strategies to minimize the uncertainties so that meaningful physics can be
extracted. It is common for experimental data to be plotted including statisti-
cal uncertainties only, while the information regarding systematic uncertainties
are mentioned in a less prominent way in the text of a publication. Theorists
have traditionally published predictions without uncertainties (recent theory
efforts on uncertainty quantification are mentioned briefly in the last section
of this contribution). Estimates of variability are provided by showing results
with two different models (or parameterizations). Only recently has reaction
theory begun to perform a quantitative evaluation of uncertainties, particu-
larly due to the effective interactions used in models. Ultimately, final results
should contain the full uncertainty, combining experimental and theoretical
contributions.

Experimental uncertainties

Experimentally, there are many parameters to consider when assessing the
uncertainties of, or in designing, a measurement [231]. Relevant to the stud-
ies of halo and cluster states is being able to infer the relative and absolute
cross sections, to assign spin and parity of the final state and to compare the
cross section to a reaction and nuclear–structure model. Each of these can be
impacted by the experimental approach, such as detector system, the reaction
used, the incident beam energy, and the angular coverage available. Some of
these factors are commented on below in a general manner.

In some measurements the experimental circumstances are such that rela-
tive cross sections are obtained with good accuracy over the excitation energy
range of interest, while the absolute uncertainties are substantially greater.
Relative cross sections for a broad class of spectrometer techniques are often
better than a few percent, though caution has to be taken when probing the
unbound region in coincidence with recoil fragments, which may have differ-
ent acceptances. Such data can be valuable in exploring a broad range of
nuclear structure properties, but to make meaningful comparisons to theory
predictions, absolute cross sections are necessary.

The absolute value of the cross section is most reliably determined by
minimizing systematic errors, for instance using the same apparatus for mul-
tiple similar measurements. Accurate determination of the number of incident
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beam ions on target, precise definitions of apertures and acceptance, intrinsic
detector efficiency, etc., are all needed. Challenges often arise in determining
the target thickness precisely. Ideally, but not always possible, is measuring
the elastic scattering cross section on the same target as the direct reaction
of interest but with a beam energy well below the Coulomb barrier, where
the scattering is Rutherford. Other factors to consider are target uniformity
and target degradation, which can be concerns when using heavier beams on
thin plastic targets. Some detector systems, such as active targets can have
the advantage of being self-normalizing in that the beam dose is determined
absolutely, in the same way that the reaction yield is (for example, Ref. [266]).

In the treatment of cross sections, once the quantum numbers for a transi-
tion are well established, it is apparent that the comparison between a reaction
model and the experimental data is best done in the angular region where
the cross section is at its maximum. The shape of angular distributions may
not be well described at larger angles, where cross sections can be orders of
magnitude lower than the primary maxima.

The range of uncertainties in absolute cross sections cannot be easily gen-
eralized as it depends on many experimental parameters. With that said, it is
not uncommon for measurements with stable light-ion beams to be better than
10% and many radioactive ion beam measurements are now around 20-30%,
though in some cases much better.

Interface between experimental data and model
interpretation

The choice of beam energies can have a significant impact not on the uncer-
tainty of the measured cross sections (they are what they are), but in the
reliability of the model used in the interpretation of the cross sections. It has
been well-documented [231, 267–269] that for direct reaction studies, modeled
as peripheral, single-step reactions, energies a few MeV/u above the Coulomb
barrier in both the incident and outgoing channels are the most reliable
regime (largest cross sections) in which to determine absolute cross sections
for comparison to models like the distorted-wave Born approximation.

However, experiments have different goals. If the objective is to determine
the asymptotic normalization of the wave function, which is needed in order
to estimate astrophysical cross section for astrophysical purposes (mostly for
unbound resonances), then sub-Coulomb energies are generally the most reli-
able. At these sub-Coulomb energies, the incoming wave is affected mostly by
the Coulomb barrier and the transfer cross sections become proportional to
the square magnitude of the tail of the wave function, the Asymptotic Nor-
malization Coefficient (ANC) (a quantity that is relevant for both bound and
resonance states). Note that the ANC can also be extracted using breakup or
knockout reactions at high energy (e.g. [270]).

Of course, there are a whole class of intermediate and high-energy reactions,
where different models have been developed and again, in those cases, strong
arguments are made for specific energy ranges, such as quasi-free scattering
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and so on. The choice of beam energy and reaction then depends on which
quantity is of primary interest.

Related to the topic above is that of momentum matching, which is mod-
ified by the choice of reaction used. For the study of halo states and many
clusters, often these are low angular momentum states, being ℓ = 0, 1, etc.
Reactions such as (d,p) and (t,p) are well suited to probing such excitations,
in the nominal energy range of 10 MeV/u. It is worth remembering that
these reactions do not reveal the parity of the final state necessarily, though
it can often be easy to infer using the shell-model or from complementary
experimental probes.

Other reactions, such as (α,3He) will add a neutron much like the (d,p)
reaction, but are not suitable for low-ℓ transfer due to the often large Q values
involved.

Each detector set up and experimental arrangement, will have a certain
angular coverage. A challenge with some systems commonly used for the study
of e.g., transfer reactions in inverse kinematics, is angular coverage which can
impact the uncertainties associated with fitting of angular distributions and
thus the physics interpretation.

Typically, one would like to cover the primary maximum and minima of
angular distributions. When considering the canonical 10 MeV/u, and reac-
tions like (d,p) and (t,p), one often sees these distinct features in the 0-50◦

center of mass range. Of particular importance, but also often difficult to
access, are the most forward center-of-mass angles where ℓ = 0 angular distri-
butions are peaked. Particular effort in the experiment community to design
detector systems that can explore this region more reliably is ongoing.

Theory uncertainty quantification

Bayesian statistics has attracted much attention in theoretical low-energy
nuclear physics [271–288]. Recently, Bayesian analyses of the optical model
have been performed [259, 289–292]. In these studies, nucleon elastic scattering
data is used to calibrate the nucleon optical potential, which is then propagated
to transfer (d,p) reactions. An illustration is shown in Fig. 8 where two stan-
dard reaction models for (d,p) transfer are compared, with the shaded areas
corresponding to the 95% confidence interval resulting from the uncertainty in
the optical potentials in each model.

A detailed comparison between the Bayesian approach and the tradi-
tional frequentist approach [293] demonstrated that the traditional approach
underestimates uncertainties and that uncertainties from the optical model
are in general larger than previously thought. New statistical tools [292] can
help in identifying which measurements are more promising to reduce these
uncertainties.

The optical models considered in the aforementioned studies are the sim-
plest available. That choice was specifically due to computational limitations.
For a Bayesian analysis, large number of samples are needed to explore
the model’s parameter space. A full continuum state solution of a few-body
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Fig. 8 Comparison between the 95% confidence intervals for 40Ca(d,p)41Ca(g.s.) cross
section using two standard reaction models: DWBA (blue) and ADWA (red). Figure taken
from [259].

Hamiltonian at a single point in parameter space can be expensive, e.g. the
Continuum Discretized Coupled Channel (CDCC) Method, the method of
choice when studying breakup reactions with halos. Repeating such calcula-
tions for thousands or even millions of times, as required in Bayesian analysis,
becomes computationally infeasible.

Emulators are developed to solve this bottleneck issue. They can be con-
sidered as fast and accurate ways to interpolate and extrapolate either the
full solutions or a particular set of observable predictions of a given complex
model. Generally speaking, there are data-driven and model-driven emula-
tors [294, 295]. An example of a data-driven emulator is the recent work on
quantifying the uncertainty in the breakup of 8B [296]. In that work, off-the-
shelf emulators were trained on cross section breakup data to replace the full
computationally intensive CDCC calculations.

For model-driven emulators, the so-called eigenvector continuation (EC)
method1 was initially developed for many-body bound state (discrete level)
calculations [144–146], and later generalized to two-body scattering [297–300],
and lately to three-body scattering [301]. Compared to the data-driven emu-
lators which learn physics from data, the model-driven ones incorporate the
relevant physics and therefore require generally less training data and have
better emulation accuracy. Some exemplary comparisons can be found in [145].

Effort is ongoing to further generalize the RBM/EC emulation to higher-
energies and N-body systems (with N larger than 3), and its implementation in
a Bayesian framework for uncertainty quantification. It is worth noting that the
applications of these emulators are not limited to uncertainty quantification. A

1The EC method was recently recognized as one of the reduced basis methods (RBM) developed
in the field of model order reduction [294, 295].
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Fig. 9 The emulator’s role in coupling different research areas. The dashed arrows indicate
desirable connections enabled by the emulators. Figure taken from [301].

scheme depicting their roles in research workflow is presented in Fig. 9. They
can serve effectively as the interfaces for expensive calculations. Through these
interfaces, users can easily access the expensive calculations without spending
significant computing resources. As a result, new interactions between different
research areas can be created, and novel studies might then emerge.



Springer Nature 2021 LATEX template

42 CONTENTS

8 New opportunities for nuclear Efimov states

S. König, T. Frederico, and F. Nunes

Searches for the Efimov effect in atomic nuclei have by now a relatively
long history (see e.g. [30, 302]), and yet these states remain elusive in nuclear
systems. Weakly bound two-neutron halo nuclei are in principle excellent can-
didates to observe this effect, the minimum signature of which would be two
levels apart in energy by a universal geometric scaling factor. The scattering
length between the neutrons and the core anc and the neutron-neutron scat-
tering length ann determine the Efimov spectrum: in the unitarity limit, where
both these scattering lengths are infinite, the Efimov effect in its purest form
implies the existence of infinitely many geometrically spaced energy levels, that
is, the ratio of energies of two successive states is a constant. This has been pre-
sented in Efimov’s pioneering work for three identical bosons [303, 304], where
he showed that the reason for such a remarkable phenomenon is the emergence
of an effective hyper-radial long-range inverse square potential, with strength
large enough to allow Landau’s “fall to the center” [305]. For finite scattering
lengths, only a limited number of bound states exists, the precise number of
which depends on the actual values of the scattering lengths.2 Alternatively,
one can express the Efimov criterion in terms of one- and two-neutron sepa-
ration energies, and in this parameter space one can map out a critical region
for the existence of a bound excited Efimov state above the halo ground state.
This is shown in Fig. 10 and, as can be seen in this figure, essentially all
candidates considered to date elude the critical region.

Efimov states move when the system moves away from unitarity limit to
finite scattering lengths, and they gradually disappear one by one beyond the
lowest scattering threshold [303, 304]. In the situation where at least one of
the subsystems becomes bound, an Efimov state approaches the continuum
threshold and eventually becomes a virtual state by decreasing the scattering
length or increasing the subsystem binding energy [306]. In other words, an
Efimov state migrates to the second complex energy sheet of the S-matrix,
moving through the lowest two-body cut as the corresponding subsystem bind-
ing energy increases. This is the case, for example, for the triton [306] (more
recently studied in EFT [307]), 20C (see e.g. [31]), and possibly for 12Be and
62Ca [80], all of which are located in the second quadrant of Fig. 10. If we
had a knob to play with the strength of the n-core interaction, the virtual
states of these nuclei might be pulled down into the Efimov region, by increas-
ing the neutron-core scattering length. We propose to explore this scenario
experimentally by suddenly stripping out nucleons from the core of a halo
nucleus.

All the candidates included in Fig. 10 are bound nuclei, classified as halos in
their ground states. Rare isotope facilities provide a fascinating opportunity to
look at more exotic scenarios where the halo configuration occurs as an excited

2There is additionally a dependence on the mass ratio between the halo constituents and the
core, but its influence is rather weak.
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Fig. 10 Critical region for the Efimov excited state above a bound one. The axis are the
ratios of the neutron-core energy (S1n) and the two-neutron (S2n) separation energies. Enn

the neutron-neutron virtual or bound energies. The positive axis means a bound n-core s-
wave system and the negative one a virtual s-wave state. A is the core mass number. The
physical region of the two-neutron halo nuclei are the left-upper quadrant (samba nuclei)
and the left-lower quadrant (Borromean nuclei). The triangles illustrate the possible config-
urations, all-bound, tango, samba and Borromean, where the continuous line corresponds to
a bound s-wave state of the pair and the dashed a virtual state. The quoted nuclei ground
states with a core+n+n structure are 62Ca, 20C, 12Be, 3H in the samba configuration and
22C and 11Li in the Borromean one. Thus figure has been adapted from a similar one that
appeared in Ref. [80]. We thank Hans-Werner Hammer for making the original material
available to us and for giving us permission to adapt it.

state. If the lifetime is sufficiently long compared to the typical time scale of
the halo dynamics, these states may be present as resonances. For example,
one might start with a beam of known halo states, falling short of exhibiting
the Efimov effect, and use reactions that remove one or more nucleons from the
core, leaving, potentially, a new halo state where the parameters are shifted
in such a way that it is nudged inside the critical region shown in Fig. 10.
Very recently, an experiment performed at TRIUMF [308] achieved exactly
such a stripping process to study excited states in 10Be through the 11Be(p, d)
reaction at low energies. In that work, the authors showed that the data is
consistent with a one-step process that removes a neutron from the core while
leaving the one-neutron halo in the original nucleus intact.

Due to the decoupling of core and halo degrees of freedom, we consider
that, for a short period of time after removing the core nucleons, the valence
nucleons remain in their extended halo configuration (where the fall-off is still
ruled by the same three-body binding energy). Naively, we can assume that
immediately after the removal of the nucleons from the core, the two-body scat-
tering length increases due to the change in mass as a′nc ≈

√
Mfinal/Minitial anc,

reducing the corresponding two-body separation energy, and decreasing the
ratio S1n/S2n towards the Efimov region, particularly in the second quadrant
shown in Fig. 10. Based on this expectation, we suggest that new experiments
utilize the technique of removing multiple neutrons/protons from the core,
with the goal of modifying the neutron-excited-core scattering length so that
it is more favorable to populate excited Efimov states in nuclei.
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