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ABSTRACT: The 7= — (37) v, decays offer a good environment to study the three-pion
dynamics. From the point of view of strong interactions, the 37 system in the final state
is isolated thus providing a clean laboratory for studying the properties of the produced
axial a1(1260)-meson. In this work, we provide a description of the contributing axial-
vector form factor that is based on constraints posed by analyticity and unitarity, and by
chiral symmetry to a lesser extent, and we probe its application against the measurement
of the axial-vector spectral function reported by the ALEPH collaboration in 2014. A
satisfactory description of experimental data is achieved working with a twice-subtracted
dispersion relation without the need to include other intermediate states than the contri-
butions of the p(770),a1(1260) and a;(1640) resonances. As a side result, the axial form
factor parametrization as extracted from this theoretically clean data will be used as input
to describe the axial-vector form factor of the nucleon [1].
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1 Introduction

Tau lepton decays provide an advantageous laboratory to test the Standard Model under
rather clean conditions. Its exclusive semileptonic decays into a neutrino and hadrons in
particular, offer interesting possibilities to investigate the non-perturbative regime of QCD
since half of the process is purely electroweak and can be computed straightforwardly. These
transitions probe the vector and axial-vector parts of the weak hadronic current between the
QCD vacuum and the hadronic final state. Such privileged framework is used to improve
our understanding of the hadronization of QCD currents, to study form factors and to
extract the physical parameters, mass and width, of the intermediate resonances produced
in the decay.

In the understanding of the strong hadron dynamics at low-and-intermediate energies,
the spectral functions play a capital role. The n-pion decay modes are the cleanest hadronic
channels to test the vector (if n is even) and the axial-vector (if n is odd) spectral functions.
The two-pion decay almost saturates the vector spectral function below ~ 1 GeV? which,
in turn, it is dominated by the visible peak corresponding to the formation of the p(770)-
resonance. The vector spectral function can be related with the pion vector form factor,
an object of high physical interest, since it enters the description of many physical process,
and that it has been measured in eTe™ — 777~ [2-8] and in 7 — 7 7', [9, 10] and
widely studied in the literature (see e.g. Ref.[11] and references therein). On the contrary,
the three-pion channel dominates the axial-vector spectral function up to ~ 2 GeV? and
offers a good environment to study the 37 system under rather clean conditions. This is
expected to be in a JP¢ = 17+ state produced predominantly through the a1(1260) axial
vector meson thus offering a laboratory to study its properties more advantageous than the



diffractive reaction mp — wmp [12] where the 37 in the final state shows a more complex
dynamical structure!.

In the past, ARGUS [14|, ALEPH [15] and DELPHI [16] have measured the 7= —
(3m)~ v, branching ratio and spectra, while OPAL [17] and CLEO [18, 19] measured the
corresponding structure functions. On the theory side, Breit-Wigner models for the partic-
ipant axial-vector form factor [20-23], with the effects of the a;(1260) encoded into, have
been typically used to describe data until the authors of Refs. [24, 25] abandoned any mod-
elization and provided an Effective Theory based description incorporating the relevant
features of QCD in the resonance region. The most recent measurement of the axial-vector
spectral function corresponds to the results released by the ALEPH Collaboration in 2005
[26], and the corresponding data have been analyzed by several groups following different
approaches [27-29]. In 2014, however, ALEPH made an update [30] of their 2005 data
after improving the method to unfold the measured mass spectra from detector effects and
correcting previous problems in the correlations between the unfolded mass bins; the statis-
tical bin-to-bin correlations introduced by the unfolding method in the 2005 analysis were
not included. As a result, the new data were binned into wider and asymmetric bins with
respect to the old one? and dropped the number of data points by a factor of ~ 2.

Our aim is to provide an elaborated analysis of this data following a dispersive approach
similar to the ones employed for the 7w [11, 31, 32| and K [33] vector form factors,
respectively. In our case, the a;(1260)-meson is expected to dominate the 37 axial-vector
form factor and elastic unitarity is expected to hold in a good approximation. Our procedure
is organized according to the fulfillment of unitarity and analyticity constraints. We start
with a representation of the axial form factor corresponding to a Breit-Wigner with only
the a1(1260)-width resummed into the resonance propagator, and follow with a dispersive
Breit-Wigner expression that includes the real part of the unitary corrections, that is, the
off-shell propagation of 37 intermediate states. The effects of the first radial excitation
i.e. the a1(1640)-meson, will be also taken into account and discussed accordingly. The
dispersive Breit-Wigner parametrization allows us to get a model for the phase that we use
as input for the two-times subtracted dispersion relation that completes our representation
of the form factor. As we will see, our parametrization provides a good phenomenological
result when confronted to the experimental ALEPH data [30].

As a benefit of our study, we are in a position to use our parametrization, extracted
from this theoretically clean 7= — (37) v, data, as input to describe the axial-vector form
factor of the nucleon [1].

This paper is organized as follows. The hadronic matrix element and the participating
form factor are defined in section 2, where the differential decay distribution and axial
spectral function in terms of the latter are also given. In section 3, we discuss different
parametrizations of the axial-vector form factor organized according to their increasing
fulfillment of unitarity and analyticity constraints. In sections 4 and 5, we probe our

!The interested reader is referred to Ref. [13] for a discussion on the discrepancy in the extraction of the
a1(1260) resonance parameters from tau decays and from pion diffraction.
2See Fig. 3 of Ref. [30] for a graphical comparison between the new-and-old unfolded spectral functions.



parametrizations against the ALEPH 2014 spectral function data. Finally, in section 6 we

present our conclusions.

2 DMatrix elements and decay width

The generic amplitude for a three meson decay of the 7 is given by

M(7™ = (PPP)"vr) = \G/glVijlﬂuﬁu(l —75)ur((PPP)”|(V — A)"|0), (2.1)

where G is the Fermi constant and |Vj;| is the corresponding element of the CKM matrix
for the transition. The last term in Eq.(2.1) is the hadronic matrix element that can be
written in terms of four form factors, F’ 1"}2,3 and F}, as [34]

((P(p1)P(p2)P(ps))"|(V — A)#|0) = VI'FHQ?, 51, 50) + V3" F5H(Q%, 51, 52) ,
+ QUFNQ? 51, 50) +iVIF) (Q% 51, 82) . (22)

where

Q? Q?

VI = et apaspsy, QP = (p1+p2+p3), si=(Q—pi)?, (2.4)

= (o - o, = (- G e, 23

and where the upper indices on the form factors stand for the participating current i.e.
axial-vector (A) and vector (V). In the decomposition given in Eq.(2.2), F{}(Q?, 51, s2)
and F2A(Q2, s1,89) are the axial-vector form factors that drive a J” = 1% transition, while
F§4(Q2,51,52) is the pseudoscalar form factor that carries J© = 0~ degrees of freedom.
Finally, F/ (Q?, s1,52) is the vector form factor that has J¥ =1-.

In terms of these form factors, the Q? differential decay rate distribution can be written
as (in the vanishing neutrino mass limit)

max

dr'(r~ — (PPP)~v;) G2|Vi|2 [ M2 2o 53
= — —1 d81 dSQ
dQ? 128(27)° M, \ Q2

S$1,min $2 min

x {WSA + é (1 + 2}%) (Wa + WB):| : (2.5)

where 51 = (p2 +p3)?, s2 = (p1 +p3)? and s3 = (p1 +p2)? = Q* — 51 — 53 + M3 +my +m3,
and with the hadronic structure functions, Ws4 and Wy g, given by

Wsa = [Q"F5NQ% 51, 52)] [QuFF Q% 51,52)] = Q*IF5H(Q% 51, 2)7,  (2.6)
Wa = — [P Q2 s1,50) + V3'FH QP 51, 52)]

Vi FN (@7, 51, 52) + Vo FsH (Q7, 51, 52)] (2.7)
Wp = Vi Fy (Q% s1,52)] [VI'FY (Q% 51,52)] . (2.8)



The limits of integration in Eq. (2.5) are given by

max 1 2
BRa(Q%51) = { Q7+ mi —m3 —m3)
2
— [/\1/2(Q2, 81, mg) T /\1/2(m%, m%, 31)} } , (2.9)
2
S1,min = (M1 + ma)?,  sAX = (\/ Q? — m3) ; (2.10)
2in = (m1+ma+ms)’ . Q= (M:—my)”, (2.11)

where A(a,b,c) = (a +b— c)? — 4ab.

For 7= — (37) v;, only the axial-vector current is allowed due to G-parity conser-
vation and thus we have no vector contribution i.e. F4V (Q?,51,83) = 0. Bose symmetry
under the interchange of the two identical pions of the final state implies FlA(QQ, S1,82) =
FMQ?, 59,81) = FA(Q?, s1,52). Meanwhile, conservation of axial-vector current in the
chiral limit imposes that F5'(Q?, s1, s2) must vanish with the square of the pion mass and
therefore its contribution will be very much suppressed and can be safely neglected. There-
fore, the 37 state is assumed to be dominated by a state of angular momentum one.

For definiteness, we describe the remaining axial vector form factor for the channel
+

T~ — - wtm vy, and use the isospin symmetry relation 35, 36]

FA(Q2)81732) = F;‘—ﬂ-+ﬂ-— (Q2781752)

= F7A;'407r07r* (Q27 817 53) - F;?Oﬂoﬂ'* (Q2’ 527 83) - F7I|'407'r07r* (Q27 817 82) Y

(2.12)
to describe the mode 7= — 797071,
Finally, the axial-vector hadronic current takes the form
Th = FUQ s sV + FAHQ 52,505, (2.13)

while the calculation of the decay rate Eq. (2.5) is reduced to the computation of the axial-
vector spectral function, a;(Q?), and it can be written as

dl(r~ w7 7 wtyy)  Gal Vil

oz-@) (142 ) u@), e

dQ? o 32m2M, M?2
where
NI S
al(Q ) = W@ dsy dso Wy . (2_15)
S$1,min $2 min

For comparison of theory and experiment, it is useful to define the ratio of the partial decay
width of 77 — (37) v, over the 7= — e~ v, partial width

F(T_ - (37T)_VT) 1 dNevents i 67T|Vub‘25EW ( Q2 )2 ( Q2

= 1— 1 2 2
F(Ti — 671767/7‘) Nevents dQ2 Mg Mz + Mg) al(Q )’
(2.16)



where (1/Nevents) (dNevents/dQ?) is the normalized invariant mass-squared distribution, Sgy
accounts for short-distance electroweak radiative corrections, and the CKM matrix element
|Vup| = 0.97418 + 0.00019 [37].

For the evaluation of the axial-vector form factor, F4(Q?, s1, s2), we follow Ref. [22] as
an initial approach and assume that this current is dominated by the a; and its subsequent
decay to pm through the decay chain 7 — v;a; — vypm — 3w. Under this ansatz, the form
factor can be written as

FA(Q% 51, 52) = Fo, (Q) Fy(s2) (2.17)

where F,, (Q?) accounts for the resonant structure of the produced a;(1260)-meson while
F,(s;) stands for the subchannel p — 77 decay with the requirement F,(s;) — 1 as s; = 0.
To describe the contribution of the p-meson resonance shape, we use [32, 38|

m2

s) = P :
Eyls) m2 — s+ ky(s)Re (Ax (s, p) + TAR (s, 1)) —implp(s) (2.18)

where Ap(s, pt) are the chiral loop functions given by (we take p = my,)

2 8m% 5 op(s)+1
A 2) = log P L 2(s)1 —_— 2.19
P(Svu ) 0og ,uz + 5 3+UP(S) og O'P(S)*l ) ( )
ith
" 4m?
op(s) =4/1— SP : (2.20)

In Eq. (2.18), k,(s) and the energy-dependent width I',(s) are given by [38]

i 5
my T (0’;?.(77@%) + 1/20%(171%))

Kp(s) = : (2.21)

s o3(s)+1/20%(s)
Lols) = M 5 ) 120 () (222)

The quantities m, and 7, are model parameters and do not correspond to the physical
p(770) mass and width. For our study, we use the parameters m, and ~, tuned such that
the p(770)-pole mass and width, ME*® = 762.0(3) MeV and T5' = 143.0(2) MeV [11], are
reproduced?. These are found to be m, = 797.5 MeV and v, = 196.0 MeV. We would like
to point out here that the form presented in Eq.(2.18) fulfills analyticity since both the
real and imaginary part of loop integral function are resummed in the propagator of the
p-meson resonance. This represents and improved treatment of the p-meson line shape with
respect to the works of Refs. [18, 24, 25, 29|, where the real part of the unitary corrections
was not taken into account.

The form factor in Eq. (2.17) is equivalent to write the current in Eq. (2.13) in the form

Th = Fay (Q°) [Fp(s2) Vi + Fp(s1)Vay] (2.23)

3We consider the pole mass and width as the relevant resonance properties since one expects the pole
parameters to be essentially model independent.
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and the isospin relation Eq. (2.12) between the modes 7~ m— reduces to

FAQ? s1,82) = —F o~ (Q% 51,52, (2.24)

thus giving the same predictions for both decay channels (in the isospin limit). In [22],
the normalization of F,, (Q?) was chosen such that for Q> — 0 one recovers the ChPT
prediction at O(p?) [39]

O(p? Q\f
']Z C}(flj)% - 3F (Vlu + VQM) . (225)

To fulfill Eq. (2.25), the form factor F,, (Q?) in Eq. (2.23) can be written as:

2f

Fal (QQ) fa1 (Q2) (2.26)

where f,, (Q?) parametrizes the Q? behavior of the a; resonance with the property f,, (Q?) —
1as Q% — 0.
In this framework, the axial spectral function Eq. (2.15) reads:

2

(@) = iy ( M) fu(@PLZ), (2.27)

where

Q(QQ) = C;Z/:l ' dsy /: ‘ dSQ{ - V12|Fp(32)‘2 - ‘/22’Fp(31)|2
— WiVeRe [Fy(s1)(Fy(s2))] } (228)
with

—Vi = (so —4m3) + (s3 — 51)%/(Q%), (2:29)
—V5 = (52— 4m2) + (s3 — 52)°/(Q%), (2.30)
—ViVa = (Q?/2 — s3 — m2/2) + (s3 — 51)(53 — 52)/(4Q?). (2.31)

However, as pointed out in Ref.[24], the current in Eq.(2.23) has a drawback, while
it was constructed to fulfill the lowest order behaviour of ChPT (cf. Eq. (2.25)) it does not
reproduces the tree-level next-to-leading order result [40]

Y ree 2v/2 4(2L1 + L
FAQ2, s1,50) o™ = — <1+ : }2 d
s

Loy
3F. (s3 — 2m3r) + F—g(SQ — 281 + 2m72r)

4(2L4 + Ls)m2  2LoQ2
L ACLa A Lo)mz 9Q>, (2.32)

F2 F2

™



and thus it is not consistent with the chiral symmetry of QCD. To further illustrate this
fact, let us take the (vector) resonance saturation of the O(p*) couplings? [41]

1 F?
201 =Ly =-Lg=—= 2.
1=le=gb =g (2.33)
that yields a form factor of the form:
A 2 0(114) ree __ 2\/5 382

FAQ7, s1,82) cppp ™ = — 3F 1+ oz ) (2.34)

or, what is equivalent, an axial-vector current of the form:

O(p4) ree __ 2\/5 382 381

Tilener™ = =55 |1+ 207 Vig+ 1+ o Vau| - (2.35)

This low-energy behaviour is not reproduced by the model of Eq. (2.23), where the hadronic
current in the limit 512 < M‘% behaves as

2\/5 59 S1
Jﬁ‘S1,2<<M‘2, = _ﬁ [(1 + ]\4‘2/) Vlu + (1 + w) VQM] . (2.36)

An advisable solution to this drawback may come from using dispersion relations with
subtractions. In the vicinity of the origin Q2 = 0, the form factor can be represented by its
Taylor expansion

2v/2

Fa (@) = =55 1+ M@+ ), (2.37)

where A1 can be related into a determination of the low-energy constants of ChPT thus
fulfilling the chiral expansion of the axial-vector form factor.

For our study, we will explore different parametrizations for f,, (Q?) organized accord-
ing to the fulfillment of analyticity and unitarity arguments, and the chiral symmetry of
QCD to some extent. These are presented in the following section.

3 Representations of the axial-vector form factor

3.1 Non-dispersive Breit-Wigner models

As initial setup approach, we represent the form factor by means of a one single resonance

Breit-Wigner

m2

1res 2\ _ al
BW (@) = M2 = QP — img Ty (Q7) (3.1)

where, since the participating aq(1260) resonance is not narrow, we have considered its

energy dependent width through

2
L (@) = 0 S 0(Q? — 0. 32)

4The low-energy constants L4 and Ls are saturated by scalar contributions that are neglected in our
work and we therefore set them to zero.



The parameters m,, and v,, are the non-physical "mass" and "width" to be determined
from fits to the data. We would like to note that these parameters can acquire values
different from the physical pole mass and width of the resonance, MP*® and T2, which
are determined from the pole positions in the complex plane.

Despite Eq. (3.1) might provide a successful description of data, contributions from the
first radial excitation i.e. the a} = a;(1640)-meson, might appear on the upper part of the
spectrum. To consider these potential effects, we propose to proceed by

2reS(Q2) _ 1 mgl + |H|6i¢ mzll
BW = - : : ,
1+ |H’€l¢ mgl - Q2 - meral (QQ) mizl — Q2 — zma/lfafl (QQ)

(3.3)
where k is a parameter that accounts for the mixing between resonances, and it is in general
complex thus carrying a phase that we denote by ¢. However, for our study we will assume
k to be real both for lack of precise experimental data near the tau mass, where the effects
of the a) can show up, and to avoid introducing a small spurious imaginary part below the
9m2 threshold. We shall return to this point in section 4.

In Eq. (3.3), we assume that the energy dependent width of the a) exhibits the same
energy behavior than that of the a;

Ty (Q%) =7, p 0(Q* —9m2). (3.4)

As the 37 decay offers a limited phase space to extract the mass and width of the a}
with accurate precision, for our analysis we fix them to their PDG values, mg, = 1647 MeV
and 7., = 254 MeV [37], while we let |«| as a free parameter to fit.

There are some drawbacks associated with the Breit-Wigner form factor described
above. Most importantly, the constraints imposed by analyticity and unitarity are not fully
respected. In order to fulfill analyticity, the real part of the unitarity corrections, that
accounts for the off-shell propagation of the 37 intermediate states, should be taken into
account in the resonance propagator. Moreover, this description might generates artificial
poles, and does not incorporates the low-energy constraints from chiral symmetry. There-
fore, the extrapolation of this form factor to low-energies should be taken with caution.
These limitations explains the need to build more sophisticated descriptions. The use of
dispersive parametrizations of the form factor cure most of the aforementioned pathologies,
if not all.

3.2 Dispersive Breit-Wigner models

In order to fully fulfill analyticity, we resumme the real part of the loop integrals, that
account for the off-shell propagation of 37 intermediate states, in the propagator of the
a1-meson resonance through

m?2 m?2

m2, — QQa—lF Q2 — mz, — Q2+ ReHZ&)Q) +ilmII(Q?) 89)

where mg, is the bare or tree level mass of the resonance and II(Q?) = Y, II;(Q?) is the (one-

é{ffs(Qz)’disp =

particle-irreducible) renormalization term that accounts for the unitary loop corrections.



The sum runs over the loops emerging from the coupling of the resonance to various decay
channels. Unitarity relates the imaginary part of I1(Q?) with the partial decay width of the
a1 resonance into mesons in mode ¢ through

ImII(Q?) = —mqe, TH(Q?) = —my, Z re (3.6)

The incorporation of the real part Rell(Q?) in the denominator of Eq. (3.5) constitutes and
improved version of the Breit-Wigner Eq. (3.1) that incorporates unitarity and analyticity
constraints. As a result, one can define the running mass of the resonance as

Ma, (Q%) = mgl + Rell(Q?). (3.7)
Analyticity relates the imaginary and real parts of IT(¢?) through a dispersion relation

Rert(@?) = L [ ay ).

g (3.8)

From the above equation we see that if ImIT(Q?) is know up to infinity, we can obtain
Rell(Q?) and thus fully determine fE¥(Q?)|qisp. However, in real physical situations the
full width I‘fﬁtal(QQ) is usually not know up to arbitrarily large energies as demanded by the
dispersive integral of Eq. (3.8). This lack of knowledge can be compensated by introducing

subtractions

nfl 2 k ik 2 n 00 ,
Rell(Q?) = o) 4" (Rell(Q?)) (@ —so)" [, dml(s)
“H@) Z% @y |, " foe ™ Tr@ =9

(3.9)

This has the virtue that increases the powers of 2 in the denominator of the integrand thus
reducing the importance of the contributions from the high energy region in the integral
where Fg‘ital(Q2) is less well-know. For our study, we perform one subtraction and write

m2, + Rell,, (0)

f]%{]\efs(Qzﬂdisp = g _ Q2 + ReHal (QQ) — imalf‘al (Q2) y (310)
where
ReHal (QQ) = Hfh (QZ) - Hfh (mzl) ) (3'11)
and with
2 Scut a1Fa1 /
Mo, (Q%) = _% /9m2 ds,(:?)(s,_(;g)- (3.12)

The subtraction in Eq. (3.11) corresponds to the term H(m2 ) and has been chosen such
that the running mass and width, Egs. (3.7) and (3.2), equal the (renormalized) bare mass
and nominal width®

Ma, (Q2)|Q2:m§1 = m1211 ’ Fal (Q2)’Q2:m§1 = Ya; - (3'13)

SWithout loss of generality, the running mass can be defined to vanish at some other arbitrary values.



Another important aspect of Eq.(3.12) is the introduction of the integral cutoff scu¢. By
introducing subtractions we increases the power of @2 in the denominator of the integrand.
However, the high energy part of the integral, where our models cannot be trusted nor
measurable since include intermediate states that open above the T mass, still contributes.
This contribution remains as a source of theoretical uncertainty in our results. In order
to quantify it, we vary squt and the corresponding results will be discussed and used as a
source of systematic uncertainties. This constitutes an alternative approach different to the
ones employed in Refs. [18, 27, 29|, where the integral was performed until infinity and a
correction form factor introduced ad hoc to force a damping of the amplitudes and make
the integral converge.

The term Rell,, (0) in the numerator of Eq. (3.10) ensures that fie5(Q?)|aisp — 1 for
Q> —0.

Similar to Eq. (3.3), the role of the a] is included through

1 m2, + Rell,, (0)
1+ |f€’€i¢ mgl — Q2 + Reﬂal (QQ) - Z‘7na1rﬂb1 (QQ)

FE (@) |aisp =

+ ]Fa\ew

m?, + Relly (0)
L (3.14)

m¢21’1 - Q2 + l%el_[a’1 (Q2) - ima’l Fa’1 (QQ)
3.3 Dispersive representation

An important feature the form factor given by Eq.(3.5) possess is that in the elastic ap-
proximation i.e. ImII(Q?) = ImIl,, 3,(Q?), it is equivalent to the once subtracted Omnés

representation [42]

2 — ex Q72 > s 5(5/)
Q%) = p[ /9 d ] (3.15)

T Jomz  8'(s — Q2 —i0)

where the phase 6(Q?) entering the dispersive integral encodes the physics of the par-
ticipating resonances. In order to get a model for the phase, we adopt the form factor
representation given in Eq. (3.5) and extract the phase from the relation

_ Im fEi(Q%) laisp
Ref]%{ffs(Q2)|disp 7

tan 6(Q?) (3.16)

that it is only valid in the 7 decay region (Q? < m?2) since the model parameters i.e. mg,
and g, , will be fitted to 7 data and therefore one cannot obtain reliable information beyond
m2. Strictly speaking, however, one should integrate the dispersive integral up to infinity.
For that, the phase has to be known for all values of Q > 9m2. This is certainly not our
case, since we are using a modelization for the phase §(Q?) given by Eq. (3.16) as input. For
the high-energy region, we thus take a conservative interval between 0 and 27 and guide
smoothly the phase to 7 at Q% = m?2 through [11]

a

Ol @) = Jim (@Y =7~ o

(3.17)

~10 -



where a and b are parameters taken such the phase ¢(s) and its first derivative ¢/(s) are

2

continuous at Q% = m?2

3(m— 5(m3))2
= = —1
“ 2m26'(m2) 7 b +

3 (m — a(m2))

T

BT (3.18)

This ensures the correct asymptotic 1/Q? fall-off of the form factor.

In order to diminish the importance of the contributions coming from the high-energy
part of the integral where the phase is less well known, one can introduce subtractions. The
general solution for n subtractions can be written as

2 2 (Q2 —s0)" /oo / (s
—Pp, S R , 1
f(Q7) = Pn(Q7) exp [ . om3 § (s' — s0)"(s' — Q% — i0) (3.19)
with
n—1
P(Q?%) = exp [Z e (Q% — so)k] , (3.20)
k=0
and where
1 d
M= — 1o 2 . 3.21
k k! d(Q2)k gf(Q ) Q—s0 ( )
4 Breit-Wigner fits to the ALEPH spectral function data
The x? function minimized in our fits is defined as
all
2= Z A%ALEPH(COV%LEPH)—IA?LEPH, (4.1)
i,j=1
with
ARLEPH = B UEPH(Q2) Q) (42)
where a{*LEPH(QZ)k and Cov;; are, respectively, the ALEPH experimental measurement

of the spectral function and the corresponding covariance matrix in the k-th bin, while
aft(Q?)y is our theoretical description. The number of fitted data points is 74 and 73 for
the 707976 and 7—7 7~ decay channels, respectively.

We start by fitting Eq. (2.15) to the axial spectral function measured by ALEPH [30]
with the non-dispersive Breit-Wigner form factor given in Eq. (3.1). In order to optimize
our fits to the data, we did not fix the normalization but rather introduced a scale factor,
denoted by N hereafter, that we have allowed to float in order to reproduce better the
branching ratio quoted by ALEPH. The parameters resulting from our first fit take the
values

Ma, = 1271(4) MeV, 7, = 523(8)MeV, N = 1.59(4), (4.3)

0

5The first two points of the 7°7%7r~ mode have been excluded from the minimization since the central

values are found to be negative.
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with a x2/dof = 1.16 for the 7= — 7%7%7~ v, decay channel, and
Mma, = 1243(3) MeV,  ~,, =480(7)MeV, N =1.43(3), (4.4)

with a x2/dof = 3.11 for the 7= — 7~ 77~ v, mode.
For our second fit, we include the a;(1640)-meson and use Eq. (3.3). We obtain

Ma, = 1236(T)MeV,  7a, = 506(10) MeV, |s] = 0.16(2), N =1.21(6), (4.5)
with a x?/dof = 0.99 for 7= — 7%~ v, and
Ma, = 1212(4) MeV, 74, = 460(8) MeV, |r| =0.14(1), N =1.10(4), (4.6)

with a x2/dof = 2.83 for the mode 7= — 77 7 v,.

These results bring us to a first observation that is that, in general, the agreement be-
tween our models and ALEPH data is better for 7~ — 7~ 7%, than for 7~ — 7 7 T7 v,
as indicated by the x?/d.o.f. We also observe that the overall normalization with the model
without the inclusion of the a} needs an unnaturally large correction ~ (40 —60)% to match
experimental data, while if this resonance is included, the x?/dof is slightly better and the

070 and 77t

required normalization factor reduces to 1.21 and 1.10 for the 7~ = 7~ modes,
respectively.

We next run fits with the dispersive Breit-Wigner form factor presented in Egs. (3.10)
and (3.14). Regarding the integral cutoff sy in Eq. (3.12), one should take a value as large
as possible so as not to spoil the a priori infinite interval of integration, but low enough that
the running width is well known within the interval. The parameters resulting from the
fits are collected in Table 1 as Fit-a; and Fit-a}, respectively, for the model including only
the a1 and both the a; and a) axial resonances. The dependence of the fitted parameters
on Seyt is explored for three representative values of seyt, namely 4 GeV?2, 9 GeV2 and 100
GeV2. One observes that only the aj-width is sensitive to these variations with a tendency
of becoming larger as scyt increases, the rest of parameters remain rather stable. Despite
this issue represents a source of systematic (model-dependent) uncertainty with regard to
the treatment of the aj-meson resonance parameters, slightly better fits are obtained with
Seut = 100 GeV? as the x? /dof indicates. We have also tried larger values of s¢y¢ i.e. 1000
GeV? or 10000 GeV?, and found that while the numerical value for the a;-width still suffers
positive variations of some MeV, the x2/dof remains stable. Therefore, we consider the
parameters obtained with seut = 100 GeV? as our reference fits. Although this choice it
may not be rigorous, the quality of the present data is not precise enough to disentangle
these effects. As seen from the table, the value for the a; mass(width) is slightly shifted
upwards(downwards) with respect to non-dispersive model as a consequence of including
the running mass in the parametrization. Also, the fit parameters are found to be much
more stable against the inclusion of the af. However, the most important improvements
are seen in the goodness of the y2/dof of the 777~ decay, which has been reduced by
~ 50%, and in the normalization factor N. For the 7%7%7~ decay channel one observes
that, due to the satisfactory quality of the fit, the fit parameter N' = 0.97(3) is found to
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Fit Decay channel | seuy [GeV2] | mg, [MeV] | 74, [MeV] | N |k X2 /dof
Fit-a; | 70707~ 4 1293(5) 416(6) 0.84(2) | — 1.07
9 1203(5) | 448(7) | 0.87(2) | — 1.02
100 1203(5) | 501(9) 0.88(2) | — 1.01
Tt 1 1256(3) | 395(5) | 0.77(1) | — 1.61
9 1259(3) | 426(6) | 0.80(1) | — 1.53
100 1259(4) | 474(7) | 0.81(2) | — 1.51
Fit-a| | 700 4 1289(5) | 404(7) 0.92(3) | 0.11(4) | 0.97
9 1201(5) | 434(8) 0.96(3) | 0.12(4) | 0.88
100 1203(4) | 485(10) | 0.97(3) | 0.12(4) | 0.86
Tt 1 1256(3) | 390(6) | 0.80(2) | 0.03(2) | 1.60
9 1259(3) | 420(6) | 0.84(2) | 0.05(2) | 1.47
100 1260(3) | 467(8) | 0.85(2) | 0.05(2) | 1.43

Table 1. Results for the fits to the 2014 ALEPH 7~ — (37) v, axial spectral function data [30]
obtained with the dispersive Breit-Wigner representations Egs. (3.10) and (3.14) including, respec-
tively, only the a1(1260) (Fit-a;) and both the a;(1260) and a1 (1640) (Fit-a}) axial resonances, for
three representative values of s.y in the dispersive integral Eq. (3.12).

be very well compatible with data i.e. A" = 1. On the contrary, the 7777~ mode needs
to be corrected by a scale factor of NV = 0.85(2).

In Figs. 1 and 2, we provide a graphical account of the results of our fits compared to
ALEPH data’. In particular, the results of the fits given in Eqs. (4.3) and (4.4) obtained
with the non-dispersive Breit-Wigner model are shown by the dashed blue curve for the

70707~ (solid black circles) and 7~ 7"

7~ (solid red squares) decay channels in Figs. 1 and
2, respectively. In these plots, we also display the fits presented in Table 1 resulting from
the application of the dispersive Breit-Wigner description with one (dotted and dot-dashed
green curves for the 797%7~ and 7= 777~ modes, respectively) and two (solid red and black
curves) axial-vector resonances. Comments on the effects of including the running mass are
in order: i) the description of the low-energy data points is slightly improved (see the insets
in Figs. 1 and 2); 4i) the peak is seen slightly shifted to the left; iii) the description of the
second half of the spectral function is found to be slightly over the non-dispersive ones. In
all, the agreement with data is found to be quite satisfactory.

Let us discuss next the individual a; and a) contributions in more detail. In Figs.3
and 4, we display our fit results obtained with the dispersive Breit-Wigner representation
including both the a;(1260) and a;(1640) axial meson resonances, together with their indi-
vidual contributions. While the total contribution is given by the solid curves in the figures,

that result in a total branching ratio of

BR(r~ — m%7n%77v,) =9.320%, BR(r~ =7 77 ) =9.050%, (4.7)

"Notice that in the figures we have kept the corresponding normalization factors in order to compare
the shapes of the spectral function.
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Figure 1. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 77’7~ v,

(solid black circle) as compared to the fit results presented in Eq. (4.3), obtained with the non-
dispersive Breit-Wigner including only the a; resonance according to Eq. (3.1) (dashed blue curve),
and in Table 1, with the dispersive Breit-Wigner including one (dashed green curve) and two (solid
red curve) axial resonances according to Egs. (3.10) and (3.14), respectively. The inset shows a
magnification of the respective fits in the region Q2 € [0.35,0.9] GeV? in logarithmic scale.

the resulting contribution of the a;(1260)-meson to the spectral function is shown as the
dashed curve, and its individual contribution to the branching ratio is found to be

BR(r™ — ayv; — n°n%771,) =10.56()%, BR(T™ = awvr » 7 w1 ) = 9.61()%.

(4.8)

The contribution of the a;(1640) is shown by the dotted curve in Figs.3 and 4 for the
central values of |k| = 0.12 and |x| = 0.05 given in Table 1; let us remind that for the a}
mass and width we have employed the PDG values. Notice that, although the individual
contribution of the @ is found to be small,

BR(T™ = ajy; 7 minv) =17 x 1077,
(4.9)

BR(7™ — ajv, — 19777 1,) = 1.0 x 1073,

its effect is rather important due to the destructive interference with the dominant aq
resonance. As seen, the individual a) contribution turns out to be rather sensitive to the
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Figure 2. ALEPH 2014 measurements |30] of the axial spectral function from 7= — 7~ 77 v,
(solid red square) as compared to the fit results presented in Eq.(4.4) obtained with the non-
dispersive Breit-Wigner including only the a1 resonance according to Eq. (3.1) (dashed blue curve),
and in Table 1 with the dispersive Breit-Wigner including one (dor-dashed green curve) and two
(solid black curve) axial resonances according to Egs. (3.10) and (3.14), respectively. The inset
shows a magnification of the respective fits in the region Q2 € [0.25,0.9] GeV? in logarithmic scale.

mixing parameter |x| (cf. Eq.(3.14)). It is difficult to asses a precise value for x, but an
estimate can be inferred adjusting s such that the experimental branching ratios reported
by ALEPH, BR(7~ — 7%7%71;) = 9.239% and BR(t~ — 7 777 v,) = 9.041%, are
reproduced. As an exercise, we fix both the mass and width of the a; and af to their PDG
values, and we find that x is positive, kK &~ 0.26 and x ~ 0.29. These values are in reasonable
agreement with, although slightly larger than, our findings of Table 1.

To make our work self-contained, in Fig.5, our expressions for the running mass
(cf. Eq. (3.7)) and width (cf. Eq. (3.2)) are plotted as a function of the 37 invariant mass for
the nominal values m,, = 1293(5) MeV and v,, = 501(9) MeV obtained from the 79707~
mode Fit-a; in Table 1.

We have also performed a simultaneous fit to both decay channels. The corresponding
results are found to be

Mg, = 1270(3) MeV, 7, = 480(5) MeV, N =0.83(1), (4.10)
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Figure 3. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 7707~ v,

(solid black circles) as compared to the fit results obtained with the dispersive Breit-Wigner includ-
ing two axial resonances according to Eq. (3.14), together with the individual contributions from
the a;1(1260) (dashed red lines) and a;(1640) (dotted red lines) axial mesons.

with a x?/dof = 1.57 for Fit-a;, and
Mo, = 1271(3) MeV, 7o, = 473(5)MeV, N = 0.87(2), (4.11)

with a x2?/dof = 1.50 for Fit-a}. The fit parameters tend to lie in between the individual
fit results of both channels with a little preference to those of the 7~7 7~ mode as also
indicated by the x?/dof. As a matter of example, the corresponding results for Fit-a; are
displayed in Fig. 6 where we compare the dispersive Breit-Wigner fit results to the individual
70707~ (dotted green curve) and 7~ 77~ (dot-dashed green curve) decay modes together
with the outcome from the simultaneous fit (solid purple curve) to both data sets. As seen,

the curve of the joint fit tends to that of the 777, in line with the results of Table 1.

5 Dispersive fits to the ALEPH spectral function data

Our central fit results are obtained from the general solution of the dispersive representation
presented in Eq.(3.19). In particular, we employ a twice subtracted dispersion relation
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Figure 4. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 7~ 7 7 v,
(solid red squares) as compared to the fit results obtained with the dispersive Breit-Wigner including

two axial resonances according to Eq. (3.14), together with the individual contributions from the
a1(1260) (dashed black lines) and a1 (1640) (dotted black lines) axial mesons.

(n =2) at so = 0. In this case, the form factor takes the form:

oy 9 Q4 Scut , 5(3’)
f(Q7) = exp [mQ +7T/9m§ ds R w0 | (5.1)

where o is a subtraction constant that can be related to low-energy observables appearing
in the low-energy expansion of the form factor (cf. Eq. (2.37))

FQ)=1+MQ%+ . (5.2)
Explicitly, the relation for the linear slope parameter A reads
)\1 = Q. (5.3)

This subtraction constant can be calculated theoretically through the sum rule

B[ 80

S.T.
S — 7 -
pEs

ap =

T Jom2
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Figure 5. Running mass (solid black curve) and width (dashed blue curve) as a function of the
invariant mass of the 37 system according to Egs. (3.7) and (3.2), respectively.

As seen, the calculation of the subtraction constants from the sum rules depends in nothing
else than on the perfect knowledge of the input phase 6(Q?), knowledge that we do not have
until infinity. Therefore, for our analysis, we treat them as free parameters to be determined
from fits to data. This has the advantage that they turn out to be less model dependent
and absorbs the effects of other possible production mechanisms different than the ones
considered here-as they are in the data. In summary, the introduced subtraction constant
encodes the low-energy physics but also capture our ignorance of the high-energy part of the
dispersive integral, where the phase is less well know, thus showing a nice synergy between
high-and low-energy regimes.

The contribution of the high-energy region of the dispersive integral can be studied
through the cutoff s¢, introduced in Eq. (5.1) as the upper limit of integration. The result-
ing fit parameters with a twice-subtracted dispersion relation are given in Table 2 employing
three values of seut, namely 4 GeV?2, 9 GeV? and syt — 00. As one observes, the dependence
of the resulting fit parameters on s¢,t is in general small and within uncertainties, though
visible. In this table, we also show the subtraction constant o3’ calculated through the
sum rule Eq. (5.4), and the values we get are found to be in a reasonable agreement with the
results of the fits. This indicates that the content of the phase is such that saturates rather
well the dispersive integral, otherwise the differing results among them would be larger.
Compared with the fits of Table 1, which employed a dispersive Breit-Wigner, while the
x2/dof is practically unchanged, although now it remains slightly below, the normalization
N turns out to be well compatible with data.

A graphical account of our central fit results is shown in Figs.7 and 8 for the 70797~
and 7777~ decay modes, respectively. The solid lines correspond to the fit of Table 2
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black circle) and 7= — 7~ 7t w v, (solid red square) as compared to the individual fit results.

Fit Channel | Parameter Seut = 4 GeV2 | seut = 9 GeV2 | seup — 00

Fit-a; | 7797~ | mq, [MeV] 1336(5) 1321(8) 1319(8)
Yo, [MeV] 532(10) 489(10) 486(10)
a1 [GeV™2] | 0.66(3) 0.52(4) 0.49(4)
as™ [GeV~2| | 0.39(1) 0.52(1) 0.63(1)
N 1.02(8) 1.22(12) 1.24(12)
x? /dof 1.07 0.91 0.90

1t | me, [MeV] | 1280(3) 1271(7) 1270(7)

Yoy [MeV] 503(2) 477(4) 474(7)
a1 [GeV~2] | 0.75(1) 0.64(3) 0.61(3)
o™ [GeVT2] | 0.43(1) 0.56(1) 0.66(1)
N 0.78(3) 0.90(7) 0.93(7)
x?/dof 1.61 1.50 1.49

Table 2. Results for the fits to the 2014 ALEPH 7= — (37) v, axial spectral function data [30]
obtained with the dispersive representation Egs. (5.1) including the a;(1260)-meson axial resonance,

for three representative values of squ; in the dispersive integral.
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with scut — 00. As it can be see, our model provides a very good description of the ALEPH
experimental data. In these plots, we also display the results obtained in Table 1 with the
single resonance dispersive Breit-Wigner for comparison.
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Figure 7. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 77’7 v,
(solid black circle) as compared to the fit results presented in Table 2 for s.,; — oo (solid red line)
and Table 1 with the single resonance dispersive Breit-Wigner (dotted green line). The inset shows
a magnification of the respective fits in the region Q? € [0.35,0.9] GeV? in logarithmic scale.

Finally, in Fig. 9 we take a closer look to the low-energy region of the spectral function.
We can see that while the low-energy data points of the decay 7= — 777~ v, carry a
large error bar and show some scatter, the data for the 7~7+t7~ mode is more precise
and is reasonably well accommodated within our description (solid purple curve) resulting
from the simultaneous fit to both decay channel data sets. In this figure, the tree-level
calculation in ChPT at LO (dotted gray line) and NLO (dot-dashed gray line), with the
use of Eqgs. (2.25) and (2.32), respectively, are also shown for illustrative purposes. As
seen, while the ChPT prediction at NLO is able to accommodate the low-energy data of
the 7~nt7n~ decay channel, it fails from Q% ~ 0.4 GeV? on where the effects of the a;

resonance contribution starts showing up.
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Figure 8. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 7~ 7 7 v,
(solid red square) as compared to the fit results presented in Table 2 for s¢,; — oo (solid black line)
and Table 1 with the single resonance dispersive Breit-Wigner (dot-dashed green line). The inset
shows a magnification of the respective fits in the region Q2 € [0.25,0.9] GeV? in logarithmic scale.

6 Conclusions

Hadronic tau decays constitute an advantageous laboratory to study the low-energy regime
of QCD. In this work, we have analyzed the 7= — (37) v, axial-vector spectral function
experimental data reported by ALEPH in 2014. These decays offer a good environment to
study the strong dynamics of the three-pion system under rather clean conditions. This
is expected to be dominated by the axial a;(1260)-meson resonance and, therefore, the
measured axial-vector spectral function allows one to study its properties and test models
for the participant axial-vector form factor. For its description, we have explored several
models which incorporate the constraints posed by analyticity and unitarity in an increasing
degree of soundness. We have found that a satisfactory description of experimental data
is achieved working with a twice-subtracted dispersion relation and without the need to
include further intermediate states beyond the contributions of the p(770), a1(1260) and
a1(1640) resonances. Furthermore, we have investigated the contribution of the high-energy
region of the dispersive integral through the introduction of a cutoff s.y; as the upper limit
of integration. This cutoff was varied between 4 GeV? and infinity in order to test the
sensitivity of the model for the form factor phase that we have used as input to contributions
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Figure 9. ALEPH 2014 measurements [30] of the axial spectral function from 7= — 7%7%7~ v,

(solid black circle) and 7= — 7~ 77~ v, (solid red square) as compared to the fit results presented
in Table 2 for s¢yt — 00. The tree-level ChPT calculation at leading-and-next-to-leading order are
also shown for illustration (dotted and dot-dashed gray lines, respectively).

coming from higher-energies where the phase is not well-known.
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