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In the search for exotic mesons, the GlueX collaboration will soon extract moments of the nz°
angular distribution. In the perspective of these results, we generalize the formalism of moment
extraction to the case in which the two mesons are produced with a linearly polarized beam, and
build a model for the reaction ¥p — nn°p. The model includes resonant S-, P-, D-waves in n,
produced by natural exchanges. Moments of the nm® angular distribution are computed with and
without the P-wave, to illustrate the sensitivity to exotic resonances. Although little sensitivity to
the P-wave is found in moments of even angular momentum, moments of odd angular momentum
are proportional to the interference between the P-wave and the dominant S- and D-waves. We also
generalize the definition of the beam asymmetry for two mesons photoproduction and show that,
when the meson momenta are perpendicular to the reaction plane, the beam asymmetry enhances
the sensitivity to the exotic P-wave.
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I. INTRODUCTION

The recent 12 GeV upgrade of CEBAF at the Jefferson Lab (JLab) opens a new area in meson spectroscopy studies
especially in addressing the role of gluons in forming exotic hybrid mesons [1]. The golden channel for discovery of
the exotic hybrid(s) is through its decay to 77(/)77 final states. In these final states the odd waves have exotic quantum
numbers and the lowest of them, the P-wave is expected to resonate due to the exotic m1(1400/1600) state. Properties
of this resonance were recently determined using data collected by the COMPASS experiment [2].

In the present paper, we focus on the reaction Yp — nn%p, which is currently under study by the GlueX collaboration.
The GlueX experiment [3] uses linearly polarized photons with energy E. ~ 9 GeV. Observables directly related to
the spin of the resonance in the di-meson spectrum are moments of the angular distribution. For example, recent
analysis of moments in 77~ [4-6] and KTK~ photoproduction [7] were used to constrain properties of the light
S-, P- and D-wave resonances. Our goal is to investigate sensitivity of these observables to the presence of an exotic
meson and to guide future experimental analysis by identifying which combinations of moments are most relevant for
the identification of this resonance. In order to illustrate the sensitivity of the moments to exotic contributions, we
discuss production of resonant S-, P-, D-waves in the forward direction which are produced dominantly by natural
exchanges in the ¢ channel [8, 9].

We consider two cases. In one we use the complete wave set (S-, P- and D-waves) and in the other we remove the
P-wave. By comparing the moments obtained in these two cases we can assess sensitivity to the presence of the exotic
meson.

The photon beam asymmetry corresponds to the difference in cross section for beam polarized parallel and perpen-
dicular to the reaction plane, spanned by the momenta of the beam and the recoiling proton. In production of meson
pairs there is an additional dependence on the direction of the relative momentum between the two mesons.

It is thus possible to give different definitions of the photon polarization asymmetry. Specifically, we consider the
case when the decay angles are integrated over their whole domain, and when the relative momentum is fixed in the
direction perpendicular to the reaction plane. We find that the maximal sensitivity of the beam asymmetry to the
P-wave is obtained in the latter case.

The paper is organized as follows. In Section II, we describe the reaction model for the nm® photoproduction.
In Section III, we calculate moments of the di-meson angular distribution and in Section IV we discuss the beam
asymmetries. OQur conclusions are presented in Section V.

For clarity of presentation, all technical details are summarized in the Appendices. Specifically, in Appendix A, we
describe the kinematics of n7® photoproduction and review the definition of the angular moments. In Appendix B, we
derive formulas of the differential cross section in case of the linearly polarized beam. The relation between helicity
amplitudes at high energy for a given naturality exchange are reviewed in Appendix C. In Appendix D we extend the
reflectivity basis to reactions with a photon beam. Finally, the relations between the moments and the partial waves
are summarized in Appendix E.

II. THE MODEL

We consider the reaction

TN py) p(A1,p8) = 7 (Pr) 0(py) P(A2,Py)- (1)

The helicities of the particles are defined in the helicity frame, the rest-frame of the nm® with the direction opposite
to the recoil nucleon defining the z axis (see Fig. 1). The amplitude for the reaction in (1) is denoted by Ax.x,x,(€2),
with © being the spherical angle determining the direction of the n in this frame. The dependence on the remaining
kinematical variables, i.e. the total energy squared s = (p, + pn)?, the momentum transferred between the nucleons
t = (pny — Ply)?, and the nr° invariant mass squared mfmo = (py + px)?, is implicit. The direction of photon linear
polarization is determined by the angle ® which is measured with respect to the nm production plane. All the details
and formulae are given in Appendix A. Below we summarize the key relations. In terms of the reaction amplitude T’
the differential cross section is given by
do .
I(Q,®) = m =R /\ZA:/ Axixrg (Q)P:Yw(‘I’)A,\';,\l,\2 (Q), (2)
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with k containing all kinematical factors, ¢f. Eq. (A4). The photon spin density matrix p? encodes the dependence
on the polarization direction [10]. Explicitly,

I(Q,®) = I°(Q) + P, 1*(Q) cos 2® + P, I*() sin 29, (3)



with 0 < P, < 1, being the degree of linear polarization and
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The partial wave amplitudes T are defined by

Axnina () =D T, Y (Q). (5)

m

Furthermore it is convenient to work in the so-called reflectivity basis which uses the following linear combination of
the two, A, = £1 photon helicities

€ 1 m
( )Tﬁl;)\l/\g = 5 [Tflm;)\l)\g — € (_1) Tfl—m;kl)\g] ) (6)

withm = —¢,---  £. As shown, in Appendix C, in the high-energy limit the amplitudes with ¢ = +1(—1) are dominated
by t-channel exchanges with naturality, n = +1(—1), respectively.! Parity invariance implies

(e)T7€l;—>\1—)\2 = 6(_1)>\1_A2 (e)T’ﬁl;)\l)Q’ (7)
and we take advantage of this constraint to define two sets of partial waves,
[l = Tk, [ = T, (8)

corresponding to nucleon helicity non-flip and flip, respectively. Here [¢] = S, P, D for £ = 0,1,2 is the total spin of
the n system. To summarize, in this basis for each ¢, there are 2 x (2¢+ 1) complex partial waves for nucleon helicity
non-flip and independently 2 x (2¢ 4 1) amplitudes describing nucleon helicity flip. We note that in photoproduction,
the reflectivity basis involves all values of m while in the case of of spinless beams only the m > 0 spin projections
enter [11].

In the following we construct a model for nm¥ partial waves. Specifically, given the experimentally accessible mass
range m, 0 < 2 GeV we consider only the lowest three waves, £ = 0, 1,2 [12]. Moreover, we assume that the helicity-
non-flip amplitudes dominate, and set the helicity-flip amplitudes to zero. This is not restrictive as the target is not
polarized in GlueX, and the measured intensities are not sensitive to the details of the nucleon helicity structure.
Finally, we consider only the amplitudes with ¢ = 4 based on the observation that natural parity exchanges are
dominant in the energy range of interest [9, 13].

Helicity frame s-channel frame

FIG. 1. Left: the helicity frame, in which X, the n7° resonance of spin J, is at rest and quantized along the opposite direction
of the recoil nucleon. Right: the s-channel frame, the center-of-mass frame of the reaction vp — X jp. The s-channel is obtained
from the helicity frame by a boost along the z axis. The boost leaves the helicity of X; unchanged. The labels «, p, and p’
stand for the beam, the nucleon target, and the recoiling nucleon, respectively.

1 The naturality is defined by n = P(—1)7 for the exchange of spin J and parity P. The reflectivity € is the eigenvalue of the reflectivity
operator, the symmetry through the reaction plane.



TABLE I. Model parameters. The label R stands for the resonance. The mass (mg) and width (I'r) of the resonances are given
in GeV. The normalization (Ng) and the spin-flip coupling (dr) are dimensionless.

R MR I'r Nr 612
a0(980) 0.980 0.075 1.000 1.0
71(1600) 1.564 0.492 —0.030 —5.0
a2(1320) 1.306 0.114 —0.109 —2.0
a2(1700) 1.722 0.247 —0.036 -2.0

The model is fully determined by the knowledge of the 2¢ + 1 projections of each spin ¢ wave. In order to reduce the
number of projections, we can use the empirical observation of s-channel helicity conservation [8, 14].? Fortunately,
observables (moments and beam asymmetries) extracted in the helicity frame can be computed in the s-channel frame.
As illustrated in Fig. 1, the s-channel frame is related to the helicity frame by a boost along the nm momenta. The
boost leaves the helicities of the photon, of the nm resonance and of the target proton invariant. On the contrary, the
recoil proton helicity changes under this boost, but since this helicity are summed over when computing the moments
and the beam asymmetries, the observables are invariant under this boost. Consequently, the moments and the beam

asymmetries in the s-channel frame and the helicity frame are identical. In the following, we take advantage of this
equivalence and treat m in [{] gfl) & s the spin projection of the nm¥ resonance of angular momentum ¢ in the s-channel
frame.

The dominant s-channel helicity conserving amplitudes correspond to m = 1. Therefore, requiring strict s-channel
helicity conservation would remove the S-wave completely. We thus include the m = 0 and m = 2 contributions,
which correspond to one unit of helicity flip at the photon vertex, and neglect the m = —1 and m = —2 projections.
Consequently, our basis is limited to the following waves

M(E) = {SéJr)a Po(j)vD(()jrl),Q}

m;k

ep’ (9)

We now specify the dynamics of our model. We include the a(980), 71(1600), a2(1320), and a4 (1700) resonances.
We parameterize each resonance with a Breit-Wigner line shape,

mRFR
Ap(m, ) = , . 10
& (1) m3, —m2, —imgrlr (10)

mp and ' are the masses and total widths of the resonance R respectively. For the 1 (1600), a2(1320) and a4 (1700)
resonances, we use the mass and width obtained from a recent fit to the 7=p — n)7~p COMPASS data [2]. For
the agp, we use the average mass and width quoted in the Review of Particle Physics [15]. The model parameters are
summarized in Table I.

We assume factorization of the production amplitude and include the high-energy limit of the angular momentum
conservation factor (v/—t)™ = at the photon-resonance vertex. The contribution of the resonance R to the wave £
reads:

Im—1]|
[0 = NoNg (51%\7:;) AR (M) Py (s, 1) . (11)
Ny is an arbitrary overall normalization, while Ny is the normalization of each resonance relative to the a¢(980), and
0r is the helicity-flip coupling. For the S-wave we set Ny, = 04, = 1. The remaining parameters N and dg for the
P- and D-waves in Eq. (11) are chosen to roughly reproduce the signs and the magnitude of the GlueX preliminary
results [16].
The Regge propagator for the natural exchange takes the form

Py (s,t) = T[1 — a(t)] (1 - e*im(ﬂ) o), (12)

with a(t) = 0.5+0.9t, and with s and ¢ expressed in GeV? in Py (s, t). The moments are calculated at s = m2+2m,, E,
with £, = 9 GeV and are integrated in the whole ¢ range. The Regge factor Py (s,t) provides an exponential
suppression at large [t|. Since this factor is common to all waves, it contributes to the overall normalization for fixed
t. The only ¢ dependence not common to all waves is due to the barrier factor (v/—%)™~1l.

2 The s-channel is the center-of-mass frame of the reaction (1).



III. THE MOMENTS

From the intensities in Eqgs. (4), one computes the moments

HY(LM) = 2i / I(Q, ®) d%;o(0) cos M dQD, (13a)
s
1
HY(LM) = — I(Q, ®) cos 2® d&, (0) cos M ¢ dQdD, (13b)
Ly
Im H*(LM) = % I(Q, @) sin 2® d¥;(0) sin M ¢ dQAD, (13c)
ol

with Q = (0, ¢). Using the wave set in (9), one can extract the moments up to L = 4. In addition, since there are only
waves with positive m components (proved in Appendix D) the moments fulfill the following relation

Im H*(LM) = —H'(LM), for M > 1. (14)

Therefore, we only consider the moments H°(LM) and H'(LM) with 0 < L < 4 and 0 < M < L. The relations
between the relevant moments and the partial waves restricted to the set (9) are provided in Appendix E. The
relations (E1) show that it is advantageous to compare H'(LM) to H°(LM). Indeed, the difference H°(LM) —
HY(LM) is, in many cases, proportional to small partial wave interferences. Accordingly, the moments H°(LM) and
HY(LM) for L =0, 1, and 2 are shown in Fig. 2, and those for L = 3 and 4 in Fig. 3. On both figures, the moments
are computed with the S-; P- and D-waves but also with without the P-wave. The difference between the two models
displays the sensitivity of the observables to the exotic wave.
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FIG. 2. Unpolarized H°(LM) moments (blue lines) compared to the polarized H'(LM) moments (red lines) for L = 0,1,2,
in the helicty frame, calculated with the models described in the text. The solid lines represent the complete model and the
dashed lines the model without the P-wave. The moments are evaluated at £, = 9 GeV and integrated in ¢.

Let us make some observations on Figs. 2 and 3. From Eq. (E1), we deduce the relation
0 < H'(00) < H°(00). (15)

It is worth pointing out that although the condition 0 < H°(00) is always true since H°(00) is proportional to the
unpolarized cross section, the condition 0 < H'(00) is valid only in the absence of negative reflectivity components.
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FIG. 3. Unpolarized H°(LM) moments (blue lines) compared to the polarized H'(LM) moments (red lines) for L = 3,4
calculated, in the helicity frame, with the models described in the text. The solid lines represent the complete model and the
dashed lines the model without the P-wave. The L = 3 moments derived from the model without the P-wave are zero. The
L = 4 moments depend only on the D-wave and are therefore identical in both models, i.e., no sign of the exotic P-wave is to
be expected in those moments. The moments are evaluated at £, =9 GeV and are integrated in ¢.

The difference H°(00)— H'(00), being proportional to the m # 0 components, vanishes when the S-wave dominates.
From Fig. 2, we see that the S-wave describe the region my,0 < 1.1 GeV as expected from the resonance content of
the model.

The strong a>(1320) peak in H°(00) is created by the dominance of the m = 1 component of the D-waves. The
components m # 1 are suppressed by the kinematical factor (v/—t/mg, )™ . Let us also remark that H'(00) is
proportional to the magnitude of the m = 0 components.

Interestingly, we note from Eqs. (E1) that the difference H°(L1) — H'(L1) with L < 4 is proportional to the

Déﬂ wave. For instance, the moments H°(31) and H'(31) are very close since their difference is proportional to the
interference of small waves Re (PI(HDEH*). In addition, the magnitude of the wave Déﬂ is directly measurable from
the moment H'(44) \D§+)|2 and its interference with the S((,+), Pé+), D(()+), P1(+) and D§+) waves are accessible
with the moments H%(22), H°(32), H°(42), H'(33) and H*(43) respectively. From Egs. (E1), we deduce the following



relations between moments:
7
H(11) — H'(11) = —\/1OH1(33) (16a)

H°(21) — H'(21) —3\/7H 43) (16b)

HO(31) — H'(31) = 1(33) (16¢)

7@

Experimental deviations from these relations would imply that additional waves not included in the set (9) are needed
to describe the ¥ system.

The presence of a P-wave is not clearly apparent in the leading moment H®(00), nor in any even moments. However,
the odd L moments are proportional to the interference between the P-wave and the S- and D-wave since L + £ + ¢/
must be even in the sum (A9). Non-zero odd L moments thus indicate the presence of the exotic wave. Interestingly,
we note that the a/(1700) is also more apparent in odd moments due to its interference with the 71 (1600).

The observation of P-wave in odd moments can still be checked with the even moments. In the case the nn°

system is described with the waves in Eq. (9), it is straightforward to isolate the amplitude |P1(+) |2 with specific linear
combinations of even moments. With the definition A(LM) = HY(LM) — H'(LM), we obtain

1 21 3 /35
P2 = 5 A(00) + T A40) + 1/ A(44) (17a)

5 15 3 /5
—EAR2) + T AU0) + S\ A (17b)
5 15 3 /35

= —5A(20) = T AM0) + /A4 (17¢)
5 35 35
= 15 A00) — ZEA(20) - . %A(m) (17d)

If more waves than those in Eq. (9) are needed to describe the system, then the linear combinations above would
receive contributions from F- and higher waves. The first three relations are linearly independent and can be used to
address systematic uncertainty related to the extraction of the moments. The fourth relation is a linear combination
of the ones above, which however, can be convenient to use as it does not contain moments higher than L = 2.

From our moments analysis we can conclude that polarized moments H'?(LM) provide additional constrains
allowing to better identify the wave content of the nm° system. In particular, we have seen that the restriction m > 0
implies relations between moments that be checked experimentally. Moreover, the presence of an exotic wave could
be directly identified from its interference with even waves in odd moments.

IV. BEAM ASYMMETRY
A. General definition

The beam asymmetry is defined as the difference in the intensity between polarization parallel ® = 0 and perpen-
dicular ® = 7 to the reaction plane, normalized to their sum. When two mesons are produced, the decay angles of
one of the meson Q = (6, ¢) have to be specified. A general definition of the beam asymmetry is thus

Yp = (18)

7fD )
P, fD [I(Q,O) +1(Q,

In Eq. (18), D is the domain of integration of the angular variables. The subscript D indicates the dependence of the
domain of integration in the definition of the beam asymmetry %p.



B. 4 integrated beam asymmetry

A standard choice is to integrate over the full kinematical range cosé € [—1,1] and ¢ € [0, 2], or in short D = 4.
The 4r-integrated beam asymmetry 3,4, can equivalently be defined by

/ I(Q, ®)dQ = 0° (1 + P, %4, cos20) | (19)
4m

where the unpolarized integrated cross section is ¢ = H?(00). Note that the term proportional to sin(2®) in Eq. (3)
vanishes under the integration in Eq. (19). The sign in front of P4, is consistent with Eq. (18) and is such that
natural (unnatural) exchanges contribute positively (negatively) to the beam asymmetry. This convention matches the
convention of the CBELSA /TAPS collaboration, who extracted the nm® beam asymmetry for photon energies between
970 MeV and 1650 MeV [17]. The n7® beam asymmetry ¥4, has also been measured by the GRAAL experiment up
to 1500 MeV [18] and compared to the theoretical prediction based on the chiral unitary framework of Ref. [19]. The
definition in Eq. (19) is similar to the one used in single pseudoscalar photoproduction [9, 20], with the exception of the
sign difference in front of P,¥4,. The latter keeps the natural vs. unnatural exchange interpretation. The additional
sign in single pseudoscalar photoproduction originates from the odd number of pseudoscalars in the final state.
The 4m-integrated beam asymmetry can be extracted directly from the moments:

1 [, H(Q)dQ  H'(00)
Py [, 19(Q)dQ — H(00) -

Yar = (20)

As in the case of single pseudoscalar photoproduction, production mechanism via natural and unnatural exchanges
contribute with opposite sign to ¥4,. Explicitly, its expression in terms of partial waves reads

Sk (1) Re ([05009)% — (05000505

2
+ -
Zk,é,m <’ ( )‘ ’ m?ﬂ‘ )

Eq. (21) can be understood as follows. The beam asymmetry represents the effect of the reflectivity operator,
the reflection through the reaction plane. By construction, the partial waves in the reflectivity basis are invariant
by reflection with e being the eigenvalue of this operator. However the decay function Y;™(Q2) is in general not
invariant and undergoes the change Y;"(©2) — (—1)™Y, ™(Q) under reflection. Therefore only the combinations

% ([Z]f;)k +(-™ [6](_% k) Y,/ (2) are invariant under reflection with the eigenvalue +e. The integration over the

decay angles suppresses the interference between waves with different angular momenta by orthogonality of the
Y™ (§2), and the numerator of ¥4, is thus simply the difference

(21)

4m =

w0 =3 3 eI+ 00 - 10 - com [ (22)

e,k l,m

From Eq. (22), it is straightforward to find the range —1 < X4, < 1.

C. Beam asymmetry along the y axis

The beam asymmetry in which the two meson momenta were perpendicular to the reaction plane was introduced
in Ref. [21]. With one of the mesons momentum having the angle Q, = (7, 7) along the y axis, the definition of the
beam asymmetry in Eq. (18) reduces to

B, = — 2/ : (23)
2

U
=
Q
<
2
+
=
2
<

The expression of intensities 1*(£2,) with o = 0, 1 in terms of moments, truncated to L =4, is

4 I*(Q,) = H*(00) — gH“(QO) 5\/§HQ(22 )+ 20 o (a0) + \[ H(42) ,/ O o (44) (24)



It was shown in the appendix of Ref. [22] that this definition leads to ¥, = £1 where a p meson is produced via
only natural or only unnatural exchanges in the process yp — mmp.? We will now derive expression for ¥, when more
than one wave populates the two mesons system.

When the meson momenta are aligned with the y axis, it is clear that the reflection through the reaction plane is
equivalent to the parity transformation on the decay function Y;*(Q,) — (—1)“Y;™(£,). From this observation, we
directly deduce that the results of the beam asymmetry along the y axis for a system composed with a single wave

[K]gz;kr is
5, = e(-1)" | (25)

since [(]5,., Y/ (€,) is invariant by reflection with the eigenvalue e(—1)~.
We can generalize this statement when the system is described by multiple waves by starting with the definition of
the intensities

Q) = 30 D7 ol Y () VE (@) - (26)

2,0 m,m’

We then note that Y,”™(Q,) = Y;/"(,). Moreover Y;"(2,) # 0 only when m and ¢ have the same parity, i. e.
(—1)™ = (—1)%.* Using the parity relation (Al4a), we can re-write the intensities with o = 0,1 as

D) =003 (=) ety (9, Y (9, - (27)

2,0 m,m’

Comparing Egs. (26) and (27), we see that the summation is restricted to m, m’, £ and ¢ having the same parity.
These restrictions and the relations (D8) lead to the results:

J=28 3 3 ISR @)Y (@), (284)

€,k 0,0 m,m’

Ny =26 Y (=10 3 (AN 11 Y Q)Y Q). (28b)

e, k0.0 m,m’

where the summations are restricted to values of ¢, ¢/, m and m’ having the same parity. From Egs. (28), we see that
0 < |[T(%,)] < I°(Q,) which yields -1 < %, < 1.

At high energies, natural exchanges contribute only to waves with positive reflectivity, e = +, as demonstrated in
Appendices C and D. At GlueX, natural exchanges are expected to dominate [9]. In the scenario where only natural
exchanges contribute to the production of the 7%, the beam asymmetry along the y axis is Yy (—1)% in the mass
region where the wave of spin ¢ dominates. ¥, thus changes sign where an exotic (odd spin) wave dominate. 3, is
thus an interesting observable directly sensitive to exotic waves production in nw photoproduction.

D. Illustration of beam asymmetries

In this section we illustrate the differences between the beam asymmetries ¥4, and X, using our model described
in Sect. II. To observe the impact of an exotic wave on the beam asymmetry, we compare results in the complete
model with the one without the P-wave.

In terms of our wave set (9), the 4m-integrated beam asymmetry reads:

Sir = 167 + P31 + | D2 29)
186712+ 17712 4+ DG 4 [P 2 (DY 2 D572

Our model including only positive reflectivity component, ¥, is always positive. The beam asymmetry is represented
on Fig. 4 for the model with and without the P-wave. The intensity is integrated over ¢ between tmax(my,r0) and

3 Tt is worth noting that the convention adopted in Refs. [10, 21, 22] differs by a minus sign from the definition (23) since they focused
only on the P-wave decay p — 7mm. They sign was consistent with a beam asymmetry ¥, = 1 for a P-wave produced by naturality
exchange, cf. Eq. (25).

4 For completeness, we mention that Y (Qy) = it Qi;tl 1/ Eﬁ;z;: (Z(Jer:ni;;?”? beingl + m even.
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FIG. 4. Beam asymmetry X4, evaluated with the model described in the text at E, = 9 GeV and integrated in ¢. The solid blue
line represents the complete model described in Sect. II. The dashed-dotted red line is the model without the exotic P-wave.

tmin (Myr0). The t-dependence doesn’t cancel in the ratio of the beam asymmetry since the ¢-dependence depends on
the m projection.

We observe on Fig. 4 that the model without the P-wave leads to a Y4, very similar to the complete model. The
reason is that the impact of the small m = 0 P-wave component is overcome by the other waves, both in the numerator
and denominator. We can conclude that the observable >4, is not sensitive to small exotic waves. In the 777r0 mass
region close to the ag(980) peak, where the S-wave dominates, ¥4, ~ 1 due to the dominance of positive naturality
exchanges in the production.

In terms of our waves, the beam asymmetry X, is given by:

PR R—|pYPR
P2+ R R4 (|PTP

2 ) 5 2v/5 * /10 *

y:

(31)

The beam asymmetry along the y axis, ¥, is illustrated on Fig. 5. As expected, the model without the P-waves leads
to ¥, = 1 in the whole range of nm° mass. However, ¥, computed with the complete model presents a significant
depletion around 1.5 GeV produced by the enhancement of the P-wave in this observable. The beam asymmetry does
not reach ¥, = —1 at the peak since the nearby a»(1320) and a2(1700) contribute to X, in the mass region of the
71(1600). However, although the small 71(1600) is not really apparent in the differential cross section, its effect is
enhanced in ¥,. The depletion produced by the odd wave is sharp and significant, suggesting that 3, is an observable
highly sensitive to exotic waves.

From an experimental point of view, the meson momentum is never exactly aligned with the y axis. ¥, can be
computed from the moments thanks to Eq. (24). Alternatively, 3, can be approximated by the beam asymmetry
binned around the y axis. We will denote the quantity ¥, .., the beam asymmetry (18) with the integration domain
ecl[f—7%5+7]and ¢ € [T — 7,5 + 7]. Let us point out that the properties of ¥, hold when the meson momenta
are along the y axis in either direction. In other words, one can experimentally measure X4, by combining the data
binnedin ¢ € [Z —7, 2 +7|U[EE — 7,3 4 7], and 0 € [Z — 7, % + 7].

As the opening angle 7 increases Y,+, should approach the 47-integrated beam asymmetry since Xy1900 = X4
Fig. 6 illustrate how the observable 3, . varies as T increases. ¥+, is computed with our complete model and with
the model without the P-wave. We note that the complete model is almost not sensitive to 7 as long as 7 < 10°.
However the model featuring only even waves displays a bigger sensitivity to 7. The reason is that, without the
P-wave, 34, is the ratio of small intensities and both the numerator and denominator are sensitive to variation of
the opening angle. A contrario, in the presence of a P-wave, both the numerator and denominator of ¥4, are large
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FIG. 5. Beam asymmetry X, evaluated with the model described in the text at £, =9 GeV and integrated in ¢. The dashed-
dotted red line is the model without the exotic P-wave. The presence of the P-wave around m, ;0 ~ 1.5 GeV is manifest in the
full model.

and are less sensitive to variation in the parameter 7. This conclusion is valid as long as the opening angle remains
small. For larger values 7 > 30°, the observable is no longer sensitive to the P-wave, as can be seen on Fig. 6. At this
point, it is worth stressing that the asymmetry ¥, can also be computed from the measured intensities, Eq. (23).

V. CONCLUSIONS

The paper presents a simple model to illustrate moments of the angular distribution of the n7® photoproduction
with a linearly polarized beam. The model features S-, P-, D-waves produced by natural exchanges, whose parameters
were guided by s-channel helicity conservation. The main motivation behind the n7° channel is the studies of exotic
mesons, whose lightest candidate is expected in the P-wave. We showed that a non-zero P-wave would be directly
observable from its interference with even waves in moments with odd angular momenta. It was also shown that some
specific linear combination of moments, depending on the maximum angular momentum waves contributing to the
nm¥ system, allow to isolate the P-wave.

For a given wave content, kinematical relations between the moments are derived. For instance, we demonstrated
the relation Im H*(LM) = —H'(LM) for M > 1, when the wave set contains only positive m components. We
demonstrated how the relations between the partial waves and the moments can be read out directly from the
moments. By comparing the experimental moments with their expression in term of partial waves, it will be possible
to deduce the dominant waves needed to describe the nm® system.

Another set of observables currently under extraction by the GlueX collaboration are the beam asymmetries. We
proposed a definition of the beam asymmetry, 3p, in which the decay angles of the meson are integrated over a
region D of the sphere. We show that when the decay angles are integrated over the whole sphere, the resulting beam
asymmetry 4, is not very sensitive to the presence of a P-wave. However, when the meson momenta are perpendicular
to the reaction plane, the beam asymmetry, called X, is sensitive to the parity of the wave. In particular, in the
mass region dominated by a wave of angular momentum ¢ produced by natural exchange, the beam asymmetry is
¥, = (=1)%, at high energy. We concluded that the beam asymmetry along the y axis is an important observable
in the search for exotic mesons with the GlueX experiment. Finally we tested the sensitivity of 3,1, in which the
decay angles are binned within a opening angle of 7 around the y axis. We showed that the model with and without
the P-wave are clearly distinguishable with an opening angle up to 7 = 10°. But for large opening angle 7 > 30°, the
beam asymmetry 3,4, is no longer sensitive to the P-wave.

The illustration of the observables depends on the model presented in Sect. II. The interested reader has the
possibility to change the model parameters and the kinematical variables in the online version of the model [23, 24].
The online version also offers the possibility to calculate the moments at a specific ¢, instead of integrating over t¢.
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FIG. 6. Evolution of the beam asymmetry 3,4, for 7 between 0° and 90°. The model including S-,P- and D-waves is shown
in solid blue lines. The model including only S- and D-waves is shown in dashed-dotted red lines. The models are evaluated at
E, =9 GeV and integrated in ¢.
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Appendix A: Angular distributions

‘We consider the reaction

YA py) p(A1,pn) = 70(px) npy) P(A2, Py)- (A1)

The photon beam is linearly polarized with an angle ® with respect to the reaction plane xz, the plane formed by the
beam, the target and the recoiling nucleon in the center of mass of the 7 system. As illustrated on Fig. 7, the z axis is
defined as the opposite direction of the recoiling nucleon. The normal to the reaction plane is y = p/y X p+/|Py X P+|
and the z axis is given by right-hand rule, x = y x z.° With this choice of axes, Q = (6,¢) are the angles of the

5 We use the boldface font to indicate spatial three-vectors.



13

Y

FIG. 7. Definition of the angles in the helicity frame. The reaction plane zz, containing the momenta of the photon beam
(7), the nucleon target (p) and recoiling nucleon (p’), is in blue. § and ¢ are the polar and azimuthal angles of the . The
polarization vector of the photon forms an angle ® with the reaction plane.

7. This convention for the axes corresponds to the helicity frame. In Eq. (A1), A\, A; and A2 are the helicities of the
beam, target and recoiling nucleon, respectively.

The Mandelstam variables are the total energy squared s = (p, + pn)?, the momentum transferred between the
nucleons t = (py — ply)?, and the 7 invariant mass squared m7277r° = (p, + pr)?. The dependence in the Mandelstam
variables s, t and m, 0 will be implicit thorough the paper as we are mainly focusing on the angular dependence. The
amplitude for the reaction (A1) is Ax.x,», (£2). The ®-dependence of the intensity is encoded in the density matrix of
the photon p” [10] and the differential cross section in photoproduction is, with the flux F; = 2(s — m3%,),

1 1 dpd’pydpyl

do = (2m)*6* (2 p)— Axpnans () (P)A% o x, (). A2
= ) o g g g3 O e Ok (B, (9) (42)
Aoz
In the rest frame of n7¥, the measured intensity becomes
do ~ N
1(Q,®) = dtdmy0ddd " AXA: Axinine ()35 (R) A%, 1, (). (A3)
>\17,>\2
We include all numerical factors in the phase space factor (m, is the mass of particle ), ©
11 1 AY2(m2 o,m2,mi) 1
_ L1 1 AT . ")7. (A4)
(27m)3 47 27 16my00 (s — M%) 2
The triangle function is \(a, b, c) = a? + b + ¢2 — 2(ab + be + ca).
We next expand the amplitude in n7° partial waves:
Axana () =D T, Y (). (A5)

m

We can further make the ® dependence explicit by decomposing the spin density matrix of the photon. Using a matrix
notation pJ,, = (py)xn, we expand it in a base of Hermitian 2 x 2 matrices composed of the unity matrix I and the
Pauli matrices o:

po(®) = 5T+ LPy(@) 0. (A6)

6 The phase space factor is often absorbed in a redefinition of the amplitudes T = /KT since it is numerically more stable to extract T
from data near the n7® threshold, where x — 0.
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The vector P, encodes the information about the polarization of the beam [10]. Similarly, one defines
1(©2,0) = I°() - I(©) - P,(®), (A7)

with the vector of polarized intensities I = (I', %, I3). The angular distribution can be expanded in polarized moments
H*(LM) via (o =0,1,2,3)

(@) = 3 (2 ) e an fio.6.0). (%)
LM
The moments are expressed in terms of the nm® SDME:
«@ 26/ + 1 1/2 o,
e =Y (5riy ) ClbuaCiona o (A9)
174

’
mm

where the Cf,oo 10 and Cf,%, v are the Clebsch-Gordan coefficients. They impose that L 4+ ¢+ ¢’ be an even integer
and restrict the summation to M + m’ = m. The spin density matrices are given by:

a kK E 0 @ 0 %
Pmms = 5 T)\7rL;)\1AQU)\A’T)\/W’;)\l)\Q ) (AIO)
A A1, A2
with 0 = (I, —o). More explicitly, the SDME read
0 _ K ‘ e Lee K § : ¢ (s
Prm! = § E T)\m;)\l)\2T)\m’;)\1)\27 Prmr = _5 T7>\m;>\1/\2T>\m';/\1)\2 (Alla)
A A1,A2 A A1, A2
2,00/ _ K ‘ 3,00’ K y
Prom = 5 > AT s e Thmrsane: P =~ ) AT 0 T a o (A11b)
A A1,A2 A 1,2

The amplitudes T fm; A1)ge and thus the SDME pf;’ff:, depend on the frame. For completeness, we mention that
the formalism of this section, although derived in the helicity frame, equally applies to any other n7° rest frame. In
practice, the SDME are extracted experimentally in a n7¥ rest frame, either the GJ frame or the helicity frame and
the theoretical models are built in either the s-channel or the ¢-channel frame.” The s-channel (t-channel) frame and
the helicity (GJ) frame lead to the same SDME as demonstrated in the Appendix of Ref. [25]. The moments built in
the s-channel can thus be compared to the ones extracted in the helicity frame. The relation between the the helicity
and GJ frames is a rotation around the y axis:

p,?n,ﬁf/|G —de)\ p)\A/ ‘held /)\/(0) (A12a)
AN
H(LM)| gy = Z H*(LM")]y dipar (8) (A12b)

with cos 0y = (8 — 2,)/(Bzs — 1), B = A/2(s,m%;,m2,)/(s —m% +m?,) and z, = cos 0, the cosine of the scattering
angle between the target an recoiling nucleon in the center-of-mass frame. The angles 6, and 0, are indicated on
Fig. 1.

The spin density matrix is Hermitian {pf‘néﬂ = Pi{ff: and so [H*(LM)]" = (-=1)M H*(L — M). Under a parity
transformation the decay angles transform as (6,¢) — (7 — 0,7 + ¢) resulting into Y;*(Q) — (=1)*Y,™(Q). Taking
into account the intrinsic parity of the particles, the invariance under parity implies the relation (since || = 1)

Tf/\—m;—)\l—)\g = ( 1)m+)\1 )\2Tfm A1Ag ” (AIS)

The parity relations and the properties of the Clebsch-Gordan coefficients lead to the following relations

putl = (mqymem ptt H*(LM)= (-1)MH*(L - M), a=0,1; (Al4a)
ptl = —(—pymm ptt Ho(LM) = —(~1)M H*(L — M), a=23. (A14D)

7 The s-channel frame is the center-of-mass frame of the reaction vp — nm%. The t-channel frame is the center-of-mass frame of the
reaction pp — ynm0.
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It follows that the moments H*(LM) are purely real for &« = 0,1 and purely imaginary for a = 2,3. Using these
relations, one can write the intensity as

ro)= 3 <2L + 1) F(M)H*(LM)dk,o(0) cos Mo, a=0,1; (Al5a)
L,M>0 4m
2L +1 L .
Q) =- Y ( - ) (M) Im H®(LM)d%,(0) sin M ¢, o =2,3; (A15b)
L,M>0

with the definition 7(M) = (2 — dar,0)-

Appendix B: Linearly polarized beam

In this section we particularize our formulas for the case of a linearly polarized beam. The polarization vector of
the photon is e(®) = (cos @, sin P, 0), which leads to the pure photon state [10]

1
)= -

The helicity states |+) = |\ = £1) are defined in the Cartesian basis by e(\ = +1) = (F1, —i,0)/v/2 [26]. The density
matrix for the pure photon state in Eq. (B1) is thus

[ |4) — e |-)] - (B1)

1 1 _672“1)
ppure(®) = [®) <<I>=2<_em 1 ) (B2)

To describe a partially linearly polarized beam we consider a statistical mixture of the pure states |+) and |®). The
degree of polarization P, is the probability (0 < P, < 1) of finding the state |®) in the statistical ensemble. The
density matrix is thus:

p@) =152 (10 419 ) 7y o) o

= T+ P(®)0) . (B3)
where the vector P,(®) depends on P, and ®, P, = —P, (cos2®,sin2®,0). The intensity becomes:
I(Q,®) = I°(Q) + P, 1" () cos 2® + P, I%() sin 29, (B4a)
or equivalently, in the notation of Ref. [27]:
1(Q,®) = I°(Q) {1 + P, [I°(2) cos 2® + I*(Q) sin 29]} , (B4b)

with the obvious identification 1¢* = 112/1°.

With a linearly polarized beam, the accessible H%!2 are thus extracted from
H°(LM) = % / I(9,®) d%,,(0) cos Mp dQdP, (B5a)
HY(LM) = Wlpv I(Q, ®) cos 2 d¥;, (0) cos M ¢ dQdD, (B5b)
Im H*(LM) = W_}; I(Q, ®) sin 2® d%;, (0) sin M ¢ dQdD. (B5¢)

The domain of integration is 8 € [0, 7], ¢ € [0, 2x[, ® € [0,27] and A2 = sin §dOd¢.
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Appendix C: Parity relations at high energies

In this section, we consider exchanges with spin-parity J¥, where the exchange is either natural, P(—1)7 = +1, or
unnatural, P(—1)7 = —1. The properties of a particle are defined in its rest frame. In order to use the property of
the exchange particle, we will use the t-channel frame, the rest frame of the reaction pp — ~[f], where [¢] is the nr°
resonance with spin £. The t-channel partial wave expansion reads

0.t _ J
Tu«/ue;muz - Z(2J + 1) Hvﬂz uluz( )dﬂﬂ' (et)’ (Cl)
J
with g = gy — pe, ' = p1 — po and 6, the scattering angle in the ¢-channel. The t-channel partial waves are
afi]we;muz( ) = <JMMA,M| T |JM pq p12). Parity imposes the relation
tJ _ J tJ
a—uw—uz;uuw (t) - P(_l) a’MwW;Mluz (t) (02)

At high energies, cos0; «x s becomes very large and the rotation function obeys the relation

d? 0 (00) = (=1)"d;1, (0), (C3)

—pp

where the symbol ~ means that the relation is valid only for the leading term in s. In order to derive Eq. (C3), we
use the following representation of the Wigner d-function [28]

0= [FEEREE] (08 (o8 im0t

with m = |p — /), m' = |u+ |, s = J — (m+m')/2 and &, = (=1)# ~#=lk=1D/2 For large value of cos 6, the
leading term of the Jacobi polynomial pLmm )(cos 0) leads to

s'(s+m+m'>) ]”2 L(2s +m+m' +1) (COS“’)J (C5)

J ~ (—1)IB=r1/2¢
e (0) = (=1) Sun {(s—&-m) (s +m/)! sl(s+m+m/+1) \ 2

Under the change u — —p, m and m’ are interchanged and only the first two factors of Eq. (C5) change, yielding
Eq. (C3). It is worth noting that the coefficient of the next to leading term of the Jacobi polynomial is not symmetry
under the exchange y — —p. The relation (C3) thus holds only for the leading term.

Combining the results of Egs. (C2) and (C3) we obtain the relation

Tt ~ P(—=1)7 (=1t —reht (C6)

Hoy Jg5 01 02 —Hy—Heip1 e

A similar relation can be derived for the amplitudes of the reaction vp — [¢]p, by performing the boost from the
t-channel to the helicity frame

4 1/2 1
T/\m A1A2 T =e i Z du )\ X’Y)d/_tgm(xf)du{)\l (Xl)dyé)\g (XQ)T;f»the SH1p2 " (07)

Hi

The phase €!® and the crossing angles can be found elsewhere [29-31] and do not need to be specified. Thanks to the
property d* ,_(x) = (—1)“_’\dz>\(x) and taking into account that for real photon A = +1, we obtain [32]

e,
Txm,\l,\2 ~ —P(-1)7(-1)" T3 miAiAe (C8)

for the helicity amplitude in the helicity frame at leading order in the energy for the exchange of particle with spin
parity J¥. The transformation in Eq. (C7) being general, the relation (C8) holds also in every frame in which zz is
the reaction plane.

Appendix D: The reflectivity basis

We now introduce the reflectivity basis, in analogy with Ref. [11], by defining the amplitudes

€ 1 m
( )Trﬁ;xlxz = ) [Tfm;xl,\z —e(-1) TE1—m;,\1A2] ) (D1)
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where, in terms of degrees of freedom, the photon helicity A has been traded for the reflectivity index e = 4. The
inverse relations are simply

Tﬁlm;k1>\2 = (_)TTl;’L;/\lkz + (+)T’Il;7,/\1/\2 ’ (DQa)
Tf1m;A1>\2 = (=™ (_)Tfm;)\l)\z o+ )Tém,\l,\z . (D2b)
The relation (C8) implies that, at high energies, natural (unnatural) exchanges contributes only to the e = 4+ (e = —)

components in the reflectivity basis. The relation between the reflectivity basis and the naturality of the exchange at
high energy is the main motivation to introduce the combinations (D1).
Parity invariance implies

O aimag = (=DM OT0 (D3)
We take advantage of this constraint to define

[41520 = (¢ )qu ++ [5]52)1 = (G)Tﬁn +— (D4)
with [¢(] =S, P, D, ... for £ =0,1,2, etc. In this new basis, for each ¢, there are 2 x 2 x (2£+ 1) complex partial waves
[6]7(2,C with e =4+, k=0,1 and m = —/,... . It is worth noticing that, in the reflectivity basis for photoproduction,
m takes positive and negative values. A contrario, in the reflectivity basis for spinless beam m is only positive [11].

Another advantage of this basis is to diagonalize the spin density matrix element in the € space. In order to obtain
this result, we first perform the summation over the photon helicities A = 41 in the definitions of the spin density
matrices, Egs. (A10). Then we substitute the amplitudes with photon helicities by the reflectivity basis using the
definitions in Egs. (D2). We finally use to the parity relation in Eq. (D3) to recast the interference terms as

SO OTh s, = () D108 10157 (D5)

A2 k

The interference between different e thus vanishes and the intensities, moments and SDME are split into an incoherent
sum over the different reflectivity components. For the moments we write

H*(LM)= W HYLM)+ O HY(LM) , (D6)
and similarly for the density matrices

P = Dplits + Cpintt (D7)

mm/

With this convention, the explicit expressions for the spin density matrices in terms of partial waves read

<6>p2f,f;w2( LN+ (1™ [0 1) (DSa)

<€>p,£;i€/=mz(<—1>mm A5+ OO0 (D8D)
k

e = den 3 (=101l = O™ A0 (D8c)
k

O pme = =k 3 (151015 = 1™ [0l ) - (D8d)
k

Equations (D8) are useful to express moments H®(LM) in terms of partial waves. From Eqs. (D8) we can also extract
the relations

€ N m (e N4 €

34@ " e(—1)™ p 2,00 (DY)

7mm

From the knowledge of the spin density matrix elements p%’ﬁf; one can reconstruct the good reflectivity elements via

1 4 / ’ 1 ’ 7
Ot = o (A + (-1t Opin, = 5 (P +ie(=1)"p"00, ). (D10)

pmm’ - ) p—mm mm/ 2 p—mm
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In the case of the dominance of a single partial wave, SDME can be extracted from the angular distribution of the data
and the formalism presented is equivalent to the one introduced in Ref. [10]. When more than one wave contribute to
the partial wave expansion, SDME cannot be isolated, and only moments can be extracted.

The intensities are also an incoherent sum over the reflectivities. In order to express the intensities int term of the
partial waves in the reflectivity basis, we introduce the quantities

U0 = > 105,y (9Q) (D11a)
lm

0@ =105, v (D11b)
l,m

The quantities Ug : . (€2) are not helicity amplitudes. They arise when the parity relations are used to replace the sum
over nucleon helicities by the sum over k, as in Eq. (D5). The intensities can be expressed by

_K;Z|U,;> )2+ 109, (D12a)
LQ) = %Z?ERG (vt ) {ﬁ,@(g)r) : (D12b)
- HZQGIm( () [ﬁ,ﬁ”(ﬂ)r) , (D12¢)
—F;Zw(e) — U @)? . (D12d)

Finally let us proove (14). We use Egs. (D8) to express the difference A =Im H*(LM) + H'(LM), as

20 + 1\ /2 . N o
A=2"Y ( ot 1) Cf Lo Cem s (=110 1187 (D13)
ke o0

Since the basis includes only positive spin projection components, A vanishes unless the summation indices satisfy
m < 0 and m’ = m — M > 0. These conditions are incompatible with M > 1. Consequently we obtain the condition

Im H*(LM) = —H*(LM), for M > 1. (D14)

for any wave set restricted to only positive m, and thus for our wave set (9).

From an experimental perspective, the moments are extracted from the angular distribution, c¢f. Eqs. (B5), without
assuming a particular wave content. If the experimentally extracted moments were not to satisfy the condition in
Eq. (14), it would indicate that negative m components (in the reflectivity basis) are required for a proper description
of the two meson system.

Appendix E: Moments with S, P and D waves

We restrict the wave set to only S-, P- and D-waves with only positive m components. The moments H>(LM) are
not accessible with a linearly polarized beam and we have already proven that Im H?(LM) = —H*(LM), cf. Eq. (D13).
Our basis (9) include only positive reflectivity components, the relevant moments are thus H%'(LM) = (£ HO1(LM).
We do not include the phase space factor s to simplify the equations. In terms of partial waves, the moments for
L <4 are:

H(00) = H'(00) + 2 [|P{P2 + [D{ 2 + DS (Ela)

H(00) =2 [|S§7P + 1RV + 1DEPP (E1b)

HO(10) = HY(10) + = Re(P M D{P") | (Elc)
V5

H'(10) = % [2\/5Re(PO(+)Dé+)*) + 5Re(s(§+)P0<+)*)} : (E1d)
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H°(20)
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H(21)
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H(30)
H'(30) =
H(31)
H'(31) =

H°(32) =

H(40) =
H'(40) =
H(41)
H'(41) =
H(42) =

H'(42)
H(43)
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H'(44) =

=H!

= H(42) + =S —

2 .
— H'(11) + 2\/;Re(p1<+>D§+> )

2 ) . )
== [3VBRe(R{Y D) — VIS Re(P{ T DY) + 5V Re(S5V P

2
= H'(20) — = [71P{")2 = 5|D{7 12 + 10)D§P 2]

4 *
= [TIPS 72 +5ID5V12 + 7B Re(S§7 D)

2 *
= H1(21) + —\/éRe(D“)Dg*) ).

{ﬁf Re(S5"D{7%) + 73 Re(PS T P + 5Re(DFY DIV

35

% {7\/5Re(5(g+)pg+)*) 10 Re(D((f)Dg*)*)] ’
= 1)+ 35 [P+ 1]
_ H(30) - % Re(P™) D) |

2,2 re(poni).

= H'(31) — 3\/§Re(Pf+>D§+>*) :
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