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We complete the procedure of extracting parton distribution functions (PDFs) using large mo-
mentum effective theory (LaMET) at leading power accuracy in the hadron momentum. We derive
a general factorization formula for the quasi parton distribution functions in the presence of mix-
ing, and give the corresponding hard matching kernel both for the unpolarized and for the polarized
quark and gluon quasi-PDFs at O(as). Our calculation is performed in a regularization-independent
momentum subtraction scheme. The results allow us to match the nonperturbatively renormalized
quasi-PDFs to normal PDFs in the presence of mixing, and therefore can be used to extract flavor-
singlet quark PDFs as well as the gluon PDFs from lattice simulations.

I. INTRODUCTION

Understanding the internal structure of hadrons from quarks and gluons — the fundamental degrees of freedom of
QCD Lagrangian — has been a key goal in hadron physics. However, this is profoundly difficult because it requires
solving QCD at large distance scales and thus at strong coupling. In high energy collisions, the hadron and/or the
probe moves nearly at the speed of light, the hadron structure greatly simplifies and can be characterized by certain
parton observables such as the parton distribution functions (PDFs), lightcone distribution amplitudes (DAs) etc.
The parton observables are defined as the expectation value of lightcone correlations in the hadron state and therefore
can not be readily computed on a Euclidean lattice. Currently, the most widely used approach to determine them
is to assume a smoothly parametrized form and fit the unknown parameters to a large variety of experimental data
(for a recent review, see e.g. Ref. [1]). Lattice efforts on determining parton observables have been mainly focused
on the computation of their moments, which are matrix elements of local operators. The parton observables can
be reconstructed in principle if all their moments are known. However, to date only the first few moments can be
calculated in lattice QCD [2-5] due to power divergent mixings between different moments operators and increasing
stochastic noise for high moments operators.

In the past few years, a breakthrough has been made to circumvent the above difficulty, which has now been
formulated as large momentum effective theory (LaMET) [6, 7]. According to LaMET, a parton observable can be
directly accessed from lattice QCD using the following procedure: 1) Construct an appropriate static-operator matrix
element (quasi-observable) that approaches the parton observable in the infinite momentum limit of the external
hadron. The quasi-observable constructed in this way is usually hadron-momentum-dependent but time-independent,
and thus can be readily computed on the lattice. 2) Calculate the quasi-observable on the lattice and renormalize it
non-perturbatively in an appropriate scheme. 3) Match the renormalized quasi-observable to the parton observable
through a factorization formula accurate up to power corrections that are suppressed by the hadron momentum. The
existence of such a factorization is ensured by construction; for a proof in the case of isovector quark distribution, see
Refs. [8-10].

Since LaMET was proposed, much progress has been achieved both in the theoretical understanding of the for-
malism [10-61] and in the direct calculation of PDFs from lattice QCD [25, 26, 31, 32, 34, 62-73]. In particular,
multiplicative renormalization of both the quark [20, 29, 30] and the gluon [53, 54] quasi-PDF has been established
in coordinate space. Non-perturbative renormalization in the regularization-independent momentum subtraction
(RI/MOM) scheme as well as a perturbative matching in the same scheme has been carried out for the isovector
quark quasi-PDFs in Refs. [18, 31, 67, 70] (see also [19, 32, 66]). Despite limited volumes and relatively coarse lattice
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spacings, the state-of-the-art nucleon isovector quark PDFs determined from lattice data at the physical point have
shown a reasonable agreement [66, 67, 70] with phenomenological results extracted from the experimental data [74—
78]. Of course, a careful study of theoretical uncertainties and lattice artifacts is still needed to fully establish the
reliability of the results.

So far the lattice calculations of PDFs have been focused on the isovector quark PDFs only, which do not involve
mixing with gluon PDFs and therefore are the easiest to calculate. In the past few years, there has been increasing
interest in calculating flavor-singlet quark PDFs and gluon PDFs from lattice QCD. Such calculations are possible
only if the renormalization and mixing pattern of gluon quasi-PDFs are fully understood. In Ref. [53], we performed
a systematic study of the renormalization property of the gluon quasi-PDF operator, and showed that with an
appropriate choice it can be multiplicatively renormalizable. We have identified four independent gluon quasi-PDF
operators that have an easy implementation on the lattice. Also, a general factorization formula for the gluon as well
as the quark quasi-PDF in the presence of mixing has been conjetured.

In this paper, we provide all necessary inputs for extracting both the flavor-singlet quark PDF and the gluon PDF
from lattice QCD, thereby completing the procedure of calculating PDFs using LaMET at leading power accuracy
in the hadron momentum. We explain how to nonperturbatively renormalize the quark and gluon quasi-PDFs, and
derive the general factorization formula for the renormalized quasi-PDFs in the presence of mixing, following the
operator product expansion (OPE) method in Refs. [9, 10]. We then present the complete one-loop results for the
hard matching kernels that appear in the general factorization of quasi-PDFs.

The rest of the paper is organized as follows: In Sec. II, we briefly review the renormalization and factorization
of quark and gluon quasi-PDFs. In Sec. III, we present our one-loop calculation of the matching kernel connecting
the RI/MOM renormalized quasi-PDFs to the PDFs in MS scheme, with a particular focus on the unpolarized case.
Sec. IV is devoted to the calculation in the polarized case. We conclude in Sec. V and give some computational details
in the Appendix.

II. RENORMALIZATION AND FACTORIZATION OF QUARK AND GLUON QUASI-PDFS

In this section, we give a brief review of the renormalization and factorization of quark and gluon quasi-PDFs in
LaMET.

A. Quasi-PDFs in LaMET

In parton physics, the PDFs are defined as the hadron matrix elements of quark and gluon nonlocal correlators
along the lightcone. For example, the unpolarized quark distribution is defined as

Fouyu(@, ) = / C%_ eI Plgi (€ )y T W (€, 0)a:(0) | P) (1)

for a given flavor i, where x = k™ /P* is the longitudinal momentum fraction carried by the quark of flavor 7, u is
the renormalization scale in the MS scheme, P* = (P°,0,0, P?) is the hadron momentum , £+ = (¢ + 2)/1/2 are the
lightcone coordinates, and

W(E7,0) = exp (— ig /Og dnﬁ(n)) (2)

is the Wilson line inserted to ensure gauge invariance of the nonlocal correlator, where AT = AT¢* with t* being the
generators in the fundamental representation of color SU(3) group.
Analogously, the unpolarized gluon distribution can be defined as [79]

fym(eon) = [ 5ot e =PI € IWIE ORS O)IP), Q

where F* = 9M A — 0¥ A¥ — g fapc A} AY is the gluon field strength, and ¢ runs over the transverse indices. The Wilson
line W takes a similar form as the quark case, but is defined in the adjoint representation.

The quark and gluon PDFs defined above can not be readily computed on the lattice due to their real-time depen-
dence. However, according to LaMET, they can be extracted from lattice calculations of appropriately constructed



quasi-PDFs via a factorization procedure. For the unpolarized quark PDF, a well-suited quasi-PDF candidate is given
by

Fagn(an P = N [ e (g (0W 0 (0)|P), @

where z is a spatial direction, I' = {~*,4'} is a Dirac matrix with the corresponding normalization factor N =
{1, P?/P'}, respectively. As shown in Ref. [29], the renormalization of the quark quasi-PDF defined above has a
multiplicative form so that the matrix elements at different z do not mix with each other. Moreover, the latter
choice with I' = ~* has the advantage of avoiding mixing with the scalar PDF when a non-chiral lattice fermion is
used [19, 33]. We will focus on the latter choice in the rest of the paper.

In comparison with the quark case, what is the most appropriate operator to define the gluon quasi-PDF is less
obvious. In principle, one can choose

O (2,0) = FF(2)W(2,0)F,(0), (5)

with p,v = {t,z} and « running either over all Lorentz indices or only over transverse indices. However, such
a choice in general mixes with other operators under renormalization. Using the auxiliary field approach [80], we
have explicitly shown [53] that different components of O*” indeed renormalize differently, which complicates the
construction of appropriate gluon quasi-PDFs. A detailed description of the formalism used in Ref. [53] as well as [29]
will be given in the next subsection. Nevertheless, we have identified four gluon operators [53] that are multiplicatively
renormalizable and therefore are suitable for defining the gluon quasi-PDF. These operators are

O (2,0) = F"(2)W(2,0)F;*(0),
O_((f)(z, 0) = F*(2)W(z,0)F;*(0),
O3 (2,0) = F"(2)W(z,0)F,*(0),
OV (2,0) = F*(2)W(z,0)F,7(0), (6)

where a summation over transverse (all) components is implied for i (1). The corresponding gluon quasi-PDF is then
defined as

F(n z n dz izx P* n
il P = N[ L (P10 2, 0) ). @
The normalization factors are given by
22 Z
(2) _ ar(4) _ y _ (%) 3 P
N® = N@W =1, N()_(Pt)27 N® Bt (8)
so that all partonic PDFs at tree-level are
#(n,0 z
OO, p, P = (- 1), 9)

with the hadron state H being replaced by a gluon state. Note that in the above result (also in the sections below unless
stated otherwise) we have ignored the contribution from the crossed diagrams, which correspond to interchanging the
contraction between the two external gluons and gluon fields from the operators Oén). These crossed diagrams
contribute to z < 0 and can be easily obtained from f;}ll)q(x) = —f;?}i(—x)

The above gluon quasi-PDF operator is defined in terms of an adjoint gauge link. Alternatively, it can be defined

using gauge links in the fundamental representation U(z, 21) as [80-85] (taking O®) as an example)
023) (ZQ, 2’1) =2 TI‘[F“(ZQ)U(ZQ, Zl)Fiz(Zl)U<Zl, 22)], (10)
where F# = F{,t* and t is the generator in the fundamental representation with tr[t*t"] = 1/26°. Eq. (5) makes

the study of its renormalization property simpler, whereas Eq. (10) is more straightforward to implement on the
lattice. In the following, we will mainly focus on the definition Eq. (5), but the results also apply to Eq. (10).



B. Auxiliary Field Approach

The multiplicative renormalizability of quark and gluon quasi-PDFs in coordinate space has been proved using an
auxiliary field approach [29, 53]. Other proofs have been available using a similar formalism [20] or using the Feynman
diagrammatic approach [30, 54]. In the auxiliary field approach [80], one introduces an auxiliary “heavy quark" field
into the QCD Lagrangian such that the Wilson line can be reinterpreted as a two-point function of the auxiliary
field. For the quark/gluon quasi-PDF, this auxiliary field is chosen to be in the fundamental/adjoint representation
of color SU(3) group, respectively. Moreover, the auxiliary “heavy quark" has trivial spin degrees of freedom. In the
following we present, as an example, the auxiliary Lagrangian that can be used to study quark quasi-PDFs. For gluon
quasi-PDFs the procedure is completely analogous.

The effective Lagrangian including an auxiliary fundamental “heavy quark" field (denoted as @) can be written as

£ = Locp +Qa)in - DQ(x), (11)

where D,, = 0, + igtq A, is the covariant derivative in the fundamental representation. We will focus on the case
with n* = (0,0,0,—1), although the discussion may go through for any spacelike n.

In the above theory, we can replace the Wilson line by the product of two auxiliary “heavy quark" fields. This can
be seen as following. After integrating out the “heavy quark" field, we have

[ PapQ Qe o = So(a.g)et | e (12)

up to a determinant det(in - D) that can be shown to be a constant and absorbed into the normalization of the
generating functional [86]. The propagator Sq(z,y) satisfies

n-DSq(z,y) =W (z —y). (13)

For n* = (0,0, 0, —1), its solution is given by !

So(a,y) = —0(z* —y*)o(a’ — y*)0 (T, — gL)W (,y)
= —0(@* — y)5(a* = y*)sP(FL — T )W (27, y7), (15)
with an appropriate boundary condition. Without loss of generality, we can restrict ourselves to the case 2% > y*. The

d-functions ensure that the time and transverse components of = and y are equal, and therefore generate a spacelike
Wilson line along the longitudinal direction.

C. Renormalization of Quasi-PDFs in Auxiliary Field Approach
1. Quark Quasi-PDFs

The above formalism allows one to replace the Wilson line W (zs, z1) appearing in the quark quasi-PDF by the

product of two auxiliary “heavy quark" fields Q(z2)Q(z1). The quark bilocal operator
Oq, (22, 21) = Gi(22)I W (22, 21)4:(21)
then reduces to the product of two local composite operators
Oq, (22, 21) = @i(22)T'Q(22)Q(21) i (#1) = j(22)5(21), (16)
with

J(22) = Gi(22)TQ(22), j(21) = Q(21)qi(21). (17)

In dimensional regularization (DR), the local operators j(22), j(z1) are "heavy-to-light" like and are multiplicatively
renormalized:

J(22) = Z3jr(22), j(21) = Zjjr(21), (18)

L A different solution
Sq(z,y) = 0(—(@* — y*)8(2® - y°)6P (@1 — L)W (@*,y7), (14)
will give a different sign for the d = 4 poles in Eq. (34).



with (D =4 — 2¢):

Qs

Z; =Z; =1+ = +0(a2). (19)
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After integrating out the auxiliary field, the nonlocal operator renormalizes as [29]
Oy, r(22,21) = Zg-_lzj_ll?i(@)FW(Zz’21)%‘(21)- (20)

In a cutoff regularization such as the lattice regularization, when going beyond leading-order perturbation theory,
the self-energy of the heavy quark introduces a linear divergence which has to be absorbed into an effective mass
counterterm,

6Lm = —0mQQ, (21)

where dm ~ O(1/a) with a being the lattice spacing [87]. As shown in Ref. [29], apart from the structures in the
Lagrangian Eq. (11), this is the only possible renormalizable counterterm one can write down that is consistent
with the symmetry of the theory. Although lattice regularization breaks Lorentz symmetry and introduces operator
mixing, it is not a concern for Oy(22, 21) because there is no lower-dimensional operator that can mix with it in lattice
QCD. Moreover, Becchi-Rouet-Stora-Tyutin (BRST) invariance requires a dependence of dm on the signature of n in
Eq. (11) [80], which yields a vanishing dm for a lightlike n*. For a spacelike n*, dm in Eq. (21) is imaginary, we can
therefore write dm = idm.

Including the effective mass term Eq. (21) into the Lagrangian and integrating out the auxiliary “heavy quark", we
then have the following renormalization for the non-local quark bilocal operator [29]

Ogi,r(22,21) = 25 Z; "% 7211 (20)TW (22, 21)qi(=1). (22)

2. Gluon Quasi-PDF's

For the renormalization of non-local gluon quasi-PDF operators, the desired auxiliary Lagrangian has exactly the
same form as that for the quark, except that now the auxiliary “heavy quark" and the covariant derivative are in
the adjoint representation. To distinguish the adjoint auxiliary “heavy quark" from the fundamental one used in the
previous subsection, we denote the former as Q below.

Given the auxiliary adjoint “heavy quark", we can replace the non-local gluonic operator in Eq. (6) by the product
of two local composite operators. For example,

O (22,21) = J{'(22) T ; (21), (23)
where
T (22) = FlH(22) Qal(22), Ty (21) = Qu(21) F, i (21). (24)

In the following, we will consider the renormalization of J{* in general.

In contrast to the quark case, extra complications arise when renormalizing the local gluon composite operators
Ji,J1 above. Let us first consider the perturbative renormalization in DR in a covariant gauge. In such a scheme,
gauge-invariant local composite operators can, in general, mix with operators of the same or lower mass dimension
under renormalization. It is well-known that the mixing operators can be of the following three types: 1) gauge-
invariant operators, 2) BRST exact operators or operators that are the BRST variation of some operators, 3) operators
that vanish by equation of motion (see e.g. [88]). Therefore, one also needs counterterms from the mixing operators
to fully cancel the ultraviolet (UV) divergences of the original operators.

When the mass of the auxiliary “heavy quark" m = 0, it has been shown in Refs. [80, 81] that, the only operators
that are allowed by BRST symmetry to mix with J!" in DR are

Ty = np(Fln” — FPn)Qq/n?,
J = (—int A% + in” A (in - DQ),/n?, (25)

where J}” is gauge invariant, and J{” is proportional to the massless equation of motion of Q and therefore vanishes
in a physical matrix element. When m # 0, the mixing involves one more operator

T = (—int AY + in? ABYmQq /n?. (26)



As shown in Ref. [53], it is necessary to include this term, as it gets renormalized in other renormalization schemes.
It turns out that this term always combines with J§" such that the resulting operator is proportional to the massive
equation of motion of Q. In other words, instead of J§" in Eq. (25) we now have

JEY = (—ink AV + in? AR)((in - D — m)Q)a/n2. (27)

This is consistent with the discussion of the operator mixing pattern above. Our one-loop computation in Ref. [53]
indeed verified this.
We can write the renormalization of the above composite operators in the following form

Jl“,yR Z11 Ziz Zi3 J
Ior =1 0 Zxn Zos JE (28)
i 0 0 Zss) \J"

with a triangular mixing matrix.
The renormalization constants in Eq. (28) are not all independent. From the equations above, it is easy to see that
J3" is degenerate with J;*. This has important implications for the renormalization matrix. From Eq. (28), we have

Jff;{ = ZnJit + Z1o I3 + Z13 I = (Zn + Zi2) J5H + Zi3 5,
TP = Zon T3 + Za T3 (29)
Since J;* and J5" are identical, their renormalization must be the same. Therefore one has
Zi+ Zv2 = Zaa,  Ziz = Zos, (30)

which is validated by the explicit one-loop calculation in Ref. [81]. One can therefore rewrite the mixing matrix in
Eq. (28) in the following form

IR Z11 Zo2 — Zn Z13 Jy
Jyp]=1 0 Za2 Z13 JE ). (31)
Ji'R 0 0 Z33 g3

The above mixing pattern indicates that the J;* and J¥(i = 1,2) renormalize independently with the simplified

renormalization equations:
J Zoy 7 JiH i i

Moreover the Ji7 shares the same renormalization with J*. The reason that (J/, Ji) and J* have different

renormalizations is due to the breaking of symmetry in the presence of a four-vector n* along the z direction. Since
J§"* are not independent, we will neglect J5* henceforth.
In Ref. [80], it was also shown that in the MS scheme the renormalization constants fulfill further relations

Zi1+ 212 =1, Z13+ Zaz + Z33 = 1. (33)

However, these relations might not be necessarily true in a general renormalization scheme.

Now let us consider the UV divergences, in particular power divergences, in J{* and how to renormalize them. The
power divergence structure of this operator has been considered in Refs. [22, 23] using a simple cutoff regularization.
One has to be cautious when dealing with power divergences in such a cutoff scheme. The cutoff regularization in
general explicitly breaks gauge invariance in QCD (except for the lattice cutoff which preserves gauge invariance),
and might obscure the structure of genuine power divergences of the theory. To avoid this, we will work in DR and
kept track of the linear divergences by expanding the results around d = 3. The linear divergences appear as poles at
d = 3. In this way, one can extract the linear divergences in a gauge invariant manner.

Fig. 1 shows the one-loop diagrams that give rise to linearly divergent contributions to the operator J{". There
are other one-loop diagrams, which contribute with at most logarithmic divergences. Our calculation in coordinate
space yields the following result for the two diagrams in Fig. 1,

py__asCA 1 Vop APV . 2 TH PAV _ VAP
= . {711 — 4(Aan APn"Yn - 0Q,/n T3 (n?AY —n"AL)Q, + reg.},
v asCA 1 1 v 1 o vo 1 v v, p
1 = AL R Ot L (B8 nuns — FYngng) Qufn’ + 3 (Afn® — An”)n - 9Qu /n”
+ d7r_p3 (nP A —n"AL)Q, + Teg.}, (34)



FIG. 1. One-loop corrections to the operator J!"” that contain linear divergences. The double line represents an auxiliary
adjoint “heavy quark" field Q.

where reg. denotes terms that are regular both at d = 4 and d = 3, p is the regularization scale. Combining the
two diagrams, the linear divergences cancel. Our results show an identical mixing pattern as in Ref. [81] (note that
the normalization of the direction vector there is 2 = 1, whereas we have n? = —1). The only linear divergence
that remains in the theory comes from the self-energy of the auxiliary field. Actually, the same conclusion can also
be reached in Ref. [23] if a gauge-invariant regulator is used. We have explicitly checked that this is the case by
redoing the calculation of Ref. [23] in DR and keeping track of the linear divergences as poles around d = 3. All linear
divergences cancel in diagrams without Wilson line self-energy corrections. Only the self-energy of the Wilson line
gives non-vanishing linear divergences, which can be removed by the mass renormalization to be discussed below.

The above discussion has been focused on renormalization in DR. In a cutoff regularization such as the lattice
regularization, the mass term of the auxiliary field is not forbidden by the symmetry of the theory, and it can appear
beyond leading order in perturbation theory even if it does not exist at leading order. This is indeed what happens
here. In perturbation theory, m = dm starts from O(ay). Such a mass term serves the purpose of absorbing the
power divergences arising from the Wilson line self energy. Apart from this, there is no other power divergence in the
theory. Moreover, for dimensional reasons, there is no other antisymmetric operator that can mix with J!” discussed
in the previous subsection. Therefore in a gauge-invariant cutoff scheme, the operator renormalization in Eq. (31)
remains the same except that the Ji* contains a mass as shown in Eq. (27).

The mixing pattern can be used to derive the building blocks for constructing an appropriate gluon quasi-PDF.
To this end, we may identify one of the indices in J{" with z or ¢ and let the other run either over all Lorentz
components or over the transverse components only. It is worthwhile to point out at this stage that the operator
J{¥ only yields contact terms when integrating out the “heavy quark" field. This can be seen from the fact that the
equation of motion operator acting on the “heavy quark" propagator yields a §-function. The contact terms do not
vanish only when 25 = 21, which indicates that an extra renormalization is required when the distance between two
local composite operators shrinks to zero. For the renormalization of the non-local gluon quasi-PDF operator, the
operator Ji" is irrelevant and can be ignored.

With the above building blocks, ffR, JffR, Ji'r, and their conjugate counterparts, four multiplicatively renormal-
izable gluon quasi-PDF operators for unpolarized PDFs can be constructed, as given in Sec. ITA. One option is to

use J{'p and 7§Z’R:
3 , _
Opk(z2,21) = Tiip(z2) Ty i (21). (35)
After integrating out the auxiliary “heavy quark" field, this operator renormalizes multiplicatively as (§m = i0m)

O ) (22, 21) = (F"(22)W(22, 21)F, *(21)) k. = Z11Z22€” ™2~ | F1 (253)W (22, 21) F,, *(21). (36)

The renormalization of other operators can be written down analogously with different renormalization factors.

In the large momentum limit, the operators O(f)R(z' = 1,2,3,4) differ from each other only by power corrections.
Therefore they belong to the same universality cslzass defining the gluon quasi-PDF operator. With the above four
operators, one can use any combinations of them to study the gluon quasi-PDF, however such combinations are
usually not multiplicatively renormalizable. A notable example is

5 1 2 4

O (22, 21) = (F™"(22)W (22, 21)F%,(21))r = —O\ k22, 21) — O (22, 21) — Ol h(22, 21). (37)

This operator (minus the trace term) has been used in the recent simulation [71]. Since the renormalizations for
O((;I)%(zg, z1) and Ofﬁl’g)(@, z1) are different, OSI)%(ZQ, z1) is not multiplicatively renormalizable.



D. Renormalization in RI/MOM Scheme and Implementation on Lattice

From the discussions above, it is clear that operators at different z do not mix under renormalization. This
allows us to carry out a nonperturbative renormalization of the quasi-PDF in the following ways: 1) Calculate the
endpoint renormalization factors and the mass counterterm nonperturbatively. The calculation of the former is rather
straightforward, while the latter can be determined by using the static-quark potential for the renormalization of
Wilson loops [89]. This has been used in early studies of nucleon PDFs and meson DAs [26, 28, 65]. 2) Calculate the
renormalization factors as a whole for each z. This is analogous to the renormalization of local composite operators,
which is usually carried out in a RI/MOM scheme [90] on the lattice. In the RI/MOM scheme, the renormalization
of local composite operators is done by demanding that the counterterm cancels all loop contributions to their matrix
element between off-shell external states at specific momenta [18, 31]. For multiplicatively renormalizable nonlocal
correlators such as the quasi-PDFs given above, the renormalization is similar but now one requires calculating the
renormalization factors at each z.

The quark and gluon quasi-PDFs can, in general, mix with each other under renormalization. In Ref. [53], we
have argued that inserting the gluon quasi-PDF operator into a quark state only yields finite mixing as long as
all subdivergences have been renormalized (note that this is different from the quark and gluon lightcone operators
defining the PDFs [91, 92]). The mixing effect can, in principle, be deferred to be considered at the factorization stage.
Here we find that taking into account the mixing at the renormalization stage will help improve the convergence in
the implementation of the matching in the RI/MOM scheme. To this end, it suffices to consider the following mixing
of quasi-PDFs

Oh(=0)\ _ ( Zu(2) Zin(2)/2) (0§ (=.0)
( qg(’z 0)) a (2221(2) ;22(Z) ) (O;(;o) )’ (38)

where O; (21, 22) = 1/2[qi(21)T W (21, 22)qi(22) — (21 > 22)] is the C-even combination of quark operators, Z;;(z) are
dimensionless factors, and z compensates for the different mass dimension between the quark and gluon quasi-PDF
operators. In the limit z — 0 (taken after combining the entries of the mixing matrix and bare operators), the above
mixing pattern reduces to the mixing pattern of local operators.

The renormalization factors in the above mixing matrix can be determined using the following renormalization
conditions

ab A ab,ij
Tr[A22(p, 2)Plr B (PP AT (D, 2)] R _
Tr[A22(p, 2)Plevee [r? = s [PabAab T(p, 2)lpree P* =~k
ab,ij
Tr[A12(p, 2)Plr P =0, [Pi‘;bA21 T (p,2)|r oo =0, (39)
Pz = P? ) Pz = P?

where Afiq12) (Ag21,22)) denote the amputated Green’s functions of Oén) (O7) in an offshell gluon and quark state,
respectively. P and Pi‘;»b are projection operators that are associated with the quark and gluon matrix elements and

define the RI/MOM renormalization factors. ur and pZ are unphysical scales introduced in the RI/MOM scheme to
specify the subtraction point. b,c are color indices and ¢, 5 Lorentz indices. In the non-singlet quark PDF case with
I' = 4" [49], the amputated Green’s function has the following structure

Py p'p

M%@=ﬁmd¢+ﬁm)p +nm>ﬁ, (40)

and P was chosen there in such a way that it projects out the coefficient of v* only, which captures all terms in A (p, 2)
that lead to ultraviolet (UV) divergences in the local limit. However, in general both the coefficient of v and v* can
lead to UV divergences in the local limit. This is the case e.g. in the mixing diagram to be considered below. We will
need both coefficients to define the RI/MOM counterterm. As for Pgb, one simple choice is Pab =6%g, :;/(2— D),
where g ;; denotes the transverse metric tensor and D is the spacetime dimension.



From Eqgs. (38) and (39), the renormalization factors can be determined as following;:

[P AT (p, 2)]tree Tr[A2z(p, 2)P)

1) = AT () TefAaap. 2)P] — [PEALY (0, ) Tehra(p 2)P))
Z12(Z)/Z _ [Pz bAab “ (p, Z)]tree [A12(?7 Z)P] ’
([PEAS (p, 2)] Tr[Aga(p, 2)P] — [PRAT (p, 2)| Tr[Ars(p, 2)P))
2221(2) _ . [Pz bAab g (p, Z)] [A22(pab ) ]tree ’
([PEAL (p, 2)] Tr[Aga(p, 2)P] — [PRAT (p, 2)| Tr[Ars(p, 2)P))
Z22(Z) _ [Pz bAab “ (p, z)]Tr[Agg(p, Z) ]trcc (41)

([PEATY (0, 2)] Te[Aaa(p, 2)P) — [PEPAGT (p, )] Tr[Ara(p, 2)P])
The renormalized hadron matrix element of Og(z,0) are then given by
(PO (2, 0)[P) = Z11 (2)(PlOS (2,0)| P) + Zus(2)/2(P|O3(2,0)|P),
(PO} 1(2,0) [ P) = Zas(2) (P|O(2,0)|P) + 221 (2) (PIOS) (2,0)| P). (42)
The renormalized quasi-PDF ggr(z, P;, pgr) in the RI/MOM scheme can be obtained by a Fourier transform given in
Egs. (4) and (7), respectively. Note that we can take the continuum limit ¢ — 0 in hg since all terms singular in a
have been removed by the renormalization procedure. This means that the factorization of the renormalized matrix

element can be studied in the continuum, as will be done in the next subsection. An derivation of the form of the
RI/MOM counterterm is given in Appendix A.

E. Factorization

In Ref. [53], we have given a general factorization formula for the quark and gluon quasi-PDFs in the presence of
mixing. In this subsection, we give a detailed derivation of it using the operator product expansion (OPE), along
the same line as that used for the isovector quark quasi-PDF [10]. For illustration purposes, we choose I' = ~*! for

the quark quasi-PDF and 054) for the gluon quasi-PDF. The derivation for other operators follows straightforwardly
from what is presented below.

The renormalized quark and gluon nonlocal operator matrix elements can be expanded in terms of gauge-invariant
local operator matrix elements to the leading-twist approximation as

~ 1 > iz n—1 o
b (e P % s S (O 022 P e i O IP)

+ OV (i )<P\nm

Bz, O ()| P,

7 z ZZ n— 1eefin
ha.r(z P ) = P”Z [gg D (2 ) Pl -y, O ()| P)

+Cl (22 ><P\nm.-.nunog;~-ﬂ" (1P, (43)

where we have introduced extra normalization factors so that the two matrix elements have the same mass dimension.
For simplicity, we have also denoted all renormalization scales with u. n! = (1,0,0,0) and n* = (0,0,0,—1),

"
Ciidy = 0ij + 320410 + 0(a?), O = g0+ 0(a?) and Cfy) =1+ 22045 + O(a?) denote the Wilson

coefficients. ijjl Hnand Oft-#n are the renormahzed symmetric traceless tw1st 2 quark and gluon operators
Oul Hn — Z” [f (0 )Py{mZDuz e Z’Dun}qj(o) _ trace]7
opr—tn =77 [F{‘“”( yiD#2 . .. iD“"*lFV““}(O) — trace}, (44)

where {---} denotes a symmetrization of the enclosed indices. Their matrix elements are related to the moments of
quark and gluon PDF, respectively

(P|OG} | P) = 2aq; n () (P** - - - P — trace),
(PlOFHn|P) = 2ag () (P - - - P — trace), (45)
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with

1 B 1 1 3
aqjm(//,):/ldl'l‘n 1fq_j/H(aja/1*)7 ag,n(u): 5/1dscx” lfg/H(xaM)- (46)

Owing to the symmetry of the gluon PDF, a4 ,, does not vanish only for even n.
Let us first consider hg, r(z, P?, ). Ignoring all trace terms, we can write

7 2 — (—izP?)"! (n—1)7,2.2 (n—1)(,2.2
oo, P = 3y OV 22 ag, n00) + O ™0 (a1

(n—1)

(i) 1 o 222) [t e
= Z((n_)l)g[céiqj”(uzzz)/ da x 1qu/H(ac,u)Jrqg2(“)/1dm o (. p)

- (71.1/) n n— zxu
:Z (n—1)! rgzqgl) / drx 1/ om ha (V' 1)

n=1
oo . \m— (n—=1), 2 92 1 /
(—iv)" ! Cgg (132 )/ 71/d’/ iz’ '
! d n =7 glav'y, , , 47
+n:;even (n—1) 2 L 27 ¢ haVon) (47)
where we have introduced the Ioffe-time v = —z- P = zP* and v/ = ={- P = —P%¢™, by, /9,r denote the coordinate

space matrix elements used to define the quark and gluon PDFs at lightlike separation 52 = 0. Defining
v . > (—iv)nt
/%e z—;mcét%l)('u ® ) quqj(u I 752)

W = ()" OV (222 2o

n=2,even

with u being in the range (—1,1) [38, 93], we then have

1 1 / !
- ) av' . av’ .,
e P) = [ o [ duem ey (upe) [0 ) + Coglunss?) [ e by )
-1 -1 27 27
1 1
:/ dquiqj(u,,quZ)hqi(uu,u)+/ du Cyg(u, u?2%)hy (uv, ). (49)
-1

This is the general factorization of the coordinate space matrix element in the presence of mixing. To convert it to
the factorization of quasi-PDFs, we need a Fourier transform of the above relation

fqi/H(x,Pz,u) — P / ;l; izx P* hq“ (Z,PZ,/J,)

dz o (—izP?) L 1 B C(n 1) 1 .
:szﬁemp ;(Zj_f)[c;;gy( )[ldyy” 1qu/H(y)+2(“Z)/1dyy 1fg/H(y)]

dz P? . X (., PZ n—1 C(nfl) 2 2

-/, dy/d““ ) / D Y e e R I G W)y )
_/ dy etV x/yz { (n—l)(ﬂ)f ( )_i_,c(n 1)( N21/2 )f ( )}
“ )l n—l wo \yp(pey )Ty y(pey) oY
_ dy x "
_/_1m[cqlqj<y sz>f(I7/H( )+ng( Pz)fg/H(y)]’ (50)

where we have defined

[ V)

C (x M )_ dv' zuz/yz (n 1)( HJQ 2 >
qiq; Yy sz - T n_l QL(I] Q(PZ) ?

I
)= A S O o

n=1
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Now let us turn to ﬁqi,R(z, P, ). By ignoring all trace terms, one can write as before

1

~ i —v n—2 _ ! n— n— n—
oo P = 30 TV [0 [ eyt 420202 [ dea fymto. o]

— n_zf;ven %053—2) (14222 /_11 2 / cél; i b (V)
+§_‘; ((_ili);)QQC i) /11 dw "™ / %em,hq(’/vﬂ)- (52)
Defining
/ %em _Qi %%Z”(u%?) = —iCyq(u, p22?),
/%Vreiw i %20552_2)(N222) = —iCyq(u, u*2%), (53)

we then have the following factorization in coordinate space

/

7 2 ! boemtuav 2.2 v’ / 2.2 av' /
hg,R(Z,P ) = dx du ng(u,u z%) e hg(’/ s 1) +ng(u7ll 2%) e hq(V )
1 1 v 2w 2w

1 2.2 1 2.2
:/1duc%l(“’“z)hg(uy’ﬂ)+/1ducgq(“’“’z)hq(u,}7m. (54)

14 14

The factorization in mometum space reads
3 z z dz izx P? 7 z
fg/H(xaP ) =P %6 hg,R(Zv-P 1)

dzP? o pe N (—izP?)" 2 ' 1
_ / d2P” ieop Z%[CW 2 (u?22) / dyy™ " foru(y) +2C5 2 (1°2) / dyy" " foyn ()]

2mx — (n —2)! ) »
= [ [ e S G et (e umt) 20557 (G )
:/_1%[011411 (x ypz)fqg/H( )+ng(§vy%)fg/H(y)}v (55)

where we have defined

2. 72
€ H Yy 21/ x n 2 nov
o) 2 o S G (o),
99 y yP*? T o1 Z | 2(Pz)2
E 1% ) g 21/ "z/y (n 2) ( )
ng(y’sz x/ Z n—2 2C, (Pz) (56)
Restoring all renormalization scales, the general factorization of the quark and gluon quasi-PDFs reads

1
2(n dy r pr yP* yP* z pr yP* yP*
fq(/}{(w,PZ,pf,uR)=/_lm[Cg (g "R pR )fg/H(y /‘)"‘ngj(y "pET L pR )fqg/H(y M)}

(comy, p2n)

Pz)Z’ (Pz)2 ’
1
z . dy T PR sz ypP* r pr yP* ypP*
fqi/HmP?pf,uR):/_lm[ (5o b o o o) + Co (5 B 2 ) fo )

MP A2
+o( e o) o
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where a summation of j over all quark flavors is implied. The factorization for the polarized quasi-PDFs has the
same form as Eq. (57), with all unpolarized distributions being replaced by the polarized ones and also different hard
coefficients. It is worthwhile to point out that the higher-twist contributions shall behave like 1/[z?(1 — x)(P?)?]
instead of 1/(P*)?2, as demonstrated in Ref. [55].

III. ONE-LOOP MATCHING FOR UNPLOLARIZED QUASI-PDFS IN RI/MOM SCHEME

As shown in the previous section, when the hadron momentum PZ? is much larger than the hadronic scale, the
highet-twist contributions get suppressed (except for very small/large x), the quasi-PDFs can be factorized into the
lightcone PDFs with perturbatively calculable hard matching coefficients. In this section, we present the one-loop
calculation of the hard matching coefficients for unpolarized quark and gluon quasi-PDFs in the presence of mixing.
The polarized case will be presented in the next section. Our result is obtained in the RI/MOM scheme, which can
be used to connect the RI/MOM renormalized quasi-PDFs to the PDFs in MS scheme. Since the matching depends
on UV physics only and not on the external state, we can calculate it in quark or gluon external states |¢(p)), |g(p)).
The infrared (IR) divergences can be regularized using their offshellness.

A. Gluon in Gluon

Let us start with the gluon matrix element of the gluon quasi-PDF operator, which is the most complicated among
all calculations. At tree-level one finds:

r EZO)(fc,p) =d(z - 1), yfé(/))g(y, p) =3d(y—1), (58)

with p = —p?/p?. As before, we have ignored the crossed terms which can be obtained from {f, f}(x) = —{f, f}(—x).
Ignoring such terms has no impact on the extraction of the matching coefficient. The above results lead to the
following tree-level matching coefficient:

O (x/y) = 8(x/y — 1). (59)

At one-loop level, the partonic quasi-PDF can be written as follows:

T ~én;(x7p) = [mfg(;g(%ﬂ)]_,_ + 5(")5(.% -1, (60)

with n = 1,2, 3,4, and the “+" subscript denotes the usual plus-prescription

[ﬂmu:f@»—al—@/ﬁff@m (61)

Integrating Eq. (60) over the momentum fraction, one arrives at

1
/ dz o f) (@) = &, (62)
0

which corresponds to the matrix element of local operators

&m = LN (g(1)0) (0, 0)g(). (63)

z

Before we proceed, let us make a few general remarks on the calculation to follow.

e The above equations apply to bare operator matrix elements. One can write down similar expressions for the
renormalized ones. In our calculation of the matching coefficients, the PDF is renormalized in MS scheme while
the quasi-PDF is renormalized in the RI/MOM scheme. The renormalized local operator matrix elements in
the two schemes differ from each other in general.

e The above matrix element in an offshell gluon state can mix with matrix elements of gauge variant operators.
To illustrate this point, it is worthwhile to consider the UV divergence from the matrix element of the local
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gluon operator F#*(0)F*#(0) in an offshell gluon state

asCA

(p, pl P (0) P2 (0)|p, o) = ———

1 v
% { EpQ <9ga gﬂogup _ ggaﬂgupgw _ gavgﬂpg/w =+ gaﬂgwgvn + g% (gﬁpg/w _ gﬂugw))

+g° (9gﬁugw _ ggﬁﬂg#l’> _ ngwgﬁugpo + anﬁg;wgpa>

1 1

+oP"p (497797 + 10967 — T¢°7g"7) — Cp"p" (4977 9" + 10977 "7 — Tg*g"7)

,lpapu (IOQBUg”p + 4gﬁpgw _ 7gﬁugp0) + lpapﬁ (4g"° g"P 4 10gHPg¥° — Tg"" g*?)
6 6
3 3 3

=P (979" = g°09"7) = 10707 (97097 — 970 g") + 0" (979" — 97g™)
3 1 1

+50707 (979" — 9™ ") — ' (9% g°P — g*Pg"P) — ' (927 g% — g*Pg"7)
1

174 v 1 fon 174 14 lo8 1 ag v « LV
+6papa (gﬁpgu _ gﬂug p) + 6pl3pp (ga g — g™ gt )_|_ 6ppp (ga gﬂu —yg ﬂg; ) } + 0(60)’ (64)

with the cross-diagrams neglected. This leads to the following contributions to the UV divergences in &("):

2
~(1,9) _ a,Cy p O(0
¢ 12me p? + p? +0(),
2
=(2,9) _ _asCap” 0
‘ 12me p? (€,
39 = 0(e),
- asCa p?
Awu>§§%+ow» (65)

if a physical projection P{}b = §%g, ;;/(2 — D) is employed. As can be seen from the above equations, the
UV divergences might depend on the offshellness of external gluons, which is a sign of the potential mixing
with gauge variant operators. It is interesting to note that the UV divergence of ¢®9) is independent of p2.
This is because it corresponds to the ¢z component of the gluon energy momentum tensor for which all gauge
variant operators to mix turn out to vanish [94, 95]. As we will see below, such a behavior is consistent with the
asymptotic behavior at large x of the quasi-PDF defined with O;‘%(@ 0), which does not depend on p? either.
This feature turns out to help achieve a better convergence in the implementation of the matching. Thus, in the
following we will focus on O;i)’;{(z, 0), and present the one-loop matching calculation for the gluon quasi-PDF

defined with this operator. For completeness and comparison purposes, the results for other definitions are also
collected in Appendix B.

e In pure Yang-Mills theory, O (0,0) does not renormalize, as shown by the results in Eq. (65) 2. In QCD,
quarks can enter the gluon diagrams relevant for the above calculation, but only through gluon wave function
renormalization at one-loop level, and lead to the following contribution to &39) and ¢(>9) (the counterpart of
&39) for the gluon PDF) after renormalization

2 2
~(3,9) _ asTf —p 3,9 __ o‘sTf —-p 5

This will be needed in the calculation of the matching coefficient below.

2 In general, one should be cautious about offshell gluons, as calculating the matrix element of gluon energy momentum tensor in offshell
gluon states and then taking the onshell limit is rather tricky due to the existence of IR divergences [94, 96].
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(cl) [ (€2) ]

(c3)

FIG. 2. One-loop diagrams for the gluon quasi-PDF. The gluon self-energy diagrams are not shown.

Now we present the one-loop results for the partonic quasi-PDF and PDF. The calculation is carried out in Landau
gauge, and the steps are similar to those presented in Refs. [22, 23]. Given Egs. (60) and (66), we only present the
distribution part, i.e. the first term in Eq. (60). To this end, we need to calculate the one-loop matrix element of
O®)(z,0) in an offshell gluon state. The relevant Feynman diagrams are shown in Fig. 2, and the result reads

[2fta @.p)]

[ —(p—4)2(p—1)+8(p+2)2* —16(p+2)2° —2(p°+8p—24) 2 +(6p°+20p—32)z g 22-1=vI=p
812 (@—1) Vi—p 1t oa—ityI—p
4 824 —162°—22z°+34z—9 8z (z—1) 3(2z—1)z dr+1
"’(Qz 1)(pﬁ-4a¢2 —4x) + w4(p—ir)(;c—1:§(2x—f) T (p+4x2—4z2)? + 2(p—1)2 4(£—1) ) r>1
+
[ (p—1)? (p—1)+8(p+2)2* ~16(p+2)2° —2(p>+8p—24) 22+ (6p2+20p—32)a 4 Iy L=vI=p
CoCa | 8(p—1)2(@=1) Vi VI,
- 2w —3022+4342—9 3(4z3—412+m) 641
+ 4(pil)(zfl) + 2(p—1)2 + 4(§_1) ; 0<x<xl
_ +
—(p—4)*(p—1)+8(p+2)z* —16(p+2)z” —2(p>+8p—24)z”+(6p° +20p—32)x l 2e—1—/T=p
8(p—1)?(z—1) \/1 22—1+/1-p
423 — 82 +1625+222% 34249 82° (x—1) 3(2z—1) da41
_(szl)(pi4x274m) + zfl(pf1§c(x71)31521:71§j + (p+w4w;74a:)2 - 2(571)29; + 4(2*1) ! z <0.
+

As in the quark case [18, 49|, the bare quasi-PDF result is obtained by taking the onshell limit p — 0 of the above
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expression except where it has to be kept as an IR regulator

_2(1*1+I2)2 z—1 42° —62%4+8x—5
B L el B ) Rl B z>1
#(3,1) _ a0 2(1—z+2>)% 1 p | 122*—242°+302%— 17245
[ fg/g (z,p = 0)]+ - Oé27rA z—1 an + 2(x—1) , O<ax<l1
3 +
2(1—z+2*)% 1 z—1  42°—62248z-5
- T % 2@1)} ., x<0.

The renormalized lightcone PDF can be calculated analogously, and gives

2 _ 2\2 2 _
of D (5, 2| Z e — o f2Cal20 e ta)” el =2) s g2 gn o
als\" —p2 )], 27 r—1 w2 +

-2 ) (67)

where the result in the first square bracket is derived in Feynman gauge.
The one-loop matching coefficient is given by the difference in the renormalized quasi-PDF and lightcone PDF

z z 2
p b r(n, 1% r(n, s
Oy oo ) = [ w0 =t (02 ) = T e |+ (i 3ot - . 09

where the In(—p?) dependence in each individual term cancels out in the combination on the r.h.s., and the counterterm
in the RI/MOM scheme is determined as (see Appendix A)

(fg/g Jer.

f;’;g” <p (x—1)+1 r> (69)

with r = p%/(pF)?,

B. Quark in Quark

This case has already been considered at one-loop in a comprehensive way in Ref. [49]. For completeness, we also

quote the results here and briefly explain how it was obtained. The corresponding Feynman diagrams are given in
Fig. 3.

QoY

LQQQQ00Q/

(e) (f)

FIG. 3. One loop diagrams for the quark quasi-PDF. The quark self energy diagrams are not shown.

Owing to the offshellness of the external quark, the one-loop quark quasi-PDF contains two more Dirac structures
apart from the tree-level one ~*, and is given by the following projection [49]

([ )]+ [ o] B+ [0, 0] 22) P (0
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where the coefficients of 4* and 77 read in Landau gauge

22 L de3 3 (3p+42%+(p—8)x) In T2t 1
0.C (2z—1)(p+422—4x) 2(1p—11)(2z(—1) 22(1‘—1) ) 4(1—p)3/2(z—1) ’
#(1) _ s F Az—3 3 In 7\/7‘79 3p+4z°+(p—8)x
el ®P) = 5 S ey T e O<w<l
222 34 3 (3p+42"+(p—8)z) In 2212Vt
“ @D T - DeesD T 2D Ty v <0
(202 +3p+4(p+2)2? —(13p+8)x+4) In 22=1—VI=2
T e )
2(32%—2z) 8(z’—a?) 82— 342% 1 400> — 17042 3(4z—3)
c Jr(2%—1)3(p+49c2—4ac) T (2z—1)(p+4z2—4x)? + w(p—l)w(ac—l)a(:Z:c—l)g + 2(p—1)2(2z—1)° z>1
(1) _ AsUF ) i 1L (207 +3p+4(p+2)2” — (13p+8)2+4) 9_3 3(4z—3)
Jorac(®:P) = = e -1 T 2-1 0<z<l1
(20°+3p+4(p+2)2° — (13p+8)x+4) In 2::1;7\/7 V;:;j
- (527 )4(1—p>5/2(w—1> o
2(3z°—2x 8(z°—x 8243423 — 4022 +17z—2 3(4z—3)
T (2z—1)3(p+4a?—4x) + (2z—1)(p+4x2—4x)> + J(Cp—l)(a:x—l)(gx—l)g T 2p-12(z—1) T <0.
(71)

In Ref. [49], a so-called minimal projector has been used, which determines the bare quark quasi-PDF as

(1 (1 (1
[f;/;(a;,p = O)L _ {f;/()]’t(x,p = 0)} Lt [f;/;,z(w - 0)}+ , (72)
with the following explicit form
z241 z—1
[lehl7+1j|+, z>1
~ 2 2_gg
7 p—0)] =o0ed [EHmg +sgoss] | 0<o<l
-2 mst 4], e<o
+

Note that in this case there is no extra local term like ng/gl)\/IOM above due to vector current conservation. The

renormalized lightcone quark PDF has the following expression

) wu? o Cr 2+1,. —p*(1—2)r —5+ 102 — 622
2], (P [ ]

The matching coefficient can then be extracted as
1 p* p° #(1) 1) s #(n,1)
e 1) = [ 100 0) = 1) (025 ) = (e (74)
z +
where again the In(—p?) dependence cancels out in the combination on the r.h.s., and the counterterm in the RI/MOM

scheme is determined as:

Pe

P, =
( q/q)CT pg

r Dz
e (pg(x 1) +1, r) . (75)

C. Gluon in Quark

Now we turn to the mixing contributions. Let us first consider the quark matrix element of the gluon quasi-PDF
operator, whose one-loop diagram is given in Fig. 4.

To illustrate the kinematic dependence of the mixing terms, it is useful to begin with the one-loop quark matrix
element of the matrix element as a normalization of Fig. 4:

" 14 aSCF — v v v v
(g F*(0)F*P(0)]q) = — e U(p)<—v“p g™ + P g + AP pr g — AP pt g™

+7 (pg™? — pgPr) + AHp¥ P —p” g + (97 g7 — g*Pg) >U(p)' (76)
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A

FIG. 4. One-loop diagram for the quark matrix element of the gluon quasi-PDF operator.

For OE;?’I)Q(O7 0), we have

OZSCF
6me

(al0%1(0,0)|g) = a(p) 'y + p*'u(p) + O(). (77)

As the tz component of the gluon energy momentum tensor, 0;?1)2(0) in general mixes with the same component of
the quark contribution

te _ Loy LS )
T, zizi/nD ~ 1/)+§’L1/}ZD v, (78)

where (---) denotes an antisymmetrization of the enclosed indices. The above operator has the same momentum
dependence as Eq. (77) when sandwiched in a quark state.
The renormalized mixing contribution from the lightcone gluon PDF has the following form

2 (x_f‘;) = 2 [(H(l _x)2)1n_p%‘(‘i_x) + (1 - 2) —2] (79)

For the quasi-PDF, we follow the decomposition as in the quark case:

n,l p n,l p 15
Tr Km O (@, 0 + 2 f ) z.p) 2+ o (@, p) > ] (80)
and choose the projector P such that it projects out the coefficients of both 4% and «*. We therefore have
#(n,1) _ (n,1) (n,1)
Tlgrg =% g/qt Tz fg/qz (81)

For the Of})%, the result reads

_ 5p°—10p+(8p+4)z>—4(p+2)z+8 1 In 22=1= VIi=p
A(p—1)2 Vi—p o 2a—1+/I—p
(p—4)p+8(2p+1)z° —4(p* +2p+6 )27 +2(3p% —2p+8)x 1
- 2(1—p)2(p+427—1z) T2
C _ 502 10p+(8p+4)a” —4(p+2)x+8 1, 1-VI—p
wfCD (g, p?y = 2 1(p—1) Vip M1/,
“ara o | - e=biptrelnes, 0<z<1
5p2 —10p+(8p+4)x2 —4(p+2)x+8 1 In 22=1= Vi—p
4(p—1)2 Viop o 2r-1+y1=p
(p 4)p+8(2p+1)z° —4(p+2p+6) 2 +2(3p° —2p+8)2 0
2(1—p)2(p+4z2—4x) ’ z <0
In the limit p — 0, we have for the bare quasi-PDF
-1+01-2)*)n x4+ 2, x>1
sC
x g(‘r;ql)(:c,,u,Pz) = 0527F —(1+(1—2)? ;lnxélx +6r—2, 0<z<l,
TlOa+a-2))mz=t 22 z < 0.
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In the limit & — oo, the above expression behaves asymptotically as

7(3,1) o L aCp (1 4
zfy (x,u,P)—>727T (2+3x . (83)
If one integrates over the momentum fraction with DR, it is straightforward to find that the above behavior is
consistent with the local result in Eq. (77).

Asg before, the matching coefficient can be extracted as

z z 2
3,1 p 73,1 1 H (3,1
o 2 2 = a5 0) = af ) (025 ) = @i e . (5
with the counterterm in the RI/MOM scheme determined as:
Y2 7(n,1 Y2
@fer = | % xfg(/q)<p§(fc1)+1,r>- (35)

D. Quark in Gluon

A

FIG. 5. One-loop diagram for the gluon matrix element of the quark quasi-PDF operator.

We come to the gluon matrix element of quark operator, and we start with the local matrix element, normalization
of Fig. 5

_ . Os (_QPMQPU + g.u”pp + gltppﬁ
(glvy"dlg) = es€,, 127e .

If 4 =t and physical polarizations are used for the external gluons, one has the result:

_ s/ p2 + pg (87)

6me ’

(86)

(gl lg)

which has the same momentum dependence with the matrix element of Oé?’)
For the lightcone PDF, the result of the mixing diagram in Fig. 5 reads

2 2
O N ) P SR N
fars (x, —p2> == {(m +(1—-2)%)In e 11, (88)
while for the quasi-PDF one has:
1
Fh @, p) (89)
P20+ 4(p4 20 Aot Datd 1 2w-1-VT=p _ (22—1)(—(p—4) p+4(p+2)2°> —4(p+2)7) o1
A(1=p)3/? iy Moz irvic, — 2(1=p)3/2 (p+4a? —dz) » z
:aSTf _p2—2p+4(p+2)w2—4(p+2)w+4 1 1 1-V1I—p —p+12z2—12m+4 O<z<l1
2m 4(1—p)3/2 \/7 +v1I-p 2(17083/2 ’
P2 —2p+4(p+2)z® —4(p+2)z+4 1 20—1— \/7 (2z—1)((p—4)p—4(p+2)z” +4(p+2)z) <0

4(1—p)3/2 \/ 20 —1++/T— 2(1—p)3/2(p+4x2—4x)
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Taking p — 0 gives the bare quasi-PDF result

T —(22+ (1 —2)?)In —2z+1, z>1
f x,p—)Ozsif —(2% + 1—x21n3—6m +6r—2, O<z<l1
a/9 2 4
T (22 +(1—2)))In =L 4 22— 1, z < 0.
The matching coefficient is then given by
1 p* p’ #(1) (1) 1 #(n,1)
Ca ("0 R) = {fq/g(”fv/’—> 0) = far (x 1,2) — g )C-T}v (90)
with
7(n,1 Pz | 7z(n,1 Dz
(Fr o = o 7oy (pg(a:—ml,r). (91)

IV. ONE-LOOP MATCHING FOR POLARIZED QUASI-PDF IN RI/MOM SCHEME

A. Gluon in Gluon

Now we turn to the polarized case. The calculation can be done in complete analogy to that presented in the
previous section. As demonstrated in Ref. [53], to study the polarized gluon PDF

d¢~ ic— o pt ; ;
Afymlen) = iessy [ 55 e PR naWIE ny 5L, JF O)[P), (92

we may use the following three operators to define the corresponding quasi-PDF

A0 (2,0) = i€y i F" (20)W (22, 21) F (21), (93)
AO?(2,0) = i€y ;;F* (20)W (22, 21) F¥ (21), (94)
AOS(Z,O) = 7;6J_77;thi(22)W(227Zl)FZj(Zl), (95)
where € ;; is the two-dimensional antisymmetric tensor:
€1,ij = E,uz/ijnl;nyv (96)

0123

with the convention € =1. n}' = (1,0,0,0). The projection operator for the polarized gluon quasi-PDF is chosen

as:
i .
Pj_ﬂ;j = meuyijnén . (97)
As before, we decompose the polarized quasi-PDF as
e A (@) = [BAf]4 + AE5(z - 1). (98)

Integrating over the momentum fraction

| dwanfw = e, (99)

—00

one obtains the matrix element of the corresponding local operators:

A (Plz) AN (g(P)|AO (0,0)|9(P)), (100)
with
(P22 s

1) _ 2) __ 3)
AN® = e AN® =1, ANG®) = ot (101)
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The local matrix elements have the following divergence structure

N sCa(P? +6(P%)?)
A = _Qs&A 102
¢ 24me(P? + (P7)2) (102)

2 z 2

~(2) _ _OéSCA(5P + 6(P )
Aé Y (PY , (103)
AG® = —%, (104)

where only the UV divergence of Aé®) does not depend on the external momentum. For the same reason as the
unpolarized case, we choose AOég) to define the polarized gluon quasi-PDF and present the corresponding one-loop
matching.

Now we present the one-loop results. The light-cone PDF yields the following real contribution

_mn2(1 — _
e AL (1) = O“;i“ {w = - [(4932 — 6z +4) mP(LQf”)I tse? 11pa7a O . 5)] }+9($)9(1 — ),(105)

whereas the quasi-PDF gives

_ p(p*=3p+8)+8(p—4)z°+8(p* —p+6)a” —2(9p° ~10p+16) I 22=1=vI=p
8(1—p)5/2(z—1) ( . 3) 2z—1++/1—p
4a? —8a%—8z%+14z—3 _ 8(# —= 3(2z—1) _ 4z41
T @D T -De-1@e-1) _ pra—an® T 20-17 A1 L1
p(p273p+8)+8(p74)w3+8(p27p+6)z272(9p2710p+16)z1 1—/I=p
A3 (@, p) = asCa ) = - : 8(1-p)°/2(z—1) eV e
o 3(4a”—dz+1 —162° 48224623 6z+1
27 T T A e T a1 0<z<l
p(p>—3p+8)+8(p—4)a”+8(p” —p+6) 2> —2(9p>—10p+16)z Iy 22=1=vI=p
8(1—p)5/2(x—1) ( 3) 2z—14++/1—p
43 8z°+8x%—14z+3 8(z'—= 3(2z—1) 4x+1
T @) T MDD T pra—g)?  2-D7 T a1 T <0
(106)
In the p — 0 limit, the above result gets simplified
8x2+4(22%—324+2
( z(m—)l) £ , z>1
fo(:a 1)( p) = QEEA 4(2m2—3$+2)$1112(§$t210)m3—28w2+15x—1’ 0<z<l
8z +4(22” -
- 5@=1) , z <0.
(107)

The virtual contribution is the same for the unpolarized and polarized gluon quasi-PDF, while the real contribution
differs in the asymptotic limit as

(3,1) CRVIEN a,Cy (2 1
DSy — 2fgy" T <32x : (108)

Integrating over = in DR, this gives the UV divergence in Eq. (104) as expected.

The matching kernel can be written using the matching kernel for the unpolarized gluon quasi-PDF as

p° pz p° pz 7(3.1 #(3,1
xACég’l)(x,r, n p—g) = xC;jl)(x,r, n p—R) + [(fo;/g )(x,p —0) — xfg(/g N, p— 0))

~(earg (v Ls ) =t (s, _";)) —(mfﬁ;j))am], (109)

where again the In(—p?) dependence in each individual term cancels out in the combination on the r.h.s., and the
counterterm in the RI/MOM scheme is determined as:

(Daf ) er. = [ AfY (p (a —1)+1,r>—x e (pZ( —1)+1,r)]. (110)

Pz
pE
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B. Quark in Quark

For completeness, we also give the result for the polarized quark quasi-PDF and PDF defined as following

~ t . .
Ayt P) = 1z [ 2 P31 2 0)ai0)1P), (1)
By = [ Goee PRy W (€ 00 O)IP). (12

The result for the polarized lightcone quark PDF are the same as that for the unpolarized one:

2 2
(1) M _ (D) H
Af<1/q (m, p2> - fq/q (ac, p2>‘ (113)

For the quasi-PDF, the one-loop result can be decomposed into:

#(1) ¢ #(1) 2 ) ] PP
Tr K{qu/q’th ¥+ [af) ] R [qu/wL pz) wﬂ . (114)
If the Dirac matrix in Eq. (111) is v*~°, Af;}; , vanishes, and we have:
_ 3p72a:272 1 2c—1—+/1—p
20-p)32@-1) Moz 11/Tp
+ 422 + 1—222 e r>1
W a.Cp (2z—1)(p;}-4m2—4z) (p—l)(z—l)(2z—12) (pt4x2—4z)? 2(zx—1)>
7l _ G _ 3p—2z°—2 1—/1—p 1—2z 3
R o 20—/ (a—1) I + ooy T ae- 0<z<l1
_ —3p+2x°+2 hl 2c—1—+/1—p
2(1—p)3/2(x—1) 2z—14++/1—p ( 5 2)
422 2221 8(z"—= 3
T B D i) T D@D T (p+422—4x)? T TS 0.
(115)
In the limit p — 0, it reduces to:
. (2:2+1) 1;1j1.7741+ac—17 r>1
F(1 asUp 2(2%4+1) In £ +4a?+1
AFS) (@ 0)l o0 = o ( +2)m_41;” 2 o<a<1
_(x2+18 1;1:”1%1-&-1'—17 <0
(116)
The matching coefficient can then be extracted as
P pz 71 1 (1 1
Ak 2, 20 [A 0 (wp—0) = 1) ( p) _< f;/pc,T} , (117)
z +
where the counterterm in the RI/MOM scheme is determined as:
(1 Dz 7(1 Pz
( é/;)C.T. = pjﬁ Af;/;,t <p§(:c —1)+ 1,7’> . (118)
C. Gluon in Quark
The matrix element of the local gluon operator between the polarized quark state reads:
Fre(o Fuﬁ 0 _ 7ia5CF o _Buvd B _auvd n_afrd v _afud\ - 5 119
(g[F"(0)F7(0)|q) = == = (p"e™ 4+ ple®® 4 e 4 p’e2) alp) sy u(p), (119)

where we have used the following identity

,Yu,yu,ya _ ,yugw/ _ ,yugozu + ,yaguu + ié“yaé’}/5’y5. (120)



Projecting onto AO;‘?I)%(O7 0) gives:

(412047 (0,0)]q) = CCE ()2 + (57)7) + O(0).

9:R 67me

22

(121)

If one requests the same momentum dependence with the matrix element of quark operator, one could make the

following projection:
ﬂ7275u — pt, ﬂ'yt75u — p°.

The light-cone results are given as

, —p%(1 —
fo(/q(a: ) = a;iF (x(x -2) lnw +z% - 5x> .

The quasi-PDF has the one-loop results

s ) s )
(2z—1)(p(p*—5p—2)—4(p*+3p+2)z>+8(2p+1)7) 1
- A(1=p)572 (paz? —dn) , x>
:” ) e (s 1003) 2}
TAf,, = 8(p—1)3
i R 0<r<1
({0 ~308) 445 3420”557 +2)s) n E=AYIE
8(p—1)3
(2:071)(p(p275p72)74(p2+3p+2)z2+8(2p+1)z)
+ P GRS ey ) z<0
In the limit p — 0, we have
% 2+ 2(z — 2)zln L — 1), x>1
eAf (2, p) = 22 (e —2el§+62° —8r+1), 0<w<l
3 (22 —2(z - 2)zln =L 4+ 1), z <0.

The matching coefficient can be extracted as

z z 2
3,1) b p 3,1 1 1Y #(3,1
eACH o By = e 50w 0) = a1 (025 ) - AT e |,

9/q g

with the counterterm in the RI/MOM scheme determined as:

2AFEY (pz (@—1)+ 1,r) .

A (31) _
(@Afgq e v

D. Quark in Gluon

In this case, the light-cone results are:

an

A = S (0 - 2oy L2

—4x+1).
w2 )

The results for the quasi PDF are:

p+8m2+2(p—4).7' ptrdr—2 1 2z—1—/1—
VI—p(p+4z2—4z) + 2(p— l) n2a: 14++/1— r>1

_ asTy 1-4a pt+dz—2 —/1—
qu/g om Vi-p, 201 In 1+\/¢ 0<z<l
p+82°+2(p—4)x ptdx— 21 2z—1—+/T—p z <0

V1—p(p+4z2—4zx) 2(p—1) 2z —1++/1—p’

(122)

(123)

(124)

(125)

(126)

(127)

(128)
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In the limit p — 0, we have

5 o T (1-2z)lnzt —2, x>1
Af;})q:;—f (1—2x)1n§—4x+1 O<z<l1 (129)
‘ Tl @—-1)lmzt 41, x <0
The matching coefficient is then given by
2
P P* 1 1 | F(1
AC e By = [AF Do 0 = A (5255 ) — (A e . (130)

with

(AJZ(%)C.

N ( (x—1)+1, r> (131)

V. CONCLUSION

In this paper, we have studied how to extract the flavor-singlet quark PDF and gluon PDF from LaMET, both
in the unpolarized and polarized case. After briefly reviewing the auxiliary “heavy quark" formalism used in our
earlier work to prove the multiplicative renormalizability of quark and gluon quasi-PDF operators, we explained how
a nonperturbative RI/MOM renormalization can be carried out for the quark and gluon quasi-PDFs on the lattice
in the presence of mixing. Using OPE, we also derived the factorization formulas that connect them to the usual
quark and gluon PDFs in M S scheme. In the one-loop calculation of the hard matching kernel, we found that certain
gluon quasi-PDF operators are more favorable than others in the sense that the mixing with gauge variant operators
can be avoided. We then focused on these operators and presented the corresponding one-loop matching kernel. Our
results can thus be used to extract flavor-singlet quark PDFs as well as the gluon PDFs from lattice simulations of the
corresponding quasi-PDFs. We therefore completed the procedure of extracting quark and gluon PDFs from LaMET
at leading power accuracy in the hadron momentum.

It is interesting to note that the matrix elements of those non-favorable gluon quasi-PDF operators have nontrivial
momentum dependence in their asymptotic behavior at large x, which is also exhibited in the UV divergences of their
local limit. This is a sign of the potential mixing with gauge variant operators. For these operators, it shall also be
possible to work out an appropriate RI/MOM renormalization and matching, but one needs to take into account the
gauge variant operators that are allowed to mix with the original operators. This makes the situation much more
complicated and is beyond the scope of the present paper. We leave it to future work.
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Appendix A: RI/MOM Counterterm

The renormalization of quark and gluon quasi operators is given by
hiir = Zijhi ks (A1)

with 4, j denoting gluon/quark. Here ﬁz /i are the coordinate space matrix elements of quasi operators, which have
the Fourier transformation:

hisi(2) :/dfw*i“pzﬁ/k(mm) (A2)
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The RI/MOM renomalization condition

h(% Zijhj (2,2, p) 7 (A3)
2:_,“'1{7172 pz
has the perturbative expansion:
0) 0 1 0 0)7 (0 0)7 (1) 1
b =25 + 2 (B, + 1) =200 + Z00 + ZR) (A4)
z:_NR;pz Pz
It implies
) _ 0) (1 D7
Z;;" = bij, h v T Zij h]/k (A5)

Therefore, the renormalization matrix reads

(1) Pz
i f o\ iR L)
Zi.:(;i._~/3 7| ‘ dpe~1®7P= 5; 5 J/J /3, . (A6)
J J (0) f/ f/
Jli Jli

Thus, one can get the renormahzed quasi PDF:

+ 0) 7 P
fi/j<x,r,p,pz,p5)—5z-j(f;?;—f;};,v<>+fm,,< >)+fm<wp>| “f};r(w@—l)ﬂ,r), (A7)

where the last term is the counter-term.

Appendix B: One-Loop Results in the R; gauge

In this Appendix, we present the one-loop results for all gluon quasi-PDF operators in the general R¢ gauge. For
the gluon to gluon case, we only give the real contribution:

B 4(z—1)z? I 2(2z478a:3+6$27a:) 12241 (2e—1)° 1 x>1
(2.’,8—12)2(;))-‘,-4;82—4{)2) (p—1)(z—1)(2z— 1)2 6(p—1)2 2(p 1)3 x—1"
#(1,1) — asCa 2(227—= 8z3+1222—6x—1 | —8a°+122%—6a+1
Tlg/q . T 2w ~=ne=n T 6(;;: 1)230 + == )2(p i E ﬁ’ 0<z<1
rea 4(:1:71)x2 2(2z*—8z3 4622 —z —122—1 (2z— 1)
(22—1)2(p+4a%—4x) (p—1)(z—1)(2z—1)2 + 6(p 3vl)z + 2(p—1)3 + T— 1’ <0

( 60°+19p” —20p+8z* —4(p* +4)1 +6(3p> —4p+4)1 +(2p —17p%+24p— 16)x+8) In22-1-ve-p i+\/7\/i§ 1

A=) (@1 T =

e ln(1/;7‘_(_11;7)(76p3+19p2720p+8w474(p2+4)x3+6(3p274p+4)x2+(2p3717p2+24p716)m+8)
2 4(1—p)772(z—1) ’

(—60°+19p° —20p+8z* —4(p?+4) 2 +6(3p> —4p+4) 2 +(20° —17p* +24p—16 ) 5+8) In Z2=1—v1-P 1#
- A7) , &<

(6-1)p (P> +82* —202°42(2p+ T)a” —(6p+ 1)) | (§—1)p? In 2E=1VIF

<<l

(- 1)2 (e—1) (p+ 427 —42)? e >l
paCa ) (@ )(P-2prta) | (DR (2E) 0 .
2 T 2(p—1D)2(z-1) 1(1=p)5/2 ’ <z <
(€—1)p? (pP+82% —202° +2(2p+T)a —(6p+1)z)  (E—1)p% In 22=1vI=s 0
- 2(p—1)% (1) (p+da? —4z)? - I(1—p)5/2 <V
(B1)
4z—2> | —122>—z410 | (22-1)° (6-1)p*z(2z—1)
B ) G I e L e VI P (et LA
2 @D — a:Ca ) 4o’—2041 | 80°-122 4601 | —8a'-d2® 62425010 _ ((-Da O<z<l1
9/ = Tor 21, 2(p-17 So=D)a=1) 3(a—1)"
real 4(z—1)a? + 1222 4+2—-10  (2z— 1)2 + (e-1)p*z(2z—1) <0
pt+dz2—4dx 6(p—1)(z—1)  2(p—1)2 2(z 1) 2(1—1)(p+4x2—4z)27
7((p—2)3—8x4+4(p2+4)x3—2(5p2—8p+12)x +(3p*—12p+16)z ) In J2= = -1
4(1=p)*72(@=1) 7
e 1n<%ﬁ;’f)((p72)378w4+4(p2+4)w372(5;727Sp+12)w2+(3p2712p+16)x) 0 .
N 11-p) 2 (@—1D) ) <z<
((p—2)°—8z*+4(p*+4)z® —2(5p>—8p+12)x”+(3p>—12p+16)z) In ;:1%\/7 vi:;’ 5 <0

(1) 2 (1)
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42" —a?) 82%—162°-2222+342—9 , 3z(2z—1) 2z+1 (E=1Dp’x
o) _(2z*1)(p+4m2*4ﬂz) + 40— )1)(06 DEe-1) T 200-17 ~ i@-1) T 31 (e’ —a)? U7 1
F(3,1 — 2:Ca ) 304213409 , 3(42° 42742 4o+1 (E=Dz
ofg | T (pml)(zrzl) =177 o=1) ~ 3(@=1)’ 0<z <l
42’ —a® + —8ax*+16a3 42242 342+9 _ 3z(2z—1) 4 2ztl (E=1)p’x r<0
(2z—1)(p+4x2—4x) 4(p—1)(z—1)(22—1) 2(p—1)2 4(z—1)  2(z—1)(p+422—4xz)2’
(—=(p=9)2(p—1)+8(p+2)x* —16(p+2)a” —2(p*+8p—24) 2> +(6p>+20p—32)z) In g;j#i:f;
S 72 @) , ©>1
4 asCa 1n(1wijr+1)( (p—4)2(p—1)+8(p+2)a" —16(p+2)a” —2(p> +8p—24) 2>+ (6p> +20p—32) )
2 8= )7 1) , O<z<l
(=92 (p—1)—8(p+2)z* +16(p+2)2°+2(p* +8p—24) * +(—6p° —20p+32)z) In Z2=1=V-p Lrﬁv <0
—p)5/2 — b
81-p)52(@—1) t
(B3)
42’ —da—1 | —4aP+da®—2241  4(32° -5z +2x) (€-1Dp’x(2z—1)
2(x—1) + 2(p—1)(z—1) pt+4z? —4x + 2(1—1)(p+4w2—4m)2’ z>1
f(4 1) — 2:Ca ) 8a’—6atl | —82'+120% 8o’ 4do—1  (E-Da 0<z<l1
g/9 27 2(z—1) 2(p—1)(z—1) 2(z—1)’
real _de’—duo1 | 40P dn’i20-1 4(32° —5z°+2z) (6-1)p2a(2z—1) 0
2z—1) 2p-1)(e-1) W Wa—1)(pra?—d)2 T <
(p°—8p+8z* +4(p—4)2°—8(2p—3)2°+4(3p—4)2+8) In 221V 1P hﬁvi’;
=721 v >1
a,C 1=y p?—8p+8ai44(p—4)x®—8(2p—3)x>+4(3p—4)x+8
+?A <\/0T+1)( 4(1—p)3/2(z—1) ); 0<ar<l1
(p®—8p+8a" +4(p—4)a° —8(2p—3)a” +4(3p—4)z+8) In FE——Y =L
2(1—p)3/2(z—1) 2 £, <0
(B4)
4(2® —a? 202%—522% 43122 221 10z—3 1
. T 2a—1)7(p+4a”—1z) + 21(,371)?171)(29571932 + 2(pz D7~ > 1
_ a.C —322—23+1 | 20z°—16x+3 1
WBoy’| =5 2(911)({ D e L 0<z<1
rea 4(z°—x —20z*4+522% —3122+22+1 3-10
@ D)2 (prdaz—dm) T 2&-1)&-1)(;;5—1)33 + 30— 1362 + = 1v <0
(p(5p—8)+4(p+4)z" —12(p+2)22+ (—p*+4p+16) ) In 22=1=VI=2 hﬁﬁ’p’ 1
4(1=p)°/2(z—1)
+ as,Ca 1n<1\/pTV +1)( (50—8)+4(p+4)z>—12(p+2)2? +( p2+4p+16)x) 0<cz<l
2 A(1=p)72(z—1) ’
((8=5p)p—4(p+4)a®+12(p+2)a” +(p° —4p—16)z) In Fr= =L <0
4(1—p)5/2(z—1) ) z
(6-1)p (P> +82* —202°+2(2p+ T)a” —(6p+1)x) | (6—1)p? In 221V P 1
2(p71)2(w71)(p+4a:274w)(2 ) I(1=p)5/2 T2
asCa (571)(p272pm+z) (6-=1)pIn {/7717/)
+ 27 T T 2(p-D2(=-1) 4(1—p)57;1+1 ) O<ax<l1
_ (6=1)p° (p*+82* —202°+2(2p4T)a” —(6p+1)z)  (£-1)p”In St <0
2(p—1)2(z—1)(ptda> —dz)? A(1=p)5/2 T
(B5)
9w — 1022 4(2=2%) | o2z, (=0 +4(pt4)a? —4(p16)a) In 221D 1
Np-D(@—1)  ptda—ds T 3@-1) T A(1=p)*72(a—1) » T2
:cAf(2 R — 204 807 | 202428090 @ In (L2420 (=4 +4(p+4)2” —4(p+6)7) O<cx<l
rear ] D) T T200-D(@-1) (T2 (@—1) , 9”
0o, ) oo o0 S o) n B
2(p—1)(z—1) pt+4x?—4x 2(z—1) 4(1—p)3/2(z—1) Y
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The quark to gluon case is given as:
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