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4Departamento de F́ısica Teórica, Universidad Complutense de Madrid, 28040 Madrid, Spain
5CERN, 1211 Geneva 23, Switzerland

6European Centre for Theoretical Studies in Nuclear Physics and Related areas
(ECT∗) and Fondazione Bruno Kessler, Villazzano (Trento), I-38123, Italy

7INFN Sezione di Genova, Genova, I-16146, Italy
8Physics Department, University of Washington, Seattle, WA 98195-1560, USA

9Theory Center, Thomas Jefferson National Accelerator Facility, Newport News, VA 23606, USA
(Dated: May 26, 2019)

In recent years, different on-shell 3→ 3 scattering formalisms have been proposed to be applied
to both lattice QCD and infinite volume scattering processes. We prove that the formulation in
the infinite volume presented by Hansen and Sharpe in Phys. Rev. D92, 114509 (2015) and sub-
sequently Briceño, Hansen, and Sharpe in Phys. Rev. D95, 074510 (2017) can be recovered from
the B-matrix representation, derived on the basis of S-matrix unitarity, presented by Mai et al. in
Eur. Phys. J. A53, 177 (2017) and Jackura et al. in Eur. Phys. J. C79, 56 (2019). Therefore, both
formalisms in the infinite volume are equivalent and the physical content is identical. Additionally,
the Faddeev equations are recovered in the non-relativistic limit of both representations.

I. INTRODUCTION

Considerable progress has been achieved recently in de-
termination of the hadron spectrum from first principles
Quantum Chromodynamics (QCD) [1–8]. Comparison of
experimental data or lattice results with theoretical mod-
els involves analysis of partial wave amplitudes in which
resonances appear as pole singularities in the complex
energy and/or angular momentum planes [9]. Thus, a
proper description of resonances requires knowledge of
analytic properties of the scattering amplitude. Specif-
ically, the determination of the hadron spectrum from
lattice calculations is done using a quantization condi-
tion [10], which relates discrete energy levels in the finite
volume to the infinite-volume, partial waves evaluated at
real energy values and later analytically continued to the
complex energy plane. The quantization condition has
been extensively studied for systems with strong two-
particle interactions (see, e.g., Ref. [11] and references
therein). However, most of resonances of current interest
decay to three and more particles.

Quantization conditions for three hadrons have been
derived by various groups using different approaches [12–
22], as recently reviewed in Ref. [23]. If differences exist
between formalisms, this could indicate that important
physical content is missing, and that results based on
them will lead to unknown systematic errors. There-
fore, it is important to unify our understanding of these
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approaches and establish relationships between all for-
malisms. In addition to quantization conditions, analytic
representations of the infinite volume 3 → 3 amplitudes
are required to be able to identify pole positions of reso-
nances. In this context we discuss two seemingly different
approaches and demonstrate their equivalence.

The first approach is referred to as the B-matrix rep-
resentation, and was studied in Refs. [24, 25]. Motivated
by unitarity of the S-matrix, the B-matrix refers to a
kernel in a linear integral equation for an elastic 3 → 3
connected amplitude. The B-matrix contains both the
known long-range one-particle exchange (OPE) contribu-
tions and any short range interactions. The latter play
similar role to the K-matrix in 2 → 2 scattering ampli-
tudes [26]. Aspects of its analytic properties were studied
in Ref. [25], showing how, besides the unitarity branch
point, there are other singularities near the physical re-
gion generated by the one-particle exchange, e.g. triangle
singularities. Applying the B-matrix formalism in finite
volume leads to the quantization condition of Ref. [17].

The alternative approach was first derived in Ref. [13],
and subsequently generalized to allow for 2 ↔ 3 transi-
tions in Ref. [15]. Hereafter we refer to it as the HS-BHS
approach (for the authors initials). It is a bottom-up con-
struction of the 3→ 3 amplitude starting from a generic,
relativistic effective field theory in finite volume [12]. In
Ref. [13], the corresponding infinite volume limit of the
HS-BHS formalism was derived explicitly, providing an
expression for the 3 → 3 scattering amplitude in terms
of a 3 → 3 analog of the K-matrix, referred to here as
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Kdf.
1 This HS-BHS representation is written in terms

of two integral equations, the first summing one-particle
exchanges between 2 → 2 subprocesses, and the second
involving all orders in Kdf. Since this approach is based
on Feynman diagrams, one expects that the result is con-
sistent with unitarity, and, indeed, very recently this has
been shown explicitly [27].

In the HS-BHS representation, the kernel Kdf appears
to play a similar role to that of the short-range part of the
B-matrix, but it is actually quite different. It is the main
purpose of this work to show that, nevertheless, the two
representations are equivalent. Specifically, we derive an
integral equation relating the R-matrix of Ref. [25] and
the 3→ 3 K-matrix of Ref. [28]. Furthermore, we show
that the reason for the superficial difference lies in the
organization of the short-range rescattering effects and
difference in the order in which symmetrization of the
amplitude is applied.

The paper is organized as follows. Section II sum-
marizes definitions of on-shell 3 → 3 amplitudes and
the relevant kinematic variables. Section III reviews
the B-matrix and HS-BHS on-shell representations for
the 3 → 3 amplitude. In Section IV, we derive the
relationship between these two representations, proving
their equivalence. In Section V we show that in the
non-relativistic limit the B-matrix can be reduced to
the Faddeev equations. Our findings and outlook are
summarized in Section VI. We include three technical
Appendices. Appendix A reviews the unitarity relation
for 3 → 3 amplitudes, and Appendix B shows how to
rewrite the B-matrix representation in a form analogous
to that of the HS-BHS representation, which is used in
the demonstration of Section IV. Finally, Appendix C
proves a crucial relation discussed in Section IV.

II. 3→ 3 AMPLITUDES

We consider the elastic scattering of three spinless
identical particles of mass m, e.g., 3π+ → 3π+ scat-
tering. Note that Ref. [25] considered distinguishable
particles, while here we consider identical particles to
compare with Refs. [13, 15]. Internal symmetries such
as isospin are not considered, but can be included in
a straightforward manner. The initial and final three-
particle state have a total energy momentum P = (E,P)
and P ′ = (E′,P′), respectively. This exemplifies a con-
vention we use throughout, namely that primed (un-
primed) variables denote quantities in the final (initial)
state. Total energy-momentum is conserved, as is the
three-particle invariant mass squared

s ≡ P 2 = E2 −P2, (1)

1 This quantity is denoted Kdf,3 in Ref. [13].
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Figure 1. A three-particle state in the (a) CMF with fixed
total momentum P = 0 and (b) in the helicity frame at fixed
P?−p? = 0. Standard Lorentz transformation with the boost
β = −(P−p)/(E−ωp) transforms the system from the total
CMF to the pair rest frame.

which lies in the range (3m)2 ≤ s < sinel, where sinel the
first inelastic threshold. It is convenient to split the three-
particle kinematics into a pair2 and a spectator. The
spectator is a single particle that has energy-momentum

p = (ωp,p), where ωp =
√
m2 + p2 is the on-shell en-

ergy. The pair then consists of the other two particles
with total energy-momentum given by

Pp ≡ P − p = (Ep,Pp) = (E − ωp,P− p), (2)

where the subscript labels the spectator associated with
the pair. The invariant mass squared of the pair is

σp ≡ P 2
p = (P − p)2 = (E − ωp)2 − (P− p)2, (3)

for which the physical region is (2m)2 ≤ σp ≤ (
√
s−m)2.

In the helicity frame of the two particle subsystem, i.e.,
the pair rest frame where P?−p? = 0, the three momenta
of particles inside the pair are q?

p and −q?
p, respectively.

In this frame, the spectator defines the −z-axis, and the
y-axis is perpendicular to the plane formed by the three
particles. Kinematic quantities without a ? are taken to
be in the total center of momentum frame (CMF), i.e.
where P = 0. Figure 1 illustrates the momenta of the
three particles in these frames. The magnitude of the
spectator momentum in the CMF is given by

p ≡ |p| = 1

2s
λ1/2(s,m2, σp), (4)

where λ(x, y, z) = x2 + y2 + z2 − 2(xy + yz + zx) is the
Källén triangle function, while the relative momentum of
the pair in the helicity frame is given by

q?p =
1

2
√
σp

λ1/2(σp,m
2,m2) =

1

2

√
σp − 4m2. (5)

The final state variables have similar expressions with p
replaced by p′.

2 Other commonly used terms for the pairs found in the literature
are dimers and isobars. More precisely, however, isobars refer
to partial wave amplitudes of the 2→ 2 subsystem in a definite
partial wave with only the unitarity branch cut [25]. We will
refrain from this terminology in an attempt to unify different
approaches and avoid confusion.
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The elastic 3 → 3 scattering amplitude, M, is a
Lorentz scalar that depends on eight kinematic variables,
and is defined via

〈out|T |in〉 = (2π)4δ(4)(P ′ − P )M, (6)

where the T -matrix is as usual given by S = 1+ iT . The
Dirac δ-function ensures total energy-momentum conser-
vation. Due to Bose statistics, the amplitude is symmet-
ric under interchange of any pair of particles in the initial
or final state. In the following, we express M in terms
of an unsymmetrized amplitude [Mp′p ]`′m′

`;`m`
, which

is expressed in the mixed p`m`-basis, i.e., it depends on
the spectator momenta, p, and the angular momentum of
the pair, (`,m`). The fully symmetric amplitude is then
obtained by replacing the dependence on spin by that of
the corresponding spherical angles, (through multiplica-
tion by spherical harmonics), and by symmetrizing with
respect to particle permutations, an operation that we
denote by S,

M = S





4π
∑

`′,m′
`

`,m`

Y ∗`′m′
`
(q̂?

p′) [Mp′p ]`′m′
`;`m`

Y`m`
(q̂?

p)




.

(7)
The unsymmetrized amplitudes are infinite dimensional
matrices in the `m`-space. Note that since the particles
are identical, due to Bose symmetry, all odd-` amplitudes
must be zero. We will often leave the indices implicit
and consider amplitudes as matrices in the `m`-space.
The p-dependence will be left explicit unless otherwise
noted. The isobar representation of Ref. [25] is identical
to the symmetrization operation in Eq. (7). However,
unlike in Ref. [25], here we do not truncate the spin of the
pair to some maximum value, and instead work formally
with infinite-dimensional matrices. In practice, one must
truncate the partial waves, in which the resummation
strategy presented in Eq. (17) of Ref. [25] can be used to
recover cross channel effects.

The scattering amplitude M contains disconnected
and connected contributions. The disconnected terms in
M, denoted hereafter by F ,3 are associated with 2→ 2
process in which the spectator particle does not partici-
pate

Mp′p = δp′p Fp +Ap′p. (8)

with the spectator momentum conserving δ-function,
δp′p ≡ (2π)3 2ωp δ

(3)(p′ − p), written explicitly in front

3 For convenience, we collect here the correspondences between
our amplitude definitions and those of Ref. [13]. The 2 → 2
amplitude is F =M2(Ref.[13]), the connected 3→ 3 amplitude

is A = M(u,u)
3 (Ref.[13]), and (as already noted above) Kdf =

Kdf,3(Ref.[13]). In addition, the ladder series encountered below

is D = D(u,u)(Ref.[13]).

of Fp. The amplitude Fp is diagonal in the spin vari-
ables, and depends solely on the single, scalar variable,
the pair’s invariant mass, σp = σp′ ,

[Fp ]`′m′
`;`m`

= δ`′`δm′
`m`
F`(σp),

= `, m`
<latexit sha1_base64="7hF+J8dv55xc7euz403ES0cE1qI="></latexit>
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The second term, Ap′p in Eq. 8 is the connected 3 → 3
amplitude and it contains offdiagonal contributions in
spin indices,

[Ap′p ]`′m′
`;`m`

= A`′m′
`;`m`

(p′, s,p).

=

p0
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(10)

In addition to its implicit dependence on `, m`, `
′ and

m′`, Ap′p depends on the remaining four independent
variables. Convenient choices are s, the initial and final
pair invariant mass squares, σp and σp′ , and the scatter-
ing angle between spectators in the CMF, Θp′p, defined

as cos Θp′p ≡ p̂′ · p̂ = P̂p′ · P̂p.

III. ON-SHELL REPRESENTATIONS

Our interest is in constructing on-shell representations
for the connected 3 → 3 scattering amplitude. Here we
review the relevant features of the B-matrix representa-
tion discussed in Ref. [25] and the HS-BHS representation
of Ref. [13].

A. B-Matrix Representation

As discussed in Refs. [24, 25], the B-matrix is an on-
shell representation for the connected 3 → 3 amplitude
that was constructed to satisfy elastic 3 → 3 unitarity.
In the p`m`-basis, the B-matrix representation it leads
to the integral equation

Ap′p = Fp′ Bp′p Fp +

∫

k

Fp′ Bp′kAkp (11)

where Bp′p = Gp′p +Rp′p is the B-matrix driving term,
with Gp′p being the OPE contribution4 and Rp′p a real

4 In Ref. [25] we denoted the OPE contribution by the symbol E,
while here we use G to provide a closer connection to the notation
of Ref. [13].
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(a)

(b)

Figure 2. Diagrammatic representation of (a) the B-matrix
representation for the on-shell amplitude, Eq. (11), and (b)
the B-matrix which is composed of the OPE Gp′p, Eq. (13),
and the R-matrix.

function called the R-matrix. Figure 2 shows a dia-
grammatic representation of Eq. (11). By construction,
Eq. (11) satisfies the 3→ 3 unitarity relation given that
Fp is known, as demonstrated in Appendix A. Equa-
tion (11) is an infinite dimensional matrix equation in
(`,m`)-space, and the integration over the spectator mo-
menta includes the measure,

∫

k

≡
∫

d3k

(2π)3 2ωk
. (12)

The integration ranges over all momenta, or equivalently
in −∞ ≤ σk ≤ (

√
s−m)2 and over the entire solid angle

of the spectator. The |k| → ∞ (σk → −∞) limit is diver-
gent and needs to be regulated. The preferred option is
to restrict integration region to 4m2 ≤ σk ≤ (

√
s−m)2,

which is the only domain of σk that is actually restricted
by 3 → 3 unitarity [25]. Beyond this region, one deals
with unphysical (off-mass shell) amplitudes, which de-
pend on unknown parameters, e.g. subtraction con-
stants.

The OPE amplitude is given by

[Gp′p ]`′m′
`;`m`

=

(
p?p′

q?p′

)`′

4π Y`′m′
`
(p̂?

p′)Y ∗`m`
(p̂′?p )

m2 − (Pp − p′)2 − iε

(
p′?p
q?p

)`

,

=

p0
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(13)

where p̂?
p′ is the direction of momentum of the initial

state spectator in the final state pair rest frame. Simi-
larly, p̂′?p is the orientation of the final state spectator in
the initial state pair rest frame. The magnitude of these

momenta are

p?p′ =
1

2
√
σp′

λ1/2
(
(Pp′ − p)2, σp′ ,m2

)
,

p′?p =
1

2
√
σp

λ1/2
(
(Pp − p′)2, σp,m2

)
. (14)

Note that energy-momentum conservation gives Pp−p′ =
Pp′ − p. The normalization of the barrier factors is cho-
sen such that they are equal to one when the exchanged
particle is on its mass shell, (Pp − p′)2 = m2.

Our definition of G differs from the corresponding
quantity in Ref. [13], denoted G∞, in three ways. First,
there is a difference in overall sign. We find the choice in
Eq. (13) more convenient since it has a positive imaginary
part, which avoids several minus signs in expressions.
Second, G∞ contains a cutoff function, which serves to
cut off the integrals over spectator momenta, which in
Ref. [13] run over all values. Third, the form given in
Ref. [13] has the nonrelativistic form of the pole in the de-
nominator, in contrast to the relativistic form in Eq. (13).
However, in recent applications of the BH+BHS formal-
ism, e.g., in Refs. [15, 29], the relativistic form is used.
We also note that the barrier factors in G are not re-
quired from unitarity, but are included so as to match
those in G∞, where these factors are included since they
are needed in the finite-volume analysis.

As with the K-matrix representation for 2 → 2 scat-
tering (see Appendix A), the R-matrix is a real func-
tion that represents the dynamical content of the three-
particle system, e.g., the short range forces between pi-
ons in elastic 3π scattering. Included in this term are
virtual exchange processes giving rise to left hand cuts,
and higher multiparticle thresholds, e.g., 5π production,
which are off-shell in the kinematic domain of elastic 3π
scattering. In principle, given a specific theory, Rp′p

can be computed. Alternatively, given some data, e.g.,
from lattice QCD calculations, Rp′p can be determined
via the quantization condition of Ref. [17]. In the limit
where there are no short-range three-body interactions,
i.e., when Rp′p = 0, Eq. (11) reduces to a solution com-
posed of entirely exchanges between 2→ 2 subprocesses.
We denote this solution as Dp′p, which is called the lad-
der series and is the solution of the integral equation,

Dp′p = Fp′ Gp′p Fp +

∫

k

Fp′ Gp′kDkp. (15)

Although the ladder series is an explicit solution of the
3 → 3 unitarity relations, it is dynamically controlled
by long range exchanges between 2 → 2 subsystems.
Once the 2 → 2 amplitudes are known, then solutions
of Eq. (15) are completely fixed. Figure 3 shows a dia-
grammatic representation of the ladder series solution.

As noted in Ref. [25], and further explored in Ref. [30],
(see also Appendix B), the B-matrix representation can
be rewritten into a form where the ladder series is explic-
itly separated from the remaining three-particle interac-
tion. This separation is useful in comparing to the HS-
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Figure 3. Diagrammatic representation for the ladder series generated by particle exchanges, Eq. (15), where the black box
represents Dp′p.

BHS equations as they schematically follow the same pro-
cedure. Genuine three-body interactions are introduced
through an additional term to the ladder series solution,
known in Ref. [13] as divergence-free amplitudes.5 Fol-
lowing the derivation in Appendix B, the resulting 3→ 3
amplitude has the form

Ap′p = Dp′p +

∫

k′

∫

k

L̃p′k′ T̃k′k L̃kp, (16)

where the first term is the ladder series which satisfies
Eq. (15) and the second term is the divergence-free am-

plitude. The second term contains the amputated T̃p′p

amplitude, which is determined by the integral equation

T̃p′p = Rp′p +

∫

k′

∫

k

Rp′k L̃k′k T̃kp, (17)

as well as a 2→ 2 rescattering function, L̃p′p,

L̃p′p = Fp δp′p +Dp′p (18)

= Fp δp′p +

∫

k

Fp′ Gp′k L̃kp. (19)

In the second line we used the fact that Dp′p satisfies
Eq. (15) to write the rescattering dressing function as an

integral equation. Tildes on T̃p′p and L̃p′p are used to
distinguish these quantities from the corresponding HS-
BHS amplitudes, which, though similar, have different
definitions. We will discuss these differences later, when
we perform the direct comparison. The interpretation
of the divergence-free amplitude is now straightforward:

T̃p′p is an amplitude that involves 3 → 3 interactions
via short-range dynamics. Rescattering functions then
dress the initial and final states with all rescatterings
that involve 2 → 2 processes, i.e., with direct 2 → 2
amplitudes or exchanges in the ladder series. The original
B-matrix, Eq. (11), explicitly shows only the direct 2→
2 amplitudes dressing the initial and final state, while
the ladder series remains hidden.

5 Divergence-free in that the kinematic singularities from all long
range exchanges are not included, as they are contained in Dp′p
in Eq. (15).

In Ref. [30], the authors proposed an initial-final-state
factorization model of the short-range amplitude, Rp′p,
under which Eq. (17) becomes algebraic, with the ladder
series having a different definition for the real part. This
construction may prove practical for analysis of data rel-
evant to resonance phenomena.

B. HS-BHS Representation

We now turn to the definitions of the on-shell 3 → 3
scattering equations of HS-BHS as given in Ref. [13]. We
remind the reader that the unsymmetrized elastic 3→ 3
amplitude, Ap′p, is a matrix in the angular momentum
space of the pair labeled by the spectator. The unsym-
metrized elastic 3 → 3 amplitude in HS-BHS represen-
tation is given via the integral equation

Ap′p = Dp′p +

∫

k′

∫

k

Lp′k′ T (k′,k)L>
k′p. (20)

The symmetrized amplitude can be recovered as in
Eq. (7). The ladder series, Dp′p, is defined exactly like
in Eq. (15), and the end cap operators, Lp′p are defined
by6

Lp′p =

(
1

3
+ Fp′ iρp′

)
δp′p +Dp′p iρp, (21)

with L>p′p defined with iρp on the left of Fp′ and Dp′p.
The quantity ρp is the phase space factor for the two
particles in the pair,7

[ ρp ]`′m′
`;`m`

= δ`′`δm′
`m`

1

2!

1

16π

√
1− 4m2

σp
(22)

6 L is the same as the quantity L(u,u) of Ref. [13]. To see this
requires accounting for the different integration measures used
in the two works: our measure includes a factor of 1/(2ωp) that
is not present in the measure of Ref. [13].

7 In Ref. [13], the two-body phase space is defined slightly dif-
ferently, ρp(Ref.[13]) = −iρpH(p). Thus there are no explicit
factors of i in the expression for L in Ref. [13], whereas we prefer
here to keep such factors explicit. The object H(p) is a cutoff
function, absent here because our momentum integrals implicitly
include an ultraviolet cutoff, as discussed above.
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where the 2! is the symmetry factor. Finally, T (p′,p) is
defined via the integral equation

T (p′,p) = Kdf(p
′,p)

+

∫

k′

∫

k

Kdf(p
′,k′) iρk′ Lk′k T (k,p), (23)

where Kdf(p
′,p) is the three-particle K-matrix. The am-

plitudes T (p′,p) and Kdf(p
′,p) are matrices in angular

momenta,

[Kdf(p
′,p) ]`′m′

`;`m`
= Kdf,`′m′

`;`m`
(p′, s,p), (24)

and similarly for T (p′,p), however we denote them dif-
ferently than all other amplitudes due to their symme-
try properties. As defined in Ref. [13], T (p′,p) and
Kdf(p

′,p) are symmetric under interchange of any pair of
initial or final state particles, after we sum over the prod-
uct of the amplitude and its spherical harmonics of the
pair orientations. Thus, the symmetric divergence-free
K matrix is given by

Kdf = 4π
∑

`′,m′
`

`,m`

Y ∗`′m′
`
(q̂?

p′)Kdf,`′m′
`;`m`

(p′, s,p)Y`m`
(q̂?

p),

(25)
with a similar expression for T . Note that Eq. (25) is dif-
ferent from Eq. (7) since the latter requires a further sym-
metrization operation. The K matrix on the left hand
side in Eq. (25) is fully symmetric under interchange of
any pair of particles in either the initial or final state.
T (p′,p) is viewed as an amputated amplitudefor

which, in addition to all 2 → 2 rescatterings being re-
moved, the possibility of no rescattering in either ini-
tial or final is included. This possibility is allowed by
the term involving the constant 1/3 in Eq. (21). The
factor of 1/3 is due to the partial wave definitions of
T (p′,p) and Kdf(p

′,p), Eq. (25), which is different than
Eq. (7). Therefore, when we symmetrize the amplitude
in Eq. (20), we would overcount the terms with no rescat-
terings if the 1/3 were not present.

IV. EQUIVALENCE OF THE B-MATRIX AND
HS-BHS REPRESENTATIONS

Having established the B-matrix and HS-BHS equa-
tions, we now show that they are equivalent. To do so
we assume that the 3→ 3 amplitudes in both represen-
tations are equal, and search for a relation between R
and Kdf. We first express the HS-BHS end caps, Lp′p, in

terms of the B-matrix rescattering functions, L̃p′p,

Lp′p =
1

3
δp′p + L̃p′p iρp. (26)

The result for L>p′p simply has iρp′ and L̃p′p inter-

changed. We will find that the first term of Eq. (26) can

be traced to the differences in symmetrization and re-

moval of 2→ 2 rescatterings between T̃p′p and T (p′,p),
while the iρp factor in the second term is due to a differ-
ence in the definition of on-shell amputation.

To proceed, we rewrite Eq. (26) as

Lp′p =

∫

k

L̃p′k Ukp, (27)

where Up is the “conversion factor”

Up′p = iρp′ δp′p +
1

3
L̃−1p′p (28)

= iρp′ δp′p +
1

3
F−1p′ δp′p −

1

3
Gp′p, (29)

where the second line follows from the inverse of L̃p′p

obtained from Eq. (19). In a similar manner, the trans-

pose is given by L>p′p =
∫
k
Up′k L̃kp. Now, equating the

expressions for A in the two formalisms, Eqs. (16) and
(20), and using Eq. (27), we find the equivalence if the
following relation holds,

T̃p′p =

∫

k′

∫

k

Up′k′ T (k′,k)Uk,p. (30)

The amplitudes T̃p′p and T (p′,p) can be formally solved
in terms of Rp′p and Kdf(p

′,p), respectively, as one does

in matrix equations, e.g. T̃ =
[

1−RL̃
]−1
R, which is

a matrix in both angular and spectator momenta. Com-

bining the formal solutions for T̃p′p and T (p′,p), the
relation Eq. (30), and using the definition of Up′p in
Eq. (28), we arrive at an integral equation relating Rp′p

and Kdf(p
′,p)

Rp′p =

∫

k′

∫

k

Up′k′ Kdf(k
′,k)Ukp

− 1

3

∫

k′

∫

k

Up′k′ Kdf(k
′,k)Rkp (31)

If this equation holds, then the two representations of the
amplitude A are equivalent.

The final step is to show that Eq. (31) is consistent
with the reality of both R and Kdf. This result is not
manifest, as U is complex. Its imaginary part is readily
found to be

ImUp′p =
1

3

(
2ρ̄p δp′p − Cp′p

)
, (32)

where we have used the 2→ 2 unitarity relation for the
inverse amplitude,

ImF−1p = −ρ̄p = −ρpΘ(σp − 4m2), (33)

which follows from Eq. (A2), as well as the result Cp′p =
ImGp′p. To proceed we need the important results

∫

k

Im Up′kKdf(k,p) =

∫

k

Kdf(p
′,k) Im Ukp = 0. (34)
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which are demonstrated in Appendix C. Essentially, the
action of Cp′p on an object with the symmetry properties
of Eq. (25) yields a phase-space factor that cancels the
first term of Eq. (32). Combining these results, we find

that R is real if Kdf is,

ImRp′p =

∫

k′

∫

k

Up′k′ ImKdf(k
′,k)Ukp

− 1

3

∫

k′

∫

k

Up′k′ ImKdf(k
′,k)Rkp

− 1

3

∫

k′

∫

k

Up′k′ Kdf(k
′,k) ImRkp

= 0. (35)

The inverse result can be shown similarly. We con-
clude that the B-matrix and HS-BHS representations are
equivalent.

The relationship between Rp′p and Kdf(p
′,p) in Eq. (31) can be better understood if rewritten as

∫

k′

∫

k

L̃p′k′ Rk′k L̃kp =

∫

k′

∫

k

(
1

3
δp′k′ + L̃p′k′ iρk′

)
Kdf(k

′,k)

(
1

3
δkp + iρk L̃kp

)

− 1

3

∫

k′

∫

k

∫

k′′

(
1

3
δp′k′ + L̃p′k′ iρk′

)
Kdf(k

′,k)Rkk′′ L̃k′′p. (36)

We now assume that Kdf(p
′,p) is momentum-independent, Kdf = λ, with λ a small constant. This isotropic form is

the leading contribution in an expansion about threshold [29]. Truncating the series solution of Eq. (31) at leading
order in Kdf, we obtain

∫

k′

∫

k

L̃p′k′ Rk′k L̃kp =
1

9
Kdf(p

′p) +
1

3

∫

k′
L̃p′k′ iρk′ Kdf(k

′,p) +
1

3

∫

k

Kdf(p
′,k) iρk L̃kp

+

∫

k′

∫

k

L̃p′k′ iρk′ Kdf(k
′,k) iρk L̃kp +O(K2

df), (37)

which is represented diagrammatically in Fig. 4. Since Kdf(p
′,p) represents three-body interactions such as contact

interactions, the right hand side shows that there is a possibility that the interaction is not dressed by 2 → 2
rescatterings on either the initial or final state (or both). Contrarily, the Rp′p matrix is always dressed by 2 → 2
interactions in both the initial and final state. Thus, theRp′p matrix represents a different organization of amplitudes.
The factors 1/9 and 1/3 reflect the fact that Kdf(p

′,p) has a decomposition given by Eq. (25), which does not include
summing over all spectator momenta. Thus, the factors are needed to remove the overcounting when we sum over
all spectator momenta in the initial or final state. Finally, the left hand side has no iρp factors, whereas the right
hand side does. This is due to the differences in how the amplitudes are amputated. For the B-matrix, which is
based on satisfying the unitarity relations, the amputation was made by removing the partial wave amplitudes via

Ap′p = Fp′ Ãp′p Fp where the Ãp′p is the amputated partial wave amplitude. This was convenient as it simplified
the unitarity relation (see Appendix A and Ref. [25] for details). This amputation is not unique, as we can freely

remove any real quantity from Ãp′p, including (iρp)2. The HS-BHS equations involve an all-orders summation of
amplitudes in an effective field theory, which includes loop integrals over four-momenta of intermediate states. When
the two-particle loop integral is put on-shell, the iρp factors naturally emerge.

V. NON-RELATIVISTIC LIMIT AND FADDEEV
EQUATIONS

In the non-relativistic limit, which is relevant for near
threshold processes, we can investigate the relation be-
tween these representations to the Faddeev equations.
If we assume that the three-body interactions are neg-
ligible compared to the two-body, then we can set the
Kdf-matrix (or equivalently the R-matrix by Eq. (31)) to
zero at leading order, leaving only the ladder rescattering

solutions,

Ap′p = Dp′p +O (Kdf) . (38)

The three-body amplitudes are dominated by exchanges
between 2 → 2 processes, as in typical Faddeev-type
approximations. In that case, as can be seen from Eqs.
(8) and (19), the unsymmetrized scattering amplitudeM
becomes L̃, which gives

Mp′p = Fpδp′p +

∫

k

Fp′Gp′kMkp . (39)
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Figure 4. Diagrammatic representation of the leading order relation between Rp′p and Kdf(p
′,p), Eq. (37), where the black

diamond represents Kdf(p
′,p).

In the CMF, the non-relativistic limit of the [Gp′p]l′m′
l;lml

denominator in Eq. (13) becomes

(Pp − p′)2 −m2 = (Ep − ωp′)2 − (p + p′)2 −m2

= 2m

[
∆E − 1

m

(
p′2 + p2 + p · p′

)]
+O(p4). (40)

We approximated ωp = m + p2/2m + O(p4) and used
the fact that, close to threshold, E = 3m + ∆E, where

∆E is a non-relativistic energy of three particles. Finally,
we also neglected terms of the order p4,p′4, and p2p′2.
The factor 2ωk in the integration measure of Eq. (39)
becomes 2m. Putting everything together, and writing
angular momentum indices explicitly, we obtain

[Mp′p]`′m′
`;`m`

= δp′pδ`′m′
`;`m`

[Fp]`m`

− 4π

(2π)34m2

∑

`′′,m′′
`

∫
d3k [Fp′ ]`′m′

`

(
k?

q?p′

)`′
Y`′m′

`
(k̂?

p′)Y ∗`′′m′′
`
(p̂′?k )

∆E − 1
m (p′2 + k2 + k · p′) + iε

(
p′?

q?k

)`

[Mkp]`′′m′′
` ;`m`

.

(41)

Following the conventions of Ref. [31], we define the non-relativistic scattering amplitude as NR〈out|T |in〉NR =

−2π δ(4)(P ′−P )MNR, which is different by a factor of −(2π)3 to our definition in Eq. (6). Moreover, non-relativistic
particle states are defined as |p〉 = (2π)3/2

√
2ωp |p〉NR, such that the momentum eigenstates are normalized as

NR〈p′|p〉NR = δ(3)(p′ − p). Thus, the relation between the non-relativistic and relativistic 3→ 3 amplitude is

MNR = −
(

1

(2π)3 2m

)3

M, (42)

where we have taken the nonrelativistic limit for the particle energies, e.g. ωp = m+O(p2). The 2→ 2 subprocesses
contains an extra δp′p = (2π)3 2ωp δ

3(p′ − p), which conserves spectator momenta, so the nonrelativistic 2 → 2
amplitude FNR

p is related to its relativistic counterpart by an equation similar to Eq. (42), except that the conversion
factor is squared instead of cubed. Therefore, after inclusion of spherical harmonics to recover full amplitudes, we
arrive at

MNR
p′p(qp′ ,qp) = δ3(p′ − p)FNR

p (qp′ ,qp) +

∫
d3kFNR

p′ (qp′ ,k)
1

∆E − 1
m (p′2 + k2 + k · p′) + iε

MNR
kp (p′,qp) , (43)

where

MNR
p′p(qp′ ,qp) = 4π

∑

`′,m′
`

`,m`

Y ∗`′m′
`
(q̂p′)[MNR

p′p]`′m′
`;`m`

Y`m`
(q̂p) (44)

and similarly for FNR
p′ (qp′ ,qp). The barrier factors have been implicitly absorbed in MNR

p′p and FNR
p .

Equation (43) is equivalent to the Faddeev equations,
as can be seen, for example, by comparing to Eq. (11)
of Ref. [32]. There, a symmetrized two-body matrix ts
plays a role of FNR

p and T matrix plays a role of MNR
p′p.

Note that both equations are not symmetrized with re-
spect to interchanges of three interacting bosons as in
Eq. (7).
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VI. CONCLUSIONS

We have shown that the relativistic on-shell represen-
tation of the 3→ 3 scattering amplitude of Hansen and
Sharpe [13] and Briceño, Hansen, and Sharpe [15], and
the B-matrix representation presented by Mai et al. [17]
and Jackura et al. [25] are equivalent, and their physical
content is identical. The results of the present work are
consistent with the conclusions of Ref. [27] that the HS-
BHS approach is unitary. The difference in these repre-
sentations is how the formalism incorporates rescattering
effects. In the B-matrix representation, the 3→ 3 ampli-
tude is always dressed by 2→ 2 rescatterings in both the
initial and final states, as shown by Eq. (16). Contrarily,
the representation by Briceño, Hansen, and Sharpe al-
low the possibility of no initial/ final state rescatterings.
It was shown in Section IV that the differences between
these rescattering functions manifest themselves as dif-
ferences in the real part of the on-shell equations, giv-
ing the integral equation (31). The non-relativistic limit
of both formalisms reproduced the Faddeev equations,
providing a consistency check to well known low-energy
approaches. As was discussed in Ref. [25], the B-matrix
representations of Ref. [24] and [25] differ only in the real
part as a result of the latter approach using a cut-off on
the integration range that eliminated unphysical modes.

All of the proposed formalisms require regulating the
high-energy modes in order to arrive at a convergent so-
lution to the integral equations. Regulating the diver-
gent behavior will introduce additional dependencies in
the equations, however physics must remain indifferent
to any such regulating behavior. Since the real parts
of these formalisms are unconstrained and a priori un-
known, the regulating behavior may be absorbed into
these unknown functions, e.g., subtractions in disper-
sive integrals for 2 → 2 processes. As was discussed in
Ref. [25], the B-matrix representations of Ref. [24] and
[25] differed only in the real part as a result of the latter
using a cut-off in the integration range which eliminated
unphysical modes.

It remains to be seen if the quantization conditions
corresponding to these approaches are identical. Naively,
one can assume that since the infinite volume equations
are identical, so must the quantization conditions up to
exponentially suppressed corrections. However, the de-
tails of transitioning the infinite volume equations to fi-
nite volume, e.g., the handling of angular momentum
mixing, have not fully been resolved. This is an inter-
esting area of study and must be completed to ensure
consistency.

An interesting direction for future studies is com-
paring numerical results from each representation. Al-
though equivalent, parametrizations using the R-matrix
of Ref. [25] or the K-matrix of Ref. [13] may turn out to
be advantageous for particular numerical analyses.
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Appendix A: Unitarity Relations

Unitarity of the S-matrix constrains the imaginary
part of on-shell scattering amplitudes. Given the unitar-
ity constraints, one can construct an on-shell representa-
tion for scattering amplitudes in terms of real quantities
and kinematic functions. We present here a brief sum-
mary of the unitarity relations for identical particles. The
relations for distinguishable particles have been discussed
in detail in Ref. [25]. Elastic three-particle scattering sat-
isfies the unitarity relation

2 ImM =
1

3!

3∏

j=1

∫

kj

(2π)4δ(4)

(
3∑

j=1

kj − P
)
M∗M,

(A1)
where the integration is over the on-shell intermediate
state momenta. WritingM in terms of the unsymmeter-
ized amplitudes, Eq. (7), and separating the disconnected
2 → 2 amplitude from the connected 3 → 3 amplitude
via Eq. (8), we arrive at two unitarity equations. The
first is the well-known 2→ 2 unitarity relation in angu-
lar momentum space,

ImFp = F†p ρ̄p Fp, (A2)

where ρ̄ is the two-body phase space defined in Eq. (33).
Equation (A2) admits the on-shell K-matrix representa-
tion for Fp,

Fp = Kp +Kp iρ̄p Fp

= [1−Kp iρ̄p]
−1Kp, (A3)

where [Kp ]`′m′
`;`m`

= δ`′`δm′
`m`
K`(σp) is the 2 → 2

K-matrix, which is a real function of σp in the elas-
tic kinematic region, and diagonal in angular momenta
space. Since the phase space factor contains the kine-
matic information of two on-shell propagating particles,
the K-matrix represents all the dynamical content of the
two-particle system, e.g. such as the short range forces
between pions in elastic ππ scattering. This can in prin-
ciple include virtual exchanges leading to left hand cuts
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or higher multiparticle thresholds, e.g. four particle pro-
duction, which do not give singular contributions in the
elastic domain. Since 2 → 2 amplitudes are diagonal
in angular momentum space, Eq. (A3) reduces to a sim-
ple algebraic relation. It is straightforward to verify that
Eq. (A3) satisfies Eq. (A2).

The second unitarity relation is for the connected 3→
3 amplitude, which in the p`m`-basis is

ImAp′p =

∫

k

A†p′k ρ̄kAkp +

∫

k′

∫

k

A†p′k′ Ck′kAkp

+ F†p′ ρ̄p′ Ap′p +

∫

k

F†p′ Cp′kAkp

+A†p′p ρ̄p Fp +

∫

k

A†p′k Ckp Fp

+ F†p′ Cp′p Fp, (A4)

where Cp′p is the recoupling coefficient between a pair in
one state to a different pair in the same state, e.g., from
an angular momentum coupling (12)3 to (23)1, which
is defined as the imaginary part of the amputated OPE
amplitude, Eq. (13),

[ Cp′p ]`′m′
`;`m`

≡ Im [Gp′p ]`′m′
`;`m`

= π δ
(
(Pp − p′)2 −m2

)

× 4π Y`′m′
`
(p̂?

p′)Y ∗`m`
(p̂′?p ). (A5)

The recoupling coefficients are an additional feature of
three-body scattering that can be seen in Fig. 5 when
a diagram with a crossed exchange in the intermediate
state is cut. Diagrams that are cut where no exchange oc-
curs gives rise to the conventional two-body phase space.
One may be concerned that the complexity of spheri-
cal harmonics is not taken into account. The phases in
the unitarity relation cancel since the intermediate state
sums over all possibilities. To avoid this bookkeeping
during intermediate calculations, one can use real spher-
ical harmonics, which have the same completeness and
orthonormality relations as the usual ones, to formally
manipulate the expressions. Since the final results do not
depend on the choice of harmonics, we are guaranteed the
validity of the unitarity relations and the solutions.

Equation (A4) admits the on-shell representation given
by Eq. (11), which we now verify. We find the follow-
ing demonstration more direct than the one presented
in Ref. [25]. First, let us introduce amplitudes which
have the final state 2 → 2 amplitudes amputated, i.e.,

Ap′p = Fp′ Ãp′p Fp. Equation (A4) then simplifies to

Im Ãp′p =

∫

k

Ã†p′k F
†
k ρ̄k Fk Ãkp

+

∫

k′

∫

k

Ã†p′k′ F†k′ Ck′k Fk Ãkp

+

∫

k

Cp′k Fk Ãkp +

∫

k

Ã†p′k F
†
k Ckp

+ Cp′p, (A6)

and the corresponding amputated B-matrix representa-
tion is

Ãp′p = Bp′p +

∫

k

Bp′k Fk Ãkp

=

∫

k

Bp′k

(
δkp + Fk Ãkp

)
, (A7)

where we remind the reader that Bp′p = Gp′p +
Rp′p, where Gp′p is given in Eq. (13) and Rp′p is
a real function that contains the unconstrained three-
body dynamics. It is straightforward to verify that
Eq. (A7) satisfies Eq. (A6) directly by taking the dif-
ference between the amplitude and its Hermitian con-
jugate. Note that if the matrix elements of Ap′p are

A`′m′
`;`m`

(p′, s,p), then the Hermitian conjugate, A†p′p,

has elements A∗`m`;`′m′
`
(p, s,p′), since it acts on both the

angular momentum space and the spectator space. The
Hermitian analytic properties [33] of amplitudes then
state A∗`m`;`′m′

`
(p, s,p′) = A∗`′m′

`;`m`
(p′, s,p), so that

Ap′p −A†p′p = Ap′p −A∗p′p = 2i ImAp′p.
We begin by rewriting the difference by adding and

subtracting a judiciously chosen term, leading to

Ãp′p − Ã†p′p =

∫

k

Ã†p′k

(
Fk −F†k

)
Ãkp

+

∫

k

(
δp′k + Ã†p′kF

†
k

)
Ãkp

−
∫

k

Ã†p′k

(
δkp + FkÃkp

)
. (A8)

Next we insert Eq. (A7) into Ãkp on the second line of
Eq. (A8), and its Hermitian conjugate,

Ã†p′p = B†p′p +

∫

k

Ã†p′k F
†
k B
†
kp

=

∫

k

(
δp′k + Ã†p′k F

†
k

)
B†kp, (A9)

into the Ã†p′k on the third line of Eq. (A8). This gives

Ãp′p − Ã†pp′ =

∫

k

Ã†p′k

(
Fk −F†k

)
Ãkp

+

∫

k′

∫

k

(
δp′k′ + Ã†p′k F

†
k′

)

×
(
Bk′k − B†k′k

)

×
(
δkp + Fk Ãkp

)
, (A10)

which can then be simplified using Fp − F†p = 2i ImFp

and Eq. (A2), as well as the result that Bp′p − B†p′p =
2i ImGp′p since Rp′p is real. Then, since the recoupling
coefficients are Cp′p = ImGp′p, we arrive at Eq. (A6),
thus proving that the B-matrix representation satisfies
the unitary condition.
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Figure 5. Diagrammatic representation for the 3→ 3 unitar-
ity relation for the amplitudeA`′m′

`
;`m`

(p′, s,p). Closed loops

yield three-dimensional integrations over the labeled specta-
tor momentum, and the dashed vertical lines represent plac-
ing all three intermediate state particles on their mass-shell.
Momentum flow is from right to left, as before, and each am-
plitude on the left of the dashed line is hermitian conjugated.

Appendix B: Expressing the B-Matrix in terms of
the Ladder

In this appendix, we show how the B-matrix represen-
tation can be expressed in terms of the full OPE lad-
der summation and a remaining piece containing gen-
uine three-body interactions (see also Ref. [30]). The
B-matrix representation for the full amplitude is given
in Eq. (11). In the limit that the scattering is dominated
by 2 → 2 interactions, and three-body interactions are
negligible (Rp′p → 0), then the system is controlled by
successive particle exchanges between the 2 → 2 ampli-
tudes. We defined this process as the ladder amplitude,
Dp′p, which satisfies Eq. (15). We now want to remove
the ladder solution from the general three-body system.
In the same vein as HS-BHS, we define the divergence-
free amplitude, Adf,p′p ≡ Ap′p −Dp′p, which the 3→ 3
amplitude free from the ladder diagram and its singular-
ities. We can then separate the ladder solution from the
B-matrix representation and are left with an equation for
Adf,p′p,

Adf,p′p =

∫

k

Fp′ Rp′k (Fkδkp +Dkp)

+

∫

k

Fp′ (Rp′k + Gp′k) Adf,kp. (B1)

Now define the 2→ 2 rescattering function Eq. (19), and
amputate the end caps from the divergent free amplitude,

Adf,p′p =

∫

k′

∫

k

L̃pk T̃k′k L̃kp. (B2)

Substituting Eq. (B2) into Eq. (B1) and collecting terms,
we arrive at∫

k′

∫

k

[ δp′k′ −Fp′Gp′k′ ] L̃k′k T̃kp

= Fp′ Rp′p +

∫

k′

∫

k

Fp′ Rp′k′ L̃k′k T̃kp, (B3)

where we have removed the right-most rescattering func-
tion, and collected all terms with Rp′p on the right hand
side. Finally, the combination on the left hand side sim-
plifies to
∫

k′
[ δp′k′ −Fp′Gp′k′ ] L̃k′k = Fp′δp′k

+

(
Dp′k −Fp′ Gp′k Fk −

∫

k′
Fp′ Gp′k′ Dk′k

)
, (B4)

where the term inside the parenthesis is zero from
Eq. (15). Factorizing the final 2 → 2 amplitude from
the left hand side, we arrive at the resummed 3 → 3
amplitude,

Ap′p = Dp′p +

∫

k′

∫

k

L̃p′k′ T̃k′k L̃kp, (B5)

with the new amputated amplitude satisfying

T̃p′p = Rp′p +

∫

k′

∫

k

Rp′k′ L̃k′k T̃kp. (B6)

Equation (B5), along with Eqs. (15) and (B6), is an al-
ternative on-shell representation for the 3→ 3 scattering
amplitude that satisfies unitarity. We now proceed with
similar manipulations on the unitarity relation, Eq. (A4),
allowing one to derive Eq. (B6) directly from unitarity.

It is clear from the demonstration in Appendix A that
Dp′p satisfies the same unitarity relation as Eq. (A4).
Therefore, the unitarity relation for the divergence-free
amplitude states

ImAdf,p′p =

∫

k

∫

q

A†df,p′q

(
ρ̄q δqk + Cqk

)
Adf,kp

+

∫

k

∫

q

A†df,p′q

(
ρ̄q δqk + Cqk

)
L̃kp

+

∫

k

∫

q

L̃†p′q

(
ρ̄q δqk + Cqk

)
Adf,kp. (B7)

Since Fp obeys the 2 → 2 unitarity relation, Eq. (A2),
and Dp′p satisfies Eq. (A4), we can see that the rescat-

tering function L̃p′p satisfies the relation

Im L̃p′p =

∫

k

L̃†p′k ρ̄k L̃kp

+

∫

k′

∫

k

L̃†p′k′ Ck′k L̃kp. (B8)
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The amputated divergence-free amplitude can be defined
as in Eq. (B2), so that the unitarity relation becomes

Im T̃p′p =

∫

k′

∫

k

∫

q

T̃ †p′k′ L̃†k′q ρ̄q L̃qk T̃kp

+

∫

k′

∫

k

∫

q′

∫

q

T̃ †p′k′ L̃†k′q′ Cq′q L̃qk T̃kp

=

∫

k′

∫

k

T̃ †p′k′ Im L̃k′k T̃kp. (B9)

Using similar manipulations as in Appendix A, it is
straightforward to verify that Eq. (B6) satisfies the uni-
tarity relation Eq. (B9).

Appendix C: Proof of Eq. (34)

In Sec. IV, we showed that the R-matrix and three-body K-matrix are related by an integral equation, Eq. (31).
Proving the reality of the Eq. (31) relied on the claim Eq. (34), which we now prove.

From the definition, Eq. (28), we find that

3
∑

`′′,m′′
`

∫

k

Im [Up′k ]`′m′
`;`

′′m′′
`

[Kdf(k,p) ]`′′m′′
` ;`m`

=
∑

`′′,m′′
`

∫

k

[
2ρ̄p′δp′k − Cp′k

]
`′m′

`;`m`

[Kdf(k,p) ]`′′m′′
` ;`m`

=
∑

`′′,m′′
`

δ`′`′′δm′
`m

′′
`

2ρ̄p′ Kdf,`′′m′′
` ;`m`

(p′,p)

−
∑

`′′,m′′
`

∫

k

πδ
(

(P − k − p′)2 −m2
)

4πY`′m′
`
(k̂?)Y ∗`′′m′′

`
(p̂′?)Kdf,`′′m′′

` ;`m`
(k,p), (C1)

where in the second term, Eq. (A5) was used. We leave the first term as is, and focus on the second term. According
to Ref. [13], Kdf(k,p) is defined as a symmetric object after acting with spherical harmonics of the pair orientations on
Kdf(k,p), and summing over all angular momenta. We use this property to combine the product of the final spherical
harmonic Y`′′m′′

`
(p̂′?) and Kdf(k,p), and then switch the role of p′ and k, finally expanding in spherical harmonics of

k̂?. This allows us to write
∑

`′′,m′′
`

Y ∗`′′m′′
`
(p̂′?)Kdf,`′′m′′

` ;`m`
(k,p) =

∑

`′′,m′′
`

Y ∗`′′m′′
`
(k̂?)Kdf,`′′m′′

` ;`m`
(p′,p), (C2)

Now, Kdf(p
′,p) is independent of k, thus we can perform the integrations

∑

`′′,m′′
`

∫

k

πδ
(

(P − k − p′)2 −m2
)

4πY`′m′
`
(k̂?)Y ∗`′′m′′

`
(k̂?)Kdf,`′′m′′

` ;`m`
(p′,p)

=
1

4π

∫ ∞

0

dk?
k? 2

4ω2
k?

δ(ωk? − E?
p′/2)

∑

`′′,m′′
`

∫
dk̂? Y`′m′

`
(k̂?)Y ∗`′′m′′

`
(k̂?)Kdf,`′′m′′

` ;`m`
(p′,p)

= 2ρ̄p′
∑

`′′,m′′
`

δ`′`′′δm′
`m

′′
`
Kdf,`′′m′′

` ;`m`
(p′,p), (C3)

where we converted to spherical coordinates in the final
pair rest frame, and used the composition properties of
Dirac delta functions to convert to the on-shell energy
ωk? . Orthogonality properties of spherical harmonics al-
lows the angular integration to be done, showing that the

second term is identical to the first of Eq. (C1). Thus,
we conclude that

∫

k

Im Up′kKdf(k,p) = 0, (C4)
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as claimed. The relation,
∫
k
Kdf(p

′,k) Im Ukp = 0, is verified in an identical manner.
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