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ChPT and the 1/Nc expansion provide systematic frameworks for the strong interactions
at low energy. A combined framework of both expansions has been developed and applied
for baryons with three light-quark-flavors. The small scale expansion of the combined
approach is identified as the ξ-expansion, in which the power counting of the expansions
is linked according to O(p) = O(1/Nc) = O(ξ). The physical baryon masses as well as
lattice QCD baryon masses for different quark mass masses are analyzed to O(ξ3) in
that framework. σ terms are addressed using the Feynman Hellmann theorem. For the
nucleon, a useful connection between the deviation of the Gell-Mann-Okubo relation and
the σ term σ8N associated with the scalar density ūu+ d̄d−2s̄s is identified. In particular,
the deviation from the tree level relation σ8N = 1

3 (2mN −mΣ−mΞ), which gives rise to
the so called σ-term puzzle, is studied in the ξ-expansion. A large correction non-analytic
in ξ results for that relation, making plausible the resolution of the puzzle. Issues with the
determination of the strangeness σ terms are discussed, emphasizing the need for lattice
calculations at smaller ms for better understanding the range of validity of the effective
theory. The analysis presented here leads to σπN = 69(10) MeV and σπ∆ = 60(10) MeV.
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1. Introduction

Combining BChPT and the 1/Nc expansion [1, 2, 3, 4] in baryons with three light
quark flavors leads to an improvement in the description of baryon masses and currents
[4, 5, 6, 7] to one-loop. A link between the chiral and the 1/Nc expansions is necessary in
order to establish an unambiguous power counting: the counting where O(p) =O(1/Nc) =
O(ξ), closely related to the small scale expansion [8, 9], is in practice the most effective
one. In this framework, the effective Lagrangians to O(ξ3) can be found in Ref. [5, 10].
The chiral Lagrangian relevant to the discussion of masses up to O(ξ3) and including
electromagnetic contributions is given by [5, 10]:

Lmass
B = B†

(
iD0 + g̊Au

iaGia− CHF
Nc

Ŝ2 + c1
2Λ χ̂+ + c2

Λ χ0
+ + c3

NcΛ3 χ̂
2
+ (1.1)

+h1Λ
N3
c

Ŝ4 + h2
N2
c Λ χ̂+Ŝ

2 + h3
NcΛ

χ0
+Ŝ

2 + h4
NcΛ χa+{Si,Gia}+αQ̂+βQ̂2

)
B,

where g̊A is the axial coupling constant identified at LO with 6
5g
N
A , where gNA = 1.2724(23).

The low energy constants (LECs) CHF, c1−4, h1−4 and α,β can be fixed [5] by fitting the
baryon masses to the experimental data and to results from lattice QCD (LQCD) cal-
culations [11] at varying quark masses. Using standard notation, χ̂+ = χ̃+ + χ0

+, where
χ0

+ = 1
3Trχ+, provide the quark mass dependent terms. Q̂ is the electric charge operator.

The electromagnetic contribution to the p−n mass difference is α+β, whereas the elec-
tromagnetic contribution to the Gell-Mann-Okubo (GMO) formula is −4

3β. Up to O(ξ3)
the baryon mass formula, neglecting isospin breaking, reads:
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2(Nc+ 2)Ŷ − 3

4 Ŷ
2
)

+ δmloop
B ,

where M0 is the O(Nc) spin-flavor singlet piece of the baryon masses, Ŝ, Î and Ŷ are
respectively the baryon spin, isospin and hypercharge operators, the term proportional to
CHF gives the LO hyperfine mass splittings between different spin baryons, and m0 and
m8 are the singlet and octet components of the quark masses. δmloop

B gives the one-loop
contributions O(ξ2) and O(ξ3). It is straightforward to generalize 1.3 to include isospin
breaking. In the following the definitions are used: m0 = 1

3 (2m̂+ms), m3 = mu−md

and m8 = 1√
3 (m̂−ms), where m̂ = 1

2 (mu+md). More details on the self energy one-loop
corrections obtained in BChPT ×1/Nc can be found in these proceedings [7].

2. σσσ-terms

The matrix elements of scalar quark densities are of high interest. At zero momentum
they are related via the Feynman-Hellmann theorem to the slope of the hadron mass with
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respect to the corresponding quark mass, 1

σfB(mf ) = mf
∂

∂mf
mB = mf

2mB
〈B | q̄fqf |B〉, (2.1)

where mf is the mass of the f quark flavor (f = u,d,s), the state | B〉 is the physical
state for that quark mass and normalized according to 〈B′ |B〉= (2π)32mBδ

3(~p′−~p), and
σfB is the corresponding σ term. σ terms for combinations of quark masses such as m0,
m3 and m8 are defined in the same way. Empirical access to σ terms is difficult in the
case of baryons, being only possible for σπN = σ(u+d)N (m̂) via analysis of πN scattering.
In the case of other σ terms it is clear that the necessary information will have to come
from LQCD calculations, where tracing the baryon mass dependency with respect to quark
masses is becoming increasingly accurate. The actual contribution of a given quark flavor
mass to the mass of the hadron, keeping the rest of the quark flavor masses fixed, is then
given by:

∆mf
B(mf ) =

∫ mf

0

1
µ
σfB(µ)dµ, (2.2)

which in the limit of small mf coincides with the σ term.
In this note, the focus is on the determination of σπN using the Feynman-Hellmann

theorem and results for baryon masses in SU(3), as presented in Ref. [10], with additional
brief discussions of σ terms of ∆ and hyperons, and the issue of the quark mass dependence
of σ terms, namely the range in mq where the effective theory may be trusted in their
description.

2.1 σσσπN

The determination of σπN has a long history spanning many decades. Its extraction
from the analyses of πN scattering has given values that range from 45 MeV [12, 13, 14] to
64 MeV [15, 16, 17, 18], with the larger values being from more recent analyses where their
increment with respect to the olg ones is understood to be a consequence of a change in
the input πN scattering lengths. From a practical use point of view, σπN has become very
important in the studies of dark matter searches [19] in the scenarios where dark matter
has scalar couplings to quarks.

σπN can be expressed by the combination of σ terms:

σπN = σ̂+ 2 m̂
ms

σsN , (2.3)

where σ̂=
√

3 m̂
m8
σ8N . To LO in quark masses σ8N is given by a combination of octet baryon

masses, namely:

σ8N = 1
3(2mN −mΣ−mΞ), (2.4)

= 1
9

(5Nc−3
2 mN − (2Nc−3)mΣ−

Nc+ 3
2 mΞ

)
for general Nc,

1Although obvious, σ terms, being observable quantities, are independent of the renormalization scheme
used in QCD. The expression 2.1 normally used is valid in a mass independent scheme such as MS.
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which leads to σ̂ ∼ 25 MeV. Since the contribution of the term proportional to σsN , being
OZI suppressed, should be expected to be small, at this lowest order in the quark masses
there is a puzzle between the empirically obtained values of σπN and the relation σπN ∼ σ̂.
Either the latter is badly broken, and/or the relation 2.4 has large corrections. It will be
shown that the latter is the case. It is argued that the puzzle is further emphasized by
the observation that the Gell-Mann-Okubo relation 2 receives small deviations, and so it
would be difficult to understand why 2.4 should receive large corrections [20]. Following
Ref. [5], and based on the 1/Nc expansion one finds that the corrections to the GMO
relation are suppressed by a factor 1/Nc at large Nc, while the corrections to the mass
relation generalized in Nc as shown in 2.4 are O(Nc). The deviation from the GMO
relation, ∆GMO, in the calculation to one-loop is independent of the NLO LECs and given
solely by non-analytic finite contributions, which depend on /Fπ, CHF and the GB masses.
The same is the case for the deviations from 2.4, denoted here by ∆σ8N . Performing the
analysis at generic Nc, one finds that ∆GMO is indeed O(1/Nc) at large Nc, and in terms of
the ξ power counting it is O(ξ4) (an extra factor 1/Nc over the nominal O(ξ3) of the loop
corrections), while ∆σ8N is O(ξ2) with a pre-factor Nc

3. Thus they have entirely different
behaviors, and on these grounds it is entirely plausible that ∆σ8N can be as large as the
resolution to the puzzle requires. It is also observed that in the physical case the ratio
∆σ8N/∆GMO ∼−14, which is independent of and Fπ, has only a small dependency on the
LEC CHF , and thus it is determined almost entirely in terms of the GB masses. Since the
large corrections ∆σ8N are due to the rather large value of ms, it is important to check
how σ8N is as a function of MK . This is shown in Figure 1, which clearly illustrates the
following point: the non-analytic contributions to σ8N are not large (compare σ8N with the
tree contribution σtreeN (µ = mρ)). The corrections to the mass combination denoted here
by σrel8 are very small, but they result from two large contributions, the σtreeN (µ=mρ) and
a non-analytic one that largely cancels it. Thus, a large entirely non-analytic correction
∆σ8N is the result. The figure also shows the behavior of σs, which has a large relative
variation in the displayed interval; its size is nonetheless natural, leading in Eq. 2.3 to a
small contribution by that term of the order of a few MeV. As discussed later, the σs terms
are outside of the range of validity of the effective theory for the physical ms values. In
order to check that the effective theory is giving reasonable results, one can make use of the
calculated ∆GMO and check with its actual value: as shown below, this works very well;
even more, the octet baryons in the loop contribute 43% of ∆GMO, thus the contribution
by the decuplet is crucial. One can also infer from ∆GMO a value for the LO axial coupling
: it is about 20% smaller than the physical one, in line with that obtained in the analysis
of axial couplings [5, 7]. If one only considers the contributions by the octet baryons,
which is itself O(1/Nc), in order to obtain the physical ∆GMO the needed must be larger,
conflicting with the analysis of the axial couplings [5, 7].

At this point, the effective theory can determine σ8N from 2.4 and the calculated ∆σ8N .
To determine σπN one needs further information on the baryon masses. That information

2The GMO relation is defined by the mass combination: 3mΛ +mΣ−2(mn+mΞ), valid for all Nc.
3Note that σ8N =O(Nc), while σsN =O(N0

c )
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is provided by LQCD, as for instance in the analysis of octet and decuplet masses of Ref.
[11], where ms is kept approximately fixed and m̂ is varied. A fit to the masses allows for a
direct extraction of σπN and also an estimate, albeit with large error, of σsN . As discussed
below, the end result is that the relation σπN ' σ̂ is approximately well satisfied. The most
direct determination of σ8N is thus carried out making use of the ratio ∆σ8N/∆GMO using
a value of CHF as obtained in the fit to octet and decuplet masses and correcting ∆GMO

by EM and mu−md isospin breaking effects (see Ref. [5] for details), giving σ̂ ' 70 MeV,
which leads to a value for σπN which is at the upper range of values obtained in previous
studies.

The question is up to what extent is the determination of σ8N discussed here realistic.
It is clear, as emphasized below, that the σ terms associated with the strange quark at
its physical mass cannot be described well by the effective theory. This implies also that
the description of the hyperon masses in the physical case are somewhat outside the range
where one can trust the effective theory. Thus, both the parameter free calculations of
∆GMO and ∆σ8N may not be as accurate as one would wish. There is little doubt that the
analysis presented here would work reliably for a smaller ms, for MK < 300−400 MeV or
so (see Fig. 1). The only way this can be established is via LQCD calculations with lighter
ms than the ones presently available. Such calculations would indeed provide important
additional insights on the σ terms and more in general on the effectiveness of the different
versions of BChPT, in particular the present one, which would be greatly welcomed.
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Figure 1: σ terms as a function of MK from baryon masses to O(ξ3). σ8N full red, σtree
8N (µ=mρ)

short-dash red, σ8N from the mass relation 2.4 dashed red, 10×σsN purple, 10× σ̂N green, and
10×σπN blue. Based on the analysis of Ref. [5].

2.2 Other σσσ terms

A similar analysis to the case of the Nucleon can be carried out for the ∆. In that case
there is the following LO relation for σ8

∆:

σ8∆ = Nc

3 (m∆−mΣ∗)− 5(Nc−3)
12 (mΛ−mΣ) , (2.5)
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whose deviations at NLO are again calculable as in the case of the Nucleon. Since in the
large Nc limit the ∆ and Nucleon become degenerate, their respective σ terms must also
become identical up to terms sub-leading in 1/Nc. That regime is however reached at very
large Nc (fixed mq) for the contributions non-analytic in √mq×Nc.

σ terms satisfy the same tree level relations as baryon masses do. Indeed, the GMO,
Equal spacing and the Gürsey-Radicati (if the LEC h3 is neglected) mass relations, satisfied
by tree contributions up to O(ξ3), are automatically satisfied by the corresponding σ

terms. Since the non-analytic corrections to those relations are all 1/Nc suppressed, the
corresponding σ term relations have small deviations. There are further tree level relations
satisfied by σ terms corresponding to different quark masses, in particular relating the
σ terms corresponding to ms with the m̂ ones. The corrections to those are not 1/Nc

suppressed and thus they receive large non-analytic corrections. As shown later, the σsB
terms show significant curvature starting at MK ∼ 250 MeV, indicating the range where
the effective theory can be trusted with their calculation. Those additional σ terms may
be of general interest in LQCD calculations and the corresponding tests of the effective
theory they can provide.

3. Results using LQCD inputs

In the analysis of Ref. [10], both physical and LQCD baryon masses are considered.
The LQCD baryon masses have been obtained for approximately fixed MK , varying mu =
md in a range from the physical limit up to Mπ ∼ 300 MeV [11]. Three different fits were
performed, shown in the Table (1), which contains some additional results to those given
in [10]. The ratio g̊A/Fπ is also a fitting parameter for the first two fits and it is consistent
with the value extracted from ∆GMO and also the one obtained from the analysis of axial
couplings [5, 7]. The value of CHF is determined most accurately by the physical ∆−N
mass splitting; its value obtained solely from the LQCD results is significantly different
and indication that the LQCD results do not determine accurately the hyperfine mass
splittings, extrapolating to too small of a value at the physical limit. For the physical case
isospin breaking was taking into account, which allows to fix the EM coefficients α and β.
For the present analysis, the importance of that correction is its effect on ∆GMO, whose
value without EM is that obtained with the physical masses plus 4

3β, a non-negligible effect
of almost 3 MeV increase.

It is important to stress that the resulting LECs and the respective errors are natural
have natural size. More accurate LQCD results and, as emphasized later, with smaller ms

would help determine how reliable is the effective theory is. More details on extracting
sigma terms for the Nucleon can be found in [10]. The fit gives an estimate for σsN , which
as discussed below is not credible, and should only be taken as an estimate of its magnitude
for the purpose of determining σπN . As expected the results for the ∆’s σ terms are very
similar to those of the nucleon (they also have a small imaginary part due to the width of
the ∆). A summary of the present status of σπN determinations is displayed in Fig. 2.
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g̊A
Fπ

M0
Nc

CHF c1 c2 h2 h3 h4 α β

Fit MeV−1 MeV MeV MeV MeV

1 0.0126(2) 364(1) 166(23) −1.48(4) 0 0 0.67(9) 0.56(2) −1.63(24) 2.16(22)
2 0.0126(3) 213(1) 179(20) −1.49(4) −1.02(5) −0.018(20) 0.69(7) 0.56(2) −1.62(24) 2.14(22)
3 0.0126∗ 262(30) 147(52) −1.55(3) −0.67(8) 0 0.64(3) 0.63(3) −1.63∗ 2.14∗

∆phys
GMO σ8N ∆σ8N σ̂N σπN σs σ8∆ ∆σ8∆ σ̂∆

MeV MeV MeV MeV MeV MeV MeV MeV MeV

1 25.6(1.1) −583(24)−382(13) 70(3)(6) − − −496(46)−348(16) 59(5)(6)
2 25.5(1.5) −582(55)−381(20) 70(7)(6) 69(8)(6) −3(32) −511(52)−352(22) 60(10)(6)
3 25.8∗ −615(80) −384(2) 74(1)(6) 65(15)(6) −121(15) −469(26) 350(27) 56(4)(6)

Table 1: Results of fits to baryon masses [10]. Fit 1 uses only the physical octet and decuplet
masses, Fit 2 uses the physical and the LQCD masses from Ref. [11] with Mπ . 300 MeV, and
Fit 3 uses only those LQCD masses and imposes the value of ∆phys

GMO determined by the physical
masses (corrected in the calculation by the isospin breaking effects). The renormalization scale µ
and the scale Λ are taken to be equal to mρ. ∗ indicates an input. A theoretical error of 6 MeV is
estimated for σ̂ and σπN .
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Figure 2: From Ref. [10]; Left panel: summary of the determinations of σπN from πN scattering
(blue), from LQCD (red), and from this work showing the combined fit and theoretical error. Right
panel: N and ∆ masses from Fit 2 of Table 1: physical and LQCD masses from [21]. The squares
are the results from the fit and the error bands correspond to 68% confidence interval. Note: The
references given in the left panel are corresponding to the references in Ref. [10]

3.1 Dependencies on quark masses

For N and ∆ the dependency of their masses on m̂ is quite smooth up to Mπ ∼ 300
MeV (Fig. 2) . In the case of the hyperons the dependency is less smooth the larger the
magnitude of the strangeness (Fig. 3). The first indication of significant curvature appears
in the σ terms as the corresponding quark mass reaches a value of about 80 MeV, or about
300 MeV for the corresponding GB masses, as illustrated by Figs. 3. This manifests itself
in curvature of the baryon masses with respect to quark masses but much less pronounced,
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consequence of Eq. 2.2.
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Figure 3: Nucleon sigma terms with respect to quark masses m̂ (left panel), ms (right panel)

One can therefore estimate the range of quark masses for which the effective theory can
describe baryon masses. For hadrons with a single heavy quark one can use results from
HQET to determine the hadron mass as a function of the heavy quark mass [22], for which
there would be a corresponding σ term. Provided a definition of the heavy quark mass, the
corresponding σ term will be, up to additive corrections determined by the scale of QCD,
roughly proportional to the heavy quark mass with a slope close to unity. In general, the
slope is expected to scale roughly as proportional to the number of heavy quarks, and thus
one can use this to give a rough estimate for the limit where the effective low energy theory
ceases to describe a σ term. For small quark masses the slope of the σ term is much larger
than it would be for the corresponding quark having a very large mass. The behavior of
the σ terms shown in Fig. 3 illustrate the natural tendency to a reduced slope as the quark
mass increases. One could therefore use the criterion that when the slope calculated in
the effective low energy theory reaches a value close to the one corresponding to the large
quark mass limit, the theory cannot further be trusted, representing this also the onset of
its failure for describing the hadron mass itself. The analysis shown here indicates that this
occurs for the relevant GB masses above 300 MeV or so. For this reason it would be very
useful to have LQCD results where ms is taken to be smaller than in present calculations,
in order to assess more accurately the issue.

4. Summary

The determination of σ terms through the Feynman-Hellmann theorem has its chal-
lenges. In principle a good knowledge of baryon masses for varying quark masses would be
sufficient, but that knowledge as obtained from LQCD results is still not accurate enough
to deliver values for σπN with a precision near that obtained from the analysis of πN scat-
tering. Another approach using BChPT × 1/Nc in SU(3) and its predictions for ∆GMO

and ∆σ8N as described in this note is potentially affected by the fact that ms is too large
for the result to be considered accurate. It is however interesting that an extraction of σπN
using that approach and the LQCD results agree very well. A result for σπN = 69(10) MeV
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Figure 4: σ terms as function of quark masses. In the left panels ms is kept fixed, and in the right
panels m̂ is kept fixed.

results from those analyses, consistent with the larger values obtained from πN scattering.
It should be emphasized that a similar analysis using ordinary BChPT with only the octet
baryons completely fails in that respect. We also learn that the description of strangeness
σ terms fails for the physical value of ms, and thus, one would need LQCD results with
reduced values of ms to understand more precisely the range where effective theories can
describe them: it looks like the for the effective theory to be able to reliably describe σ
terms in SU(3) would require MK ≤ 350 MeV.
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