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We complete the procedure of extracting parton distribution functions (PDFs) using large mo-
mentum e�ective theory (LaMET) at leading power accuracy in the hadron momentum. We derive
a general factorization formula for the quasi parton distribution functions in the presence of mix-
ing, and give the corresponding hard matching kernel both for the unpolarized and for the polarized
quark and gluon quasi-PDFs at O(αs). Our calculation is performed in a regularization-independent
momentum subtraction scheme. The results allow us to match the nonperturbatively renormalized
quasi-PDFs to normal PDFs in the presence of mixing, and therefore can be used to extract �avor-
singlet quark PDFs as well as the gluon PDFs from lattice simulations.

I. INTRODUCTION

Understanding the internal structure of hadrons from quarks and gluons � the fundamental degrees of freedom of
QCD Lagrangian � has been a key goal in hadron physics. However, this is profoundly di�cult because it requires
solving QCD at large distance scales and thus at strong coupling. In high energy collisions, the hadron and/or the
probe moves nearly at the speed of light, the hadron structure greatly simpli�es and can be characterized by certain
parton observables such as the parton distribution functions (PDFs), lightcone distribution amplitudes (DAs) etc.
The parton observables are de�ned as the expectation value of lightcone correlations in the hadron state and therefore
can not be readily computed on a Euclidean lattice. Currently, the most widely used approach to determine them
is to assume a smoothly parametrized form and �t the unknown parameters to a large variety of experimental data
(for a recent review, see e.g. Ref. [1]). Lattice e�orts on determining parton observables have been mainly focused
on the computation of their moments, which are matrix elements of local operators. The parton observables can
be reconstructed in principle if all their moments are known. However, to date only the �rst few moments can be
calculated in lattice QCD [2�5] due to power divergent mixings between di�erent moments operators and increasing
stochastic noise for high moments operators.
In the past few years, a breakthrough has been made to circumvent the above di�culty, which has now been

formulated as large momentum e�ective theory (LaMET) [6, 7]. According to LaMET, a parton observable can be
directly accessed from lattice QCD using the following procedure: 1) Construct an appropriate static-operator matrix
element (quasi-observable) that approaches the parton observable in the in�nite momentum limit of the external
hadron. The quasi-observable constructed in this way is usually hadron-momentum-dependent but time-independent,
and thus can be readily computed on the lattice. 2) Calculate the quasi-observable on the lattice and renormalize it
non-perturbatively in an appropriate scheme. 3) Match the renormalized quasi-observable to the parton observable
through a factorization formula accurate up to power corrections that are suppressed by the hadron momentum. The
existence of such a factorization is ensured by construction; for a proof in the case of isovector quark distribution, see
Refs. [8�10].
Since LaMET was proposed, much progress has been achieved both in the theoretical understanding of the for-

malism [10�61] and in the direct calculation of PDFs from lattice QCD [25, 26, 31, 32, 34, 62�73]. In particular,
multiplicative renormalization of both the quark [20, 29, 30] and the gluon [53, 54] quasi-PDF has been established
in coordinate space. Non-perturbative renormalization in the regularization-independent momentum subtraction
(RI/MOM) scheme as well as a perturbative matching in the same scheme has been carried out for the isovector
quark quasi-PDFs in Refs. [18, 31, 67, 70] (see also [19, 32, 66]). Despite limited volumes and relatively coarse lattice
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spacings, the state-of-the-art nucleon isovector quark PDFs determined from lattice data at the physical point have
shown a reasonable agreement [66, 67, 70] with phenomenological results extracted from the experimental data [74�
78]. Of course, a careful study of theoretical uncertainties and lattice artifacts is still needed to fully establish the
reliability of the results.
So far the lattice calculations of PDFs have been focused on the isovector quark PDFs only, which do not involve

mixing with gluon PDFs and therefore are the easiest to calculate. In the past few years, there has been increasing
interest in calculating �avor-singlet quark PDFs and gluon PDFs from lattice QCD. Such calculations are possible
only if the renormalization and mixing pattern of gluon quasi-PDFs are fully understood. In Ref. [53], we performed
a systematic study of the renormalization property of the gluon quasi-PDF operator, and showed that with an
appropriate choice it can be multiplicatively renormalizable. We have identi�ed four independent gluon quasi-PDF
operators that have an easy implementation on the lattice. Also, a general factorization formula for the gluon as well
as the quark quasi-PDF in the presence of mixing has been conjetured.
In this paper, we provide all necessary inputs for extracting both the �avor-singlet quark PDF and the gluon PDF

from lattice QCD, thereby completing the procedure of calculating PDFs using LaMET at leading power accuracy
in the hadron momentum. We explain how to nonperturbatively renormalize the quark and gluon quasi-PDFs, and
derive the general factorization formula for the renormalized quasi-PDFs in the presence of mixing, following the
operator product expansion (OPE) method in Refs. [9, 10]. We then present the complete one-loop results for the
hard matching kernels that appear in the general factorization of quasi-PDFs.
The rest of the paper is organized as follows: In Sec. II, we brie�y review the renormalization and factorization

of quark and gluon quasi-PDFs. In Sec. III, we present our one-loop calculation of the matching kernel connecting
the RI/MOM renormalized quasi-PDFs to the PDFs in MS scheme, with a particular focus on the unpolarized case.
Sec. IV is devoted to the calculation in the polarized case. We conclude in Sec. V and give some computational details
in the Appendix.

II. RENORMALIZATION AND FACTORIZATION OF QUARK AND GLUON QUASI-PDFS

In this section, we give a brief review of the renormalization and factorization of quark and gluon quasi-PDFs in
LaMET.

A. Quasi-PDFs in LaMET

In parton physics, the PDFs are de�ned as the hadron matrix elements of quark and gluon nonlocal correlators
along the lightcone. For example, the unpolarized quark distribution is de�ned as

fqi/H(x, µ) ≡
∫
dξ−

4π
e−ixP

+ξ−
〈
P
∣∣q̄i(ξ−)γ+W (ξ−, 0)qi(0)

∣∣P〉 (1)

for a given �avor i, where x = k+/P+ is the longitudinal momentum fraction carried by the quark of �avor i, µ is

the renormalization scale in the MS scheme, Pµ = (P 0, 0, 0, P z) is the hadron momentum , ξ± = (t± z)/
√

2 are the
lightcone coordinates, and

W (ξ−, 0) = exp

(
− ig

∫ ξ−

0

dη−A+(η−)

)
(2)

is the Wilson line inserted to ensure gauge invariance of the nonlocal correlator, where A+ = A+
a t
a with ta being the

generators in the fundamental representation of color SU(3) group.
Analogously, the unpolarized gluon distribution can be de�ned as [79]

fg/H(x, µ) =

∫
dξ−

2πxP+
e−ixP

+ξ−〈P |F+i
a (ξ−)W(ξ−, 0)F+i

a (0)|P 〉, (3)

where Fµνa = ∂µAνa−∂νAµa−gfabcA
µ
bA

ν
c is the gluon �eld strength, and i runs over the transverse indices. The Wilson

line W takes a similar form as the quark case, but is de�ned in the adjoint representation.
The quark and gluon PDFs de�ned above can not be readily computed on the lattice due to their real-time depen-

dence. However, according to LaMET, they can be extracted from lattice calculations of appropriately constructed
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quasi-PDFs via a factorization procedure. For the unpolarized quark PDF, a well-suited quasi-PDF candidate is given
by

f̃qi/H(x, µ, P z) = N

∫
dz

4π
eizxP

z

〈P |qi(z)ΓW (z, 0)qi(0)|P 〉, (4)

where z is a spatial direction, Γ = {γz, γt} is a Dirac matrix with the corresponding normalization factor N =
{1, P z/P t}, respectively. As shown in Ref. [29], the renormalization of the quark quasi-PDF de�ned above has a
multiplicative form so that the matrix elements at di�erent z do not mix with each other. Moreover, the latter
choice with Γ = γt has the advantage of avoiding mixing with the scalar PDF when a non-chiral lattice fermion is
used [19, 33]. We will focus on the latter choice in the rest of the paper.

In comparison with the quark case, what is the most appropriate operator to de�ne the gluon quasi-PDF is less
obvious. In principle, one can choose

Oµνg (z, 0) = Fµα(z)W(z, 0)F ν
α (0), (5)

with µ, ν = {t, z} and α running either over all Lorentz indices or only over transverse indices. However, such
a choice in general mixes with other operators under renormalization. Using the auxiliary �eld approach [80], we
have explicitly shown [53] that di�erent components of Oµν indeed renormalize di�erently, which complicates the
construction of appropriate gluon quasi-PDFs. A detailed description of the formalism used in Ref. [53] as well as [29]
will be given in the next subsection. Nevertheless, we have identi�ed four gluon operators [53] that are multiplicatively
renormalizable and therefore are suitable for de�ning the gluon quasi-PDF. These operators are

O(1)
g (z, 0) ≡ F ti(z)W(z, 0)F t

i (0),

O(2)
g (z, 0) ≡ F zi(z)W(z, 0)F z

i (0),

O(3)
g (z, 0) ≡ F ti(z)W(z, 0)F z

i (0),

O(4)
g (z, 0) ≡ F zµ(z)W(z, 0)F z

µ (0), (6)

where a summation over transverse (all) components is implied for i (µ). The corresponding gluon quasi-PDF is then
de�ned as

f̃
(n)
g/H(x, µ, P z) = N (n)

∫
dz

2πxP z
eizxP

z

〈P |O(n)
g (z, 0)|P 〉. (7)

The normalization factors are given by

N (2) = N (4) = 1, N (1) =
(P z)2

(P t)2
, N (3) =

P z

P t
, (8)

so that all partonic PDFs at tree-level are

f̃
(n,0)
g/g (x, µ, P z) = δ(x− 1), (9)

with the hadron stateH being replaced by a gluon state. Note that in the above result (also in the sections below unless
stated otherwise) we have ignored the contribution from the crossed diagrams, which correspond to interchanging the

contraction between the two external gluons and gluon �elds from the operators O
(n)
g . These crossed diagrams

contribute to x < 0 and can be easily obtained from f̃
(n)
g/H(x) = −f̃ (n)

g/H(−x).

The above gluon quasi-PDF operator is de�ned in terms of an adjoint gauge link. Alternatively, it can be de�ned
using gauge links in the fundamental representation U(z2, z1) as [80�85] (taking O(3) as an example)

O(3)
g (z2, z1) = 2 Tr[F ti(z2)U(z2, z1)F z

i (z1)U(z1, z2)], (10)

where Fµν = F aµνt
a and ta is the generator in the fundamental representation with tr[tatb] = 1/2δab. Eq. (5) makes

the study of its renormalization property simpler, whereas Eq. (10) is more straightforward to implement on the
lattice. In the following, we will mainly focus on the de�nition Eq. (5), but the results also apply to Eq. (10).
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B. Auxiliary Field Approach

The multiplicative renormalizability of quark and gluon quasi-PDFs in coordinate space has been proved using an
auxiliary �eld approach [29, 53]. Other proofs have been available using a similar formalism [20] or using the Feynman
diagrammatic approach [30, 54]. In the auxiliary �eld approach [80], one introduces an auxiliary �heavy quark" �eld
into the QCD Lagrangian such that the Wilson line can be reinterpreted as a two-point function of the auxiliary
�eld. For the quark/gluon quasi-PDF, this auxiliary �eld is chosen to be in the fundamental/adjoint representation
of color SU(3) group, respectively. Moreover, the auxiliary �heavy quark" has trivial spin degrees of freedom. In the
following we present, as an example, the auxiliary Lagrangian that can be used to study quark quasi-PDFs. For gluon
quasi-PDFs the procedure is completely analogous.
The e�ective Lagrangian including an auxiliary fundamental �heavy quark" �eld (denoted as Q) can be written as

L = LQCD +Q(x)in ·DQ(x), (11)

where Dµ = ∂µ + igtaAa,µ is the covariant derivative in the fundamental representation. We will focus on the case
with nµ = (0, 0, 0,−1), although the discussion may go through for any spacelike n.
In the above theory, we can replace the Wilson line by the product of two auxiliary �heavy quark" �elds. This can

be seen as following. After integrating out the �heavy quark" �eld, we have∫
DQDQQ(x)Q(y)ei

∫
d4xL = SQ(x, y)ei

∫
d4xLQCD (12)

up to a determinant det(in · D) that can be shown to be a constant and absorbed into the normalization of the
generating functional [86]. The propagator SQ(x, y) satis�es

n ·DSQ(x, y) = δ(4)(x− y). (13)

For nµ = (0, 0, 0,−1), its solution is given by 1

SQ(x, y) = −θ(xz − yz)δ(x0 − y0)δ(2)(~x⊥ − ~y⊥)W (x, y)

= −θ(xz − yz)δ(x0 − y0)δ(2)(~x⊥ − ~y⊥)W (xz, yz), (15)

with an appropriate boundary condition. Without loss of generality, we can restrict ourselves to the case xz > yz. The
δ-functions ensure that the time and transverse components of x and y are equal, and therefore generate a spacelike
Wilson line along the longitudinal direction.

C. Renormalization of Quasi-PDFs in Auxiliary Field Approach

1. Quark Quasi-PDFs

The above formalism allows one to replace the Wilson line W (z2, z1) appearing in the quark quasi-PDF by the
product of two auxiliary �heavy quark" �elds Q(z2)Q(z1). The quark bilocal operator

Oqi(z2, z1) = q̄i(z2)ΓW (z2, z1)qi(z1)

then reduces to the product of two local composite operators

Oqi(z2, z1) = q̄i(z2)ΓQ(z2)Q(z1)qi(z1) ≡ j̄(z2)j(z1), (16)

with

j̄(z2) = q̄i(z2)ΓQ(z2), j(z1) = Q(z1)qi(z1). (17)

In dimensional regularization (DR), the local operators j̄(z2), j(z1) are "heavy-to-light" like and are multiplicatively
renormalized:

j̄(z2) = Zj̄ j̄R(z2), j(z1) = ZjjR(z1), (18)

1 A di�erent solution

SQ(x, y) = θ(−(xz − yz))δ(x0 − y0)δ(2)(~x⊥ − ~y⊥)W (xz , yz), (14)

will give a di�erent sign for the d = 4 poles in Eq. (34).
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with (D = 4− 2ε):

Zj̄ = Zj = 1 +
αs
2πε

+O(α2
s). (19)

After integrating out the auxiliary �eld, the nonlocal operator renormalizes as [29]

Oqi,R(z2, z1) = Z−1
j̄
Z−1
j q̄i(z2)ΓW (z2, z1)qi(z1). (20)

In a cuto� regularization such as the lattice regularization, when going beyond leading-order perturbation theory,
the self-energy of the heavy quark introduces a linear divergence which has to be absorbed into an e�ective mass
counterterm,

δLm = −δmQQ, (21)

where δm ∼ O(1/a) with a being the lattice spacing [87]. As shown in Ref. [29], apart from the structures in the
Lagrangian Eq. (11), this is the only possible renormalizable counterterm one can write down that is consistent
with the symmetry of the theory. Although lattice regularization breaks Lorentz symmetry and introduces operator
mixing, it is not a concern for Oq(z2, z1) because there is no lower-dimensional operator that can mix with it in lattice
QCD. Moreover, Becchi-Rouet-Stora-Tyutin (BRST) invariance requires a dependence of δm on the signature of n in
Eq. (11) [80], which yields a vanishing δm for a lightlike nµ. For a spacelike nµ, δm in Eq. (21) is imaginary, we can
therefore write δm = iδm̄.
Including the e�ective mass term Eq. (21) into the Lagrangian and integrating out the auxiliary �heavy quark", we

then have the following renormalization for the non-local quark bilocal operator [29]

Oqi,R(z2, z1) = Z−1
j̄
Z−1
j eδm̄|z2−z1|q̄i(z2)ΓW (z2, z1)qi(z1). (22)

2. Gluon Quasi-PDFs

For the renormalization of non-local gluon quasi-PDF operators, the desired auxiliary Lagrangian has exactly the
same form as that for the quark, except that now the auxiliary �heavy quark" and the covariant derivative are in
the adjoint representation. To distinguish the adjoint auxiliary �heavy quark" from the fundamental one used in the
previous subsection, we denote the former as Q below.
Given the auxiliary adjoint �heavy quark", we can replace the non-local gluonic operator in Eq. (6) by the product

of two local composite operators. For example,

O(3)
g (z2, z1) = J ti1 (z2)J

z

1,i (z1), (23)

where

J ti1 (z2) = F tia (z2)Qa(z2), J
z

1,i (z1) = Qb(z1)F z
b,i (z1). (24)

In the following, we will consider the renormalization of Jµν1 in general.
In contrast to the quark case, extra complications arise when renormalizing the local gluon composite operators

J1, J1 above. Let us �rst consider the perturbative renormalization in DR in a covariant gauge. In such a scheme,
gauge-invariant local composite operators can, in general, mix with operators of the same or lower mass dimension
under renormalization. It is well-known that the mixing operators can be of the following three types: 1) gauge-
invariant operators, 2) BRST exact operators or operators that are the BRST variation of some operators, 3) operators
that vanish by equation of motion (see e.g. [88]). Therefore, one also needs counterterms from the mixing operators
to fully cancel the ultraviolet (UV) divergences of the original operators.
When the mass of the auxiliary �heavy quark" m = 0, it has been shown in Refs. [80, 81] that, the only operators

that are allowed by BRST symmetry to mix with Jµν1 in DR are

Jµν2 = nρ(F
µρ
a nν − F νρa nµ)Qa/n2,

Jµν3 = (−inµAνa + inνAµa)(in ·DQ)a/n
2, (25)

where Jµν2 is gauge invariant, and Jµν3 is proportional to the massless equation of motion of Q and therefore vanishes
in a physical matrix element. When m 6= 0, the mixing involves one more operator

Jµν4 = (−inµAνa + inνAµa)mQa/n2. (26)
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As shown in Ref. [53], it is necessary to include this term, as it gets renormalized in other renormalization schemes.
It turns out that this term always combines with Jµν3 such that the resulting operator is proportional to the massive
equation of motion of Q. In other words, instead of Jµν3 in Eq. (25) we now have

Jµν3 = (−inµAνa + inνAµa)((in ·D −m)Q)a/n
2. (27)

This is consistent with the discussion of the operator mixing pattern above. Our one-loop computation in Ref. [53]
indeed veri�ed this.
We can write the renormalization of the above composite operators in the following formJµν1,R

Jµν2,R

Jµν3,R

 =

Z11 Z12 Z13

0 Z22 Z23

0 0 Z33

Jµν1

Jµν2

Jµν3

 , (28)

with a triangular mixing matrix.
The renormalization constants in Eq. (28) are not all independent. From the equations above, it is easy to see that

Jzµ2 is degenerate with Jzµ1 . This has important implications for the renormalization matrix. From Eq. (28), we have

Jzµ1,R = Z11J
zµ
1 + Z12J

zµ
2 + Z13J

zµ
3 = (Z11 + Z12)Jzµ2 + Z13J

zµ
3 ,

Jzµ2,R = Z22J
zµ
2 + Z23J

zµ
3 . (29)

Since Jzµ1 and Jzµ2 are identical, their renormalization must be the same. Therefore one has

Z11 + Z12 = Z22, Z13 = Z23, (30)

which is validated by the explicit one-loop calculation in Ref. [81]. One can therefore rewrite the mixing matrix in
Eq. (28) in the following form Jµν1,R

Jµν2,R

Jµν3,R

 =

Z11 Z22 − Z11 Z13

0 Z22 Z13

0 0 Z33

Jµν1

Jµν2

Jµν3

 . (31)

The above mixing pattern indicates that the Jzµ1 and J ti1 (i = 1, 2) renormalize independently with the simpli�ed
renormalization equations: (

Jzµ1,R

Jzµ3,R

)
=

(
Z22 Z13

0 Z33

)(
Jzµ1

Jzµ3

)
; J ti1,R = Z11J

ti
1 . (32)

Moreover the J ij1 shares the same renormalization with J ti1 . The reason that (J ti1 , J
ij
1 ) and Jzµ1 have di�erent

renormalizations is due to the breaking of symmetry in the presence of a four-vector nµ along the z direction. Since
Jµi2 are not independent, we will neglect Jµi2 henceforth.
In Ref. [80], it was also shown that in the MS scheme the renormalization constants ful�ll further relations

Z11 + Z12 = 1, Z13 + Z23 + Z33 = 1. (33)

However, these relations might not be necessarily true in a general renormalization scheme.
Now let us consider the UV divergences, in particular power divergences, in Jµν1 and how to renormalize them. The

power divergence structure of this operator has been considered in Refs. [22, 23] using a simple cuto� regularization.
One has to be cautious when dealing with power divergences in such a cuto� scheme. The cuto� regularization in
general explicitly breaks gauge invariance in QCD (except for the lattice cuto� which preserves gauge invariance),
and might obscure the structure of genuine power divergences of the theory. To avoid this, we will work in DR and
kept track of the linear divergences by expanding the results around d = 3. The linear divergences appear as poles at
d = 3. In this way, one can extract the linear divergences in a gauge invariant manner.
Fig. 1 shows the one-loop diagrams that give rise to linearly divergent contributions to the operator Jµν1 . There

are other one-loop diagrams, which contribute with at most logarithmic divergences. Our calculation in coordinate
space yields the following result for the two diagrams in Fig. 1,

Iρν1 = −αsCA
π

{ 1

d− 4
(Aνan

ρ −Aρanν)n · ∂Qa/n2 − πµ

d− 3

(
nρAνa − nνAρa

)
Qa + reg.

}
,

Iρν2 = −αsCA
π

{ 1

d− 4

[1

4
F ρνa Qa +

1

2

(
F ρσa nνnσ − F νσa nρnσ

)
Qa/n2 +

1

2
(Aρan

ν −Aνanρ)n · ∂Qa/n2
]

+
πρ

d− 3

(
nρAνa − nνAρa

)
Qa + reg.

}
, (34)
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FIG. 1. One-loop corrections to the operator Jµν1 that contain linear divergences. The double line represents an auxiliary
adjoint �heavy quark" �eld Q.

where reg. denotes terms that are regular both at d = 4 and d = 3, µ is the regularization scale. Combining the
two diagrams, the linear divergences cancel. Our results show an identical mixing pattern as in Ref. [81] (note that
the normalization of the direction vector there is ẋ2 = 1, whereas we have n2 = −1). The only linear divergence
that remains in the theory comes from the self-energy of the auxiliary �eld. Actually, the same conclusion can also
be reached in Ref. [23] if a gauge-invariant regulator is used. We have explicitly checked that this is the case by
redoing the calculation of Ref. [23] in DR and keeping track of the linear divergences as poles around d = 3. All linear
divergences cancel in diagrams without Wilson line self-energy corrections. Only the self-energy of the Wilson line
gives non-vanishing linear divergences, which can be removed by the mass renormalization to be discussed below.
The above discussion has been focused on renormalization in DR. In a cuto� regularization such as the lattice

regularization, the mass term of the auxiliary �eld is not forbidden by the symmetry of the theory, and it can appear
beyond leading order in perturbation theory even if it does not exist at leading order. This is indeed what happens
here. In perturbation theory, m = δm starts from O(αs). Such a mass term serves the purpose of absorbing the
power divergences arising from the Wilson line self energy. Apart from this, there is no other power divergence in the
theory. Moreover, for dimensional reasons, there is no other antisymmetric operator that can mix with Jµνi discussed
in the previous subsection. Therefore in a gauge-invariant cuto� scheme, the operator renormalization in Eq. (31)
remains the same except that the Jµν3 contains a mass as shown in Eq. (27).
The mixing pattern can be used to derive the building blocks for constructing an appropriate gluon quasi-PDF.

To this end, we may identify one of the indices in Jµν1 with z or t and let the other run either over all Lorentz
components or over the transverse components only. It is worthwhile to point out at this stage that the operator
Jµν3 only yields contact terms when integrating out the �heavy quark" �eld. This can be seen from the fact that the
equation of motion operator acting on the �heavy quark" propagator yields a δ-function. The contact terms do not
vanish only when z2 = z1, which indicates that an extra renormalization is required when the distance between two
local composite operators shrinks to zero. For the renormalization of the non-local gluon quasi-PDF operator, the
operator Jµν3 is irrelevant and can be ignored.
With the above building blocks, Jzi1,R, J

ti
1,R, J

zµ
1,R, and their conjugate counterparts, four multiplicatively renormal-

izable gluon quasi-PDF operators for unpolarized PDFs can be constructed, as given in Sec. II A. One option is to

use J ti1,R and J
ti

1,R:

O(3)
g,R(z2, z1) ≡ J ti1,R(z2)J

z

1,R,i (z1). (35)

After integrating out the auxiliary �heavy quark" �eld, this operator renormalizes multiplicatively as (δm = iδm)

O
(3)
g,R(z2, z1) = (F ti(z2)W(z2, z1)F z

i (z1))R = Z11Z22e
δm|z2−z1|F ti(z2)W(z2, z1)F z

i (z1). (36)

The renormalization of other operators can be written down analogously with di�erent renormalization factors.

In the large momentum limit, the operators O(i)
g,R(i = 1, 2, 3, 4) di�er from each other only by power corrections.

Therefore they belong to the same universality class de�ning the gluon quasi-PDF operator. With the above four
operators, one can use any combinations of them to study the gluon quasi-PDF, however such combinations are
usually not multiplicatively renormalizable. A notable example is

O
(5)
g,R(z2, z1) ≡ (F tµ(z2)W(z2, z1)F zµ(z1))R = −O(1)

g,R(z2, z1)−O(2)
g,R(z2, z1)−O(4)

g,R(z2, z1). (37)

This operator (minus the trace term) has been used in the recent simulation [71]. Since the renormalizations for

O
(1)
g,R(z2, z1) and O

(2,4)
g,R (z2, z1) are di�erent, O

(5)
g,R(z2, z1) is not multiplicatively renormalizable.
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D. Renormalization in RI/MOM Scheme and Implementation on Lattice

From the discussions above, it is clear that operators at di�erent z do not mix under renormalization. This
allows us to carry out a nonperturbative renormalization of the quasi-PDF in the following ways: 1) Calculate the
endpoint renormalization factors and the mass counterterm nonperturbatively. The calculation of the former is rather
straightforward, while the latter can be determined by using the static-quark potential for the renormalization of
Wilson loops [89]. This has been used in early studies of nucleon PDFs and meson DAs [26, 28, 65]. 2) Calculate the
renormalization factors as a whole for each z. This is analogous to the renormalization of local composite operators,
which is usually carried out in a RI/MOM scheme [90] on the lattice. In the RI/MOM scheme, the renormalization
of local composite operators is done by demanding that the counterterm cancels all loop contributions to their matrix
element between o�-shell external states at speci�c momenta [18, 31]. For multiplicatively renormalizable nonlocal
correlators such as the quasi-PDFs given above, the renormalization is similar but now one requires calculating the
renormalization factors at each z.

The quark and gluon quasi-PDFs can, in general, mix with each other under renormalization. In Ref. [53], we
have argued that inserting the gluon quasi-PDF operator into a quark state only yields �nite mixing as long as
all subdivergences have been renormalized (note that this is di�erent from the quark and gluon lightcone operators
de�ning the PDFs [91, 92]). The mixing e�ect can, in principle, be deferred to be considered at the factorization stage.
Here we �nd that taking into account the mixing at the renormalization stage will help improve the convergence in
the implementation of the matching in the RI/MOM scheme. To this end, it su�ces to consider the following mixing
of quasi-PDFs

(
O

(n)
g,R(z, 0)

Osq,R(z, 0)

)
=

(
Z11(z) Z12(z)/z
zZ21(z) Z22(z)

)(
O

(n)
g (z, 0)
Osq(z, 0)

)
, (38)

where Osq(z1, z2) = 1/2[q̄i(z1)ΓW (z1, z2)qi(z2)− (z1 ↔ z2)] is the C-even combination of quark operators, Zij(z) are
dimensionless factors, and z compensates for the di�erent mass dimension between the quark and gluon quasi-PDF
operators. In the limit z → 0 (taken after combining the entries of the mixing matrix and bare operators), the above
mixing pattern reduces to the mixing pattern of local operators.

The renormalization factors in the above mixing matrix can be determined using the following renormalization
conditions

Tr[Λ22(p, z)P]R
Tr[Λ22(p, z)P]tree

∣∣∣∣p2 = −µ2R
pz = pRz

= 1,
[P abij Λab,ij11 (p, z)]R

[P abij Λab,ij11 (p, z)]tree

∣∣∣∣p2 = −µ2R
pz = pRz

= 1,

Tr[Λ12(p, z)P]R

∣∣∣∣p2 = −µ2R
pz = pRz

= 0, [P abij Λab,ij21 (p, z)]R

∣∣∣∣p2 = −µ2R
pz = pRz

= 0, (39)

where Λ{11,12} (Λ{21,22}) denote the amputated Green's functions of O
(n)
g (Osq) in an o�shell gluon and quark state,

respectively. P and P abij are projection operators that are associated with the quark and gluon matrix elements and

de�ne the RI/MOM renormalization factors. µR and pRz are unphysical scales introduced in the RI/MOM scheme to
specify the subtraction point. b, c are color indices and i, j Lorentz indices. In the non-singlet quark PDF case with
Γ = γt [49], the amputated Green's function has the following structure

Λ(p, z) = f̃t(p, z)γ
t + f̃z(p, z)

ptγz

pz
+ f̃p(p, z)

pt/p

p2
, (40)

and P was chosen there in such a way that it projects out the coe�cient of γt only, which captures all terms in Λγt(p, z)
that lead to ultraviolet (UV) divergences in the local limit. However, in general both the coe�cient of γt and γz can
lead to UV divergences in the local limit. This is the case e.g. in the mixing diagram to be considered below. We will
need both coe�cients to de�ne the RI/MOM counterterm. As for P abij , one simple choice is P

ab
ij = δabg⊥,ij/(2−D),

where g⊥,ij denotes the transverse metric tensor and D is the spacetime dimension.
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From Eqs. (38) and (39), the renormalization factors can be determined as following:

Z11(z) =
[P abij Λab,ij11 (p, z)]treeTr[Λ22(p, z)P]

([P abij Λab,ij11 (p, z)]Tr[Λ22(p, z)P]− [P abij Λab,ij21 (p, z)]Tr[Λ12(p, z)P])
,

Z12(z)/z = −
[P abij Λab,ij11 (p, z)]treeTr[Λ12(p, z)P]

([P abij Λab,ij11 (p, z)]Tr[Λ22(p, z)P]− [P abij Λab,ij21 (p, z)]Tr[Λ12(p, z)P])
,

zZ21(z) = −
[P abij Λab,ij21 (p, z)]Tr[Λ22(p, z)P]tree

([P abij Λab,ij11 (p, z)]Tr[Λ22(p, z)P]− [P abij Λab,ij21 (p, z)]Tr[Λ12(p, z)P])
,

Z22(z) =
[P abij Λab,ij11 (p, z)]Tr[Λ22(p, z)P]tree

([P abij Λab,ij11 (p, z)]Tr[Λ22(p, z)P]− [P abij Λab,ij21 (p, z)]Tr[Λ12(p, z)P])
. (41)

The renormalized hadron matrix element of OR(z, 0) are then given by

〈P |O(n)
g,R(z, 0)|P 〉 = Z11(z)〈P |O(n)

g (z, 0)|P 〉+ Z12(z)/z〈P |Osq(z, 0)|P 〉,

〈P |Osq,R(z, 0)|P 〉 = Z22(z)〈P |Osq(z, 0)|P 〉+ zZ21(z)〈P |O(n)
g (z, 0)|P 〉. (42)

The renormalized quasi-PDF q̃R(x, Pz, µR) in the RI/MOM scheme can be obtained by a Fourier transform given in

Eqs. (4) and (7), respectively. Note that we can take the continuum limit a → 0 in h̃R since all terms singular in a
have been removed by the renormalization procedure. This means that the factorization of the renormalized matrix
element can be studied in the continuum, as will be done in the next subsection. An derivation of the form of the
RI/MOM counterterm is given in Appendix A.

E. Factorization

In Ref. [53], we have given a general factorization formula for the quark and gluon quasi-PDFs in the presence of
mixing. In this subsection, we give a detailed derivation of it using the operator product expansion (OPE), along
the same line as that used for the isovector quark quasi-PDF [10]. For illustration purposes, we choose Γ = γt for

the quark quasi-PDF and O
(4)
g for the gluon quasi-PDF. The derivation for other operators follows straightforwardly

from what is presented below.
The renormalized quark and gluon nonlocal operator matrix elements can be expanded in terms of gauge-invariant

local operator matrix elements to the leading-twist approximation as

h̃qi,R(z, P z, µ) ' 1

2P t

∞∑
n=1

(−iz)n−1

(n− 1)!

[
C(n−1)
qiqj (µ2z2)〈P |ntµ1

nµ2
...nµnO

µ1...µn
qj (µ)|P 〉

+ C(n−1)
qg (µ2z2)〈P |ntµ1

nµ2 ...nµnO
µ1...µn
g (µ)|P 〉

]
,

h̃g,R(z, P z, µ) ' 1

(P z)2

∞∑
n=2

(−iz)n−2

(n− 2)!

[
C(n−2)
gg (µ2z2)〈P |nµ1 ...nµnO

µ1...µn
g (µ)|P 〉

+ C(n−2)
gq (µ2z2)〈P |nµ1

...nµnO
µ1...µn
qj (µ)|P 〉

]
, (43)

where we have introduced extra normalization factors so that the two matrix elements have the same mass dimension.
For simplicity, we have also denoted all renormalization scales with µ. ntµ = (1, 0, 0, 0) and nµ = (0, 0, 0,−1),

C
(n)
qiqj = δij + αs

2πC
(n),1
qiqj +O(α2

s), C
(n)
{qg,gq} = αs

2πC
(n),1
{qg,gq} +O(α2

s) and C
(n)
gg = 1 + αs

2πC
(n),1
gg +O(α2

s) denote the Wilson

coe�cients. Oµ1...µn
qj and Oµ1...µn

g are the renormalized symmetric traceless twist-2 quark and gluon operators

Oµ1...µn
qj = Znqj

[
q̄j(0)γ{µ1iDµ2 · · · iDµn}qj(0)− trace

]
,

Oµ1...µn
g = Zng

[
F {µ1ν(0)iDµ2 · · · iDµn−1F µn}

ν (0)− trace
]
, (44)

where {· · · } denotes a symmetrization of the enclosed indices. Their matrix elements are related to the moments of
quark and gluon PDF, respectively

〈P |Oµ1...µn
qj |P 〉 = 2aqj ,n(µ)(Pµ1 · · ·Pµn − trace),

〈P |Oµ1...µn
g |P 〉 = 2ag,n(µ)(Pµ1 · · ·Pµn − trace), (45)
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with

aqj ,n(µ) =

∫ 1

−1

dxxn−1fqj/H(x, µ), ag,n(µ) =
1

2

∫ 1

−1

dxxn−1fg/H(x, µ). (46)

Owing to the symmetry of the gluon PDF, ag,n does not vanish only for even n.

Let us �rst consider h̃qi,R(z, P z, µ). Ignoring all trace terms, we can write

h̃qi,R(z, P z, µ) =

∞∑
n=1

(−izP z)n−1

(n− 1)!

[
C(n−1)
qiqj (µ2z2)aqj ,n(µ) + C(n−1)

qg (µ2z2)ag,n(µ)
]

=

∞∑
n=1

(−iν)n−1

(n− 1)!

[
C(n−1)
qiqj (µ2z2)

∫ 1

−1

dxxn−1fqj/H(x, µ) +
C

(n−1)
qg (µ2z2)

2

∫ 1

−1

dxxn−1fg/H(x, µ)
]

=

∞∑
n=1

(−iν)n−1

(n− 1)!
C(n−1)
qiqj (µ2z2)

∫ 1

−1

dxxn−1

∫
dν′

2π
eixν

′
hqi(ν

′, µ)

+

∞∑
n=2,even

(−iν)n−1

(n− 1)!

C
(n−1)
qg (µ2z2)

2

∫ 1

−1

dxxn−1

∫
dν′

2π
eixν

′
hg(ν

′, µ), (47)

where we have introduced the Io�e-time ν = −z · P = zP z and ν′ = −ξ · P = −P+ξ−, hqi/g,R denote the coordinate

space matrix elements used to de�ne the quark and gluon PDFs at lightlike separation ξ2 = 0. De�ning∫
dν

2π
eiuν

∞∑
n=1

(−iν)n−1

(n− 1)!
C(n−1)
qiqj (µ2z2) = Cqiqj (u, µ2z2),

∫
dν

2π
eiuν

∞∑
n=2,even

(−iν)n−1

(n− 1)!

C
(n−1)
qg (µ2z2)

2
= Cqg(u, µ2z2), (48)

with u being in the range (−1, 1) [38, 93], we then have

h̃qi,R(z, P z, µ) =

∫ 1

−1

dx

∫ 1

−1

du e−iuxν
[
Cqiqj (u, µ2z2)

∫
dν′

2π
eixν

′
hqi(ν

′, µ) + Cqg(u, µ2z2)

∫
dν′

2π
eixν

′
hg(ν

′, µ)

]
=

∫ 1

−1

du Cqiqj (u, µ2z2)hqi(uν, µ) +

∫ 1

−1

du Cqg(u, µ2z2)hg(uν, µ). (49)

This is the general factorization of the coordinate space matrix element in the presence of mixing. To convert it to
the factorization of quasi-PDFs, we need a Fourier transform of the above relation

f̃qi/H(x, P z, µ) = P z
∫

dz

2π
eizxP

z

h̃qi,R(z, P z, µ)

= P z
∫

dz

2π
eizxP

z
∞∑
n=1

(−izP z)n−1

(n− 1)!

[
C(n−1)
qiqj (µ2z2)

∫ 1

−1

dy yn−1fqj/H(y) +
C

(n−1)
qg (µ2z2)

2

∫ 1

−1

dy yn−1fg/H(y)
]

=

∫ 1

−1

dy

∫
dz′δ(z′ − zy)

∫
dzP z

2π
eizxP

z
∞∑
n=1

(−izyP z)n−1

(n− 1)!

[
C(n−1)
qiqj (µ2z2)fqj/H(y) +

C
(n−1)
qg (µ2z2)

2
fg/H(y)

]
=

∫ 1

−1

dy

|y|

∫
dν′

2π
eiν
′x/y

∞∑
n=1

(−iν′)n−1

(n− 1)!

[
C(n−1)
qiqj

( µ2ν′
2

y2(P z)2

)
fqj/H(y) +

1

2
C(n−1)
qg

( µ2ν′
2

y2(P z)2

)
fg/H(y)

]
=

∫ 1

−1

dy

|y|

[
Cqiqj

(x
y
,
µ

yP z

)
fqj/H(y) + Cqg

(x
y
,
µ

yP z

)
fg/H(y)

]
, (50)

where we have de�ned

Cqiqj

(x
y
,
µ

yP z

)
=

∫
dν′

2π
eiν
′x/y

∞∑
n=1

(−iν′)n−1

(n− 1)!
C(n−1)
qiqj

( µ2ν′
2

y2(P z)2

)
,

Cqg

(x
y
,
µ

yP z

)
=

∫
dν′

2π
eiν
′x/y

∞∑
n=1

(−iν′)n−1

(n− 1)!
C(n−1)
qg

( µ2ν′
2

y2(P z)2

)
/2. (51)
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Now let us turn to h̃qi,R(z, P z, µ). By ignoring all trace terms, one can write as before

h̃g,R(z, P z, µ) =

∞∑
n=2

(−iν)n−2

(n− 2)!

[
C(n−2)
gg (µ2z2)

∫ 1

−1

dxxn−1fg/H(x, µ) + 2C(n−2)
gq (µ2z2)

∫ 1

−1

dxxn−1fq/H(x, µ)
]

=

∞∑
n=2,even

(−iν)n−2

(n− 2)!
C(n−2)
gg (µ2z2)

∫ 1

−1

dxxn−1

∫
dν′

2π
eixν

′
hg(ν

′, µ)

+

∞∑
n=2

(−iν)n−2

(n− 2)!
2C(n−2)

gq (µ2z2)

∫ 1

−1

dxxn−1

∫
dν′

2π
eixν

′
hq(ν

′, µ). (52)

De�ning ∫
dν

2π
eiuν

∞∑
n=2,even

(−iν)n−1

(n− 2)!
C(n−2)
gg (µ2z2) = −iCgg(u, µ2z2),

∫
dν

2π
eiuν

∞∑
n=2

(−iν)n−1

(n− 2)!
2C(n−2)

gq (µ2z2) = −iCgq(u, µ2z2), (53)

we then have the following factorization in coordinate space

h̃g,R(z, P z, µ) =

∫ 1

−1

dx

∫ 1

−1

du
e−iuxν

ν

[
Cgg(u, µ2z2)

∫
dν′

2π
eixν

′
hg(ν

′, µ) + Cgq(u, µ2z2)

∫
dν′

2π
eixν

′
hq(ν

′, µ)

]
=

∫ 1

−1

du
Cgg(u, µ2z2)

ν
hg(uν, µ) +

∫ 1

−1

du
Cgq(u, µ2z2)

ν
hq(uν, µ). (54)

The factorization in mometum space reads

f̃g/H(x, P z, µ) = P z
∫

dz

2πx
eizxP

z

h̃g,R(z, P z, µ)

=

∫
dzP z

2πx
eizxP

z
∞∑
n=2

(−izP z)n−2

(n− 2)!

[
C(n−2)
gg (µ2z2)

∫ 1

−1

dy yn−1fg/H(y) + 2C(n−2)
gq (µ2z2)

∫ 1

−1

dy yn−1fq/H(y)
]

=

∫ 1

−1

dy

|y|
y

x

∫
dν′

2π
eiν
′x/y

∞∑
n=2

(−iν′)n−2

(n− 2)!

[
C(n−2)
gg

( µ2ν′
2

y2(P z)2

)
fg/H(y) + 2C(n−2)

gq

( µ2ν′
2

y2(P z)2

)
fq/H(y)

]
=

∫ 1

−1

dy

|y|

[
Cqiqj

(x
y
,
µ

yP z

)
fqj/H(y) + Cqg

(x
y
,
µ

yP z

)
fg/H(y)

]
, (55)

where we have de�ned

Cgg

(x
y
,
µ

yP z

)
=
y

x

∫
dν′

2π
eiν
′x/y

∞∑
n=2

(−iν′)n−2

(n− 2)!
C(n−2)
gg

( µ2ν′
2

y2(P z)2

)
,

Cgq

(x
y
,
µ

yP z

)
=
y

x

∫
dν′

2π
eiν
′x/y

∞∑
n=2

(−iν′)n−2

(n− 2)!
2C(n−2)

gq

( µ2ν′
2

y2(P z)2

)
. (56)

Restoring all renormalization scales, the general factorization of the quark and gluon quasi-PDFs reads

f̃
(n)
g/H(x, P z, pRz , µR) =

∫ 1

−1

dy

|y|

[
Cgg

(x
y
,
µR
pRz

,
yP z

µ
,
yP z

pRz

)
fg/H(y, µ) + Cgqj

(x
y
,
µR
pRz

,
yP z

µ
,
yP z

pRz

)
fqj/H(y, µ)

]
+O

( M2

(P z)2
,

Λ2
QCD

(P z)2

)
,

f̃qi/H(x, P z, pRz , µR) =

∫ 1

−1

dy

|y|

[
Cqiqj

(x
y
,
µR
pRz

,
yP z

µ
,
yP z

pRz

)
fqj/H(y, µ) + Cqg

(x
y
,
µR
pRz

,
yP z

µ
,
yP z

pRz

)
fg/H(y, µ)

]
+O

( M2

(P z)2
,

Λ2
QCD

(P z)2

)
, (57)
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where a summation of j over all quark �avors is implied. The factorization for the polarized quasi-PDFs has the
same form as Eq. (57), with all unpolarized distributions being replaced by the polarized ones and also di�erent hard
coe�cients. It is worthwhile to point out that the higher-twist contributions shall behave like 1/[x2(1 − x)(P z)2]
instead of 1/(P z)2, as demonstrated in Ref. [55].

III. ONE-LOOP MATCHING FOR UNPLOLARIZED QUASI-PDFS IN RI/MOM SCHEME

As shown in the previous section, when the hadron momentum P z is much larger than the hadronic scale, the
highet-twist contributions get suppressed (except for very small/large x), the quasi-PDFs can be factorized into the
lightcone PDFs with perturbatively calculable hard matching coe�cients. In this section, we present the one-loop
calculation of the hard matching coe�cients for unpolarized quark and gluon quasi-PDFs in the presence of mixing.
The polarized case will be presented in the next section. Our result is obtained in the RI/MOM scheme, which can
be used to connect the RI/MOM renormalized quasi-PDFs to the PDFs in MS scheme. Since the matching depends
on UV physics only and not on the external state, we can calculate it in quark or gluon external states |q(p)〉, |g(p)〉.
The infrared (IR) divergences can be regularized using their o�shellness.

A. Gluon in Gluon

Let us start with the gluon matrix element of the gluon quasi-PDF operator, which is the most complicated among
all calculations. At tree-level one �nds:

xf̃
(n,0)
g/g (x, ρ) = δ(x− 1), yf

(0)
g/g(y, µ) = δ(y − 1), (58)

with ρ = −p2/p2
z. As before, we have ignored the crossed terms which can be obtained from {f̃ , f}(x) = −{f̃ , f}(−x).

Ignoring such terms has no impact on the extraction of the matching coe�cient. The above results lead to the
following tree-level matching coe�cient:

C(0)
gg (x/y) = δ(x/y − 1). (59)

At one-loop level, the partonic quasi-PDF can be written as follows:

xf̃
(n)
g/g(x, ρ) =

[
xf̃

(n)
g/g(x, ρ)

]
+

+ c̃(n)δ(x− 1), (60)

with n = 1, 2, 3, 4, and the �+" subscript denotes the usual plus-prescription

[f(x)]+ = f(x)− δ(1− x)

∫
dx′ f(x′). (61)

Integrating Eq. (60) over the momentum fraction, one arrives at∫ 1

0

dxxf̃
(n)
g/g(x) = c̃(n), (62)

which corresponds to the matrix element of local operators

c̃(n) =
1

p2
z

N (n)〈g(p)|O(n)(0, 0)|g(p)〉. (63)

Before we proceed, let us make a few general remarks on the calculation to follow.

• The above equations apply to bare operator matrix elements. One can write down similar expressions for the
renormalized ones. In our calculation of the matching coe�cients, the PDF is renormalized in MS scheme while
the quasi-PDF is renormalized in the RI/MOM scheme. The renormalized local operator matrix elements in
the two schemes di�er from each other in general.

• The above matrix element in an o�shell gluon state can mix with matrix elements of gauge variant operators.
To illustrate this point, it is worthwhile to consider the UV divergence from the matrix element of the local
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gluon operator Fµα(0)F νβ(0) in an o�shell gluon state

〈p, ρ|Fµα(0)F νβ(0)|p, σ〉 = −αsCA
4πε

×

{
1

12
p2

(
9gανgβσgµρ − 9gαβgµρgνσ − gανgβρgµσ + gαβgµσgνρ + gασ

(
gβρgµν − gβµgνρ

)
+gαρ

(
9gβµgνσ − 9gβσgµν

)
− 2gανgβµgρσ + 2gαβgµνgρσ

)
+

1

6
pµpν

(
4gασgβρ + 10gαρgβσ − 7gαβgρσ

)
− 1

6
pβpµ (4gασgνρ + 10gαρgνσ − 7gανgρσ)

−1

6
pαpν

(
10gβσgµρ + 4gβρgµσ − 7gβµgρσ

)
+

1

6
pαpβ (4gµσgνρ + 10gµρgνσ − 7gµνgρσ)

−3

4
pµpρ

(
gανgβσ − gαβgνσ

)
− 3

4
pνpσ

(
gαρgβµ − gαβgµρ

)
+

3

4
pαpρ

(
gβσgµν − gβµgνσ

)
+

3

4
pβpσ (gαρgµν − gανgµρ)− 1

6
pµpσ

(
gανgβρ − gαβgνρ

)
− 1

6
pνpρ

(
gασgβµ − gαβgµσ

)
+

1

6
pαpσ

(
gβρgµν − gβµgνρ

)
+

1

6
pβpρ (gασgµν − gανgµσ) +

1

6
pρpσ

(
gανgβµ − gαβgµν

)}
+O(ε0), (64)

with the cross-diagrams neglected. This leads to the following contributions to the UV divergences in c̃(n):

c̃(1,g) =
αsCA
12πε

p2

p2 + p2
z

+O(ε0),

c̃(2,g) = −αsCA
12πε

p2

p2
z

+O(ε0),

c̃(3,g) = O(ε0),

c̃(4,g) =
αsCA
3πε

p2

p2
z

+O(ε0), (65)

if a physical projection P abij = δabg⊥,ij/(2 − D) is employed. As can be seen from the above equations, the
UV divergences might depend on the o�shellness of external gluons, which is a sign of the potential mixing
with gauge variant operators. It is interesting to note that the UV divergence of c̃(3,g) is independent of p2.
This is because it corresponds to the tz component of the gluon energy momentum tensor for which all gauge
variant operators to mix turn out to vanish [94, 95]. As we will see below, such a behavior is consistent with the

asymptotic behavior at large x of the quasi-PDF de�ned with O
(3)
g,R(z, 0), which does not depend on p2 either.

This feature turns out to help achieve a better convergence in the implementation of the matching. Thus, in the

following we will focus on O
(3)
g,R(z, 0), and present the one-loop matching calculation for the gluon quasi-PDF

de�ned with this operator. For completeness and comparison purposes, the results for other de�nitions are also
collected in Appendix B.

• In pure Yang-Mills theory, O(3)(0, 0) does not renormalize, as shown by the results in Eq. (65) 2. In QCD,
quarks can enter the gluon diagrams relevant for the above calculation, but only through gluon wave function
renormalization at one-loop level, and lead to the following contribution to c̃(3,g) and c(3,g) (the counterpart of
c̃(3,g) for the gluon PDF) after renormalization

c̃
(3,g)
RI/MOM = 1− αsTf

3π

(
− ln

−p2

µ2
R

)
, c3,g

MS
= 1− αsTf

3π

(
− ln

−p2

µ2
+

5

3

)
. (66)

This will be needed in the calculation of the matching coe�cient below.

2 In general, one should be cautious about o�shell gluons, as calculating the matrix element of gluon energy momentum tensor in o�shell
gluon states and then taking the onshell limit is rather tricky due to the existence of IR divergences [94, 96].
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(a1)

(a6) (a7)

(a3) (a4)

(a5)

(a2)

(b3) (b4)(b2)(b1)

(b5) (b6) (b7) (b8)

(c3)(c2)(c1)

FIG. 2. One-loop diagrams for the gluon quasi-PDF. The gluon self-energy diagrams are not shown.

Now we present the one-loop results for the partonic quasi-PDF and PDF. The calculation is carried out in Landau
gauge, and the steps are similar to those presented in Refs. [22, 23]. Given Eqs. (60) and (66), we only present the
distribution part, i.e. the �rst term in Eq. (60). To this end, we need to calculate the one-loop matrix element of
O(3)(z, 0) in an o�shell gluon state. The relevant Feynman diagrams are shown in Fig. 2, and the result reads

[
xf̃

(3,1)
g/g (x, ρ)

]
+

=
αsCA

2π



[
−(ρ−4)2(ρ−1)+8(ρ+2)x4−16(ρ+2)x3−2(ρ2+8ρ−24)x2+(6ρ2+20ρ−32)x

8(ρ−1)2(x−1)
1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

+ 4x3

(2x−1)(ρ+4x2−4x) + 8x4−16x3−22x2+34x−9
4(ρ−1)(x−1)(2x−1) − 8x3(x−1)

(ρ+4x2−4x)2
+ 3(2x−1)x

2(ρ−1)2 −
4x+1

4(x−1)

]
+

, x > 1[
−(ρ−4)2(ρ−1)+8(ρ+2)x4−16(ρ+2)x3−2(ρ2+8ρ−24)x2+(6ρ2+20ρ−32)x

8(ρ−1)2(x−1)
1√
1−ρ ln 1−

√
1−ρ

1+
√

1−ρ

+−30x2+34x−9
4(ρ−1)(x−1) +

3(4x3−4x2+x)
2(ρ−1)2 + 6x+1

4(x−1)

]
+

, 0 < x < 1[
− −(ρ−4)2(ρ−1)+8(ρ+2)x4−16(ρ+2)x3−2(ρ2+8ρ−24)x2+(6ρ2+20ρ−32)x

8(ρ−1)2(x−1)
1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

− 4x3

(2x−1)(ρ+4x2−4x) + −8x4+16x3+22x2−34x+9
4(ρ−1)(x−1)(2x−1) + 8x3(x−1)

(ρ+4x2−4x)2
− 3(2x−1)x

2(ρ−1)2 + 4x+1
4(x−1)

]
+

, x < 0.

As in the quark case [18, 49], the bare quasi-PDF result is obtained by taking the onshell limit ρ→ 0 of the above
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expression except where it has to be kept as an IR regulator

[
xf̃

(3,1)
g/g (x, ρ→ 0)

]
+

= αsCA
2π



[
2(1−x+x2)2

x−1 ln x−1
x + 4x3−6x2+8x−5

2(x−1)

]
+

, x > 1[
2(1−x+x2)2

x−1 ln ρ
4 + 12x4−24x3+30x2−17x+5

2(x−1)

]
+

, 0 < x < 1[
− 2(1−x+x2)2

x−1 ln x−1
x −

4x3−6x2+8x−5
2(x−1)

]
+

, x < 0.

The renormalized lightcone PDF can be calculated analogously, and gives[
xf

(1)
g/g

(
x,

µ2

−p2

)]
+

= θ(x)θ(1− x)

{
αsCA

2π

[
2(1− x+ x2)2

x− 1
ln
−p2x(1− x)

µ2
+ 2x3 − 2x2 + 3x− 2

]
+

− αsCA
4π

[
x

1− x

]
+

}
, (67)

where the result in the �rst square bracket is derived in Feynman gauge.
The one-loop matching coe�cient is given by the di�erence in the renormalized quasi-PDF and lightcone PDF

xC(3,1)
gg (x, r,

pz

µ
,
pz

pRz
) =

[
xf̃

(n,1)
g/g (x, ρ→ 0)− xf (1)

g/g

(
x,

µ2

−p2

)
− (xf̃

(n,1)
g/g )C.T.

]
+

+
(
c̃
(3,g)
RI/MOM − c

3,g

MS

)
δ(x− 1), (68)

where the ln(−p2) dependence in each individual term cancels out in the combination on the r.h.s., and the counterterm
in the RI/MOM scheme is determined as (see Appendix A)

(xf̃
(n,1)
g/g )C.T. =

∣∣∣∣ pzpRz
∣∣∣∣xf̃ (n,1)

g/g

(
pz
pRz

(x− 1) + 1, r

)
(69)

with r = µ2
R/(p

R
z )2.

B. Quark in Quark

This case has already been considered at one-loop in a comprehensive way in Ref. [49]. For completeness, we also
quote the results here and brie�y explain how it was obtained. The corresponding Feynman diagrams are given in
Fig. 3.

(a) (b) (c) (d)

(f)(e)

FIG. 3. One loop diagrams for the quark quasi-PDF. The quark self energy diagrams are not shown.

Owing to the o�shellness of the external quark, the one-loop quark quasi-PDF contains two more Dirac structures
apart from the tree-level one γt, and is given by the following projection [49]

Tr

[([
f̃

(1)
q/q,t(x, ρ)

]
+
γt +

[
f̃

(1)
q/q,z(x, ρ)

]
+

pt

pz
γz +

[
f̃

(1)
q/q,p(x, ρ)

]
+

ptp/

p2

)
P
]
, (70)
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where the coe�cients of γt and γz read in Landau gauge

f̃
(1)
q/q,t(x, ρ) =

αsCF
2π


2x2

(2x−1)(ρ+4x2−4x) + 4x−3
2(ρ−1)(2x−1) −

3
2(x−1) −

(3ρ+4x2+(ρ−8)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)3/2(x−1)
, x > 1

4x−3
2(ρ−1) + 3

2(x−1) −
ln 1−

√
1−ρ

1+
√

1+ρ (3ρ+4x2+(ρ−8)x)
4(1−ρ)3/2(x−1)

, 0 < x < 1

− 2x2

(2x−1)(ρ+4x2−4x) + 3−4x
2(ρ−1)(2x−1) + 3

2(x−1) +
(3ρ+4x2+(ρ−8)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)3/2(x−1)

, x < 0

f̃
(1)
q/q,z(x, ρ) =

αsCF
2π



(2ρ2+3ρ+4(ρ+2)x2−(13ρ+8)x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2(x−1)

+
2(3x2−2x)

(2x−1)3(ρ+4x2−4x) −
8(x3−x2)

(2x−1)(ρ+4x2−4x)2
+ 8x4−34x3+40x2−17x+2

(ρ−1)(x−1)(2x−1)3 + 3(4x−3)
2(ρ−1)2(2x−1) , x > 1

ln 1−
√

1−ρ
1+
√

1+ρ (2ρ2+3ρ+4(ρ+2)x2−(13ρ+8)x+4)
4(1−ρ)5/2(x−1)

+ 2−3x
(ρ−1)(x−1) + 3(4x−3)

2(ρ−1)2 , 0 < x < 1

− (2ρ2+3ρ+4(ρ+2)x2−(13ρ+8)x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2(x−1)

− 2(3x2−2x)
(2x−1)3(ρ+4x2−4x) +

8(x3−x2)
(2x−1)(ρ+4x2−4x)2

+ −8x4+34x3−40x2+17x−2
(ρ−1)(x−1)(2x−1)3 − 3(4x−3)

2(ρ−1)2(2x−1) , x < 0.

(71)

In Ref. [49], a so-called minimal projector has been used, which determines the bare quark quasi-PDF as[
f̃

(1)
q/q(x, ρ→ 0)

]
+

=
[
f̃

(1)
q/q,t(x, ρ→ 0)

]
+

+
[
f̃

(1)
q/q,z(x, ρ→ 0)

]
+
, (72)

with the following explicit form

[
f̃

(1)
q/q(x, ρ→ 0)

]
+

= αsCF
2π


[
x2+1
x−1 ln x−1

x + 1
]

+
, x > 1[

x2+1
x−1 ln ρ

4 + 8x2−8x+5
2(x−1)

]
+
, 0 < x < 1

−
[
x2+1
x−1 ln x−1

x + 1
]

+
, x < 0.

Note that in this case there is no extra local term like c̃
(3,g)
RI/MOM above due to vector current conservation. The

renormalized lightcone quark PDF has the following expression[
f

(1)
q/q

(
x,

µ2

−p2

)]
+

=

{
αsCF

2π

[
x2 + 1

x− 1
ln
−p2(1− x)x

µ2
+
−5 + 10x− 6x2

2(1− x)

]
+

}
θ(x)θ(1− x), (73)

The matching coe�cient can then be extracted as

C(1)
qq (x, r,

pz

µ
,
pz

pRz
) =

[
f̃

(1)
q/q(x, ρ→ 0)− f (1)

q/q

(
x,

µ2

−p2

)
− (f̃

(n,1)
q/q )C.T.

]
+

, (74)

where again the ln(−p2) dependence cancels out in the combination on the r.h.s., and the counterterm in the RI/MOM
scheme is determined as:

(f̃
(1)
q/q)C.T. =

∣∣∣∣ pzpRz
∣∣∣∣ f̃ (1)
q/q,t

(
pz
pRz

(x− 1) + 1, r

)
. (75)

C. Gluon in Quark

Now we turn to the mixing contributions. Let us �rst consider the quark matrix element of the gluon quasi-PDF
operator, whose one-loop diagram is given in Fig. 4.
To illustrate the kinematic dependence of the mixing terms, it is useful to begin with the one-loop quark matrix

element of the matrix element as a normalization of Fig. 4:

〈q|Fµα(0)F νβ(0)|q〉 = −αsCF
12πε

ū(p)

(
− γµpβgαν + γαpβgµν + γβpαgµν − γβpµgαν

+γν
(
pµgαβ − pαgβµ

)
+ γµpνgαβ − γαpνgβµ + p/

(
gανgβµ − gαβgµν

))
u(p). (76)
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FIG. 4. One-loop diagram for the quark matrix element of the gluon quasi-PDF operator.

For O
(3)
g,R(0, 0), we have

〈q|O(3)
g,R(0, 0)|q〉 =

αsCF
6πε

ū(p)[ptγz + pzγt]u(p) +O(ε0). (77)

As the tz component of the gluon energy momentum tensor, O
(3)
g,R(0) in general mixes with the same component of

the quark contribution

T tzq =
1

2
iψ̄iD(tγz)ψ +

1

2
iψ̄i
←
D (tγz)ψ, (78)

where (· · · ) denotes an antisymmetrization of the enclosed indices. The above operator has the same momentum
dependence as Eq. (77) when sandwiched in a quark state.
The renormalized mixing contribution from the lightcone gluon PDF has the following form

xf
(1)
g/q

(
x,

µ2

−p2

)
=
αsCF

2π

[
(1 + (1− x)2) ln

µ2

−p2x(1− x)
+ x(1− x)− 2

]
. (79)

For the quasi-PDF, we follow the decomposition as in the quark case:

Tr

[(
xf

(n,1)
g/q,t (x, ρ)γt + xf

(n,1)
g/q,z(x, ρ)

pt

pz
γz + xf

(n,1)
g/q,p(x, ρ)

ptp/

p2

)
P
]
, (80)

and choose the projector P such that it projects out the coe�cients of both γt and γz. We therefore have

xf̃
(n,1)
g/q = xf

(n,1)
g/q,t + xf

(n,1)
g/q,z. (81)

For the O
(3)
g,R, the result reads

xf̃
(3,1)
g/q (x, µ, P z) =

αsCF
2π



− 5ρ2−10ρ+(8ρ+4)x2−4(ρ+2)x+8
4(ρ−1)2

1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

− (ρ−4)ρ+8(2ρ+1)x3−4(ρ2+2ρ+6)x2+2(3ρ2−2ρ+8)x
2(1−ρ)2(ρ+4x2−4x) , x > 1

− 5ρ2−10ρ+(8ρ+4)x2−4(ρ+2)x+8
4(ρ−1)2

1√
1−ρ ln 1−

√
1−ρ

1+
√

1−ρ
− (2x−1)(ρ+2(ρ+2)x−4)

2(1−ρ)2 , 0 < x < 1
5ρ2−10ρ+(8ρ+4)x2−4(ρ+2)x+8

4(ρ−1)2
1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

+
(ρ−4)ρ+8(2ρ+1)x3−4(ρ2+2ρ+6)x2+2(3ρ2−2ρ+8)x

2(1−ρ)2(ρ+4x2−4x) , x < 0.

In the limit ρ→ 0, we have for the bare quasi-PDF

xf̃
(3,1)
g/q (x, µ, P z) =

αsCF
2π

 −
(
1 + (1− x)2

)
ln x−1

x − x+ 2, x > 1
−
(
1 + (1− x)2

)
ln ρ

4 − 4x2 + 6x− 2, 0 < x < 1(
1 + (1− x)2

)
ln x−1

x + x− 2, x < 0.
,

(82)
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In the limit x→∞, the above expression behaves asymptotically as

xf̃
(3,1)
g/q (x, µ, P z)→ αsCF

2π

(
1

2
+

4

3x

)
. (83)

If one integrates over the momentum fraction with DR, it is straightforward to �nd that the above behavior is
consistent with the local result in Eq. (77).
As before, the matching coe�cient can be extracted as

xC
(3,1)
g/q (x, r,

pz

µ
,
pz

pRz
) =

[
xf̃

(3,1)
g/q (x, ρ→ 0)− xf (1)

g/q

(
x,

µ2

−p2

)
− (xf̃

(3,1)
g/q )C.T.

]
, (84)

with the counterterm in the RI/MOM scheme determined as:

(xf̃
(n,1)
g/q )C.T. =

∣∣∣∣ pzpRz
∣∣∣∣xf̃ (n,1)

g/q

(
pz
pRz

(x− 1) + 1, r

)
. (85)

D. Quark in Gluon

FIG. 5. One-loop diagram for the gluon matrix element of the quark quasi-PDF operator.

We come to the gluon matrix element of quark operator, and we start with the local matrix element, normalization
of Fig. 5:

〈g|ψ̄γµψ|g〉 = εσε
∗
ρ

αs (−2pµgρσ + gµσpρ + gµρpσ)

12πε
. (86)

If µ = t and physical polarizations are used for the external gluons, one has the result:

〈g|ψ̄γtψ|g〉 =
αs
√
p2 + p2

z

6πε
, (87)

which has the same momentum dependence with the matrix element of O
(3)
g,R.

For the lightcone PDF, the result of the mixing diagram in Fig. 5 reads

f
(1)
q/g

(
x,

µ2

−p2

)
=
αsTf
2π

[
(x2 + (1− x)2) ln

µ2

−p2x(1− x)
− 1

]
, (88)

while for the quasi-PDF one has:

f̃
(1)
q/g(x, ρ) (89)

=
αsTf
2π


−ρ

2−2ρ+4(ρ+2)x2−4(ρ+2)x+4
4(1−ρ)3/2

1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ −
(2x−1)(−(ρ−4)ρ+4(ρ+2)x2−4(ρ+2)x)

2(1−ρ)3/2(ρ+4x2−4x)
, x > 1

−ρ
2−2ρ+4(ρ+2)x2−4(ρ+2)x+4

4(1−ρ)3/2
1√
1−ρ ln 1−

√
1−ρ

1+
√

1−ρ −
−ρ+12x2−12x+4

2(1−ρ)3/2 , 0 < x < 1

ρ2−2ρ+4(ρ+2)x2−4(ρ+2)x+4
4(1−ρ)3/2

1√
1−ρ ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ −
(2x−1)((ρ−4)ρ−4(ρ+2)x2+4(ρ+2)x)

2(1−ρ)3/2(ρ+4x2−4x)
, x < 0.
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Taking ρ→ 0 gives the bare quasi-PDF result

f̃
(1)
q/g(x, ρ→ 0) =

αsTf
2π

 −(x2 + (1− x)2) ln x−1
x − 2x+ 1, x > 1

−(x2 + (1− x)2) ln ρ
4 − 6x2 + 6x− 2, 0 < x < 1

(x2 + (1− x)2) ln x−1
x + 2x− 1, x < 0.

The matching coe�cient is then given by

C(1)
qg (x, r,

pz

µ
,
pz

pRz
) =

[
f̃

(1)
q/g(x, ρ→ 0)− f (1)

q/g

(
x,

µ2

−p2

)
− (f̃

(n,1)
q/g )C.T.

]
, (90)

with

(f̃
(n,1)
q/g )C.T. =

∣∣∣∣ pzpRz
∣∣∣∣ f̃ (n,1)
q/g

(
pz
pRz

(x− 1) + 1, r

)
. (91)

IV. ONE-LOOP MATCHING FOR POLARIZED QUASI-PDF IN RI/MOM SCHEME

A. Gluon in Gluon

Now we turn to the polarized case. The calculation can be done in complete analogy to that presented in the
previous section. As demonstrated in Ref. [53], to study the polarized gluon PDF

∆fg/H(x, µ) = iε⊥ij

∫
dξ−

2πxP+
e−iξ

−xP+

〈P |F+i(ξ−n+)W(ξ−n+, 0;Ln+
)F j+(0)|P 〉, (92)

we may use the following three operators to de�ne the corresponding quasi-PDF

∆O1(z, 0) = iε⊥,ijF
ti(z2)W(z2, z1)F tj(z1), (93)

∆O2(z, 0) = iε⊥,ijF
zi(z2)W(z2, z1)F zj(z1), (94)

∆O3(z, 0) = iε⊥,ijF
ti(z2)W(z2, z1)F zj(z1), (95)

where ε⊥,ij is the two-dimensional antisymmetric tensor:

ε⊥,ij = εµνijn
µ
t n

ν , (96)

with the convention ε0123 = 1. nµt = (1, 0, 0, 0). The projection operator for the polarized gluon quasi-PDF is chosen
as:

P⊥,ij =
i

D − 2
εµνijn

µ
t n

ν . (97)

As before, we decompose the polarized quasi-PDF as

x∆f̃
(n)
g/g(x) = [x∆f̃ ]+ + ∆c̃(n)δ(x− 1). (98)

Integrating over the momentum fraction ∫ ∞
−∞

dxx∆f̃
(n)
g/g(x) = ∆c̃(n), (99)

one obtains the matrix element of the corresponding local operators:

∆c̃(n) =
1

(P z)2
∆N (n)〈g(P )|∆O(n)

R (0, 0)|g(P )〉, (100)

with

∆N (1) =
(P z)2

(P t)2
, ∆N (2) = 1, ∆N (3) =

P z

P t
. (101)
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The local matrix elements have the following divergence structure

∆c̃(1) = −αsCA(P 2 + 6(P z)2)

24πε(P 2 + (P z)2)
, (102)

∆c̃(2) = −αsCA(5P 2 + 6(P z)2)

24πε(P z)2
, (103)

∆c̃(3) = −αsCA
4πε

, (104)

where only the UV divergence of ∆c̃(3) does not depend on the external momentum. For the same reason as the

unpolarized case, we choose ∆O
(3)
g to de�ne the polarized gluon quasi-PDF and present the corresponding one-loop

matching.
Now we present the one-loop results. The light-cone PDF yields the following real contribution

x∆f
(1)
g/g(x, µ) =

αsCA
2π

{
x

x− 1

[(
4x2 − 6x+ 4

)
ln
−p2(1− x)x

µ2
+ 8x2 − 11x+ 7 +

(1− ξ)
2

]}
+

θ(x)θ(1− x),(105)

whereas the quasi-PDF gives

x∆f̃
(3,1)
g/g (x, ρ) =

αsCA
2π



−ρ(ρ
2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x

8(1−ρ)5/2(x−1)
ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

+ 4x3

(2x−1)(ρ+4x2−4x) + −8x3−8x2+14x−3
4(ρ−1)(x−1)(2x−1) −

8(x4−x3)
(ρ+4x2−4x)2

+ 3(2x−1)
2(ρ−1)2 −

4x+1
4(x−1) , x > 1

−ρ(ρ
2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x

8(1−ρ)5/2(x−1)
ln 1−

√
1−ρ

1+
√

1+ρ

+
3(4x2−4x+1)

2(ρ−1)2 + −16x3+8x2+6x−3
4(ρ−1)(x−1) + 6x+1

4(x−1) , 0 < x < 1
ρ(ρ2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x

8(1−ρ)5/2(x−1)
ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ

− 4x3

(2x−1)(ρ+4x2−4x) + 8x3+8x2−14x+3
4(ρ−1)(x−1)(2x−1) +

8(x4−x3)
(ρ+4x2−4x)2

− 3(2x−1)
2(ρ−1)2 + 4x+1

4(x−1) , x < 0.

(106)

In the ρ→ 0 limit, the above result gets simpli�ed

x∆f̃
(3,1)
g/g (x, ρ) = αsCA

2π


8x2+4(2x2−3x+2)x ln x−1

x −8x+1

2(x−1) , x > 1
4(2x2−3x+2)x ln ρ

4 +20x3−28x2+15x−1

2(x−1) , 0 < x < 1

− 8x2+4(2x2−3x+2)x ln x−1
x −8x+1

2(x−1) , x < 0.

(107)

The virtual contribution is the same for the unpolarized and polarized gluon quasi-PDF, while the real contribution
di�ers in the asymptotic limit as

x∆f̃
(3,1)
g/g − xf̃

(3,1)
g/g →

αsCA
2π

(
2

3
− 1

2x

)
. (108)

Integrating over x in DR, this gives the UV divergence in Eq. (104) as expected.
The matching kernel can be written using the matching kernel for the unpolarized gluon quasi-PDF as

x∆C(3,1)
gg (x, r,

pz

µ
,
pz

pRz
) = xC(3,1)

gg (x, r,
pz

µ
,
pz

pRz
) +

[(
x∆f̃

(3,1)
g/g (x, ρ→ 0)− xf̃ (3,1)

g/g (x, ρ→ 0)
)

−
(
x∆f

(3,1)
g/g

(
x,

µ2

−p2

)
− xf (3,1)

g/g

(
x,

µ2

−p2

))
− (x∆f̃

(3,1)
g/g )C.T.

]
, (109)

where again the ln(−p2) dependence in each individual term cancels out in the combination on the r.h.s., and the
counterterm in the RI/MOM scheme is determined as:

(∆xf̃
(3,1)
g/g )C.T. =

∣∣∣∣ pzpRz
∣∣∣∣ [x∆f̃

(3,1)
g/g

(
pz
pRz

(x− 1) + 1, r

)
− xf̃ (3,1)

g/g

(
pz
pRz

(x− 1) + 1, r

)]
. (110)
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B. Quark in Quark

For completeness, we also give the result for the polarized quark quasi-PDF and PDF de�ned as following

∆f̃qi/H(x, µ, P z) =
P t

P z

∫
dz

4π
eizxP

z

〈P |qi(z)γzγ5W (z, 0)qi(0)|P 〉, (111)

∆fqi/H(x, µ) =

∫
dξ−

4π
e−iξ

−xP+

〈P |qi(ξ−)γ+γ5W (ξ−, 0)qi(0)|P 〉. (112)

The result for the polarized lightcone quark PDF are the same as that for the unpolarized one:

∆f
(1)
q/q

(
x,

µ2

−p2

)
= f

(1)
q/q

(
x,

µ2

−p2

)
. (113)

For the quasi-PDF, the one-loop result can be decomposed into:

Tr

[([
∆f̃

(1)
q/q,t

]
+
γt +

[
∆f̃

(1)
q/q,z

]
+
γz +

[
∆f̃

(1)
q/q,p

]
+

pzp/

p2

)
γ5P

]
. (114)

If the Dirac matrix in Eq. (111) is γzγ5, ∆f̃
(1)
q/q,t vanishes, and we have:

∆f̃
(1)
q/q,z(x, ρ) =

αsCF
2π



− 3ρ−2x2−2
2(1−ρ)3/2(x−1)

ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

+ 4x2

(2x−1)(ρ+4x2−4x) + 1−2x2

(ρ−1)(x−1)(2x−1) −
8(x3−x2)

(ρ+4x2−4x)2
− 3

2(x−1) , x > 1

− 3ρ−2x2−2
2(1−ρ)3/2(x−1)

ln 1−
√

1−ρ
1+
√

1+ρ
+ 1−2x2

(ρ−1)(x−1) + 3
2(x−1) , 0 < x < 1

− −3ρ+2x2+2
2(1−ρ)3/2(x−1)

ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

− 4x2

(2x−1)(ρ+4x2−4x) + 2x2−1
(ρ−1)(x−1)(2x−1) +

8(x3−x2)
(ρ+4x2−4x)2

+ 3
2(x−1) , x < 0.

(115)

In the limit ρ→ 0, it reduces to:

∆f̃
(1)
q/q,z(x, ρ)|ρ→0 =

αsCF
2π


(x2+1) ln x−1

x +x−1

x−1 , x > 1
2(x2+1) ln ρ

4 +4x2+1

2(x−1) , 0 < x < 1

− (x2+1) ln x−1
x +x−1

x−1 , x < 0

(116)

The matching coe�cient can then be extracted as

∆C(1)
qq (x, r,

pz

µ
,
pz

pRz
) =

[
∆f̃

(1)
q/q,z(x, ρ→ 0)− f (1)

q/q

(
x,

µ2

−p2

)
− (f̃

(1)
q/q)C.T.

]
+

, (117)

where the counterterm in the RI/MOM scheme is determined as:

(f̃
(1)
q/q)C.T. =

∣∣∣∣ pzpRz
∣∣∣∣∆f̃ (1)

q/q,t

(
pz
pRz

(x− 1) + 1, r

)
. (118)

C. Gluon in Quark

The matrix element of the local gluon operator between the polarized quark state reads:

〈q|Fµα(0)F νβ(0)|q〉 = − iαsCF
24πε

(
pαεβµνδ + pβεαµνδ + pµεαβνδ + pνεαβµδ

)
ū(p)γδγ

5u(p), (119)

where we have used the following identity

γµγνγα = γµgαν − γνgαµ + γαgµν + iεµναδγδγ
5. (120)
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Projecting onto ∆O
(3)
g,R(0, 0) gives:

〈q|∆O(3)
g,R(0, 0)|q〉 =

αsCF
6πε

[(pt)2 + (pz)2] +O(ε0). (121)

If one requests the same momentum dependence with the matrix element of quark operator, one could make the
following projection:

ūγzγ5u→ pt, ūγtγ5u→ pz. (122)

The light-cone results are given as

x∆f
(1)
g/q(x, µ) =

αsCF
2π

(
x(x− 2) ln

−p2(1− x)x

µ2
+ x2 − 5x

)
. (123)

The quasi-PDF has the one-loop results

x∆f̃
(3,1)
g/q (x, ρ) =

αsCF
2π



− (ρ(ρ2−3ρ+8)+4(ρ2+3ρ+2)x2−8(ρ2+2)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(ρ−1)3

− (2x−1)(ρ(ρ2−5ρ−2)−4(ρ2+3ρ+2)x2+8(2ρ+1)x)
4(1−ρ)5/2(ρ+4x2−4x)

, x > 1

−
ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ(ρ2−3ρ+8)+4(ρ2+3ρ+2)x2−8(ρ2+2)x)

8(ρ−1)3

−ρ
2−5ρ−12(ρ+1)x2+8(ρ+2)x−2

4(1−ρ)5/2 , 0 < x < 1

(ρ(ρ2−3ρ+8)+4(ρ2+3ρ+2)x2−8(ρ2+2)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(ρ−1)3

+
(2x−1)(ρ(ρ2−5ρ−2)−4(ρ2+3ρ+2)x2+8(2ρ+1)x)

4(1−ρ)5/2(ρ+4x2−4x)
, x < 0

(124)

In the limit ρ→ 0, we have

x∆f̃
(3,1)
g/q (x, ρ) = αsCF

2π


1
2

(
2x+ 2(x− 2)x ln x−1

x − 1
)
, x > 1

1
2

(
2(x− 2)x ln ρ

4 + 6x2 − 8x+ 1
)
, 0 < x < 1

1
2

(
−2x− 2(x− 2)x ln x−1

x + 1
)
, x < 0.

(125)

The matching coe�cient can be extracted as

x∆C
(3,1)
g/q (x, r,

pz

µ
,
pz

pRz
) =

[
x∆f̃

(3,1)
g/q (x, ρ→ 0)− x∆f

(1)
g/q

(
x,

µ2

−p2

)
− (x∆f̃

(3,1)
g/q )C.T.

]
, (126)

with the counterterm in the RI/MOM scheme determined as:

(x∆f̃
(3,1)
g/q )C.T. =

∣∣∣∣ pzpRz
∣∣∣∣x∆f̃

(3,1)
g/q

(
pz
pRz

(x− 1) + 1, r

)
. (127)

D. Quark in Gluon

In this case, the light-cone results are:

∆f
(1)
q/g(x, µ) =

αsTf
2π

(
(1− 2x) ln

−p2(1− x)x

µ2
− 4x+ 1

)
. (128)

The results for the quasi PDF are:

∆f̃
(1)
q/g =

αsTf
2π


− ρ+8x2+2(ρ−4)x√

1−ρ(ρ+4x2−4x)
+ ρ+4x−2

2(ρ−1) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ , x > 1

1−4x√
1−ρ + ρ+4x−2

2(ρ−1) ln 1−
√

1−ρ
1+
√

1+ρ
, 0 < x < 1

ρ+8x2+2(ρ−4)x√
1−ρ(ρ+4x2−4x)

− ρ+4x−2
2(ρ−1) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ , x < 0
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In the limit ρ→ 0, we have

∆f̃
(1)
q/g =

αsTf
2π

 (1− 2x) ln x−1
x − 2, x > 1

(1− 2x) ln ρ
4 − 4x+ 1, 0 < x < 1

(2x− 1) ln x−1
x + 1, x < 0

(129)

The matching coe�cient is then given by

∆C(1)
qg (x, r,

pz

µ
,
pz

pRz
) =

[
∆f̃

(1)
q/g(x, ρ→ 0)−∆f

(1)
q/g

(
x,

µ2

−p2

)
− (∆f̃

(1)
q/g)C.T.

]
, (130)

with

(∆f̃
(1)
q/g)C.T. =

∣∣∣∣ pzpRz
∣∣∣∣∆f̃ (1)

q/g

(
pz
pRz

(x− 1) + 1, r

)
. (131)

V. CONCLUSION

In this paper, we have studied how to extract the �avor-singlet quark PDF and gluon PDF from LaMET, both
in the unpolarized and polarized case. After brie�y reviewing the auxiliary �heavy quark" formalism used in our
earlier work to prove the multiplicative renormalizability of quark and gluon quasi-PDF operators, we explained how
a nonperturbative RI/MOM renormalization can be carried out for the quark and gluon quasi-PDFs on the lattice
in the presence of mixing. Using OPE, we also derived the factorization formulas that connect them to the usual
quark and gluon PDFs in MS scheme. In the one-loop calculation of the hard matching kernel, we found that certain
gluon quasi-PDF operators are more favorable than others in the sense that the mixing with gauge variant operators
can be avoided. We then focused on these operators and presented the corresponding one-loop matching kernel. Our
results can thus be used to extract �avor-singlet quark PDFs as well as the gluon PDFs from lattice simulations of the
corresponding quasi-PDFs. We therefore completed the procedure of extracting quark and gluon PDFs from LaMET
at leading power accuracy in the hadron momentum.
It is interesting to note that the matrix elements of those non-favorable gluon quasi-PDF operators have nontrivial

momentum dependence in their asymptotic behavior at large x, which is also exhibited in the UV divergences of their
local limit. This is a sign of the potential mixing with gauge variant operators. For these operators, it shall also be
possible to work out an appropriate RI/MOM renormalization and matching, but one needs to take into account the
gauge variant operators that are allowed to mix with the original operators. This makes the situation much more
complicated and is beyond the scope of the present paper. We leave it to future work.
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Appendix A: RI/MOM Counterterm

The renormalization of quark and gluon quasi operators is given by

h̃i/k,R = Zij h̃j/k, (A1)

with i, j denoting gluon/quark. Here h̃i/k are the coordinate space matrix elements of quasi operators, which have
the Fourier transformation:

h̃i/k(z) =

∫
dxe−ixzpz f̃i/k(x, ρ). (A2)
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The RI/MOM renomalization condition

h̃
(0)
i/k = Zij h̃j/k(z, pz, ρ)

∣∣∣∣
p2=−µ2

R,pz=pRz

, (A3)

has the perturbative expansion:

h̃
(0)
i/k = (Z

(0)
ij + Z

(1)
ij )(h̃

(0)
j/k + h

(1)
j/k)

∣∣∣∣
p2=−µ2

R,pz=pRz

= Z
(0)
ij h̃

(0)
j/k + Z

(0)
ij h̃

(1)
j/k + Z

(1)
ij h̃

(0)
j/k. (A4)

It implies

Z
(0)
ij = δij , Z

(0)
ij h̃

(1)
j/k + Z

(1)
ij h̃

(0)
j/k = 0. (A5)

Therefore, the renormalization matrix reads

Zij = δij −
h̃

(1)
i/j

h̃
(0)
j/j

= | pz
pRz
|
∫
dxe−ixzpz

[
δijδ

(
pz
pRz
x

)(
1 +

f̃
(1)
j/j,v

f̃
(0)
j/j

)
−
f̃

(1)
i/j,r(

pz
pRz
x+ 1, r)

f̃
(0)
j/j

]
. (A6)

Thus, one can get the renormalized quasi PDF:

f̃i/j(x, r, ρ, pz, p
R
z ) = δij

(
f̃

(0)
j/j − f̃

(1)
j/j,v(ρ) + f̃

(1)
j/j,v(r)

)
+ f̃

(1)
i/j,r(x, ρ)− | pz

pRz
|f̃ (1)
i/j,r

(
pz
pRz

(x− 1) + 1, r

)
, (A7)

where the last term is the counter-term.

Appendix B: One-Loop Results in the Rξ gauge

In this Appendix, we present the one-loop results for all gluon quasi-PDF operators in the general Rξ gauge. For
the gluon to gluon case, we only give the real contribution:

xf̃
(1,1)
g/g

∣∣∣∣
real

= αsCA
2π


− 4(x−1)x2

(2x−1)2(ρ+4x2−4x) +
2(2x4−8x3+6x2−x)
(ρ−1)(x−1)(2x−1)2 + 12x+1

6(ρ−1)2 −
(2x−1)2

2(ρ−1)3 −
1

x−1 , x > 1

− 2(2x2−x)
(ρ−1)(x−1) + 8x3+12x2−6x−1

6(ρ−1)2 + −8x3+12x2−6x+1
2(ρ−1)3 + 1

x−1 , 0 < x < 1

4(x−1)x2

(2x−1)2(ρ+4x2−4x) −
2(2x4−8x3+6x2−x)
(ρ−1)(x−1)(2x−1)2 + −12x−1

6(ρ−1)2 + (2x−1)2

2(ρ−1)3 + 1
x−1 , x < 0

+ αsCA
2π


(−6ρ3+19ρ2−20ρ+8x4−4(ρ2+4)x3+6(3ρ2−4ρ+4)x2+(2ρ3−17ρ2+24ρ−16)x+8) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)7/2(x−1)

, x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(−6ρ3+19ρ2−20ρ+8x4−4(ρ2+4)x3+6(3ρ2−4ρ+4)x2+(2ρ3−17ρ2+24ρ−16)x+8)

4(1−ρ)7/2(x−1)
, 0 < x < 1

− (−6ρ3+19ρ2−20ρ+8x4−4(ρ2+4)x3+6(3ρ2−4ρ+4)x2+(2ρ3−17ρ2+24ρ−16)x+8) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)7/2(x−1)
, x < 0

+ αsCA
2π


(ξ−1)ρ2(ρ2+8x4−20x3+2(2ρ+7)x2−(6ρ+1)x)

2(ρ−1)2(x−1)(ρ+4x2−4x)2
+

(ξ−1)ρ2 ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 , x > 1

− (ξ−1)(ρ2−2ρx+x)
2(ρ−1)2(x−1) +

(ξ−1)ρ2 ln
(

1−
√

1−ρ√
ρ+1+1

)
4(1−ρ)5/2 , 0 < x < 1

− (ξ−1)ρ2(ρ2+8x4−20x3+2(2ρ+7)x2−(6ρ+1)x)
2(ρ−1)2(x−1)(ρ+4x2−4x)2

−
(ξ−1)ρ2 ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2 , x < 0.

(B1)

xf̃
(2,1)
g/g

∣∣∣∣
real

= αsCA
2π


− 4(x−1)x2

ρ+4x2−4x + −12x2−x+10
6(ρ−1)(x−1) + (2x−1)2

2(ρ−1)2 −
1

2(x−1) + (ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x > 1

4x2−2x+1
2(x−1) + 8x3−12x2+6x−1

2(ρ−1)2 + −8x4−4x3−6x2+25x−10
6(ρ−1)(x−1) − (ξ−1)x

2(x−1) , 0 < x < 1
4(x−1)x2

ρ+4x2−4x + 12x2+x−10
6(ρ−1)(x−1) −

(2x−1)2

2(ρ−1)2 + 1
2(x−1) −

(ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x < 0

+ αsCA
2π


− ((ρ−2)3−8x4+4(ρ2+4)x3−2(5ρ2−8ρ+12)x2+(3ρ2−12ρ+16)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2(x−1)

, x > 1

−
ln
(

1−
√

1−ρ√
ρ+1+1

)
((ρ−2)3−8x4+4(ρ2+4)x3−2(5ρ2−8ρ+12)x2+(3ρ2−12ρ+16)x)

4(1−ρ)5/2(x−1)
, 0 < x < 1

((ρ−2)3−8x4+4(ρ2+4)x3−2(5ρ2−8ρ+12)x2+(3ρ2−12ρ+16)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2(x−1)
, x < 0

(B2)
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xf̃
(3,1)
g/g

∣∣∣∣
real

= αsCA
2π


− 4(x3−x2)

(2x−1)(ρ+4x2−4x) + 8x4−16x3−22x2+34x−9
4(ρ−1)(x−1)(2x−1) + 3x(2x−1)

2(ρ−1)2 −
2x+1

4(x−1) + (ξ−1)ρ2x

2(x−1)(ρ+4x2−4x)2
, x > 1

−30x2+34x−9
4(ρ−1)(x−1) +

3(4x3−4x2+x)
2(ρ−1)2 + 4x+1

4(x−1) −
(ξ−1)x
2(x−1) , 0 < x < 1

4(x3−x2)
(2x−1)(ρ+4x2−4x) + −8x4+16x3+22x2−34x+9

4(ρ−1)(x−1)(2x−1) − 3x(2x−1)
2(ρ−1)2 + 2x+1

4(x−1) −
(ξ−1)ρ2x

2(x−1)(ρ+4x2−4x)2
, x < 0

+ αsCA
2π


(−(ρ−4)2(ρ−1)+8(ρ+2)x4−16(ρ+2)x3−2(ρ2+8ρ−24)x2+(6ρ2+20ρ−32)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
8(1−ρ)5/2(x−1)

, x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(−(ρ−4)2(ρ−1)+8(ρ+2)x4−16(ρ+2)x3−2(ρ2+8ρ−24)x2+(6ρ2+20ρ−32)x)

8(1−ρ)5/2(x−1)
, 0 < x < 1

((ρ−4)2(ρ−1)−8(ρ+2)x4+16(ρ+2)x3+2(ρ2+8ρ−24)x2+(−6ρ2−20ρ+32)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(1−ρ)5/2(x−1)
, x < 0

(B3)

xf̃
(4,1)
g/g

∣∣∣∣
real

= αsCA
2π


4x2−4x−1

2(x−1) + −4x3+4x2−2x+1
2(ρ−1)(x−1) − 4(3x3−5x2+2x)

ρ+4x2−4x + (ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x > 1

8x2−6x+1
2(x−1) + −8x4+12x3−8x2+4x−1

2(ρ−1)(x−1) − (ξ−1)x
2(x−1) , 0 < x < 1

− 4x2−4x−1
2(x−1) + 4x3−4x2+2x−1

2(ρ−1)(x−1) +
4(3x3−5x2+2x)
ρ+4x2−4x − (ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x < 0

+ αsCA
2π


(ρ2−8ρ+8x4+4(ρ−4)x3−8(2ρ−3)x2+4(3ρ−4)x+8) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)3/2(x−1)

, x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ2−8ρ+8x4+4(ρ−4)x3−8(2ρ−3)x2+4(3ρ−4)x+8)

4(1−ρ)3/2(x−1)
, 0 < x < 1

− (ρ2−8ρ+8x4+4(ρ−4)x3−8(2ρ−3)x2+4(3ρ−4)x+8) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)3/2(x−1)
, x < 0

(B4)

x∆f̃
(1,1)
g/g

∣∣∣∣
real

= αsCA
2π


− 4(x3−x2)

(2x−1)2(ρ+4x2−4x) + 20x4−52x3+31x2−2x−1
2(ρ−1)(x−1)(2x−1)2 + 10x−3

2(ρ−1)2 −
1

x−1 , x > 1
−3x2−2x+1
2(ρ−1)(x−1) + 20x2−16x+3

2(ρ−1)2 + 1
x−1 , 0 < x < 1

4(x3−x2)
(2x−1)2(ρ+4x2−4x) + −20x4+52x3−31x2+2x+1

2(ρ−1)(x−1)(2x−1)2 + 3−10x
2(ρ−1)2 + 1

x−1 , x < 0

+ αsCA
2π


(ρ(5ρ−8)+4(ρ+4)x3−12(ρ+2)x2+(−ρ2+4ρ+16)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2(x−1)

, x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ(5ρ−8)+4(ρ+4)x3−12(ρ+2)x2+(−ρ2+4ρ+16)x)

4(1−ρ)5/2(x−1)
, 0 < x < 1

((8−5ρ)ρ−4(ρ+4)x3+12(ρ+2)x2+(ρ2−4ρ−16)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2(x−1)
, x < 0

+ αsCA
2π


(ξ−1)ρ2(ρ2+8x4−20x3+2(2ρ+7)x2−(6ρ+1)x)

2(ρ−1)2(x−1)(ρ+4x2−4x)2
+

(ξ−1)ρ2 ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 , x > 1

− (ξ−1)(ρ2−2ρx+x)
2(ρ−1)2(x−1) +

(ξ−1)ρ2 ln
(

1−
√

1−ρ√
ρ+1+1

)
4(1−ρ)5/2 , 0 < x < 1

− (ξ−1)ρ2(ρ2+8x4−20x3+2(2ρ+7)x2−(6ρ+1)x)
2(ρ−1)2(x−1)(ρ+4x2−4x)2

−
(ξ−1)ρ2 ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2 , x < 0

(B5)

x∆f̃
(2,1)
g/g

∣∣∣∣
real

= αsCA
2π


9x−10x2

2(ρ−1)(x−1) −
4(x3−x2)
ρ+4x2−4x + (x−2)x

2(x−1) +
x((ρ−4)2+4(ρ+4)x2−4(ρ+6)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)3/2(x−1)

, x > 1

3x2

2(x−1) + −20x3+28x2−9x
2(ρ−1)(x−1) +

x ln
(

1−
√

1−ρ√
ρ+1+1

)
((ρ−4)2+4(ρ+4)x2−4(ρ+6)x)
4(1−ρ)3/2(x−1)

, 0 < x < 1

10x2−9x
2(ρ−1)(x−1) +

4(x3−x2)
ρ+4x2−4x −

(x−2)x
2(x−1) −

x((ρ−4)2+4(ρ+4)x2−4(ρ+6)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)3/2(x−1)
, x < 0

+ αsCA
2π


(ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x > 1

− (ξ−1)x
2(x−1) , 0 < x < 1

− (ξ−1)ρ2x(2x−1)

2(x−1)(ρ+4x2−4x)2
, x < 0

(B6)
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x∆f̃
(3,1)
g/g

∣∣∣∣
real

= αsCA
2π


−8x3−8x2+14x−3
4(ρ−1)(x−1)(2x−1) −

4(x3−x2)
(2x−1)(ρ+4x2−4x) + 3(2x−1)

2(ρ−1)2 −
2x+1

4(x−1) + (ξ−1)ρ2x

2(x−1)(ρ+4x2−4x)2
, x > 1

3(4x2−4x+1)
2(ρ−1)2 + −16x3+8x2+6x−3

4(ρ−1)(x−1) + 4x+1
4(x−1) −

(ξ−1)x
2(x−1) , 0 < x < 1

8x3+8x2−14x+3
4(ρ−1)(x−1)(2x−1) +

4(x3−x2)
(2x−1)(ρ+4x2−4x) −

3(2x−1)
2(ρ−1)2 + 2x+1

4(x−1) −
(ξ−1)ρ2x

2(x−1)(ρ+4x2−4x)2
, x < 0

+ αsCA
2π


− (ρ(ρ2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
8(1−ρ)5/2(x−1)

, x > 1

−
ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ(ρ2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x)

8(1−ρ)5/2(x−1)
, 0 < x < 1

(ρ(ρ2−3ρ+8)+8(ρ−4)x3+8(ρ2−ρ+6)x2−2(9ρ2−10ρ+16)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(1−ρ)5/2(x−1)
, x < 0

(B7)

The quark to gluon case is given as:

xf̃
(1,1)
g/q,t = αsCF

2π


(−5ρ2+16ρ+4(ρ+2)x2−12ρx−8) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
8(1−ρ)5/2 + −5ρ+2(ρ+2)x+2

4(ρ−1)2 , x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(−5ρ2+16ρ+4(ρ+2)x2−12ρx−8)

8(1−ρ)5/2 + 5ρ+12x2−4(2ρ+1)x−2
4(ρ−1)2 , 0 < x < 1

(5ρ2−16ρ−4(ρ+2)x2+12ρx+8) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(1−ρ)5/2 + 5ρ−2(ρ+2)x−2
4(ρ−1)2 , x < 0

(B8)

xf̃
(1,1)
g/q,z = αsCF

2π


−3ρ2+8(ρ+2)x3−4(ρ+2)2x2+2ρ(2ρ+7)x

2(ρ−1)3(ρ+4x2−4x) − (5ρ2−6ρ+4(ρ+2)x2+(−6ρ2+2ρ−8)x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)7/2 , x > 1

3(2x−1)(2x−ρ)
2(ρ−1)3 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(5ρ2−6ρ+4(ρ+2)x2+(−6ρ2+2ρ−8)x+4)

4(1−ρ)7/2 , 0 < x < 1

(5ρ2−6ρ+4(ρ+2)x2+(−6ρ2+2ρ−8)x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)7/2 + 3ρ2−8(ρ+2)x3+4(ρ+2)2x2−2ρ(2ρ+7)x
2(ρ−1)3(ρ+4x2−4x) , x < 0

(B9)

xf̃
(1,1)
g/q,p = αsCF

2π


ρ(ρ−2x)(ρ+12x2+2(ρ−7)x+2)

2(ρ−1)3(ρ+4x2−4x) −
ρ(ρ−2x)(ρ+6x−4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)7/2 , x > 1

(ρ−2x)(−ρ+(4ρ+2)x−2)
2(ρ−1)3 −

ρ ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ−2x)(ρ+6x−4)

4(1−ρ)7/2 , 0 < x < 1

ρ(ρ−2x)(ρ+6x−4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)7/2 − ρ(ρ−2x)(ρ+12x2+2(ρ−7)x+2)
2(ρ−1)3(ρ+4x2−4x) , x < 0

(B10)

xf̃
(2,1)
g/q,t = αsCF

2π


ρ(ρ+2)−8(ρ+2)x3−4(ρ−10)x2−2(5ρ2−8ρ+12)x

4(ρ−1)(ρ+4x2−4x) − ((ρ−4)ρ−4(ρ+2)x2−4(ρ−4)x) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(1−ρ)3/2 , x > 1

ρ+12x2+8ρx−20x+2
4−4ρ −

ln
(

1−
√

1−ρ√
ρ+1+1

)
((ρ−4)ρ−4(ρ+2)x2−4(ρ−4)x)

8(1−ρ)3/2 , 0 < x < 1

−ρ(ρ+2)+8(ρ+2)x3+4(ρ−10)x2+2(5ρ2−8ρ+12)x
4(ρ−1)(ρ+4x2−4x) − (−(ρ−4)ρ+4(ρ+2)x2+4(ρ−4)x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
8(1−ρ)3/2 , x < 0

(B11)

xf̃
(2,1)
g/q,z = αsCF

2π



−3(ρ−2)ρ−8(ρ+2)x3+4(ρ2−4ρ+12)x2+(−8ρ2+22ρ−32)x
2(ρ−1)2(ρ+4x2−4x)

− (3ρ2−8ρ+4(ρ+2)x2+2(ρ2+ρ−8)x+8) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 , x > 1

3ρ−12x2−10ρx+22x−6
2(ρ−1)2 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(3ρ2−8ρ+4(ρ+2)x2+2(ρ2+ρ−8)x+8)

4(1−ρ)5/2 , 0 < x < 1

(3ρ2−8ρ+4(ρ+2)x2+2(ρ2+ρ−8)x+8) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2

+
3(ρ−2)ρ+8(ρ+2)x3−4(ρ2−4ρ+12)x2+(8ρ2−22ρ+32)x

2(ρ−1)2(ρ+4x2−4x) , x < 0

(B12)
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xf̃
(2,1)
g/q,p = αsCF

2π


ρ(ρ2−2ρ+12x2+4(ρ−4)x+4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2 +

ρ((ρ−4)ρ+24x3+(8ρ−44)x2+2(ρ2−2ρ+10)x)
2(ρ−1)2(ρ+4x2−4x) , x > 1

−(ρ−4)ρ+(8ρ+4)x2+4(ρ2−3ρ−1)x
2(ρ−1)2 +

ρ ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ2−2ρ+12x2+4(ρ−4)x+4)

4(1−ρ)5/2 , 0 < x < 1

−
ρ(ρ2−2ρ+12x2+4(ρ−4)x+4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2 − ρ((ρ−4)ρ+24x3+(8ρ−44)x2+2(ρ2−2ρ+10)x)

2(ρ−1)2(ρ+4x2−4x) , x < 0

(B13)

xf̃
(3,1)
g/q,t = αsCF

2π


(3ρ+4x2−4x−2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)3/2 + ρ−8x3+4(ρ+2)x2−6ρx

2(ρ−1)(ρ+4x2−4x) , x > 1

ln
(

1−
√

1−ρ√
ρ+1+1

)
(3ρ+4x2−4x−2)

4(1−ρ)3/2 − (1−2x)2

2(ρ−1) , 0 < x < 1

− (3ρ+4x2−4x−2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)3/2 − ρ−8x3+4(ρ+2)x2−6ρx
2(ρ−1)(ρ+4x2−4x) , x < 0

(B14)

xf̃
(3,1)
g/q,z = αsCF

2π


(5−2ρ)ρ−8(ρ+2)x3+4(ρ+8)x2−2(ρ+8)x

2(ρ−1)2(ρ+4x2−4x) − (2ρ2−5ρ+4(ρ+2)x2−12x+6) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 , x > 1

−
ln
(

1−
√

1−ρ√
ρ+1+1

)
(2ρ2−5ρ+4(ρ+2)x2−12x+6)

4(1−ρ)5/2 − (2x−1)(2ρ+6x−5)
2(ρ−1)2 , 0 < x < 1

(2ρ2−5ρ+4(ρ+2)x2−12x+6) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 + ρ(2ρ−5)+8(ρ+2)x3−4(ρ+8)x2+2(ρ+8)x
2(ρ−1)2(ρ+4x2−4x) , x < 0

(B15)

xf̃
(3,1)
g/q,p = αsCF

2π


ρ(ρ+12x2−12x+2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(1−ρ)5/2 + 3ρ(2x−1)

2(ρ−1)2 , x > 1

3ρ+(8ρ+4)x2−4(2ρ+1)x
2(ρ−1)2 +

ρ ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+12x2−12x+2)

4(1−ρ)5/2 , 0 < x < 1

ρ(3−6x)
2(ρ−1)2 −

ρ(ρ+12x2−12x+2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(1−ρ)5/2 , x < 0

(B16)

xf̃
(4,1)
g/q,t = 0 (B17)

xf̃
(4,1)
g/q,z = αsCF

2π


−ρ+4x3+2(3ρ−8)x2−6(ρ−2)x

(ρ−1)(ρ+4x2−4x) − (−3ρ+2x2−4x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(1−ρ)3/2 , x > 1

2x2−4x+1
ρ−1 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(−3ρ+2x2−4x+4)

2(1−ρ)3/2 , 0 < x < 1

ρ−4x3+(16−6ρ)x2+6(ρ−2)x
(ρ−1)(ρ+4x2−4x) − (3ρ−2x2+4x−4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(1−ρ)3/2 , x < 0

(B18)

xf̃
(4,1)
g/q,p = αsCF

2π


ρ(ρ−4x3+10x2−6x)
(ρ−1)(ρ+4x2−4x) −

ρ(ρ−2x2+4x−2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(1−ρ)3/2 , x > 1

−ρ+2x2−2(ρ+1)x
ρ−1 −

ρ ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ−2x2+4x−2)

2(1−ρ)3/2 , 0 < x < 1

ρ(ρ−2x2+4x−2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(1−ρ)3/2 − ρ(ρ−4x3+10x2−6x)
(ρ−1)(ρ+4x2−4x) , x < 0

(B19)

x∆f̃
(1,1)
g/q,t = αsCF

2π


− x−1

(1−ρ)3/2 −
(x−1)(ρ+2x−2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1)2 , x > 1

− (x−1)(2x−1)
(1−ρ)3/2 −

(x−1) ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+2x−2)

2(ρ−1)2 , 0 < x < 1

x−1
(1−ρ)3/2 +

(x−1)(ρ+2x−2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(ρ−1)2 , x < 0

(B20)
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x∆f̃
(1,1)
g/q,z = αsCF

2π


−3ρ+4(ρ+2)x3−4(ρ+5)x2+(2ρ2+ρ+12)x

(1−ρ)5/2(ρ+4x2−4x)
− (ρ+2(ρ+2)x2−(ρ+8)x+2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1)3 , x > 1

6x2+(2ρ−11)x+3
(1−ρ)5/2 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+2(ρ+2)x2−(ρ+8)x+2)

2(ρ−1)3 , 0 < x < 1

(ρ+2(ρ+2)x2−(ρ+8)x+2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(ρ−1)3 +
3ρ−4(ρ+2)x3+4(ρ+5)x2−(2ρ2+ρ+12)x

(1−ρ)5/2(ρ+4x2−4x)
, x < 0

(B21)

x∆f̃
(1,1)
g/q,p = αsCF

2π


ρ(x−1)(−3ρ−12x2+2(ρ+5)x)

(1−ρ)5/2(ρ+4x2−4x)
+

ρ(x−1)(−ρ+6x−2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(ρ−1)3 , x > 1

ρ(x−1) ln
(

1−
√

1−ρ√
ρ+1+1

)
(−ρ+6x−2)

2(ρ−1)3 − (x−1)((4ρ+2)x−3ρ)
(1−ρ)5/2 , 0 < x < 1

ρ(x−1)(3ρ+12x2−2(ρ+5)x)
(1−ρ)5/2(ρ+4x2−4x)

−
ρ(x−1)(−ρ+6x−2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1)3 , x < 0

(B22)

x∆f̃
(2,1)
g/q,t = αsCF

2π


x(2x−ρ) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1) − x(−3ρ+4x2+4(ρ−2)x+4)√

1−ρ(ρ+4x2−4x)
, x > 1

x−2x2
√

1−ρ +
x ln
(

1−
√

1−ρ√
ρ+1+1

)
(2x−ρ)

2(ρ−1) , 0 < x < 1

x(−3ρ+4x2+4(ρ−2)x+4)√
1−ρ(ρ+4x2−4x)

+
x(ρ−2x) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1) , x < 0

(B23)

x∆f̃
(2,1)
g/q,z = αsCF

2π


x(2ρ2−3ρ+4(ρ+2)x2−12x+4)

(1−ρ)3/2(ρ+4x2−4x)
+

x(ρ+2(ρ+2)x−4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(ρ−1)2 , x > 1

x(2ρ+6x−5)
(1−ρ)3/2 +

x ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+2(ρ+2)x−4)

2(ρ−1)2 , 0 < x < 1

−x(2ρ2−3ρ+4(ρ+2)x2−12x+4)
(1−ρ)3/2(ρ+4x2−4x)

−
x(ρ+2(ρ+2)x−4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1)2 , x < 0

(B24)

x∆f̃
(2,1)
g/q,p = αsCF

2π


−ρx(ρ+12x2+2(ρ−7)x+2)

(1−ρ)3/2(ρ+4x2−4x)
−

ρx(ρ+6x−4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

2(ρ−1)2 , x > 1

−x(−ρ+(4ρ+2)x−2)
(1−ρ)3/2 −

ρx ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+6x−4)

2(ρ−1)2 , 0 < x < 1

ρx(ρ+12x2+2(ρ−7)x+2)
(1−ρ)3/2(ρ+4x2−4x)

+
ρx(ρ+6x−4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
2(ρ−1)2 , x < 0

(B25)

x∆f̃
(3,1)
g/q,t = αsCF

2π


(2x−1)((ρ−4)ρ−4(ρ+2)x2+4(ρ+2)x)

4(1−ρ)3/2(ρ+4x2−4x)
− (ρ2−2ρ+4(ρ+2)x2−4(ρ+2)x+4) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
8(ρ−1)2 , x > 1

ρ−12x2+12x−4
4(1−ρ)3/2 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ2−2ρ+4(ρ+2)x2−4(ρ+2)x+4)

8(ρ−1)2 , 0 < x < 1

(ρ2−2ρ+4(ρ+2)x2−4(ρ+2)x+4) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

8(ρ−1)2 − (2x−1)((ρ−4)ρ−4(ρ+2)x2+4(ρ+2)x)
4(1−ρ)3/2(ρ+4x2−4x)

, x < 0

(B26)

x∆f̃
(3,1)
g/q,z = αsCF

2π


(2x−1)(3ρ+4(ρ+2)x2+2(ρ2−3ρ−4)x)

2(1−ρ)5/2(ρ+4x2−4x)
− (ρ+4(ρ+2)x2−2(ρ2−ρ+6)x+2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(ρ−1)3 , x > 1

12x2+2(ρ−7)x+3
2(1−ρ)5/2 −

ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+4(ρ+2)x2−2(ρ2−ρ+6)x+2)

4(ρ−1)3 , 0 < x < 1

(ρ+4(ρ+2)x2−2(ρ2−ρ+6)x+2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(ρ−1)3 − (2x−1)(3ρ+4(ρ+2)x2+2(ρ2−3ρ−4)x)
2(1−ρ)5/2(ρ+4x2−4x)

, x < 0

(B27)



29

x∆f̃
(3,1)
g/q,p = αsCF

2π


ρ(ρ+12x2−12x+2) ln 2x−1−

√
1−ρ

2x−1+
√

1−ρ
4(ρ−1)3 + ρ(3−6x)

2(1−ρ)5/2 , x > 1

ρ ln
(

1−
√

1−ρ√
ρ+1+1

)
(ρ+12x2−12x+2)

4(ρ−1)3 − 3ρ+(8ρ+4)x2−4(2ρ+1)x
2(1−ρ)5/2 , 0 < x < 1

3ρ(2x−1)
2(1−ρ)5/2 −

ρ(ρ+12x2−12x+2) ln 2x−1−
√

1−ρ
2x−1+

√
1−ρ

4(ρ−1)3 , x < 0

(B28)
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