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We carry out a detailed study of the three-point fermion-photon interaction vertex at one-loop order for
massive fermions in reduced quantum electrodynamics. This calculation is carried out in arbitrary covariant
gauges and space-time dimensions within a recently proposed innovative approach based upon an efficient
combination of the first- and second-order formalisms of quantum electrodynamics. This procedure
provides a natural decomposition of the vertex into its components which are longitudinal and transverse to
the photon momentum. It also separates the spin and scalar degrees of freedom of a fermion interacting
electromagnetically, allowing us to readily establish the gauge independence of the Pauli form factor and
compute it in an expeditious manner. All incoming and outgoing momenta are taken off shell at the outset.
However, we present results for cases of particular kinematic interest whenever required. For the sake
of completeness, we also provide expressions for the massive fermion self-energy and photon vacuum
polarization, verifying known expressions for massless reduced quantum electrodynamics and computing
the renormalization constants Z1, Z2 and Z3. As we provide general expressions for the computed Green
functions, we readily reproduce and confirm the results for standard quantum electrodynamics. Comparing
the two cases, we infer that the Pauli form factor for reduced quantum electrodynamics is 8=3 times that for
the standard QED in four dimensions, implying a higher Landé g-factor. We expect our perturbative
calculation of the fermion-photon vertex to serve as a guide for any nonperturbative construction of this
Green function, invariably required in the Schwinger-Dyson equation studies of the subject. We also
comment on the Landau-Khalatnikov-Fradkin transformations of the massive fermion propagator and
provide a comparison with its one-loop calculation.
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I. INTRODUCTION

Electromagnetism is a fundamental force of nature, more
studied and far better understood than any other interaction
at the elementary level, i.e., strong or weak interactions.
It is characterized by the following action of quantum
electrodynamics (QED):

S ¼
Z

ddex

�
−
1

4
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ ψ̄ði∂ −mÞψ

− eψ̄γμψAμ

�
; ð1Þ

where ψ is the fermion field, Aμ is the gauge field, Fμν is the
electromagnetic tensor field, e is the electric charge of the
fermion, ξ is the covariant gauge fixing parameter and de is
the number of space-time dimensions (see Appendix A for
our conventions). For de ¼ 4, the quantum field theory
associated with the action of Eq. (1) is renormalizable,
while for de ¼ 3 it is super-renormalizable. Though QED
has been extensively studied for more than 50 years, it
continues to be an active field of research. For example,
precision tests of the standard model, see for example [1,2],
and the use of electromagnetic probes to unravel the
internal of structure of hadrons, e.g. [3–5], ensure QED
interactions are increasingly relevant and important.

*victor.banda@upslp.edu.mx
†adnan.bashir@umich.mx, abashir@jlab.org
‡albino.fernandez@umich.mx
§1717697x@umich.mx

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 108, 096036 (2023)

2470-0010=2023=108(9)=096036(15) 096036-1 Published by the American Physical Society

https://orcid.org/0000-0002-7508-5905
https://orcid.org/0000-0003-3183-7316
https://orcid.org/0009-0000-1100-331X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.096036&domain=pdf&date_stamp=2023-11-30
https://doi.org/10.1103/PhysRevD.108.096036
https://doi.org/10.1103/PhysRevD.108.096036
https://doi.org/10.1103/PhysRevD.108.096036
https://doi.org/10.1103/PhysRevD.108.096036
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Moreover, new variations of standard QED find appli-
cations in condensed matter systems. In the last decades,
for example, a considerable research effort has been
dedicated to study an extended version of the action in
Eq. (1) which includes nonlocal operators [6–10] (for
scalar quantum field theories with nonlocal operators see
Ref. [11]). Such a QED action SNL, where NL stands for
nonlocal, can be written as [9]

SNL ¼
Z

ddex

�
−
1

4
FμνDs−2Fμν −

1

2ξ
∂μAμDs−2

∂νAν

þ ψ̄ði∂ −mÞψ − eψ̄γμψAμ

�
; ð2Þ

where the nonlocal derivative Ds is defined as

Z
ddexDsϕðxÞeikx ¼ jkjsϕ̂ðkÞ; ð3Þ

with s being a real number and

ϕ̂ðkÞ ¼
Z

ddexϕðxÞeikx: ð4Þ

As stated before, in contrast with a mere academic interest,
these theories, dubbed in the literature as pseudo-QED
or reduced QED (RQED), have potential applications in
condensed matter physics, particularly to investigate the
properties of graphene (see for example [12–14]). The
name carries the adjective reduced because some of the non
local quantum field theories can be equivalently described
by a dimensional reduction of a bulk gauge field in dγ
dimensions interacting with a fermionic field in de dimen-
sions as discussed in the Refs. [7–9,15]. The corresponding
action, SRQED, can be written as

SRQED ¼
Z

ddγx
�
−
1

4
FmnFmn −

1

2ξ
ð∂mAmÞ2

�

þ
Z

ddex½ψ̄ði∂ −mÞψ − eψ̄γμψAμ�; ð5Þ

where the Roman indices m, n associated with the bulk
coordinates run from 0;…; dγ − 1, while the Greek indices
associated with the fermion coordinates run from
0;…; de − 1. Here one assumes that dγ ≥ de, and that
the gauge field in the interaction term is evaluated
at Aμðx0;…; xde ; 0;…; 0Þ.
For the action defined in Eq. (5), the corresponding

generating function Zðη; η̄; JmÞ for RQED reads as

Zðη; η̄; JmÞ ¼ NExp

�
−ie

Z
ddγxδðx̄Þδmμ

�
1

i
δ

δJmðxÞ
�

×

�
i

δ

δηðxeÞ
�
γμ

�
1

i
δ

δη̄ðxeÞ
��

Z0; ð6Þ

where

δðx̄Þ ¼ δðxdeþ1Þ…δðxdγ Þ;

δmμ ¼
�
1 if m ¼ μ; for μ ¼ 0;…; de − 1

0 otherwise;
ð7Þ

xe is a shorthand notation for x0;…; xde, N is a normali-
zation constant such that Zð0; 0; 0Þ ¼ 1, and Z0 is
defined as

Z0 ¼ Exp

�
−i

Z
ddexddeyη̄ðxÞSðx; yÞηðyÞ

þ i
2

Z
ddγxddγyJmðxÞΔmnðx; yÞJnðyÞ

�
; ð8Þ

where

Sðx;yÞ¼
Z

ddep
ð2πÞde e

−ipðx−yÞ pþm
p2−m2

;

Δmnðx;yÞ¼
Z

ddγk
ð2πÞdγ

e−ikðx−yÞ

k2

�
ηmn− ð1−ξÞkmkn

k2

�
: ð9Þ

According to the generating function of Eq. (6), the
external legs in Feynman diagrams are amputated as in
standard QED with on shell photons represented by the
polarization vectors ϵμλðkÞ, but with the momentum varia-
bles for both photons and fermions restricted to the reduced
space with dimensions de. When the internal photon
appears in coordinate space, we need to perform the
following type of integrals,

Z
ddγxddγyδðx̄ÞδðȳÞδμmδνnΔmnðx; yÞ

¼
Z

ddexddey
Z

ddek
ð2πÞde e

−ikðx−yÞ
Z

ddγ−de k̄
ð2πÞdγ−de

×
1

k2 − k̄2
ðημν þ ð1 − ξÞkμkνÞ; ð10Þ

where k̄2 ¼ k2deþ1 þ � � � þ k2dγ . After integrating over the k̄

variable, the integrals above can be rewritten as

Z
ddγxddγyδðx̄ÞδðȳÞδμmδνnΔmnðx; yÞ

¼ −
Z

ddexddey
Z

ddek
ð2πÞde e

−ikðx−yÞΔ̃μνðkÞ; ð11Þ
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where

Δ̃μνðkÞ ¼
1

ð4πÞϵe
Γð1 − ϵeÞ
ð−k2Þ1−ϵe

�
ημν − ð1 − ξ̃Þ kμkν

k2

�
; ð12Þ

with

ϵe ¼
dγ − de

2
; ξ̃ ¼ ϵe þ ð1 − ϵeÞξ: ð13Þ

Thus, the integration on the coordinate space variables that
do not participate in the interaction of the bulk gauge field
with the fermion field produces the effective photon
propagator defined in Eq. (12). It is the same type of
propagator that arises from the nonlocal action of Eq. (2),
(see for example [9]).
According to the discussion above, the Feynman rules

for the action given by Eq. (5) correspond to the ones
displayed in Fig. 1, which are merely the massive version of
the Feynman rules derived in Ref. [7].
In the case where dγ ¼ de, we have ϵe ¼ 0, yielding the

usual Feynman rules for standard QED. To the best of our
knowledge, there is no in-depth analysis of the one-loop
massive RQED theories though there are related works for
the massless case. Moreover, as we pointed out in our
recent work [16], most computations of one-loop fermion-
boson vertex are carried out through employing the
standard first-order formalism, see for example, [17–26].
In this article, following the procedure detailed in [16], we
combine this approach with the second-order formalism,
Refs. [27–30]. We primarily compute the three-point vertex
in terms of scalar integrals using the Feynman rules for
massive RQED, Fig. 1 and invoking this innovative
formalism. Consequently, we evaluate Pauli form factor
for RQED and compare it with standard QED result in 4
dimensions. For the sake of completeness, we also present
results for one-loop fermion and photon propagators for

massive RQED and compute the renormalization constants
Z1, Z2 and Z3.
The article is organized as follows: In Sec. II we

generalize the results of Ref. [16] for standard QED to
decompose the fermion-photon vertex function Vμ of
RQED at one loop into longitudinal and transverse
components in arbitrary gauge and dimensions. We
express these components in terms of scalar Feynman
integrals. In Sec. III, we use the results of the previous
section to obtain the Dirac and Pauli form factors for a
fermion in RQED. The expressions obtained for these
form factors are also evaluated for some particular
kinematic cases of interest. In Sec. IV, we obtain a general
expression for the fermion self-energy Σ and photon
vacuum polarization πðp2Þ of RQED in terms of
Feynman scalar integrals. From the results obtained for
the vertex function, the fermion self-energy and the
photon vacuum polarization, we identify ultraviolet diver-
gent integrals when dγ ¼ de ¼ 4, and when dγ ¼ 4 with
de ¼ 3 in Sec. V. Once we identify these Feynman
integrals, we compute the renormalization constants Z1,
Z2 and Z3. Concluding remarks and a summary of the
main results of the article are provided in Sec. VI. The
manuscript is complemented with three appendices with
supplemental information. Appendixes B and C contain
useful identities for the three-point on shell and the two-
point scalar integrals that appear in the computation of the
Dirac and Pauli form factors, fermion self-energy and the
photon vacuum polarization. Appendix D contains dis-
cussion on the Landau-Khalatnikov-Fradkin (LKF) trans-
formations for massive fermion propagator.

II. THE ONE-LOOP VERTEX Vμðp0; pÞ
While we refer the reader to Ref. [16] for all relevant

details and the nitty gritty of the combined first- and
second-order formalisms, it might be important to
flash the Feynman rules for the second-order formalism,
see Fig. 2. It is relevant to the discussion on the one-loop
vertex and the efficient identification of the Pauli form
factor and its gauge independence. Consequently,
(1) We arrive at our result efficiently and the decom-

position of the fermion-photon vertex into its longi-
tudinal and transverse components is achieved
naturally without a Ball-Chiu [17] decomposition.

(2) Moreover, the combined analysis allows us to track
those terms which identically vanish when external
momenta are taken on shell. The operator ðp −mÞ
remains on the far right whereas ðpþmÞ is kept
on the left. Therefore, when on shell conditions
ðp −mÞusðpÞ ¼ 0 and ūsðpÞðpþmÞ ¼ 0 are im-
posed, these terms are identically zero. Employing
on shell symmetries of the Feynman integrals,
we observe that the terms which depend explicitly
on the covariant gauge parameter ξ in the evaluation
of the on shell Pauli form factor vanish. TheseFIG. 1. Feynman rules for RQED.

ONE LOOP REDUCED QED FOR MASSIVE FERMIONS WITHIN … PHYS. REV. D 108, 096036 (2023)

096036-3



cancellations lead to a compact expression for this
quantity in an arbitrary space-time dimension in
terms of scalar integrals with: (i) higher powers of
scalar propagators; (ii) shifted dimensions. It hints
towards a possible analogous simplification in the
evaluation of the anomalous magnetic moment of
charged fermions at higher orders of perturbation
theory.

Figure 3 depicts Feynman diagram for the one-loop
vertex function Vμ at order e3. According to the
Feynman rules given in Fig. 1, the vertex function reads
as follows:

−iVμðp0;pÞ¼ e3Γð1− ϵeÞ
ð4πÞϵe

Z
ddel
ð2πÞde γ

ρ p0 þ=lþm
ðp0 þ lÞ2−m2

γμ

×
pþ =lþm

ðpþ lÞ2−m2

γν

ð−l2Þ1−ϵe
�
ηρν− ð1− ξ̃Þ lρlν

l2

�
:

ð14Þ

To evaluate the one-loop expression of the vertex given in
Eq. (14), we follow the approach presented in Ref. [16].
There, the Feynman rules of the first-order formalism,
Fig. 1, were merged with those of the corresponding
second-order formalism, Fig. 2, to obtain a natural decom-
position of the vertex into longitudinal and transverse
components with respect to the external photon momentum
kμ. We generalize the identities employed in Ref. [16] to
arbitrary power of the internal photon propagator and
implement them to decompose and evaluate Eq. (14) as
follows:

Vμ ¼ Vμ
L þ Vμ

T; ð15Þ

where the longitudinal Vμ
L and transverse Vμ

T vertex
components can be written in an apparently cumbersome
yet logically straightforward notation:

Vμ
L ¼ e3Γðϵ̄eÞ

ð4πÞϵeþde
2

fmð1 − ξ̃ − deÞðJde1;1;ϵ̄e − 2Jdeþ2
1;2;ϵ̄e

Þpμ þmð1 − ξ̃ − deÞðJde1;1;ϵ̄e − 2Jdeþ2
2;1;ϵ̄e

Þp0μ þ ½ð2 − deÞJdeþ2
1;1;ϵ̄e

þ ðde − 3þ ξ̃ÞJde1;0;ϵ̄e þ ðm2 þ p2Þð1 − ξ̃ÞJdeþ2
1;1;1þϵ̄e

�γμ − ½ð2 − deÞðJde1;1;ϵ̄e − 3Jdeþ2
1;2;ϵ̄e

þ 4Jdeþ4
1;3;ϵ̄e

Þ
þ ð1 − ξ̃ÞðJde1;1;ϵ̄e − Jdeþ2

1;1;1þϵ̄e
− Jdeþ2

1;2;ϵ̄e
þ 4m2Jdeþ4

1;3;1þϵ̄e
þ 2p · p0Jdeþ4

2;2;1þϵ̄e
Þ�pμp − ½ðde − 2ÞðJdeþ2

2;1;ϵ̄e
− 2Jdeþ4

2;2;ϵ̄e
Þ

þ ð1 − ξ̃ÞðJdeþ2
2;1;ϵ̄e

þ 2m2Jdeþ4
2;2;1þϵ̄e

þ 4p · p0Jdeþ4
3;1;1þϵ̄e

Þ�pμp 0 − ½ð2 − deÞðJde1;1;ϵ̄e − Jdeþ2
1;2;ϵ̄e

− 2Jdeþ2
2;1;ϵ̄e

þ 2Jdeþ4
2;2;ϵ̄e

Þ
þ ð1 − ξ̃ÞðJde1;1;ϵ̄e − Jdeþ2

1;1;1þϵ̄e
þ Jdeþ2

1;2;ϵ̄e
þ 4p2Jdeþ4

1;3;1þϵ̄e
− 2Jdeþ2

2;1;ϵ̄e
þ 2ðm2 − p2 þ p · p0ÞJdeþ4

2;2;1þϵ̄e
Þ�p0μp

− ½ðde − 2ÞðJdeþ2
2;1;ϵ̄e

− 4Jdeþ4
3;1;ϵ̄e

Þ þ ð1 − ξ̃ÞðJdeþ2
2;1;ϵ̄e

þ 2p2Jdeþ4
2;2;1þϵ̄e

þ 4ðm2 − p2 þ p · p0ÞJdeþ4
3;1;1þϵ̄e

Þ�p0μp 0g; ð16Þ

FIG. 2. Second-order rules for spinor QED.

FIG. 3. One-loop Feynman diagram for the vertex function
Vμðp0; pÞ.
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Vμ
T ¼ e3Γðϵ̄eÞ

ð4πÞϵeþde
2

fð2ðξ̃ − 1Þ½Jdeþ4
2;2;1þϵ̄e

ðpμ=k − p · kγμÞp0 þ Jdeþ4
2;2;1þϵ̄e

ðp0μ=k − p0 · kγμÞpþ 2Jdeþ4
1;3;1þϵ̄e

ðpμ=k − p · kγμÞp

þ 2Jdeþ4
3;1;1þϵ̄e

ðp0μ=k − p0 · kγμÞp0� þ ½ð4 − deÞJde1;1;ϵ̄e þ ð1 − ξ̃ÞðJde1;1;ϵ̄e − 2Jdeþ2
1;1;1þϵ̄e

Þ�σμαkαÞð−pþmÞ
þ ½2Jde1;1;ϵ̄e þ ðde − 6ÞJdeþ2

1;2;ϵ̄e
− ð1 − ξ̃ÞðJdeþ2

1;1;1þϵ̄e
− 2p · p0Jdeþ4

2;2;1þϵ̄e
− 4p2Jdeþ4

1;3;1þϵ̄e
− Jdeþ2

1;2;ϵ̄e
Þ�σμαkαp

− ½ð6 − deÞJdeþ2
2;1;ϵ̄e

− ð1 − ξ̃Þð2p2Jdeþ4
2;2;1þϵ̄e

þ 4p · p0Jdeþ4
3;1;1þϵ̄e

þ Jdeþ2
2;1;ϵ̄e

Þ�σμαkαp0

þ 2½2Jde1;1;ϵ̄e − 2Jdeþ2
1;2;ϵ̄e

− ð1 − ξ̃ÞðJdeþ2
1;1;1þϵ̄e

− 2p · p0Jdeþ4
2;2;1þϵ̄e

− 4p2Jdeþ4
1;3;1þϵ̄e

− Jdeþ2
1;2;ϵ̄e

Þ�ðpμ=k − k · pγμÞ
− 2½2Jdeþ2

2;1;ϵ̄e
− ð1 − ξ̃Þð2p2Jdeþ4

2;2;1þϵ̄e
þ 4p · p0Jdeþ4

3;1;1þϵ̄e
þ Jdeþ2

2;1;ϵ̄e
Þ�ðp0μ=k − p0 · kγμÞg; ð17Þ

where σμν ¼ 1
2
½γμ; γν�, ϵ̄e ¼ 1 − ϵe, and the scalar integrals JDa;b;c are defined as

JDa;b;cðp; p0Þ ¼
Z

dDl

iπ
D
2

1

½−ðp0 þ lÞ2 þm2�a½−ðpþ lÞ2 þm2�bð−l2Þc : ð18Þ

The expressions obtained thus far consider all external
momenta off shell. In order to derive Dirac and Pauli form
factors, we go on shell in the next section.

III. DIRAC AND PAULI FORM FACTORS

Evaluation of explicit expressions for Dirac and Pauli
form factors requires imposing on shell conditions for the
incoming and outgoing fermions:

ðp −mÞusðpÞ ¼ 0; ūs0 ðp0Þðp0 −mÞ ¼ 0: ð19Þ

We keep the photon off shell for now. The spinor bilinear
covariants ūsðp0ÞVμ

L;TusðpÞ, with Vμ
L;T given by Eqs. (16)

and (17) thus acquire the following form:

ūs0 ðp0ÞVμ
LusðpÞ ¼

e3Γðϵ̄eÞ
ð4πÞϵeþde

2

f½ðde þ ξ̃ − 3ÞJ1;0;ϵ̄e

þ ð2 − deÞJdeþ2
1;1;ϵ̄e

þ 2mf2L�γμ
þ f2Lσμνkνg; ð20Þ

ūs0 ðp0ÞVμ
TusðpÞ ¼

e3Γðϵ̄eÞ
ð4πÞϵeþde

2

ðf1Tγμ − f2TσμνkνÞ; ð21Þ

where we have used the on shell symmetry of the
scalar integrals JDa;b;c ¼ JDb;a;c, and applied the well-known
Gordon identity

ūs0 ðp0Þ½ðpþp0Þμ−σμνkν�usðpÞ¼ 2mūs0 ðp0ÞγμusðpÞ: ð22Þ

The conveniently defined scalar functions f2L, f1T , f2T that
appear explicitly in Eqs. (20) and (21) can be readily
identified as

f2L ¼ −2mJde1;1;ϵ̄e þ 4mðde − 2ÞJdeþ4
3;1;ϵ̄e

þ 2mð4 − deÞJdeþ2
2;1;ϵ̄e

− 2mð2 − deÞJdeþ4
2;2;ϵ̄e

þmð1 − ξ̃Þ½Jdeþ2
1;1;1þϵ̄e

− 2ðm2 þ p · p0ÞJdeþ4
2;2;1þϵ̄e

− 4ðm2 þ p · p0ÞJdeþ4
3;1;1þϵ̄e

− 2Jdeþ2
2;1;ϵ̄e

�;
f1T ¼ −2ð4 − deÞk · p0Jdeþ2

2;1;ϵ̄e
− 4k · pJde1;1;ϵ̄e þ 4k · pJdeþ2

2;1;ϵ̄e

þ 2k · pð1 − ξ̃Þ½Jdeþ2
1;1;1þϵ̄e

− 2p · p0Jdeþ4
2;2;1þϵ̄e

− 4m2Jdeþ4
3;1;1þϵ̄e

− Jdeþ2
2;1;ϵ̄e

�;
f2T ¼ 2mð6 − deÞJdeþ2

2;1;ϵ̄e
− 2mJde1;1;ϵ̄e

þmð1 − ξ̃Þ½Jdeþ2
1;1;1þϵ̄e

− 2ðm2 þ p · p0ÞJdeþ4
2;2;1þϵ̄e

− 4ðm2 þ p · p0ÞJdeþ4
3;1;1þϵ̄e

− 2Jdeþ2
2;1;ϵ̄e

�: ð23Þ

The spinor product ūsðp0ÞVμusðpÞ can thus be written in
the standard form

ūs0 ðp0ÞVμusðpÞ ¼ eūs0 ðp0Þ
�
F1ðk2Þγμ −

1

2m
F2ðk2Þσμνkν

�

× usðpÞ; ð24Þ

where, explicitly,
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F1ðk2Þ ¼
e2Γðϵ̄eÞ
ð4πÞϵeþde

2

fðde − 2ÞJde1;0;ϵ̄e þ ð2 − deÞJdeþ2
1;1;ϵ̄e

− 2ð2m2 − k2ÞJde1;1;ϵ̄e

þ ½4ð4 − deÞm2 − ð6 − deÞk2�Jdeþ2
2;1;ϵ̄e

þ 4m2ðde − 2ÞðJdeþ4
2;2;ϵ̄e

þ 2Jdeþ4
3;1;ϵ̄e

Þ
− ð1 − ξ̃Þ½Jde1;0;ϵ̄e − ð2m2 − k2ÞJdeþ2

1;1;1þϵ̄e
þ ð4m4 þ ð2m2 − k2Þ2ÞJdeþ4

2;2;1þϵ̄e

þ 8m2ð2m2 − k2ÞJdeþ4
3;1;1þϵ̄e

þ ð4m2 − k2ÞJdeþ2
2;1;ϵ̄e

�g; ð25Þ

F2ðk2Þ¼
4e2m2Γðϵ̄eÞ
ð4πÞϵeþde

2

½2Jdeþ2
2;1;ϵ̄e

þð2−deÞð2Jdeþ4
3;1;ϵ̄e

þJdeþ4
2;2;ϵ̄e

Þ�:

ð26Þ

These are the general expressions for the Dirac and Pauli
form factors at one-loop order for RQED as a function of
the photon momentum squared k2 while the incoming and
outgoing fermions are on shell. We now discuss each of

these form factors in greater detail in the following
subsections.

A. The Dirac form factor

Focusing on the Dirac form factor F1ðk2Þ given in
Eq. (25), we can mould it into a compact form if we make
systematic use of the equations in (B6). It can be rewritten
as a linear combination of the scalar integrals Jde0;2;ϵ̄e , J

de
1;1;ϵ̄e

and Jde1;0;ϵ̄e as follows:

F1ðk2Þ ¼
e2Γð1 − ϵeÞ
ð4πÞϵeþde

2

��
1

2ðde − 2þ ϵeÞðde − 3þ ϵeÞ
�
½2ðde − 2Þð3 − de − ϵeÞ2Jde1;0;ϵ̄e

þ ð4m2½4 − 2de þ ð2 − 4de þ d2eÞϵe þ 2ðde − 1Þϵ2e� þ k2½d3e þ 3d2eðϵe − 3Þ

− 8ðϵe − 2Þ2 þ 2deð15 − 10ϵe þ ϵ2eÞ�ÞJde1;1;ϵ̄e � − ð1 − ξ̃Þ
�
Jde1;0;ϵ̄e þ

2m2Jde2;0;ϵ̄e
de − 3þ ϵe

��
: ð27Þ

Since

Jdea;0;b ¼
Γðde − a − 2bÞ

Γðde − a − bÞΓðaÞΓ
�
aþ b −

de
2

�
ðm2Þde2 −a−b; ð28Þ

we readily obtain

Jde1;0;ϵ̄e þ
2m2Jde2;0;ϵ̄e
de − 3þ ϵe

¼ 0: ð29Þ

Thus the Dirac form factor in Eq. (27) reduces to a gauge-independent expression:

F1ðk2Þ ¼
e2Γð1 − ϵeÞ
ð4πÞϵeþde

2

�
1

2ðde − 2þ ϵeÞðde − 3þ ϵeÞ
�
½2ðde − 2Þð3 − de − ϵeÞ2Jde1;0;ϵ̄e

þ ð4m2½4 − 2de þ ð2 − 4de þ d2eÞϵe þ 2ðde − 1Þϵ2e� þ k2½d3e þ 3d2eðϵe − 3Þ
− 8ðϵe − 2Þ2 þ 2deð15 − 10ϵe þ ϵ2eÞ�ÞJde1;1;ϵ̄e �: ð30Þ

If we set ϵe ¼ 0 and use the identities in Eqs. (B7), we arrive at the Dirac form factor for standard QED:

F1ðk2Þ ¼ −
e2

m2ð4πÞde2 ðde − 4Þðde − 3Þðk2 − 4m2Þ
½−2ðde − 2Þ½k2 þ ðde − 5Þðde − 2Þm2�Jde0;1;0

−m2ðde − 3Þ½ð16þ d2e − 7deÞk2 − 8m2�Jde1;1;0�; ð31Þ

which agrees with the result computed in the seminal work of Davydychev et al. in Ref. [31].
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B. The Pauli form factor

For the simplification and eventual evaluation of the
Pauli form factor, it is easy to appreciate that the combi-
nation of scalar integrals in Eq. (26) can be rewritten in a
much simpler manner by a direct application of Feynman
parametrization without the need to use elaborate expres-
sions given in Appendix B to express it in terms of master
integrals. Therefore, with some straightforward algebra, it
can be shown that

F2ðk2Þ¼
4e2m2Γð3− ϵe−

de
2
Þ

ð4πÞϵeþde
2

×
Z

1

0

dx
Z

1−x

0

dy
2xþð2−deÞðx2þxyÞ
ð1−x−yÞϵeA3−ϵe−

de
2

; ð32Þ

where A has been defined as

A≡ ðxþ yÞ2m2 − xyk2 þ ð1 − x − yÞm2
γ : ð33Þ

Here we have introduced a photon mass regulator mγ to
regularize infrared divergences. For ϵe ¼ 0, which implies
dγ ¼ de, the Pauli form factor in Eq. (32) reads as

FS
2ðk2Þ¼

4e2m2Γð3− de
2
Þ

ð4πÞde2

×
Z

1

0

dx
Z

1−x

0

dy
2xþð2−deÞðx2þxyÞ

A3−de
2

: ð34Þ

It yields the standard (as the superscript “S” suggests)
result for de ¼ 4 and de ¼ 3 corresponding to conventional
QED4 and QED3, respectively, (see for example Ref. [16]).
If we use the notation FS−4

2 ðk2Þ for the Pauli form factor in
4 space-time dimensions for standard QED, we easily
reproduce the result obtained first by Schwinger:

FS−4
2 ð0Þ ¼ α

2π
: ð35Þ

Now notice that dγ ¼ 4 and de ¼ 3 implies ϵe ¼ 1=2.
In this case of RQED (as the notation below with the
superscript R signifies), the Pauli form factor of Eq. (32)
simplifies to the following integral form over the Feynman
parameters:

FR
2 ðk2Þ ¼

e2

4π2

Z
1

0

dx
Z

1−x

0

dy
2x − ðx2 þ xyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x − y
p

×

�
1

ðxþ yÞ2 − xyc

�
; ð36Þ

where c ¼ k2=m2. Moreover, we have discarded the
redundant photon mass regulator in this case as the result
is convergent anyway.

After a convenient change of variables y → xð1=y − 1Þ
in the second integral over the y-variable, and interchang-
ing the order of integration, we can readily integrate over
the variable x. The above equation then reduces to

FR
2 ðk2Þ ¼

8α

3π

Z
1

0

dy
y

1 − cyð1 − yÞ ; ð37Þ

where, as usual, the fine structure constant or the QED
coupling is defined as α ¼ e2=ð4πÞ. Now making use of the
simple identity

Z
1

0

dy
y

1þ cyð1 − yÞ ¼
1

2

Z
1

0

dy
1

1þ cyð1 − yÞ ; ð38Þ

Eq. (37) for the Pauli form factor for the case of RQED in
dγ ¼ 4 and de ¼ 3 dimensions for the photons and charged
fermions, respectively, can be cast in the following equiv-
alent form

FR
2 ðk2Þ ¼

4α

3π

Z
1

0

dy
1

1 − cyð1 − yÞ : ð39Þ

Notice that FS−4
2 ðk2Þ for the Pauli form factor in 4 space-

time dimensions for standard QED, Eq. (34), is trivially
related to FR

2 ðk2Þ, Eq. (39), through the following multi-
plication constant:

FR
2 ðk2Þ ¼

8

3
FS−4
2 ðk2Þ; ð40Þ

since, [32],

FS−4
2 ðk2Þ ¼ α

2π

Z
1

0

dy
1þ cyð1 − yÞ : ð41Þ

Thus, the Pauli form factor for the reduced theory is the
same as in the standard QED in four dimensions scaled up
by a factor of 8

3
.

We can now take the photon on shell and consider the
case k2 ¼ 0 which corresponds to the conventional defi-
nition of the anomalous magnetic moment of the fermion.
Therefore, Eq. (39) implies that,

FR
2 ð0Þ ¼

4α

3π
: ð42Þ

It agrees with the result reported in Ref. [13] modulus the
sign. As we reproduce known results in the literature for
other cases and do not expect a change of sign in the value
of the anomalous magnetic moment of the fermion as
compared to the one for standard QED, we are confident of
our result.
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IV. FERMION AND PHOTON SELF-ENERGIES
AT ONE LOOP

For the sake of completeness, we also evaluate one-loop
fermion self-energy and the photon vacuum polarization.
Figure 4 depicts the Feynman diagram for one-loop
fermion self-energy function ΣðpÞ. According to the
Feynman rules given in Fig. 1, it reads as

−iΣðpÞ ¼ Γðϵ̄eÞ
ð4πÞϵe

Z
ddel
ð2πÞde

i
ð−l2Þϵ̄e ð−ieγ

μÞ
�
iðpþ =lþmÞ
ðpþ lÞ2 −m2

�

× ð−ieγνÞ
�
ημν − ð1 − ξ̃Þ lμlν

l2

�
; ð43Þ

which can be reorganized as follows:

−iΣðpÞ ¼ e2Γðϵ̄eÞ
ð4πÞϵe

Z
ddel
ð2πÞde

1

½ðpþ lÞ2 −m2�ð−l2Þϵ̄e

×

�
mðde − 1þ ξ̃Þ − ðde − 3þ ξ̃Þp

−
�
de − 1 − ξ̃þ 2ð1 − ξ̃Þl · p

l2

�
=l

�
: ð44Þ

We can now implement the tensor reduction algorithm
described in Refs. [33–35] to express the fermion self-
energy in Eq. (44) in terms of scalar integrals,

ΣðpÞ ¼ −
e2Γðϵ̄eÞ
ð4πÞϵeþde

2

f−mðde − 1þ ξ̃ÞJde1;ϵ̄e

þ ½ðde − 3þ ξ̃ÞJde1;ϵ̄e − ðde − 1 − ξ̃ÞJdeþ2
2;ϵ̄e

þ ð1 − ξ̃ÞJdeþ2
1;1þϵ̄e

− 4p2ð1 − ξ̃ÞJdeþ4
3;1þϵ̄e

�pg; ð45Þ

where the scalar integrals JDa;b with two labels are defined as
follows:

JDa;b ¼
Z

dDl

iπD=2

1

½−ðpþ lÞ2 þm2�að−l2Þb ; ð46Þ

and where we have made use of the following well-known
identities:

Z
ddel

iπde=2
lμ

½ðpþ lÞ2 −m2�ð−l2Þb ¼ pμJdeþ2
2;b ;

Z
ddel

iπde=2
lμlν

½ðpþ lÞ2 −m2�ð−l2Þb ¼
1

2
ημνJdeþ2

1;b

− 2pμpνJdeþ4
3;b : ð47Þ

Note that in the massless case, after performing the
Feynman integrals, the fermion self-energy of Eq. (45)
reduces to a compact expression

ΣðpÞ ¼ −
e2Γðϵ̄eÞ
ð4πÞϵeþde

2

ðde − 2Þð−p2Þde2 þϵe−2

2ϵ̄eðde − 2þ ϵeÞ
× ½ϵ̄eðde − 2Þ − ð1 − ξ̃Þðde − 2þ ϵeÞ�
×Gðde; 1; ϵ̄eÞp; ð48Þ

where the function GðD; a; bÞ is defined according to

JDa;b ¼
Z

dDl

iπ
D
2

1

½−ðpþ lÞ2�að−l2Þb
¼ ð−p2ÞD2−a−bGðD; a; bÞ; ð49Þ

GðD; a; bÞ ¼ Γðaþ b − D
2
ÞΓðD

2
− aÞΓðD

2
− bÞ

ΓðaÞΓðbÞΓðD − a − bÞ : ð50Þ

Introducing the new variable,

ϵγ ¼ 2 −
de
2
− ϵe; ð51Þ

we can rewrite the expression in Eq. (48) for the massless
self-energy as

ΣðpÞ ¼ −
e2Γðϵ̄eÞð−p2Þϵγ

ð4πÞdγ=2
�
2ð1 − ϵγ − ϵeÞ
2 − 2ϵγ − ϵe

− ξð1 − ϵγ − ϵeÞ
�
Gðde; 1; ϵ̄eÞp; ð52Þ

which agrees with the earlier result presented in the
literature, see Refs. [7,15].
In the case of standard QED with massive fermions, and

which corresponds to ϵe ¼ 0 as stated earlier, the fermion
self-energy given in Eq. (45) can be rewritten as follows:

ΣðpÞ ¼ −
e2

ð4πÞde2

�
mð1 − ξ − deÞJde1;1

þ de − 2

2p2
ξ½Jde1;0 þ ðm2 þ p2ÞJde1;1�

�
; ð53Þ

where we have used the identities given in the Eqs. (C4) in
the corresponding appendix. This resulting expression of
Eq. (53) for the massive fermion self-energy in standard

FIG. 4. One-loop Feynman diagram for the fermion self-energy
ΣðpÞ.
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QED agrees with the known result in the literature (see for
example [16,29,31]).
We now proceed with the calculation of the photon self-

energy tensor ΠμνðpÞ at one loop. Figure 5 depicts the
Feynman diagram for this function. According to the
Feynman rules in Fig. 1, the function ΠμνðpÞ reads as

iΠμνðpÞ ¼ ð−1Þð−ieÞ2
Z

ddel
ð2πÞde

× Tr

�
γμ

ið=lþmÞ
l2 −m2

γν
iðpþ =lþmÞ
ðlþ pÞ2 −m2

�
: ð54Þ

Defining the function Πðp2Þ as

Πðp2Þ ¼ Πμ
μ

p2ðde − 1Þ ; ð55Þ

and carrying out the standard calculations, we obtain the
result

Πðp2Þ ¼ −
2dee2Γð2 − de

2
Þ

ð4πÞde2
Z

1

0

dx
xð1 − xÞ
Δ2−de

2

; ð56Þ

with

Δ ¼ m2 − xð1 − xÞp2; ð57Þ

where we have considered the gamma matrices γμ to have
dimensions d × d. The expression in Eq. (56) agrees with
the textbook result when we identify the dimensions of the
gamma matrices with the space-time dimensions under
consideration (see for example [32]).

V. RENORMALIZATION CONSTANTS

When dγ ¼ de ¼ 4, and dγ ¼ 4 with de ¼ 3, the scalar

integrals Jde1;ϵ̄e , J
deþ2
2;ϵ̄e

and Jdeþ2
1;1þϵ̄e

in Eq. (45) for the fermion
self-energy are UV divergent. For the case of the vertex
function Vμ the only UV divergent scalar integrals in
Eqs. (16) and (17) are Jde1;0;ϵ̄e and Jdeþ2

1;1;ϵ̄e
. Note that the

divergences of the fields, charge and mass can be absorbed
into the renormalization constants Z1, Z2, Z3 and Zm
which relate the bare fermionic field ψ , the bare coupling
constant e, the bare photon field Aμ and the fermion mass
m, respectively, to the renormalized fermion field ψ r,
charge er, photon field Aμ

r and mass mr as

ψ ¼ Z2ψ r; e ¼ Z1er;

Aμ ¼ Z3A
μ
r ; m ¼ Zmmr: ð58Þ

Let us proceed to evaluate these constants. Notice that after
the Feynman parametrization, the two-point scalar integrals
JDa;bðpÞ can be rewritten as

JDa;bðpÞ ¼
Γðaþ b − D

2
Þ

ΓðaÞΓðbÞ
Z

1

0

dx
xa−1ð1 − xÞb−1

Baþb−D
2

; ð59Þ

where

B ¼ xðx − 1Þp2 þ xm2 þ ym2
γ : ð60Þ

Thus the UV divergent parts of the fermion self-energy in
Eq. (45) read as

ΣS−4
UV ¼ −

e2

ð4πÞ2
�
−m

�
3þ ξ

ϵγ

�
þ ξ

ϵγ
p

�
;

ΣR
UV ¼ −

e2

ð4πÞ2
�
−m

�
4þ 2ξ̃

ϵγ

�
þ
�
6ξ̃ − 4

3ϵγ

�
p

�
: ð61Þ

Here ΣS−4
UV represents the UV divergent part for standard

QED where we have fixed ϵe ¼ 0, and de ¼ 4 − 2ϵγ while
ΣR
UV represents the UV divergent part for RQED were we

have set ϵe ¼ 1
2
, and de ¼ 3 − 2ϵγ .

Therefore, one can readily compute the renormalizations
constantsZ2 from Eqs. (61) at the one-loop order in the MS
scheme:

ZS−4
2 ¼ 1 −

α

4π

�
ξ

ϵγ

�
;

ZR
2 ¼ 1 −

α

6π

�
3ξ̃ − 2

ϵγ

�
; ð62Þ

which agree, respectively, with the well known result for
standard QED in de ¼ 4 dimension, see for example [36],
and for the massless result in RQED in de ¼ 3 and dγ ¼ 4

dimensions reported in Ref. [15].
Similarly, drawing on Eqs. (61) again, we obtain the

following fermion mass renormalizations constants in the
MS scheme:

ZS−4
m ¼ 1 −

α

4π

�
3þ ξ

ϵγ

�
;

ZR
m ¼ 1 −

α

4π

�
4þ 2ξ̃

ϵγ

�
: ð63Þ

Now, since Jde1;0;ϵ̄e and Jdeþ2
1;1;ϵ̄e

are the only UV divergent
scalar integrals that show up in the vertex, the term
ðde − 3þ ξ̃ÞJde1;0;ϵ̄e þ ð2 − deÞJdeþ2

1;1;ϵ̄e
in equation (16) is

FIG. 5. One-loop Feynman diagram for the photon self-energy
function ΠðpÞμν.
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the unique contribution to the UV-divergent part for the
vertex Vμ. Thus, following a similar analysis as presented
for the fermion self-energy, the UV-divergent parts for Vμ,
within the dimensional regularization scheme, read as

VS−4
μ ¼ e3

ð4πÞ2
ξ

ϵγ
γμ;

VR
μ ¼ e3

ð4πÞ2
�
6ξ̃ − 4

3ϵγ

�
γμ: ð64Þ

The first equation corresponds to the standard QED in 4
dimensions, and the second equation to RQED in dγ ¼ 4

and de ¼ 3. We can identify Z1 through Eq. (64), con-
cluding that at the one-loop order for both the standard
QED as well as RQED,

Z1 ¼ Z2; ð65Þ

in agreement with the nonperturbative Ward-Takashi
identity.
Finally, according to Eq. (56) the computation of Z3 at

one loop proceeds as in standard QED in de ¼ 4 dimen-
sions, while for de ¼ 3 it vanishes at one loop, since the
photon self-energy is finite at that order. Thus, since
Z1 ¼ Z2, the beta function βðαÞ receives no corrections
at this order of approximation which agrees with the result
reported in Ref. [15].

VI. SUMMARY AND CONCLUSIONS

In this article, we obtain general expressions for the
vertex function Vμðp0; pÞ in general and Dirac and Pauli
form factors F1ðk2Þ and F2ðk2Þ, respectively, in particular
in arbitrary covariant gauges and dimensions at one-loop
order in perturbation theory for QED. We allow the bulk
gauge field to reside in dγ space-time dimensions interact-
ing with a fermionic field whose dynamics might be
restricted to different space-time dimensions de, with
de ≤ dγ . The main feature of this work is the novel
computational tool available to us by a combination of
first- and second-order formulation of QED as was
employed in our previous work [16]. As stated earlier,
this coupled formalism has numerous advantageous as
compared to the usual solely first-order formulation of
QED calculations:
(1) It renders the calculation efficient.
(2) It implements Ward-Takahashi identity and decom-

poses the fermion-photon vertex naturally into its
longitudinal and transverse components with respect
to the photon momentum without resorting to the
customary Ball-Chiu construction.

(3) It allows us to systematically demonstrate that the
Pauli form factor for on shell fermions is indepen-
dent of the gauge parameter for this general setup
of potentially different dγ and de dimensions by

invoking identities which stem from the combined
formalism.

(4) The extraction of the anomalous magnetic moment
of the charged fermions is greatly expedited and we
hope this combined formalism will be of practical
usage in the computation of this and other physical
observables at higher loops.

For the sake of completeness, we also compute fermion
self-energy Σ and photon vacuum polarization tensor Πμν,
respectively. The expressions for the longitudinal and
transverse parts of the vertex function Vμðp0; pÞ, the
Dirac form factor F1ðk2Þ, the Pauli form factor F2ðk2Þ,
the fermion self-energy ΣðpÞ and the photon vacuum
polarization tensor Πμν can be referred to in Eqs. (16),
(17), (30), (32), (45) and (56), respectively, in terms of
Feynman scalar integrals. Starting from these equations, as
has been detailed all along the article, one can easily
reproduce known results for standard QED where dγ ¼ de,
and for massless RQED. Though some of the connections
are rather trivial, it might be worth summarizing our cross-
checks and collecting them in the following list:

(i) Setting ϵe ¼ 0 in Eqs. (14) and (17), we obtain the
same expressions found in Ref. [16] for the longi-
tudinal and transverse components of the vertex
function Vμ in standard QED.

(ii) The Dirac form factor for standard QED, Eq. (31),
agrees with the results reported in [31].

(iii) The Pauli form factor for standard QED is displayed
in Eq. (34) and it agrees with the well-known results
in the literature (see for example [16]).

(iv) The fermion self-energy for standard QED, i.e.,
Eq. (53), is in agreement with the known result in
the literature (see for example [16,29,31]).

(v) The fermion self-energy for massless RQED, i.e.,
Eq. (52), agrees with the result presented in the
Refs. [7,15].

(vi) The computation of the photon self-energy function
at one loop yields the same result as in the conven-
tional QED, Eq. (56).

From the results obtained in the article, we can compare
and contrast the difference between standard QED and
RQED. For example, as shown in Sec. III B, the Pauli form
factor for the massive RQED, dγ ¼ 4 and de ¼ 3, is 8=3
times the form factor of standard QED in four dimensions
(see Eq. (40). One may be tempted to attribute it to the
observation that the response of the gyromagnetic ratio g of
the charged fermion to a magnetic field in RQED does
not get diluted into the third space dimension and gets
augmented.
Additionally, from our general expressions in Eqs. (16),

(17), and (45), we can easily identify the ultraviolet diver-
gences in the QED theories, observing that the only scalar
integrals with ultraviolet divergences when dγ ¼ de ¼ 4,
anddγ ¼ 4,de ¼ 3, are Jde1;0;ϵ̄e , J

deþ2
1;1;ϵ̄e

, Jde1;ϵ̄e , J
deþ2
2;ϵ̄e

andJdeþ2
1;1þϵ̄e

.
Extracting the singular parts of these integrals in dimensional
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regularization, we obtain the result displayed in Eq. (62) for
the renormalization constantZ2.We also show thatZ1 ¼ Z2

at one loop, as expected by the Ward-Takahashi identity
which relates the fermion propagator with the fermion-
photon vertex. This result, together with the observation
that the photon self-energy in de ¼ 3 dimensions is finite,
Eq. (56), implies that the beta function for RQED in dγ ¼ 4

and de ¼ 3 vanishes at one-loop order.
Moreover, our computation of the three-point fermion-

photon interaction vertex at one-loop order in RQED in
arbitrary gauges and dimensions may provide a natural
guide for any nonperturbative construction of this Green
function which is a highly sought after goal in the
Schwinger-Dyson equation studies of nonperturbative field
theories, see for example [21,23,24,26,37–48]. All this is
for future.

ACKNOWLEDGMENTS

V.M. B. G. is grateful to Consejo Nacional de
Humanidades, Ciencia y Tecnología (México) for support.
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APPENDIX A: CONVENTIONS

Our Minkowski space metric ημν ¼ diagðþ;−;−;−Þ,
while the Dirac gamma matrices are in general d × d
matrices, where d equals to the space-time dimension de
of the fermion when de is even, and different when de is
odd. The Dirac gamma matrices satisfy the anticommuta-
tion relation fγμ; γνg ¼ 2ημν, and TrðγμγνÞ ¼ dημν.

APPENDIX B: THREE-POINT ON SHELL
SCALAR INTEGRALS

Using the dimensional recurrence relations for n-point
one-loop integrals discussed in Ref. [49], we can obtain the
following on shell integral identity which transforms scalar
integrals in Dþ 2 dimensions into scalar integrals in D
dimensions,

JDþ2
a;b;cðp; p0Þ ¼ JDa;b;c−1ðp; p0Þ

ðD − a − b − cþ 1Þ ; ðB1Þ

where JDa;b;c is defined in Eq. (18).
We can obtain further relations between on shell scalar

integrals through the implementation of the now widely
used integration by parts technique (IBP), [50,51]. This
method yields the following useful identities:

Jdea;b;c ¼
aJdeaþ1;b;c−1 þ bJdea;bþa;c−1

de − a − b − 2c
; ðB2Þ

2ap · p0Jdeaþ1;b;c ¼ aðJdeaþ1;b−1;c − Jdeaþ1;b;c−1Þ
þ bðJdea;b−1;cþ1 − Jdea;bþ1;c−1Þ
− ðc − bÞJdea;b;c − 2bm2Jdea;bþ1;c; ðB3Þ

where we have suppressed the p and p0 dependence for
notational simplicity.
By combining the above identities (B2) and (B3), we

arrive at the following practically useful relation. Note that
it leaves the third label in the on shell scalar integrals
unchanged:

Jdea;b;c ¼
1

β

h
α1J

de
a−1;b;c − α2J

de
a−1;bþ1;c þ α3J

de
a;b−1;c

i
; ðB4Þ

where

α1 ¼ ð1þ de − a − 2b − 2cÞðde − a − b − cÞ;
α2 ¼ 2m2bðaþ bþ 2c − deÞ;
α3 ¼ ða − 1Þðaþ bþ 2c − deÞ;
β ¼ 2p · p0ða − 1Þðaþ bþ 2c − deÞ: ðB5Þ

Using the identities in Eqs. (B1)–(B4), the scalar integrals
that appear in the Dirac and Pauli form factors acquire the
following form:

Jdeþ2
1;1;1þϵ̄e

¼ 1

de − 3þ ϵe
Jde1;1;ϵ̄e ;

Jdeþ2
2;1;ϵ̄e

¼ de − 2ð1þ ϵ̄eÞ
2ðde − 3þ ϵeÞ

Jde1;1;ϵ̄e ;

Jdeþ4
2;2;1þϵ̄e

¼ 1

4ðm4 − ðp · p0Þ2Þðde − 3þ ϵeÞ
½ðp · p0ðde

− 6þ 2ϵeÞ þm2ð4 − de − 2ϵeÞÞJde1;1;ϵ̄e
þ 2m2Jde0;2;ϵ̄e �;

Jdeþ4
3;1;1þϵ̄e

¼ 1

8ðm4 − ðp · p0Þ2Þðde − 3þ ϵeÞ
½ðp · p0ðde

− 4þ 2ϵeÞ þm2ð6 − de − 2ϵeÞÞJde1;1;ϵ̄e
− 2p · p0Jde0;2;ϵ̄e ;

Jdeþ2
1;1;ϵ̄e

¼ 1

ðde − 3þ ϵeÞðde − 2þ ϵeÞ
½ðde − 3þ ϵeÞ

× Jde1;0;ϵ̄e − ðm2 þ p · p0Þðde − 4þ 2ϵeÞJde1;1;ϵ̄e �;

Jdeþ2
1;2;ϵ̄e

¼ de − 4þ 2ϵe
2ðde − 3þ ϵeÞ

Jde1;1;ϵ̄e ;

Jdeþ4
2;2;ϵ̄e

¼ ðde − 3þ 2ϵeÞðde − 4þ 2ϵeÞ
2ðde − 3þ ϵeÞðde − 2þ ϵeÞ

Jde1;1;ϵ̄e

− 2Jdeþ4
1;3;ϵ̄e

: ðB6Þ
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We can also derive the following useful relations for the
standard QED case,

Jde0;2;1 ¼
de − 2

4m4
Jde0;1;0;

Jde1;0;1 ¼ −
de − 2

2m2ðde − 3Þ J
de
0;1;0;

Jde1;1;1 ¼ −
de − 2

2ðde − 4Þm2ðm2 þ p · p0Þ J
de
0;1;0

−
de − 3

ðde − 4Þðm2 þ p · p0Þ J
de
1;1;0: ðB7Þ

We now focus our attention on the relatively simpler two-
point scalar integrals in the next appendix.

APPENDIX C: TWO-POINT
SCALAR INTEGRALS

Making use of the dimensional recurrence relations
for n-point one-loop integrals discussed in Ref. [49], we
readily obtain

JDþ2
a;b ¼ 1

2p2ðD − a − bþ 1Þ
	ðm2 − p2Þ2JDa;b

− ðm2 − p2ÞJDa−1;b þ ðm2 þ p2ÞJDa;b−1


: ðC1Þ

For these types of Feynman integrals we obtain the
following recursive relations from the IBP procedure,

0 ¼ ðde − a − 2bÞJDa;b − aJDaþ1;b−1 þ aðm2 − p2ÞJDaþ1;b;

0 ¼ −bJDa−1;bþ1 þ ðb − aÞJDa;b þ bðm2 − p2ÞJDa;bþ1

þ aJDaþ1;b−1 þ aðm2 þ p2ÞJDaþ1;b: ðC2Þ

From these relations we can further derive the following
identities:

JDaþ1;b ¼
1

2am2

	
bJDa−1;bþ1 þ bðp2 −m2ÞJDa;bþ1

þ ð2aþ b −DÞJDa;b


;

JD1;bþ1 ¼
1

bðm2 − p2Þ
	ð1 − bÞJD1;b − JD2;b−1

− ðm2 þ p2ÞJD2;b


: ðC3Þ

Combining these equations with Eq. (C1), we can also
obtain

Jdeþ2
2;1 ¼ −

1

2p2
ðJde1;0 þ ðm2 − p2ÞJde1;1Þ;

Jdeþ2
1;2 ¼ 1

2p2
ðJde1;0 þ ðm2 þ p2ÞJde1;1Þ;

Jdeþ4
3;2 ¼ 1

8p4
ðdeJde1;0 þ ½−4p2 þ deðm2 þ p2Þ�Jde1;1Þ: ðC4Þ

APPENDIX D: LKF TRANSFORMATION
FOR THE FERMION PROPAGATOR

IN MASSIVE RQED

The transformation of the fermion propagator in coor-
dinate space under a variation of the gauge parameter is
given by the LKF transformation, which for RQED reads
as [52]

SFðx; ξÞ ¼ SFð0; ξÞe−i½Δ̃de ð0;ϵeÞ−Δ̃de ðx;ϵeÞ�; ðD1Þ

where SFðx; ξÞ is the fermion propagator in coordinate
space in an arbitrary covariant gauge ξ, and

Δ̃deðx; ϵeÞ ¼ −i
ϵ̄eΓ½ϵ̄e�
ð4πÞϵe ξe

2
Γðde−a

2
Þ

2aπde=2Γða
2
Þ ðμxÞ

a−de ; ðD2Þ

where a ¼ 4 − 2ϵe, and μ is a regulator with mass scale.
For the case of RQED in dγ ¼ 4 and de ¼ 3 dimensions,

the exponent in the exponential factor in the Eq. (D1)
reduces to [52],

−i½Δ̃3ð0; ϵeÞ − Δ̃3ðx; ϵeÞ� ¼ ln

�
x

xmin

�
−2ν

; ðD3Þ

where xmin is a regulating cutoff in the coordinate space,
and ν ¼ αξ=ð4πÞ.
Now, the fermion propagator in momentum space can be

written as follows in its most general form:

SFðp; ξÞ≡ Aðp; ξÞ þ Bðp; ξÞp≡ Fðp; ξÞ
p −Mðp; ξÞ ; ðD4Þ

where we have explicitly expressed the dependence on
momentum p and gauge parameter ξ. The scalar functions
Aðp; ξÞ and Bðp; ξÞ are related to the wave function
renormalization Fðp; ξÞ and the mass function Mðp; ξÞ
according to

Mðp; ξÞ ¼ Aðp; ξÞ
Bðp; ξÞ ;

Fðp; ξÞ ¼ Bðp; ξÞp2 −
Aðp; ξÞ2
Bðp; ξÞ : ðD5Þ

Using Eqs. (D1) and (D3), and following the procedure
outlined in Ref. [53], we can obtain nonperturbative
expressions for the functions Aðp; ξÞ and Bðp; ξÞ defined
through Eq. (D4). Thus, motivated by the lowest-order
perturbation theory, we take

Fðp; 0Þ ¼ 1;

Mðp; 0Þ ¼ m: ðD6Þ

Employing Eqs. (D1), (D3), and (D6), we obtain
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SFðp; ξÞ ¼
Z

d3x eipx
�Z

d3q
ð2πÞ3 e

−iqx
�

qþm
q2 −m2

�

×
�
xmin

x

�
2ν
�
: ðD7Þ

Performing first the position space integration,

SFðp; ξÞ ¼ C
Z

d3q
ð2πÞ3

=qþm

½ðp − qÞ2�32−νðq2 −m2Þ ; ðD8Þ

where

C ¼ 23−2νxminπ
3
2

ΓðνÞ Γ
�
3

2
− ν

�
: ðD9Þ

After a direct application of Feynman parametrization,
some standard calculations and using Eq. (D8), we
obtain the following expressions for the scalar functions
ALKFðp; ξÞ and BLKFðp; ξÞ in terms of one Feynman
integration parameter:

ALKFðp; ξÞ ¼ cm
Z

1

0

dy
y
1
2
−ν

D1−ν ;

BLKFðp; ξÞ ¼ c
Z

1

0

dy
y
3
2
−ν

D1−ν ; ðD10Þ

where

c ¼ −
e−iπνx2νminΓð1 − νÞ

22νΓðνÞ ;

D ¼ ð1 − yÞðm2 − yp2Þ: ðD11Þ

Here, the superscript label LKF on the scalar functions
Aðp; ξÞ and Bðp; ξÞ indicates that these functions are
obtained from the LKF transformation.
Making use of Eqs. (D5) and (D10) and then performing

integration on the variable y, we obtain the following
nonperturbative expressions for Fðp; ξÞ and Mðp; ξÞ for
RQED in dγ ¼ 4 and de ¼ 3 dimensions,

FLKFðp; ξÞ ¼ −ðp2 −m2Þν x
2ν
minνΓð−2νÞ

pð1þ 2νÞGν ½m2 þ p2 þ ðp2 −m2ÞG2ν þ 4νmp�

×
�

p2 −m2 þ ðm2 þ p2 − 4νmpÞG2ν

m3 þ p3 þ ðp −mÞðm2 þ p2 þ ð1 − 2νÞmpÞG2ν þ 2νmpðmþ pÞ
�
;

MLKFðp; ξÞ ¼ ð1þ 2νÞp ffiffiffiffi
G

p ðG2ν−1 − 1Þðm2 − p2Þ
mðG2ν − 1Þðm2 þ 2νp2Þ − pðG2ν þ 1Þðp2 þ 2νm2Þ

�
1 −

p2

m2

�−1
2

; ðD12Þ

where p≡ ffiffiffiffiffi
p2

p
, and the function G is defined as

G ¼ 2m
m − p

− 1: ðD13Þ

Taking massless limit m → 0 in Eqs. (D12), we obtain the
following expressions:

FLKFðp; ξÞ ¼ ðpxminÞ2ν cosðπνÞΓð1 − 2νÞ
1þ 2ν

;

MLKFðp; ξÞ ¼ 0; ðD14Þ
which agree with the results presented in Ref. [52]. Since
we want to compare with the one-loop results in the main
text, we take a linear expansion in ν in Eqs. (D12). Thus,

FLKFðp; ξÞ ¼ 1þ
�
−2þ 2γE −

2m2

p2
þm3 lnðGÞ

p3

þ ln

�
p2 −m2

Λ2

�
þ lnð4Þ

�
νþOðν2Þ;

MLKFðp; ξÞ ¼ m

�
1þ ðm2 − p2Þðm lnðGÞ − 2pÞ

p3
ν

�

þOðν2Þ; ðD15Þ

where we have set Λ ¼ 2=xmin, and γE is the Euler’s
constant. Following the perturbative approach, the fermion
propagator can be written as

SFðp; ξÞ ¼
1

p −m − Σðp; ξÞ ; ðD16Þ

where Σðp; ξÞ is the fermion self-energy. Comparing the
equation above with Eq. (D4), we obtain

Fðp; ξÞ ¼ 1þ 1

4p2
TrðpΣ1−LoopÞ þOðα2Þ;

Mðp; ξÞ ¼ mþ m
4p2

TrðpΣ1−LoopÞ

þ 1

4
TrðΣ1−LoopÞ þOðα2Þ; ðD17Þ

where Σ1−Loop is the one-loop result given in Eq. (45), with
de ¼ 3 − 2ϵγ and ϵ̄e ¼ 1

2
. To evaluate the scalar integrals

involved in Σ1−Loop, we use Feynman parametrization to
rewrite these expressions as
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Jda;b ¼
Γðaþ b − d

2
Þ

ΓðaÞΓðbÞ
Z

1

0

dx
x
d
2
−b−1ð1 − xÞb−1

½m2 − p2ð1 − xÞ�aþb−d
2

: ðD18Þ

Using this expression along with Eqs. (44) and (D17), and the MS scheme to renormalize RQED with dγ ¼ 4, and de ¼ 3

dimensions, we obtain

Fðp; ξÞ ¼ 1þ α

12π

�
10

3
− ln

�
−
p2 −m2

μ̄

�
− lnð4Þ þ 2

m2

p2
−
m3

p3
lnðGÞ

þ 3ξ

�
m3

p3
lnðGÞ − 2 − 2

m2

p2
þ ln

�
−
p2 −m2

μ̄

�
þ lnð4Þ

��
þOðα2Þ;

Mðp; ξÞ ¼ m

�
1þ α

4πp3

�
−
1

3
ðm3 þ 15mp2Þ lnðGÞ þ 2

9
p

�
3m2 þ 77p2 − 24p2

�
ln

�
−
p2 −m2

μ̄

�
þ lnð4Þ

��

þ ξðm2 − p2Þðm lnðGÞ − 2pÞ
��

þOðα2Þ; ðD19Þ

where μ̄2 ¼ 4πe−γEμ2.
From Eqs. (D15) and (D19), we verify that the following equations hold at linear order in α:

Fðp; ξÞ − Fðp; 0Þ ¼ FLKFðp; ξÞ − 1;

Mðp; ξÞ −Mðp; 0Þ ¼ MLKFðp; ξÞ −m: ðD20Þ

Thus, as expected, the LKF approach and the one-loop calculation are equivalent up to some term that would solely arise in
the Landau gauge ξ ¼ 0.
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