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ABSTRACT

Baryon Effective Theories and Phenomenology in the 1/N, Expansion
(December 2017)
Ishara Priyasad Fernando, B.S., University of Colombo

Chair of Thesis Committee: Prof. José L. Goity

Chiral perturbation theory (ChPT) and the 1/N, expansion provide systematic
frameworks to investigate the strong interaction at low energy. There are two main
focuses of this dissertation. First, analyzing the masses of baryons in the framework
of the 1/N, expansion, using the available physical masses and masses calculated in
lattice QCD. Second, combining both ChPT and the 1/N. expansion into a single
framework and applying it to the phenomenology of baryons with three light-quark
flavors. In the first focus, the baryon states are organized into irreducible representa-
tions of SU(6) x O(3), where the [56, ¢© = 07| contains the ground state and radially
excited baryons, and the [56,27] and [70, 17] contain orbitally excited states are an-
alyzed. The analyses are carried out to O (1/N.) and first order in the quark masses.
The issue of state identifications is discussed. Numerous parameter independent mass
relations and the famous Gell-Mann-Okubo (GMO) and Equal-Spacing (ES) relations
are tested. Also, the quark mass dependence of the operator coefficients for baryon
mass is discussed. In the second focus, a small scale expansion of the combined ap-
proach is defined as the {-expansion, in which the power counting of 1/N, and chiral
expansions are linked as O (p) = O (1/N.) = O (§). A calculation of one-loop correc-
tions to the ground state baryon masses, vector and axial-vector currents up to O (£3)
is presented. Moreover, the physical and lattice QCD masses are considered in order
to understand the quark mass dependence, along with an analysis of the violations

to GMO, ES and Giirsey-Radicati (GR) mass relations, and their dependence on ..
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CHAPTER 1
INTRODUCTION

“Quantum Chromodynamics” (QCD) is the fundamental theory of strong inter-
action which describes the phenomenology of quarks and gluons [1-6]. Because the
strong coupling (c) experiences a running behavior at low energy [7,8], the pertur-
bative expansion in terms of «ay is only possible at high energies. This observation
leads to the fact that quarks are always confined into bound states called hadrons at
low energies. In nature, these hadrons have been observed as either quark-antiquark
pairs (mesons) or, three-quark bound states (baryons). In order to describe the phe-
nomenology of hadrons, the so-called effective field theory approach has been estab-
lished. This allows one to perform perturbative expansion in the low energy regime

by considering hadrons as the degrees of freedom.

The starting point of the effective field theory approach was proposed by S. Wein-
berg [9] in 1979. The idea is to build the most general effective Lagrangian containing
all the possible terms associated with the symmetry principles. In this work, chiral
symmetry and the spin-flavor symmetry are combined together to build an effective
theory to explore the baryon phenomenology. One needs to extract an expansion
parameter with a power counting scheme in order to systematically expand the the-
ory up to any desired order. In Chiral Perturbation Theory (ChPT), the expansion
parameter is the momentum of Goldstone bosons divided by an energy scale. This
power counting scheme was first proposed by S. Weinberg. 1/N, also can be used as
an expansion parameter in QCD [10], where N, is the number of colors (experimen-

tally, V. = 3). Because of the emergence of the spin-flavor symmetry in QCD [11-14]



at large V., 1/N, expansion has become not only a qualitative but also a quantitative
tool to describe the physical observables in powers of 1/N.. An application of this
framework to baryons was initially done by E. Witten [15], introducing the large N,

counting rules.

In the baryon sector, the 1/N, expansion is implemented as an effective theory
built in terms of effective operators associated with the observable to be analyzed.
This framework has been successfully applied in the analysis of baryon masses, mag-
netic moments, axial-couplings, etc. For example, the ground state baryon mass
operator in the 1/N,. expansion satisfy several well known mass relations, namely
Gell-Mann-Okubo relations [16], Coleman-Glashow relations [17-19], and also the
spin-flavor breaking Giirsey Radicati mass-relations [20]. In the resonance domain
of the baryon spectrum, the corresponding symmetry for the excited baryons is
SU(2Ny¢) x O(3), where O(3) governs the spatial rotations and SU(2Ny) is the spin-
flavor symmetry group [21]. From the group theory point of view and without any
loss of generality, low-lying excited baryons may be considered to be comprised of a

core of (N, — 1) quarks in the ground state and one excited quark [22].

In general, spin-flavor symmetry is not exact for excited baryons even in the
N, — oo limit, because the spin-flavor SU(2N;) symmetry is broken at O (N?) [21].
This is identified in the constituent quark picture by the coupling of orbital angular
momentum, which phenomenologically couples very weakly. The decoupling approach
is more convenient in analyzing the mixed-symmetric baryon excited states, which
belong to the [70,17] multiplet [21,23,24]. However, for the analysis of symmetric
states, such as baryons belonging to [56’,07] and [56, 27| multiplets, there is no need
to decouple the baryon wave function into a core and an excited quark [25,26]. In this

work, ground-state baryons in the 56-plet and excited-state baryons in the [56’, 07,



[56,27] and [70, 17| multiplets are analyzed [27] with the physical masses and masses
calculated from lattice QCD [28,29].

The main focus of this work is to combine these two effective theories: ChPT
and 1/N, expansion into a single framework and apply it to gain insight into the
phenomenology of baryons. Notably, this is the first application to the baryon masses
and currents made out of three light-quark flavors, or the case of SU(3)gayor- Since the
two expansions do not commute [30], they are linked by considering the size of baryon
mass splittings of O (1/N,) which is of O (p). This is called the {-expansion. Cal-
culations have been performed up to one-loop correction with the inclusion of both
octet and decuplet intermediate baryon states in the loop, to improve the conver-
gence of the chiral expansion [31-36]. Another remarkable feature of this combined
effective approach is it allows one to calculate the violations to the mass relations
such as Gell-Mann-Okubo (GMO) relation, Equal Spacing (ES) relation and Giirsey
Radicati (GR) relation explicitly up to O (£?), whereas GMO and ES relations are
exact at tree-level for any finite V.. In addition to the application to baryon masses,
this framework has been applied in calculating the vector charges and axial-vector
couplings in the case of SU(3), and fits have been performed to lattice QCD (LQCD)
results [37,38].

This dissertation is divided as follows. The first part includes Chapters 2-6, which
cover the 1/N, expansion framework and its application to baryon masses. The sec-
ond part includes Chapters 7-10, which present the combined framework of ChPT
and 1/N. and it’s applications to baryon masses and currents. Lastly, conclusions
with future perspectives are presented, followed by four appendices. Part I of the
dissertation starts with Chapter two, which is dedicated to introducing the 1/N. ex-

pansion. The foundations and the development of the 1/N, expansion framework



is discussed with applications to mesons and baryons. Chapter 3 is devoted to the
baryon wave function in the large N, limit. Starting with the description of the
structure of a baryon with three valence quarks, the generalization to N, number of
quarks in a baryon is discussed systematically. Chapter 4 is devoted to the spin-flavor
symmetry in large N, baryons. This gives a brief overview of the emergence of the
spin-flavor symmetry by studying baryon-meson scattering amplitudes, which leads
to a consistency condition resulting in the existence of an infinite tower of degenerate
baryon states. This chapter covers the contracted spin-flavor algebra resulting from
the large N. consistency conditions. Also, large N, baryon representations as well
as 1/N, corrections to the baryon observables, such as masses and axial currents are
covered. Chapter 5 is dedicated to baryon operators in the 1/N. expansion. In this
chapter, the fundamental building blocks of baryon operators in large N, and the
quark operator classification are discussed in detail, followed by operator identities
which can be used to perform the operator reduction. An application to baryon mass

operators is discussed considering the SU(3)-symmetric and SU (3)-breaking limits.

Chapter 6 is dedicated to baryon masses in the 1/N, expansion framework. This
chapter covers the work done on the “baryon spin-flavor structure from an analysis of
lattice QCD results of the baryon spectrum” [27]. Baryon multiplets including ground
states in the 56-plet and excited-states in [56’,07], [56,27%] and [70,17] multiplets
are analyzed using 1/N, baryon mass operators. The quark mass dependence of the
baryon states corresponding to the considered baryon multiplets and the mixing an-
gles have been addressed in this calculation. The multiplets [56’,0%], [56,2"] and
[70,17] are discussed in separate subsections, each containing a discussion of mass
operators, mass relations and fit results to the data. A summary of the fits is also

given with conclusions and discussions of the study in the last sections of Chapter 6.



Part II of this dissertation starts with Chapter 7. It covers the foundations
of chiral perturbation theory, pedagogically organized by constructing the effective
Lagrangian for heavy baryon ChPT, including applications. The Chapters 8, 9, and 10
are dedicated to the combined effective framework of ChPT and the 1/N. expansion.
Chapter 8 covers the building blocks of the combined framework, whereas Chapters
9 and 10 cover the application of the combined framework to ground-state baryon
masses and baryon currents, respectively. All the calculations are performed up to
one-loop correction, and fits are performed to the available physical and LQCD data
for masses, vector charges and axial-currents. The results of these analyses for baryon
masses, vector charges and axial-couplings are discussed separately at the end of
Chapters 9 and 10. The last chapter is dedicated to conclusions and discussions of
the current study, and prospectives for future research are discussed. Any analytical

or technical details related to some chapters are shown in the appendices.



Part 1

BARYON MASSES IN THE 1/N. EXPANSION



CHAPTER 2
1/N¢ EXPANSION AS AN EFT IN QCD

2.1 Introduction

The fundamental degrees of freedom in QCD are quarks and gluons; which rep-
resent the matter-field and force-field of the strong interaction, respectively. To date,
six flavors of quarks have been discovered: up-u, down-d, charm-c, strange-s, top-t,
bottom-b. These flavors are organized into three types of families under weak inter-
actions. First family: u & d, second family: ¢ & s, third family: ¢ & b. Quarks
contain fractional electric charge: u, ¢, t quarks are +2/3, and d, s, b quarks are —1/3.
The mass of a quark is just a parameter in the Lagrangian of the theory. The quark
masses cannot be measured directly because they are not observed physically, this
is due to the phenomena called “confinement’”. Confinement is the property where
quarks tend to bind themselves so strong at low energies into “hadrons”, although
at very high energies quarks tend to interact less. They are determined indirectly
through their influence on hadronic properties. The quark mass parameter behaves
like a coupling constant in quantum field theory, depending on the momentum scale
and the renormalization scheme to render finite values for the quark masses. In this
work, the considered quark masses values were evaluated using the dimensional requ-
larization method with the modified minimal subtraction (or MS) scheme. The three
quark flavors, up-u, down-d, strange-s quarks are identified as “light quarks”, and
charm-c, top-t, bottom-b quarks can be identified as “heavy quarks” by comparing

their masses in Table (2.1).



Table 2.1. Quark masses in the MS renormalization scheme at a scale of ;1 = 2 GeV.

Quark flavor: up down charm strange top bottom
Mass: 1.5-4 MeV  4-8 MeV  ~1.25 GeV  ~100 MeV  ~175 GeV  ~4.25 GeV
Electric charge: +2/3 -1/3 +2/3 -1/3 +2/3 -1/3

Quarks carry an additional quantum number called, “color”. The color quantum
number was initially suggested by Greenberg, et al. [5]. Color serves as the charge of
QCD. The behavior of the color charge is very different than the electric charge. The
electric charge is a scalar quantity in the sense that the total charge of an electric
system is simply the algebraic sum of individual charges, whereas the color charge is
a quantum vector charge (a concept similar to spin angular momentum in quantum
mechanics). The total color charge of a system must be obtained by combining the
individual color charges of the constituents according to group theoretic rules (anal-

ogous to combining angular momenta in quantum mechanics).

Gluons are the quanta of the color field that binds quarks into baryons and mesons.
Chromodynamics is then a theory like electrodynamics, but with eight gluons instead
of a single photon. As the gluons themselves carry a color charge, they can directly
interact with each other. Theories in which field quanta may interact with each other
are called non-Abelian. The local non-Abelian SU(3)co1or Symmetry describes the
interactions among quarks and gluons. Local SU(3)clor Symmetry transformations
leave the theory invariant, which leads QCD to be identified as a “gauge” theory.
Quarks behave asymptotically free at very short distances (at high energy), and they

are confined to colorless hadrons at large distances (at low energy).



The phenomenology of quarks and gluons is described by the QCD Lagrangian,

/

Ny
7 . cc! cc’! c 1 a v
Lqocp = E 1/1§,f(1’) (W“Du —myd ) ¢a,f(x) - ng,gg‘ ) (2.1)
f=1

where ¢ ;(z) and ¢ ;(z) represent the quark and anti-quark fields with Dirac
index (o), color index (c), flavor index (f), and N; the number of flavors. The
covariant derivative D, = 0, — igA, includes the dynamics of quarks and their
coupling to gluons, whereas the gluon field-strength tensor G,,(z) = é[DH,Dy] =
0,A, — 0,A, —ig[A,, A)] describes the dynamics of gluons. Since G, (z) is also an
element of the SU(3)color algebra, one can write G, (z) = G, ()T Gluons are
flavor-blind and each gluon field Af(z) is associated with its generator 7 in the
fundamental representation of SU(3). The generators of SU(3)color 7 = A*/2 with
a = {1,...,8}, and \* are the Gell-Mann matrices. One can show that only the
color-trace form of G, G"” which is G G& can appear in the Lagrangian. The non-
Abelian nature of SU(3)co1or and the nonlinear self-interacting gluon fields, make the

Lagrangian more complicated than Quantum Electrodynamics (QED).
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Figure 2.1. Summary of measurements of a; as a function of the energy scale @ [39].
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To understand the dynamical properties of QCD, one necessarily has to under-
stand the behavior of the strong coupling constant as a function of distance. QCD
has two distinct properties: asymptotic freedom and confinement [40]. Asymptotic
freedom means that the strong coupling becomes small in very high energy reactions.
This is due to the phenomenon called anti-screening, in which the charge is small at
short distances, and grows at larger distances [40]. In non-Abelian gauge theories,
the existence of asymptotic freedom depends on the gauge group and the number of
flavors of interacting particles. The asymptotically free behavior in QCD was first
discovered by David Gross, Frank Wilczek and David Politzer [7,8]. This strange
behavior of oz has been verified in high-energy experiments to very high precision, as

illustrated in Fig. (2.1) .

Asymptotic freedom implies that the theory becomes simple at short distance or
high energy, while the coupling becomes very strong at large distances or low and
intermediate energies. Therefore, the fundamental fields (i.e. quarks and gluons), do
not appear in the physical spectrum as asymptotic states [40]. All physical states with
finite energy appear to be color singlet combinations of quarks and gluons, which are
always confined at rather short distances of order 1 fm. This phenomena is known
as color confinement, which means that the force between quarks does not diminish
as they are separated [40]. This implies that in the low energy regime of QCD, the

degrees of freedom are no longer quarks and gluons, but rather color singlet hadrons.

The idea of generalizing the SU(3) color gauge theory to SU(N.) gauge theory
was initially proposed in 1974 by ’t Hooft [10], introducing N. number of colors.
The expectation of this approach was to solve the theory with the color gauge group
SU(N,) at large N, limit (N, — 00), and to have qualitatively and quantitatively
close results to the N, = 3 theory. Therefore in SU(N,) QCD, we have N, number
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of quark colors for each flavor, and N? — 1 number of gluons, where three colors for
each quark flavor and eight gluons in SU(3). QCD is a special case. 't Hooft realized
that 1/N, is a hidden expansion parameter, which can be used to implement a per-

turbative expansion in powers of 1/N, to QCD at low and high energies.

In 1979 E. Witten [15] applied the 1/N. framework for mesons as well as for
baryons. He derived that mesons become free and non-interacting at large N., be-
cause the meson-meson coupling scales as O (1/N.). Therefore, QCD becomes a
weakly coupled theory for mesons at large N.. One may be puzzled about how a
theory with N, — oo can approximate the theory with N, = 3. It has been proven
that the results are in good agreement with experiment, if one considers the next
to leading order terms in the 1/N, expansion. In order to understand the large N,
limit, one has to first identify the 1/, order of quark-gluon diagrams. Then, one can

introduce hadrons in large the N, limit and study their interactions.

2.2 Feynman diagrams for large N,

“Planar diagrams” are a special class of Feynman diagrams identified by 't Hooft
[10], as the dominant diagrams in the 1/N. expansion. In large N. QCD, there are
N, possible colors for the quark fields during processes. The “double line notation”
replaces the gluon gauge field A7, by a double line corresponding to a tensor field
(Au)ij, where the indices 7, j belong to the fundamental representation of the color
group SU(N,). This is illustrated in Fig.(2.2), where the gluon field has one upper
index like the quark field ¢° and one lower index like the anti-quark field ¢;. Each line
represents N, number of colors. Therefore, the sum over all intermediate states gives

large combinatoric factors, and leads to the suppression of contributions from some
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Feynman diagrams.

00000000000

A

.

Figure 2.2. Double line notation of a gluon field.

Let’s consider the gluon vacuum polarization diagram with its double line repre-
sentation (see Fig.(2.3)). The color quantum number of the initial and final states
are specified, but the intermediate state has a loop specified by an index k& which
gives N, possibilities, leading to a combinatoric factor N, for this Feynman diagram.

Therefore in the limit N. — oo the diagram is infinite.

i

Figure 2.3. Gluon-vacuum polarization.

In order to have a finite limit for the gluon vacuum polarization, one can rescale the

coupling constant g of the large N. QCD lagrangian as [10,15],

g— \/g;[_c (2.2)

where ¢y is a new coupling fixed in the large N, limit, known as the t Hooft cou-
pling. Therefore, considering both rescaled coupling and the color combinatoric factor

together lead to N, independence,

( g )2Nc g 2.3
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to the order of the Feynman diagram in Fig. (2.3). With this rescaling scheme, the
quark-gluon and three-gluon vertices are of order 1/N, and four-gluon vertices are of

order 1/N. (see Fig. (2.4)).

go/m

T A X

Figure 2.4. Quark-gluon, three-gluons and four-gluons vertices.

Now we can focus on a couple of examples of determining the 1/N. order of a given
Feynman diagram. Let’s consider the two-loop diagram given in Fig. (2.5). There are
four vertices (1 / \/ﬁc)4, and two internal loops ( each contributing with a factor of
N. ). Therefore the order of the two-loop contribution to the gluon propagator is
(1 / \/ﬁc)4 x N? = 1. Similarly, the three-loop contribution to the gluon propagator
(see Figure (2.6)) is (1/@)6 X N3 =1, since there are six vertices and three inter-
nal loops. Therefore in general, m-loop contribution to the gluon propagator will be
(1 / \/E) N, 7 =1, also independent of N,. In other words, adding an extra gluon
to a given planar diagram while preserving it’s planar nature, would only creates an
additional two interaction vertices with one closed color loop giving a contribution

(1/\/]\70)4 X N? =1 to the overall diagram.
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- (-

Figure 2.5. Two-loop diagram.

Figure 2.6. Three-loop diagram.

However, this is different for non-planar diagrams. For instance, in the diagram
in Fig.(2.7) has six vertices and one closed color loop where the overall order is
(1/@)6 X N. = 1/N2?, which leads to be suppressed at large N, limit. Also, it is
possible to show that the maximum contribution from a non-planar Feynman diagram

would be of order 1/N? so they vanish in the large N, limit [15].

Figure 2.7. A non-planar diagram.

~Om (-

Figure 2.8. An internal-quark-loop diagram.
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One may want to consider a quark loop as in the Fig. (2.8). Since the color indices
for the initial and final state are specified, there will be no combinatoric factor con-
tributions, but each vertex contributes with a factor of 1/4/N, and the overall order
is 1/N,. which also vanishes at large N, limit. If one wants to consider an internal

quark loop as represented in Fig.(2.9) also vanishes at large N, limit since it is of

order (1/\/ﬁc)6 x N2 =1/N..

Figure 2.9. A quark-loop inside a gluon loop.

Let’s summarize the large N, counting rules for Feynman diagrams :
e Planar gluon insertion doesn’t affect the order of the diagram since it is of O (1).

e Non-planar gluon line insertion leads to suppress the diagram by a factor of

1/N2,

e Insertion of an internal quark loop leads to suppress the diagram by a factor of

1/N..

As a conclusion, planar Feynman diagrams which contain the minimum number of
non-planar gluons and internal quark loops will be the most important diagrams in

large N, limit.

Let’s consider matrix elements of quark bilinears. For example, the two-point
function (J(x)J(y)) of a current correlation function J, where J(x) creates a meson

at point  and annihilates the meson at point y. In free field theory, a two-point
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function is represented by closed loop as shown in Fig. (2.10(a)), which is order N, in
color. There are arbitrary planar gluon insertions possible as shown in Fig. (2.10(b)),
which would not affect the N, order. However the diagrams in Fig. (2.11) are also
planar, and are of order 1/N,, which leads to suppression by a factor of 1/N? compare
to the diagrams in Fig. (2.10). Therefore, the leading order dependence of N, of quark
bilinear matrix elements is governed by not only the planarity but also the fact that

quark lines are at the edge.

(a)

Figure 2.10. Two-point correlator (JJ) of O (NV.). (a) Free field correlator. (b) Cor-
rections to free field correlator.

(a)

Figure 2.11. Non-leading corrections to the two-point correlator (J.J). Diagram (b)
is the double line notation of diagram (a).

(b)

2.3 Large N. mesons

The main motivation of discussing mesons is some results in the expansion of
mass operator of baryons depend on the baryon-meson scattering. Large N, meson

states are color singlet bound states consist of quark and an anti-quark. Therefore
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the composite meson operator can be written as, [41].

=D (2.4)

where, the summation over NN, possible colors gives an order y/ N, to the meson state.

D) @

Figure 2.12. Intermediate state contributing to (.J.J).

Let’s consider creation and annihilation of a meson. This process is associated
with matrix elements of operator J(z) which correspond to quark bilinear such as gq
or gy*q. Consider the Fig. (2.12), which illustrates a two-point function of a quark
bilinear. If we cut the diagram in a typical way, then we have an intermediate state
with one quark, one anti-quark and two gluons. So, if one consider the color structure,

then the intermediate state,

q—iA;iAg;qk (2.5)

is a color singlet, which is a one meson in the confining theory. This is true when we
have planar diagrams for the two-point function with only a single quark loop running
at the edge. Because if we look at possible non-planar diagrams like in Fig. (2.11),

then the intermediate state is a product of two color singlet states,

GA P ALAR (2.6)
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These intermediate states can be interpreted as one meson in§qj and one color singlet
gluon bilinear A! A™. As we discussed, non-planar diagrams are suppressed in the
large N, limit.

Therefore, meson states are one-particle intermediate state of a two-point function

of J,

Tk (k) = Y0 S 27)

where, J creates a meson with amplitude (0|J|n) which propagates with a propagator
1/(k* — M?), also we sum over all possible intermediate (color singlet) meson states
to obtain the two-point function. We need to determine the N, order of the matrix
element (0|J|n) which determines the dependence in N, in the right hand side of
Eq. (2.7). The leading order two-point function is order N, and all planar diagrams
with quarks at the edges have the same order. Therefore, the matrix element (0[.J|n)

which corresponds to the meson decay constant is of order /..

far ~ (01Jn) ~ 0 (V) (2.8)

Now, consider a typical three point function as in Figure 2.13. E. Witten [15] illus-
trated systematically how to obtain the order of the three meson vertex. But if we
use the fact that each meson creation/annihilation is order y/N,, then we can simply

obtain the three meson vertex is of order 1/4/N,, because the diagram is of order N..

V.
N,
1V v

Figure 2.13. The dominant three meson diagram. The diagram on right hand side is
in double line notation of the diagram on left hand side.

Therefore, for an n-point function the n-meson vertex is,
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(VN x (Ni) N, (29)

of order 1/N"~2. Let’s summarize the properties of large N, mesons.
e The meson decay constant fj; (eg: pion decay constant f,) is of O (\/ﬁc)
e The meson mass is of O (N?).
e The amplitude of meson decay in to two mesons is of O (1 / \/E)

e The n-meson coupling is of O (1/N772).

2.4 Large N. baryons

In large N, picture, baryons are colorless bound states which consist of N, valence
quarks, anti-symmetric in color indices. In order to form the color singlet state, these

color indices of the N, quarks are contracted with the SU(N.) invariant e-symbol.
eiligig...iNcqilqmqig"'qiNc (2.10)

The number of colors N, must be odd, because the baryon state has to be a fermionic
bound state. At leading order, a large-N. baryon can be represented using N, valence
quark lines. There are arbitrary number of planar and non-planar gluon exchanges
between quark lines at higher orders in 1/N,.. For example, the interaction between
two quarks by exchanging one gluon is of order 1/N, because each quark gluon vertex
is of order 1/4/N,. But the interaction of a quark with all the rest N, — 1 quarks adds

coherently to give an interaction energy per quark which is order N?.
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The baryon mass is of order N.. Because the number of quarks in a large N, baryon

grows with V., baryons become infinitely heavy in the large N, limit (N, — o00).
MBaryon =0 (Nc) (211)

The size and the shape of a baryon is independent of N.. Because of the confinement
property of quarks, the size of a baryon is fixed by the scale of Aélc p ~ 1 fm. Thus,
the quark density of a baryon increases with V.. E. Witten [15] realized the applica-
bility of the Hartree approximation since the average potential for each quark will be

the same, in the large N, limit of a baryon.

According to Witten’s large N, power counting, the key properties of large N,

baryons can be summarized as follows.
e Baryon mass is of O (V,)

e Baryon size is of O (N?)

2.5 Meson-baryon coupling

Studying the meson-baryon couplings is very important to explain the interac-
tions at low energy QCD. Gervais with Sakita [11], and Dashen with Manohar [12]
performed a pioneering study on meson-baryon couplings, and they independently
discovered the spin-flavor symmetry of meson-baryon couplings at the large N, limit.

A detailed discussion on this spin-flavor symmetry of baryons is given in Chapter 4.
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Figure 2.14. (a) meson coupling to same quark line. (b) meson coupling to two dif-
ferent quark lines.

Using the knowledge of determining the N, order of planar diagrams, one can
think about the N. order of meson-baryon couplings. Let’s consider the two dia-
grams given in Fig. (2.14). In diagram Fig. (2.14(a)), a meson is coupled to a single
quark line of the baryon, with NN, possibilities. Therefore, the meson wave function’s
normalization factor 1/4/N, combines with the factor of N, corresponds to the num-
ber of quark lines will combine together determine that the order of a meson-baryon
coupling is O (\/ﬁc) Now, consider the case where meson is coupled to two different
quarks with an exchange of a gluon between those quark lines (see Fig. (2.14(b))).
Each quark-gluon vertex is O (1 / \/WC), each meson wave function has a factor of
1/v/N. and there are N? possibilities of selecting two quarks. Therefore, generally
the order of the meson-baryon coupling is O (\/WC)
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Figure 2.15. Baryon meson scattering of O (N?).
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Let’s consider the scattering process of baryon + meson — baryon + meson shown
in Figure (2.15). There are four quark-gluon vertices giving a factor of (1/ \/ﬁc)4.
Then the sum over the color indices ¢, ¢, ¢’ give a factor of (N.)3. Also, a factor of
(1 / \/Wc)2 comes from two meson wave functions. Therefore, the order of the diagram

is,

() () -
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CHAPTER 3
THE BARYON WAVE FUNCTION IN LARGE N¢

3.1 Introduction

In the simple quark-shell model picture, the general form of a baryon wave function

can be written as,

\II = wspatialwspinwﬁavorwcolor- (31)

As the baryons are fermions, the total wave function of a baryon has to be antisym-
metric under the permutation of quarks. Since nature requires that the 1., has to
be SU(N,) singlet (or colorless) because of the color confinement, then the color part
leaves the remaining part of the wave function to be always symmetric. In this work,
only the ordinary baryons with quantum numbers provided by Nc valence quarks of

u, d, s flavors are considered.

The objective of this chapter is to give an idea about the combined role of the
group theoretical contribution and the Hartree approximation of the complete baryon
state. Since the real physical QCD is the theory when N, = 3, the second section of
this chapter will focus on the structure of baryon states with three quarks. In the third
section, the idea will be generalized into the case of N, number of quarks. Also, the
third section is more focused on the tgpatial part considering the Hartree approximation
for non-relativistic and relativistic limits. Then the fourth and fifth sections illustrate

about the ground state baryons and excited state baryons respectively.
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3.2 Baryon wave function for three quarks

Since, the baryon wave function can be decomposed as in Eq. (3.1), let’s consider

the spin-flavor part and the spatial part separately.

3.2.1 The spin-flavor part (¢spinifavor) of three quarks

Each quark can be labeled using two possible spins (1 and | ) and six possible
flavors (u,d, s, c,t,b). Since this study is more focused on the standard hadrons
(baryons and mesons consisting of light quarks), let’s take only u,d, s quarks in to
the discussion. Therefore, each quark in a baryon has six degree of freedoms which
can be denoted as, u T,u |,d 1,d |,s 1,s |. This corresponds to SU(6) spin-flavor
symmetry group. Therefore the direct product for three quarks, according to the

Young tableaux can be represented as follows,

6 6 6 o6 70 70 20

el =T Tle[ ] ]® I@E

(3.2)

where the dimensions 56,70, 20 of the irreducible representations (irreps.) are in-
dicated with each diagram. 56 is symmetric, 70’s are mixed-symmetric and mixed-
antisymmetric respectively, and 20 is antisymmetric under permutations of quarks
[20]. Therefore the light baryons belong to these multiplets in the SU(6) spin-flavor

representation.

If we considered only the spin degree of freedom of quarks, then the baryons

(three-quark spin states) can be represented in irreps. of the SU(2) subgroup:

Ro=- ©= D= (3.3)
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where S, MS, M A labels correspond to symmetric, mixed-symmetric and mixed-anti-
symmetric representations respectively. Also it can be represented In (25+1) notation

combined with the Young tableaux:

2 2 2 4 2 2
Clee=CT T e[ T e[ ]

- = (3.4)

where, 4 represents the total spin 3/2 and 2’s represent the total spin 1/2 multiplets.
Considering only the flavor degree of freedom, it is the SU(3) representation.

3 3 3 10 8 8 1

Lelde=[T T ]e[ ] ]o I@E

(3.5)

Therefore one can decompose the SU(6) multiplets into the SU(3)gavor X SU(2)spin
representations by following the rules for combining the states of different permutation

symmetries [42] to visualize the spin and flavor contributions separately.

56 = 1004 & 8®2
70 = 1002 & 804 & 802 & 12
20 = 8®2 @& 14 (3.6)

Also we can write down the SU(2) spin wave functions and the SU(3) flavor wave

functions [42] for baryons as given in Tables (3.1), (3.2) and (3.3).



Table 3.1. Symmetric flavor states of three quarks : baryon decuplet.

Baryon ¢°

AT uuu
At 75 (wud + udu + duu)
AV - (udd + dud + ddu)

A~ ddd
»t 75 (uus + usu + suu)

30 % (uds + dus + usd + sud + sdu + dsu)

)V % (sdd + dsd + dds)
=0 \/Lg (uss + sus + ssu)
= % (dss + sds + ssd)
Q- 555

Table 3.2. Mixed-symmetric flavor states of three quarks : baryon octet.

Baryon M-S HMA
P 7 (udu + duu — 2uud) if (udu — duw)
N % (udd + dud — 2ddu) 7 (udd — dud)
»t % (usu + suu — 2uus) —% (usu — suu)
30 % (2uds + 2dus — sdu — sud — usd — dsu) —% (usd + dsu — sdu — sud)
X % (dsd + sdd — 2dds) -L 5 (dsd — sdd)
A° 3 (sud — sdu + usd — dsu) f (2uds — 2dus + sdu — sud + usd — dsu)
=0 —% (uss + sus — 2ssu) _ﬁ (uss — sus)
=" 7 (dss + sds — 2ssd) —% (dss — sds)

Table 3.3. Antisymmetric flavor state of three quarks : baryon singlet.

Baryon ¢t

A % (sdu — sud + usd — dsu + dus — uds)
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For example, consider the AT (uud) with spin S, = 3| t{). The totally symmetric

SU(6) wave-function can be written as [42] :

1 ututd) +utdtul +dtutul
z| tutuldt +utdiu? +dTU¢UT>, (3.7)
+ulutdt +uldfut +dlutut
where the SU(2) ® SU(3) decomposition is:
gl + v+ o) | 4+ 1 L) (3.8)

3.2.2 The spatial wave function of three quarks

According to QCD, a baryon is a color singlet object with three quarks and gluons.
The exact picture of the interaction among these quarks and gluons is complicated
and still an open question. In the chiral limit, quarks are massless. Because of the
effect of spontaneous symmetry breaking of the QCD vacuum, quarks are dressed
themselves by the quark-antiquark pairs (sea quarks) and gluons. Therefore, quarks
acquire an effective mass of order Agcp through these non-perturbative mechanisms.
These effective quarks are the elementary excitations of the QCD vacuum, and they
are identified as “constituent quarks” with the quantum numbers of an elementary

quark.

The Hamiltonian of constituent quarks according to the simple quark-shell model
can be written as,

Nc
H=> T,+V;, (3.9)
i=1
which assumes the non-relativistic approximation. 7; is the kinetic energy and V; is

the potential energy due to the average confinement potential of the i** quark in the
baryon. This Hamiltonian will affect only the tpatia1 part of the total wave function,
while the Yspin ® Vaavor part generates the spin-flavor baryon multiplets corresponding

to the SU(2N) ® O(3) group theoretical representation. Also note that the number
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of quarks in the baryon is governed by the .o part.

The spatial wave-function has two components namely, the radial and orbital
components. Also, the spatial part of the baryon can be obtained using the varia-
tional principle with the Hartree-Fock approximation (Approximating ansatz to the
Schrodinger equation of the baryon using symmetric quark wave functions, then the
quark wave functions can be obtained by the variational principle). This approxima-
tion is exact in large N, limit. Therefore, let’s consider the non-relativistic picture of

a baryon.

Simply, one can consider solving the Schrodinger equation for a single quark by

assuming a central three dimensional harmonic oscillator potential for the purpose of

illustration,
PPl
— 4+ = = . 1
(zm—i—QmwT)zb (0 (3.10)
The energy eigevalues are
3
E:(2k+l+§>hw, (3.11)

where, [ is the orbital angular momentum quantum number and k = {0,1,2,...}
is associated with the number of nodes in the radial wave-function. Therefore the

general form of the spatial wave-function can be written as [43]

Uim = N (ar) L2 (021%) exp=@ /2 Y™ (6, ¢) (3.12)

where a? = mw, n = 2k + [, L is a Laguerre polynomial and the normalization

constant A is given by,

A — 203 k!
ARG

(3.13)
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Now, the shell-model Hamiltonian for three quarks at positions r;(j = {1,2,3})
interacting through the harmonic oscillator potential is,

H= Z — —I— mw 7‘]2 (3.14)
so that the baryon spatial wave-function is obtained as a product of three independent
quark wave-functions. The color component of the total wave function is integrated
out, so that the spatial and the spin-flavor components have to have the same sym-

metry property in order for the spatial-spin-flavor part to be in a totally symmetric

state. If the Jacobi coordinates R, A, p are introduced to neglect the center of mass

motion,
R = “—(ri4rtr)
= T T r3),
\/§1 2 3
1
A= —(r1+ry—2r3), 3.15
\/6<1 2 3) ( )
1
= —(r1—19),
P \/5(1 2)

then the Hamiltonian can be re-written in the form [43],

3 2 P2 1 2 2 1 2 2 2
H=6—m+2mw R+ %(m%’p,})-ﬁ-émw (/\ ‘|‘P) (316)

where, P, py,p, are canonically conjugate momenta to R, A, p respectively. The eigen-

function to this Hamiltonian may be written in the form,

U= x(R)p(M\)¢(p) (3.17)

where y, @ and ¢ are one-body harmonic oscillator wave-functions. The first part
X(R) describes the center-of-mass motion and it is constrained to be held in the
ground state, whereas the excitations of the center-of-mass are referred to as being

“spurious”. Since we require the overall wave function (except the color part) to be
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symmetric, a spatial wave-function of symmetric, mixed symmetric or anti-symmetric

type must combine with the 56, 70 and 20 spin-flavor SU(6) multiplets, respectively.

Also, the parity of the wave function is,
P=(-1", 0=>"1 (3.18)

where [; is the angular momentum of i** quark. Therefore one can label the baryon
multiplets [X, "] which are corresponding to SU(6) ® O)(3) irreducible representa-

tion, where X is the dimension of SU(6).

The lowest level is n = 0 and it is the ground state, where all three quarks are
in s-wave (0s)3 state. Since the orbital part is completely symmetric (I” = 0F), this
is identified as [56,07]. This 56 multiplet in the SU(6) representation can be de-
composed into an octet and a decuplet as discussed in the previous section. The first
excited level is when n = 1, where one of the quarks is excited to its p-wave and the
other two quarks remain in the s—wave, In this (0s)?(0p) configuration with [ =1,
it is possible to form both symmetric and mixed symmetric spatial wave-functions.
However, the symmetric wave function is a spurious state (because it corresponds
to the configuration in which the quarks are in the ground state but the center-of-
mass motion is in the (Op) state [43]) since it is proportional to the center-of-mass
coordinate R. On the other hand the mixed symmetric spatial wave function is non-
spurious. Therefore, the first excited state n = 1 belongs to the [70,17] multiplet.
The n = 2 level is more complicated and it has three possible spatial wave func-
tions which are degenerate in energy, namely (0s)?(1s), (0s)?*(0d) and (0s)(0p)?. The
possible spurious states (the center-of-mass motion) can be eliminated by taking ap-

propriate linear combinations of shell-model wave functions and they are given in the
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Appendix B of Faiman et al [43].

As a result, the baryon multiplets which are corresponding to a symmetric repre-
sentation of SU(6) ® O(3) can be constructed using their SU(3)-flavor, SU(2)-spin

and O(3)-orbital components as just illustrated.

3.3 Generalization to large N, with the Hartree picture

The generalization of the baryon wave-function from three quarks to N. quarks
was originally done by E. Witten et al. [15]. As described in the previous chapter,
large N, picture of a baryon is a color singlet state consist of N. quarks. Therefore

the baryon number for large N. baryons becomes,

N
B=-¢
3

(3.19)
where for the physical case N, — 3 and the baryon number of a quark becomes 1/3.
Witten realized that the divergent behavior of perturbation theory does not mean
that a large N, limit for baryons does not exist, but only that the baryon mass is of
O (N,). Because one can write down an expression for the baryon mass,

1 1
Mp = N.M + N, T + ENE (Fv) (3.20)

where M is the quark mass, T is the kinetic energy of a quark and the last term
corresponds to the overall average potential term since the interaction between one

quark pair is of O (1/N,) and there are N?/2 quark pairs in the baryon.

Determining the large N, limit for baryons is more subtle because of the combi-

natoric factors of N, contributions from the planar diagrams leads the lowest order
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diagram to diverge at large N.. It is easy to see the divergent behavior of pertur-
bation theory associated with the propagation of a N.quark state in a given time

t. Because the amplitude exp*Netf(9,M)

can be expanded in powers of the strong
coupling g, each successive term in the expansion will be more divergent in N, [15],
where f(g, M) is some function of the strong coupling and quark masses. In order
to overcome this issue Witten considered the Hamiltonian and path integral meth-
ods in the limit of heavy quarks. Because if the quarks are very heavy, then the
non-relativistic Schrodinger equation with a Coulomb type potential can be used to
describe the N.-quark state regardless of the size of the N.. Thus, the Hamiltonian
can be written as,

Vi o4 1
2M Nc — T, — ZL‘]‘
1<)

H=NM+> - (3.21)
where, the minus sign in the last term explains the attractiveness of the interaction.
Although this Hamiltonian is not entirely realistic, one can extract some qualitative
results that are valid for the case when quarks are not so heavy. An important remark
is that the last term in Eq. (3.21) should not be considered as of O (1/N,) since there

is a combinatoric factor %N 2 when the sum over quark pairs is performed.

Witten et al. [15] described the large N, limit using the Hartree approximation.
The logic behind this approximation as follows : although the large N, interaction
between any pair of quarks is of O (N,), the total potential experienced by one quark
is of O (1). Therefore, each quark in the large N, baryon interacts with the average
potential produced by the other N.—1 quarks with strength of O (1/N,). The Hartree

approximation becomes exact in the large N, limit.
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Let’s consider the ground state. The wave-functions are totally symmetric under
the simultaneous interchange of coordinate and spin-flavor indices due to color anti-
symmetrization. Since the Hartree potential is spin-flavor independent, the large N,

ground state baryon wave-function can be written as [44],

N¢
Cb(xlvgl; ey chach> = Xs (gla "'7€Nc) H ¢($1) (322)
=1

where ¢(x;) is | = 0 quark wave-function with its position x; of the i'* quark, and
Xs (&1, ..., €En,) 18 a symmetric tensor of rank N, in the spin-flavor space corresponding
to the quantum numbers &. The most straight-forward method to determine ¢ is
the variational principle associated with the time-independent Schrodinger equation.
Also, the variational functional for N.-quark system (®|H — E|®) can be considered
as (P|H — N.E|P), since the total energy F is equivalent to N.E, where € is the energy

per quark. Therefore substituting the ansatz (Eq. (3.22)) in (P|H — N.E|P) gives,

ol - Nef) = N v+ [@oTET 2/ e S )

—& / d3x¢*¢(y)} : (3.23)

Therefore the variational equation (or Hartree equation) for this case is,

P o (y)
|z =y

2
- orptle) = g*ota) [ @MY — eo (3.24)
and the ground state baryon corresponds to the lowest value of £. Then the ansatz in

Eq. (3.22) has to be generalized for the case of the time-dependent Hartree approxi-

mation

Ne
O (21,815 2N, €N t) = xs (&1, s En,) H (x4, 1) (3.25)
i=1

which is associated with the variational principle from the time-dependent Schrédinger

equation. If the ansatz in Eq. (3.25) are exact in the large N, limit, then instead of
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/dt <<1> ‘H— i%‘ c1>> (3.26)

with respect to ®, one can vary only with respect to ¢. Therefore, one can obtain

varying the quantity

the time-dependent Hartree equation:

v2 2 ¢*¢(yvt) o a
— mqﬁ(m,t) —g gb(x,t)/dgyw = ZE (x) . (3.27)

This equation has many solutions including the simple form :

¢a,t) = do(x) exp™™!

when the baryon at rest, and the Galilean-boosted form :
P(z,t) = go(x — vt) exptMv-) exp(fiftféin%)

when the baryon is moving with uniform velocity v. Therefore, one can obtain solu-
tions for the time-dependent Hartree equation by integrating it using some arbitrary
initial data for ¢(z,0). However, the Hartree approximation is exact in the large N,
limit. And the corrections to the true Hamiltonian are suppressed by the sub-leading

orders of 1/N.,.

The large N, picture of the excited baryon consist of n quarks (of O (N?)) in the
excited state, while the rest of N. —n quarks (of O (IV,)) remain in the ground state
(“core”) [21,23,25], where n < N,.. This is called the “decoupling picture”. These
core quarks can be described by the same wave functions which are totally symmet-
ric in both spatial and spin-flavor, corresponding to the baryon ground state. The
states with only a single quark in the excited state (when n = 1) belong to spin-flavor

either symmetric or mixed-symmetric states. The totally symmetric representation
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is given by a row of N, boxes, while the mixed-symmetric representation is given by
N.—1 boxes in the first row and one separate box in the second row (representing the
excited quark) in Young tableaux. Note that, both symmetric and mixed-symmetric
representations contain N, boxes in total. These excited states correspond to totally

symmetric states can be represented as [44],

Ds(an, €17 i, ) = FXS<51,...,£NC>ZC<ﬂ¢<mi>> ble;)  (3.28)

J 1#]
and the wave function for the mixed-symmetric state can be represented as,

CDM(mlafﬁ ---;chach) = \/72 [(H ¢ Tk ) w(mﬂXM (517- -’§N6>

i#j k#i,j
—i < ], (3.29)

where, s is the irreducible rank N, mixed symmetry tensor, and ¥ (x) represents

the wave-function of the excited quark.

The generalization to arbitrary N, of a symmetric state is trivial and unique as
shown in Fig. (3.1). But the generalization of the mixed-symmetric state is not trivial
and unique. This subtlety was solved by Matagne & Stancu [45] by considering the

Jacoby coordinates for a system of IV, particles.

1
2t (3.30)

g

t=1

-3_; sl_t_sxsl

t=1
The center of mass coordinate given in Equation (3.30) is the basis vector for the
symmetric representation [Nc|, and the internal coordinates given in Equation (3.31)
form an invariant subspace for the mixed-symmetric representation [N, —1,1]. A

detailed study by Matagne & Stancu [45] suggested that the only possible solution
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for the excited states is the irreducible representation [N, — 1,1] of the permutation
group Sy,. Note that this solution is reduced to the mixed-symmetric irreducible

representation [21] when N. = 3 (see the Young diagram generalization).

So, we can generalize the ©)s,q1ia part of the baryon wave-function by large N,
Hartree approximation. On the other hand the spin-flavor structure of large N,
baryons (with Ny quark flavors) exhibits the SU(2)spin @ SU(Nf)favor symmetry and
a detailed discussion is given in the next chapter. The only requirement is ¥gpatiar ®
Yspin @V flavor has to be symmetric under the interchange of the corresponding indices

between any two quarks.

3.4 Ground state baryons in large N,

Let’s consider the ground-state baryons. All the N, quarks are populated in the
ground state (s-wave). One can represent the ground state of the large N, baryon
using a Young diagram with N, boxes, as shown in Figure (3.1). The baryon spin
can vary from S = 1/2 to S = N,./2, where N, is an odd number. Since each quark
contains two possible spin projections and Ny possible quark flavors, then the large
N, spin-flavor structure of ground state baryons correspond to the totally symmetric

representation of the SU(2Ny) group.

Ne
——

T 3-0)

Figure 3.1. Young diagram for the symmetric representation of large V. baryon.

In the case of two quark flavors (N; = 2), the spin-flavor wave function trans-

forms like totally symmetric SU(4) representation which can be decomposed into
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SU(2)spin @ SU(2)fiavor- The baryon tower contains states with

3 N,
—I=2,2,.=" 32
S 5 (3.32)

Y

DO | —

In the case of three quark flavors (Ny = 3), the spin-flavor wave function trans-
forms like totally symmetric representation of SU(6) which can be decomposed into
SU(2)spin @ SU(3)fiavor- This can be written in terms of Young diagrams as given in
Equation (3.33) [46] where each Young tableaux consist of N. number of boxes in

total.

S (Djj...D,J = %)

(3.33)

Notice that, when Ny > 3, the dimension of the flavor representation of the baryon
spin-flavor tower grows with V.. This can be understood by studying the flavor weight
diagrams for each spin ranging from 1/2 to N./2. The flavor weight diagrams for spin

1/2 and spin 3/2 cases are shown in Figures (3.2) and (3.3).

1 1
1 2 1
1 2 2 1
1 2 2 2 1
1 2 2 2 2 1
1 2 2 2 2 2 1
1 2 2 2 2 2 2 1
1 2 2 2 2 2 2 2 1
1 2 2 2 2 2 2 2 2 1
1 1 1 1 1 1 1 1 1

Figure 3.2. Weight diagram for the SU(3) flavor representation of the spin 1/2
baryons. The long side of the weight diagram contains (N, + 1) weights.
The numbers denote the multiplicity of the weights [47].
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1 1 1 1
1 2 2 2 1
1 2 3 3 2 1
1 2 3 4 3 2 1
1 2 3 4 4 3 2 1
1 2 3 4 4 4 3 2 1
1 2 3 4 4 4 4 3 2 1
1 2 3 3 3 3 3 2 1
1 2 2 2 2 2 2 1
1 1 1 1 1 1 1

Figure 3.3. Weight diagram for the SU(3) flavor representation of the spin 3/2
baryons. The long side of the weight diagram contains %(NC — 1) weights.
The numbers denote the multiplicity of the weights [47].

These flavor representations reduce to the baryon octet and decuplet when N, = 3.
For arbitrary N, the familiar spin 1/2 octet and spin 3/2 decuplet can be identified
with the states at the top of each flavor representation, if the number of strange
quarks Ny is of O (1) (not O (N,)). Also, the hypercharge Y of baryon states at the

top of the flavor weight diagram is given by,
N,
Y:B—I—S:?+S (3.34)

where, B is the baryon number and § is the strangeness (S = —Nj) of O (1).

3.5 Excited state baryons in large N,

The large N, picture of excited baryons is based on a picture similar to the quark-
shell model, where the baryon is split into a symmetric core and an excited quark. If
the spin-flavor dependence of the interactions are neglected, then the excited baryon
spectrum contains degenerate spin-flavor towers. But, these orbital excitations of
the single quark break the spin-flavor SU(2Ny) symmetry in the large N, limit, to
the leading order in the 1/N,. expansion and first order in perturbation theory (in

a) [44]. Therefore, the excited baryons can be classified in multiplets of the group
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SU(2Ny¢) x O(3), because the zeroth order breaking in the 1/N. expansion turns out
to be small in the large N, limit. For the case of Ny = 3, the excited baryons belong

to the SU(6) x O(3) representation.

The spectrum of the p-wave baryons (I = 1) can be obtained in a similar way using
the symmetry properties. In the real world with N, = 3 the spin-flavor wave function
of the [ = 1 light baryons (N; = 3) transforms according to the mixed symmetry

representation 70 of SU(6). Its decomposition into spin-flavor multiplets is,

B 10,5 5 e85 5 @ (8,5 5 é(1,5 5 )

(3.35)

The generalization to arbitrary N, for the case of SU(6) with three flavors can be
obtained by adding additional boxes to the first line of the Young diagram, as a

product of SU(6) representations.

N.—1 N, D —

—— —_—
T-Oe0 = 0o U

(3.36)

The decomposition of the symmetric representation on the left-hand side is already
known from Figure (3.1). Subtracting from the product on the left-hand side the

representations of SU(3) ® SU(2) corresponding to the symmetric representation can

be obtained [46].
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Nc—1
/_/h
g . s-1 [T :1§§
I U , S 5 @ (1 — S 222
535 g_L3
EB( ....... L ’S 2’2 @ ....... L , 22 EB
N, /o Nc.—1
— N. —_— N, N
o |\LIIJ.[hs=F-1]@ | |---D75:7_ ,2)
(3.3

The multiplets are labeled as [X, 7], where X represents the dimension of the
irreducible representation of the spin-flavor group SU(2N;), and ¢© indicates the
orbital angular momentum ¢ of the multiplet with its parity P. For Ny = 3 with
¢ = {0,1,2} cases, the excited baryon states correspond to [56,07], [70,17] and
[56, 2] multiplets in the SU(6) x O(3) representation. Although the [56,0%] multiplet
is identified as the ground state, but it is also identified as a multiplet which contains
the radial excitations of the ground state s-wave baryons (Roper multiplet). Therefore
the spin-flavor wave function transforms as a totally symmetric representation of
SU(6), which can be decomposed into SU(2)spin @ SU(3)fiavor- The large-N. Young
tableaux representation is the same for the [56,0%] Roper multiplet baryons as in

56-plet ground state baryons.
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CHAPTER 4
SPIN-FLAVOR SYMMETRY IN LARGE N¢c BARYONS

4.1 Introduction

An important advance in large N, was made with the discovery of the existence of
a spin-flavor symmetry for large N, baryons by Gervais and Sakita [11,13] and later
by Dashen and Manohar [12,14], from the study of pion-nucleon scattering process in
the limit NV, — oo. That means, baryons satisfy a contracted SU(2Ny). spin-flavor
algebra where Ny is the number of flavors. The contracted spin-flavor symmetry of
baryons implies that, the ground-state baryons form an infinite tower of degenerate
states when N. — oco. This contracted spin-flavor symmetry emerges from consis-
tency conditions on baryon-meson scattering amplitudes in order for the theory to
be unitary at N. — oo limit. One can use the SU(2N;) algebra, because the alge-
bra used in the quark-shell model is SU(2Ny) is equivalent to SU(2Ny). in the limit
N. — oo [48]. The spin-flavor symmetry of large NV, baryons is broken at O (1/N,),
thus the degenerate baryon states split at O (1/N,). At finite N,, the spin-flavor
structure of baryons is given by the 1/N, corrections to the large N, limit. Since
the consistency conditions constrain the form of sub-leading 1/N, corrections, one
can make definite predictions at sub-leading orders by calculating matrix elements of

operator products of the baryon spin-flavor generators.

There are two natural ways to study the spin-flavor algebra of baryons for large
N, [49]. Both approaches are associated with constructing solutions to the large NN,
consistency condition. First approach uses the irreducible representations of the con-
tracted group SU.(2Ny) at the limit N, — oo [50], while the second approach uses

the quark operators [12,49,50]. The first approach is closely related to the Skyrme
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model [51], and the second approach is closely related to the non-relativistic quark
model. The spin-flavor structure of the baryon states from the non-relativistic quark
model and the Skyrme model are identical in the N, — oo [52] limit. The second ap-
proach gives an intuitive picture of baryons as quark bound states without assuming
either the non-relativistic quark model is valid or the quarks in the baryons are non-

relativistic. Thus, the 1/, counting is simply related to quark Feynman diagrams.

This chapter is organized as follows : In the next section, large V.. consistency con-
ditions are discussed. The third section is about the contracted SU(2Ny), spin-flavor
algebra. In the fourth section, the large N, baryon representations are introduced.
Finally in the fifth section, the 1/N, corrections to the large N. consistency condition

are discussed with applications.

4.2 Large N. consistency condition

m(k,a) (k' b) 7(k,a) m(k,b)
\ / ~ -
~ -
X A N
NV RGN
(a) (b)

Figure 4.1. Dominant diagrams for pion-nucleon scattering amplitude.

Witten [15] showed that the baryon-meson scattering amplitudes at fixed energy
is of O (1) by applying the large N, power counting rules. This was explicitly dis-
cussed in chapter 2, by considering the two cases; incident and emitting pions are
coupled to the same quark, and incident and emitting pions are coupled to different
quarks with a gluon exchange between those two quarks (see Fig. (2.15)). Consider

the dominant diagrams for the pion-nucleon scattering, as shown in Figure (4.1). At
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low energy, baryon acts as a heavy static source for the scattering of mesons since
the baryon mass is O (N,.). The large N, counting rules show that the axial vector
coupling g4 of a baryon is O (IV,), and the pion decay constant F is of O (\/ﬁc)
Thus, the baryon-meson vertex gaq/F, grows as O (\/E), where q is the meson
momentum. Therefore, the total scattering amplitude grows as O (NN.) and violates
unitarity unless there are cancellations among the O (N,) baryon-meson scattering

diagrams.

Let’s consider the baryon-meson scattering amplitude at low energy. In the large
N, limit, the baryon-meson coupling can be studied in the rest frame of the baryon
because of its static behavior compared to the meson. Since mesons are identified
as the pseudo-scalar Goldstone bosons of Chiral symmetry breaking, they are deriva-
tively coupled to the axial vector current of the baryons. In general, the baryon-meson
coupling is written as the baryon axial vector current matrix element times the deriva-

tively coupled meson field,

o, _ u
};—(B’qu“%T q|B). (4.1)

where, a represents the flavor index of the meson and p is the space-time in-
dex. Because, the baryon is infinitely heavy compared to the meson in the large N,
limit, the time component of the axial current between two baryons vanishes at rest.
Thus, the baryon-meson coupling reduces to static-baryon coupling. The axial vector

current matrix element simplifies to its space components
(B'|gy" 5T B) = (B'|qv'75T°|B) = gaN(B'|X"|B) (4.2)

where the axial coupling constant g4 and the matrix element (B’|X"|B) are O (N?).
Therefore, the total amplitude for baryon-meson scattering process B(p)+7*(E, k) —
B'(p') + m°(E, k') at fixed meson energy F is given by [50],

,NCQQA kik,j
—1

A=
F2 E

(B'|[X7", X™]|B) (4.3)
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by considering the dominant baryon-meson scattering diagrams, shown in Fig. (4.1).
The matrix element of the commutator [X7°, X] appears in the above expression
from the relative minus sign between those two diagrams in Fig. (4.1), because the
intermediate baryon propagator in Fig. (4.1 (a)) is off-shell by energy FE, whereas
the intermediate baryon propagator in Fig. (4.1 (b)) is off-shell by energy —FE. The
product of the spin-flavor generators (X’s) sums over all possible baryon intermediate
states. Since Fy is O (\/WC) and the total scattering amplitude is O (1), the matrix

element (B'|[X7 X]|B) has to satisfy the condition:
(X7 X < O(1/N,) . (4.4)

The spin-flavor generators X of these baryon intermediate states can be expanded

in powers of 1/N..

iaQ i 1 ia 1 i
Therefore in-order to satisfy unitarity, the baryon-meson couplings are constrained

by the condition:
[Xéaa Xéb] =0, (46)

[11-14], which is identified as the large N, consistency condition at the leading order
in the 1/N, expansion. Thus in the large N, limit, only the intermediate baryon
states which are degenerate with initial and final baryons contribute to the scattering

amplitude at leading order in 1/N..

4.3 Contracted spin-flavor algebra

According to the leading order at large N, the consistency condition in Eq. (4.6),
the generators X of the baryon axial current matrix elements commute in the large
N, limit. Collectively, this consistency relation between the amplitudes X% with
the algebra for spin operators S* and flavor operators T lead to the contracted spin

flavor algebra for large N, baryons. Therefore in the N, — oo limit S¢, 7% and
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X' generators form the contracted spin-flavor symmetry group SU(2N;), with N
flavors [49,50,53].

[517 Ta] =0 [Ta’ Tb] — Z'fabcTc
(57, 57] = i€tk S* (T, X = i f*r X (4.7)
8%, X3) = e X Xpe {7 =0

It’s useful to compare the contracted spin-flavor SU(2Ny).. algebra with the ordinary

spin-flavor SU(2Ny) algebra, with Ny light quark flavors.

5,7 =0 (7, 1) = i T
5", 57] = iest o LG =G D)
[Sl, GN] — ik ha [GW,G]I)] — id”fabcTC + ﬁaa%wksk + %gwkdachkc

The link between the contracted and ordinary spin-flavor algebra for large N, baryons

is given by rescaling the G* and taking the limit,

ia

(4.9)

which is considered as a Lie algebra contraction [48]. This contraction only affects
the commutator |G, G’*]. Nevertheless, dividing [G*, G?°] by N? and taking the
N, — oo limit reproduce the large N, consistency condition. Therefore, one can work
with the ordinary SU(2Ny) algebra rather than the contracted spin-flavor algebra in

the limit of large and finite ..

4.4 Large N. baryon multiplets

The irreducible representations of the contracted spin-flavor SU(2Ny). algebra
contains the baryon representations of large N, QCD. These irreducible representa-
tions were classified by Dashen et al. [49] using the theory of induced representations.
Because, induced group representations provide a complete classification of all ir-
reducible representations of a semi-direct product of a compact Lie group and an

Abelian group, and those irreducible representations are induced by the irreducible
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representations of the Abelian group. The contracted spin-flavor SU(2Ny) algebra
in the large N, limit is a semi-direct product of an SU(2)sm @ SU(Ny) Lie algebra
generated by S and 7%, and an Abelian algebra generated by X% from the large N,
consistency condition in Eq. (4.6). The eigenvalues of the generators X* can be used
to label the states. Since the Abelian property, all states are obtained by applying
spin and SU(2Ny) transformations to the highest-weight state (reference state) of the

corresponding irreducible representation.
The standard reference state for irreducible representations of large N, baryons
is,

Xl =§" = (4.10)

o O =
o = O
_ o O

where, 1 = 1,2,3 and a = 1, 2, 3 represent the rows and columns of the 3 x 3 matrix
[53]. This reference state is invariant under transformations of a SU(2) little group
generated by the grand spin (l? ),

— —

K=S+T (4.11)

which specify the representation of the SU(2) little group to label the states. There-
fore, the irreducible representation can be completely specified by the states | X%, K, k),
using the Abelian coordinate X* and representations | K, k) of the SU(2) little group.
The basis states | X, K, k) diagonalize the baryon axial vector currents but are not
eigenstates of definite spin and iso-spin. Thus, these states need to be projected on
to states that diagonalize spin and iso-spin since baryon states have definite spin and
iso-spin. The new basis states |S,S,, 1, [; K) do not diagonalize axial-vector cur-
rents, and leads to having off-diagonal matrix elements which connect baryons with

different spin and iso-spin.
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For a given value of K, one can consider all possible spin and iso-spin represen-
tations for large N, baryons, as an infinite towers of (S, ) states. The baryon spin
can vary from 1/2 to N./2, where N, is always an odd number. For example when

N. = 3, the possible baryon spins are S = 1/2 and S = 3/2.

The irreducible representation with K = 0 that implies S = [ contains an

infinite tower of state (.5, I).

(%%) | @;) | (gg) (4.12)

The irreducible representation with K = 1/2 corresponds to an infinite tower

of states (S, 1).

39 ()4 (29)-G9 G) cam

The irreducible representation with K = 1 contains an infinite tower of states

(S, 1).

(33)(2) (G3) (2) (33) G2) (3) s

The irreducible representation with K = 3/2 forms an infinite tower of states

(S, 1).
G660 GG E v

For different K values, the spin and iso-spin quantum numbers of the baryon

states can be identified with the physically known baryon octet with spin S = 1/2
and decuplet with spin S = 3/2 in QCD, if the quantum number K is related to the

number of strange quarks N in baryons by, K = N,/2. For example,
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K = 0 tower contains strangeness zero nucleon (1/2,1/2) and delta (3/2,3/2)

states

K = 1/2 tower contains strangeness Ny = —1 baryon states, A(1/2,0), ¥(1/2,1),
and X*(3/2,1)

e K =1 tower contains strangeness Ny = —2 baryon states, =(1/2,1/2),2%(3/2,1/2)

K = 3/2 tower contains strangeness Ny = —3 baryon state, £2(3/2,0).

The other states correspond to baryons that exist for N, — oo but not for N, = 3

[50,53].

This observation of towers of possible (S, I) baryon states reveals the existence
of an infinite number of intermediate baryon states as N, — oo which are degener-
ate with the initial and final baryon state as required by the large N, consistency
condition. These states reflects to the cancellations between the dominant diagrams
for the baryon-meson scattering as a requirement for the scattering amplitude to be

unitary, according to the large N, power counting by Witten.

4.5 1/N,. corrections

1/N. corrections to SU(2Ny) symmetry at finite N, were studied by deriving the
next to leading order large NN, consistency conditions in the 1/N, expansion using the

static baryon matrix elements [12,14,50], such as baryon masses and axial couplings.



49
4.5.1 1/N. corrections to axial currents
7(k,a) (k' b) (k" c)

\ / /
X A A

N

Figure 4.2. B +m — B + m + 7 scattering amplitude.

1/N. corrections to the axial couplings X are determined through obtaining a
consistency condition by considering the scattering process B +m7 — B + 7 + 7, as
showed in Fig. (4.2). According to Witten’s large N, power counting each baryon-pion
vertex is O (\/WC) leads to each individual diagram to be O (Né3 / 2). The scattering

amplitude for this process is proportional to
NZLX X, X)) (4.16)

times kinematic factors of O (1), which violates the unitarity. Since one can expect
that the double commutator is of O (1/N?), thus the total amplitude is at most
O (1 /v NC) [14, 48, 53] with summing over all possible tree level diagrams yields a

constraint

NI (X, X)) < 0 (1/v/N). (4.17)

Using the consistency condition [X%, X7°] = 0 and substituting the expanded form of
the axial coupling X in Eq. (4.5) in to the constraint give the large N, consistency
condition

[0, 1, X)) + [, 1", X = 0 (4.18)

for Xi®. The only solution to this consistency condition is Xi® oc X This was

verified by an explicit calculation of the matrix element of X in Ref. [50]. Thus one
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can re-write X as

C

Xia _ Xia
0 + Nc

X +O(1/N2) + -, (4.19)
where ¢ is an unknown constant. This shows that O (1/N.) corrections are propor-
tional to the lowest order value X/*, and the 1/N, corrections to the axial coupling
starts at O (1/N?). The overall normalization factor (14 ¢/N,) can be absorbed into
ga in Eq. (4.2) by rescaling g4 — ga(1 + ¢/N.), thus there are no parameters for the
axial current at O (1/N,.). X' can be re-written as,

i ia 1

so that all baryon-pion couplings are determined up to O (1/N?2).

This result is valid for any baryon spin tower with fixed K, where the number
of strange quarks in the baryon is given by 2K. Therefore the pion couplings can
be identified as the matrix elements of X/ and the expression for the axial current

matrix elements in the large N, limit is given by,

(S, 85 I I} K|A™|S, S35 I, I3; K) = Neg(K)(—1)* 57 I'=K /(28 + 1) (2 + 1)

« 1 I I 1 I|TI S 115
K Sl S 13 a Ié 53 a Sé
(4.21)

where g(K) is an unknown coupling constant for a given K sector [50,54]. g(K)
can be written as,

2

K
9(K) =go+ g1~ + 9 (4.22)

N FCQ _l’_ [N
where g¢;’s are K-independent coefficients. The first term is O (1) and it is K-
independent, which implies SU(3) flavor-symmetry of pion-baryon couplings at the

leading order. The second term is of O (1/N,) and linear in K, and the coefficient
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g1 is calculable in SU(3) flavor-symmetry limit [50]. The ratios of pion-baryon cou-
plings within a given K baryon tower has corrections of O (1/N?), while the ratios
of pion-baryon couplings between towers with two different K values can have 1/N,
corrections that are linear in K. Higher order corrections to baryon axial vector cur-
rent can be calculated by considering the process B +m — B + nm, where n > 2 [53].
All the above has been discussed only by analyzing tree level diagrams. The dis-
cussion including one-loop corrections is presented in chapter 10 in the case Ny = 3
the chiral corrections to the axial currents reveal that SU(3) breaking effects are not
suppressed by factors of 1/N.. Thus, the assertion above is only true in the strict

SU(3) symmetry case.

4.5.2 1/N, corrections to baryon masses

One can derive the large N, consistency conditions for the baryon masses by
considering the baryon mass splitting on the baryon-pion scattering amplitude [53].
The intermediate propagator for non-degenerate baryons can be written as i/(kv —
ADM), where k is the momentum of pion, v is the baryon velocity and AM is the
baryon mass splitting. This propagator can be expanded in powers of [AM/(kv)] up
to O (1/N.) since the energy of the meson (kv) is O (1) and AM is O (1/N,),

l 1 AM

S — 4.23
kv —AM kv * (kv)? * (4.23)

Inserting this expanded version of the propagator with terms up to O (1/N.) to
the Eq. (4.3) of baryon-pion scattering amplitude, one can see that the first term
of Eq. (4.23) reveal the leading order large NN, consistency condition in Eq. (4.6). The

second term of Eq. (4.23) in the baryon-pion scattering amplitude yields the constraint

[Xia’ [ij’ MBH <O (1/Nc) (424)
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where Mp is the baryon mass which can be expanded as,
MB:NCMO+M1+NLCM2+"‘ . (4.25)
Therefore the constraint in Eq. (4.24) implies that M, and M; terms have to satisfy,
(X [X° Mo)] =0 & (X [X7° M) = 0. (4.26)

The only solutions for these large-N. consistency conditions are My o< M; o O (1)
[53]. Thus, one can see that the baryon tower is degenerate up to O (1/N,) corrections

and the baryon mass can be written in a simple form as,
Mg =Nmo+ O(1/N.)+ -+, (4.27)

in the SU(3) symmetric limit. 1/N. correction to the baryon mass can be obtained by
the process B+ m — B+ m+ 7, shown in Fig. (4.2). Also the constraint in Eq. (4.17)
can be re-written as

X, (X, [, Mg])] < O (1/N2) (4.28)

and it yields a large N, consistency condition for 1/N, correction to the baryon mass
in Eq. (4.25).
[Xéa7 [ng> [chv M2m =0 (4.29)

This consistency condition has solutions M, = S2, I? and X{*Xi [53]. Since S* = I*
and X *X/* = 3, then the only independent solution is My = 52, Thus, the baryon

mass can be can be given by,

=,

52
Mp = moNe + ma<=+ O (1/NZ) +--- (4.30)

c
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including the 1/N. correction. This implies that the leading order correction to the

baryon mass is the hyperfine splitting.

Y *
?

Figure 4.3. Hyperfine mass splitting of large N, baryons.

1/N.

For the baryons with spin O (1), the hyperfine mass splitting is O (1/N,) and the
baryons with spin of O (NN,) have hyperfine mass splitting of O (1). Also, the hy-
perfine splitting is O (V) between a baryon with spin of O (N.) and a baryon with
spin of O (1). Therefore, one can consider in general the baryon mass splitting as
proportional to S2/N,. This is shown explicitly in Fig. (4.3) which shows the baryon
mass spectrum including the hyperfine 52 /N. mass splittings. These corrections are
only small near the bottom of the baryon spectrum. Therefore, the 1/N, expansion

for baryons is well behaved for baryons with spin S held fixed as N, — oc.

Studying the solution to the large N, consistency conditions is essential for under-
standing the structure of large . baryons. One can directly write down the baryon

operator in 1/N, expansion. For example, any static baryon operator for the case of
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two light quark flavors Ny = 2 can be written as,

S 1
NP Xy, —, — 4.31
c <0aNcaNC)7 (3)

where P is a polynomial. The 1/N, expansion can be extended to baryon towers with
different K by including the K /N, operator in the polynomial P, which provides the

extension to study the SU(3) flavor symmetry breaking.
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CHAPTER 5
BARYON OPERATORS IN THE 1/N¢ EXPANSION

5.1 Introduction

According to the previous chapter, the 1/, expansion of static baryon operators
can be written in terms of operator products of the baryon spin-flavor generators.
These operator products can be linearly independent or dependent. Redundant op-
erators can be eliminated using operator identities. Each operator product appears
with its order in 1/N, and an unknown coefficient which contains the large N, QCD
dynamics. These unknown coefficients which correspond to static baryon observables
can be extracted by fitting to the data from experiments. Since the number of op-
erator products are finite at a given order in 1/N,, this framework can be used as a

powerful predictive tool for baryons with finite spin and flavor.

The operator basis of the 1/N. expansion can be constructed using two basic real-
izations of the baryon spin-flavor algebra in the large N, limit. One is, the contracted
spin-flavor SU(2N;).. algebra with the generator X*, and the other one is the ordinary
SU(2N;) algebra with the generator G**. These generators X and G /N, differ at
sub-leading order in 1/N,.. The operator basis with X} is equivalent to the operator
basis of large N, Skyrme model, whereas the operator basis with G is equivalent to
the large N, non-relativistic quark model. Since these operator bases parameterize
the same large N, physics, one can chose to work with either basis according to the
convenience. Regardless of which basis is used, the operator products appear in 1/N,
expansion with unknown dynamical coefficients. Although, the coefficients of large
N, baryons are different from the coefficients of the large N, Skyrme model and large

N. quark model, but the physics description will be equivalent up to higher order



26

corrections in 1/N. than the leading order. The work by Dashen et al. [49], Luty
et al. [55,56], Goity et al. [21,25,44] and Carone et al. [57] are some examples of
formulating large N, operator products using baryon spin-flavor generators which are

interpreted as quark operators.

The outline of this chapter is the following. The second section is on the baryon
operator expansion with N, power counting. Then the third section presents about
the quark operator classification. The fourth section contains a discussion on operator
identities derived in Dashen et al. [49]. In the last section, the 1/N,. expansion and

operator identities are applied to the baryon mass operator.

5.2 Baryon operator expansion

The N, dependence of the operator matrix elements of baryon states and their
power counting can be obtained, using planar diagrams introduced by tHooft [10] and
the power counting rules by Witten [15]. Let’s consider the baryon matrix element of
a single-quark operator. This is obtained by inserting the operator on any of the N,
quark lines as shown in Fig. 5.1(a). Since there are N, possible insertions, one-quark
QCD operator can have a matrix element of O (N.) at most. It is not necessarily to
be of O (V,), since there may be possible cancellations among insertions on different
quark lines. The single gluon exchange graphs as shown in Fig. 5.1(b) have an extra
factor 1/N. from the two gauge couplings at quark-gluon vertices. Also, diagrams
with an additional non-planar gluon exchanges are suppressed by powers of 1/N., as
discussed in chapter 2. In general, QCD one-quark (or one-body) operator can be

identified as Ogg‘ﬁy = ql'q, where I = {7, 775, TV, TV, Y5, - - - }-
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Figure 5.1. (a): single quark operator insertion. (b) : single quark operator insertion
with a one-gluon-exchange.

At leading order in the 1/N, expansion, the QCD 1-body operator which trans-
forms according to SU(2) ® SU(Ny) representation can be written [53] as a linear

combination of n—body effective operators O,, and ¢, unknown coefficients.

o 1
Ogen” = N. ch Ou =3 casiOn (5.1)

For finite N, the degree n falls in the range 0 < n < N,.. Every coefficient ¢,
has an expansion in 1/N, and the leading term is O (1). O,, is an n'* order operator
product that consists of spin-flavor generators. Since each spin-flavor generator is
accompanied by a factor of 1/N., the operator product O, has a factor of 1/N”.
There is another overall factor N, that comes from all possible insertions of the 1-
body operator among N, quark lines in the baryon. Analogously, one can write down

the general form of an m-body operator as,

8(%@ NI ZC"N" = Z cnﬁ(’)n. (5.2)

n

This N. counting is also preserved under commutation [49]. For example, the

commutator of an n—body and an m—body operator is an (n+m — 1)-body operator

[Ony Om] - On—l—m—h (53)
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accompanied by a factor (1/N*71)(1/N™~1) = (1/Nc("+m_1)_1). But, the anti-
commutator of the same two operators is typically an (n + m)—body operator. The
commutativity requires one quark in O,, to act on the same quark line as a quark in
O,, to produce non-zero commutator, because the quark operators acting on different
quark lines commute with each other. Thus, it reduces the (n + m)—body operator

to an (n +m — 1) body operator.

One can construct the effective n-body operators O,, using spin S¢, flavor 7% and
spin-flavor G** generators of the SU(2N) algebra [49], because the operator O,, acts

on the spin and flavor indices of n-quarks. Therefore O,, has the generic form,

0.=Y" ()" (1) (¢)" ", (5.4)

m,l

and the QCD one-body operator becomes,

-bo 1 i\ ™ a ja\N—m—
Ogen” = D ey (87" (T (G) L (5.5)
n,m,l ¢

The above form of the n—body operator O, is only applicable for ground state
baryons. For orbitally excited baryons, one must include SO(3) orbital angular mo-

mentum generators ' in the operator product [58,59] in the Eq. (5.4).

There are two types of N, dependences in QCD one-body operator. First one is
an explicit N, dependence by the factor 1/N"~! accompanying the n—body operator
O,,, and the second one is an implicit N, dependence from the matrix elements of
O,,. Since O,, is a product of spin-flavor SU(2Ny) generators, their matrix elements
vary with the baryon states in different spin-flavor multiplets. For example, consider
the baryon spin tower S = {1/2,3/2,---,N./2}. The lower bottom of this tower

contains baryons with spin of O (N?), whereas, the top of the tower contains baryons
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with spin of O (N,). Since the matrix elements of S, I and G* of baryon states are
< O(N.), the n' order operator O, has matrix elements < O (N?). Consider a
baryon with spin of O (N,). It produces a factor N from the matrix elements of
O,,, which compensate with the explicit factor 1/N?. Thus, the 1/N, expansion will
not be a predictive tool for baryons with spin of O (N.) since all the terms in the
expansion are equally important. Baryons with spins of O (N?) are systematically
suppressed 1/N,, and the operator expansion can be truncated at any desired order in
the 1/N, expansion. Therefore, the 1/N. expansion can be considered as a predictive

tool for baryons with low-spin.

5.3 Quark operator classification

Let’s consider the spin-flavor structure of ground-state baryons for large, odd
and finite N.. The completely symmetric spin-flavor representation of ground-state
baryons can have spin 1/2,3/2,---, N./2. Also, spin-flavor SU(2Ny) representation
can be decomposed into a tower of SU(2) ® SU(Ny) representations, as given in
Eq. (3.33). For two quark flavors, the ground state baryon representation contains a

tower of baryon states with S = I,

(S, 1) =1/2,3/2,-+ ,N./2 (5.6)

which is finite dimensional unlike the infinite dimensional baryon tower (see Eq. (4.12))
of the contracted spin-flavor algebra. When N, = 3, this reduces to N and A
states. For three quark flavors, each baryon spin corresponds to a weight diagram

(see Fig. (3.2) and Fig. (3.3)).
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Quark representation of the spin-flavor symmetry of large N, baryons manifests
the non-relativistic quark model picture. However, this does not mean that the quarks
in baryons are assumed to be non-relativistic. A detailed discussion of this approach
are given in Refs. [55,57]. Quark creation and annihilation operators q} and gy
are defined in the quark representation. The index f varies from 1 to 2Ny, where
f={1,..., Ny} represents the N; quark flavors with spin up and f = {N;+1, ..., 2Ny}
represents the Ny quark flavors with spin down. Since baryons are fermions and the
antisymmetry of the SU(N.) color symbol implies that the ground state baryons
contain N, quarks in the completely symmetric spin-flavor representation with N,
boxes (see Fig. (3.1)) according to Young Tableaux. Thus, one can consider them as
bosonic objects by omitting the color quantum numbers of quark operators for the

spin-flavor analysis, and the quark operators satisfy the bosonic commutation relation

o qb) =67 (5.7)

An n—body operator can be written using quark creation and annihilation opera-
tors. These quark operators can be classified by considering the number of ¢', ¢ pairs

in the operator.

e Zero-body operators :
A zero-body operator does not contain ¢ or ¢f, and it is uniquely identified as

the identity operator 1.

e One body operators :
A one-body operator acts on a single quark. It contains the quark number
operator qTq:

Ne
g'q=> qlg; = N1, (5.8)
j=1



61

and the spin-flavor adjoint ¢'A4q, where A4 is spin-flavor generator with A =
{1,--- ,(2Ns)* — 1}. Tt is convenient to decompose the SU(2N) adjoint one-

body operator ¢'Aq into SU(2) ® SU(Ny):

Nc
S = qu (S'®1)g; (1,0)
j=1
Nc
T =) (18T (0, adj) (5.9)
j=1
. NC .
G = ) g (SeT)q (1, adj)
j=1

where S* and T on the right-hand side are in the fundamental representations

of SU(2) and SU(Ny) respectively. They are normalized as,

o 1 ...
Tr(S'S7) 50"
Te(T*T?) = %5‘“’ (5.10)
Tr(A4AP) = %(V‘B

where 7,7 = {1,2,3}, a = {1,--- ,8}. When N, = 3, S* and T becomes ¢*
and A* which represent Pauli and Gell-Mann matrices respectively. Also, the
uppercase letters (A, B, ... ) denote indices transforming according to the ad-
joint representation of the SU(2Ny) spin-flavor group, and the lowercase letters
(a,b,...) denote indices transforming according to the adjoint representation
of the SU(Ny) flavor group. The brackets in the right hand side denote the

dimension of the corresponding irreducible representation SU(2) ® SU(Ny).

e Two-body operators : Two-body operators act on two quarks. It contains two

creation and annihilation operators, ¢, ¢f. For example,

Ne

7 =3 (4 (4 7"a) (5.11)

53"
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where each one-body operator acts on separate quark lines. When j = 5/, two-
body operator reduces to one-body operator. But for all the cases when j # j/,

this operator is a pure two-body operator.

e In general, n—body operators : Considering the structure of two-body opera-

tors, one can generalize it into an n—body operator,

g g g, (5.12)

where T is a traceless completely symmetric tensor. Because 7 must be trace-
less in order to be a pure n—body operator, and symmetric as the spin-flavor

part of the ground-state baryon wave function is symmetric.

5.4 Operator identities

In the previous section, the operator structures in the quark representation are
discussed. In calculating matrix elements, it’s easy to deal with lower-body operators
than complex many-body operators. Therefore it’s important if an n—body effective
operator in the 1/N, expansion can be reduced into linear combinations of lower-body
operators. Operator identities play a key role in reduction of a many-body operator
into linear combinations of lower-body operators by eliminating redundant operators.
The operator reduction of 2-body operators was done by Dashen et al. [49], and their

work is briefly summarized in this section.

The unique zero-body operator is the identity operator 1. One-body operators
are the quark number operator : ¢'q and spin-flavor generators : ¢q'Aq, where A4 =
{S%,T*, G"}. The only operator reduction for a one-body operator is the reduction

of quark number operator into the identity (see Eq.(5.8)). A two body operator
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transforms as a singlet (1), adjoint (7§') and a completely symmetric traceless tensor

(55 = T(5 %)) under SU(2Ny).
Two-body: = 1®adj ® ss

= 18Ty e T (5.13)

Since the quark number operator can be eliminated by the identity in Eq. (5.8)

one can only consider the adjoint bilinears ¢'A%q of SU(2N;). A product of two

operators can be written in terms of its symmetric product (an anti-commutator)

or/and anti-symmetric product (a commutator). The commutator can be reduced

using the Lie algebra relations in Eq. (4.8), and the anti-commutator transform as

the symmetric product of two adjoints:

(adj @ adj)s = 1@ adj ® aa® 3s

_ a [a1az] (a1c2)
= 19 TB e T[ﬂlﬂQ] @ T(ﬁlﬁz) ’ (5.14)
where the traceless tensor (aa = T[[gllﬂcﬁ]) transforms as anti-symmetric in its up-

per and lower indices. One can directly notice that this aa does not appear in the
representation of a two-body operator. Dashen et al [49] summarized the two-body

identities into three different sets.

e The first identity (reduction to zero-body) : two-body operators contain a
SU(2Ny) singlet component which is a linear combination of a coefficient and
the zero-body unit operator. The SU(2Ny) singlet in (adj ®adj)s is the Casimir

operator,

1

where the coefficient of 1 operator is the SU(2N;) Casimir invariant of O (N2)

for the completely symmetric baryon representation.

e The second identity (reduction to one-body) : two-body operators contain a
SU(2Ny) adjoint component which is a linear combination of a coefficient of

O (N,) times the one-body adjoint operator. This SU(2Ny) adjoint in (adj ®
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adj)s is obtained by a contraction of the anti-commutator with the SU(2Ny) d

symbol d4B¢,

1
d*Bq A Bq, 'A%} = 2(N, + Ny) (1 - F) ¢'AMq. (5.16)

f
e The third identity (neglecting aa components ) simply reveals that the aa
representation in Eq. (5.14) must vanish by comparing the representations in

Eq. (5.13) corresponding to the completely symmetric baryon representation.
In addition to the components of the two-body operator given in Eq.(5.13), a
three-body operator has a traceless tensor:

L a (a1c2) (a1azas)
Three-body := 1 ® T & Ti5 57 ® 55,57 - (5.17)

This additional component T((ﬁa;;; 2603) can be considered as a completely symmetric

tri-linear products of adjoint one-body operators, since the products which are not
completely symmetric can be reduced to two-body operators using the identities
given in Eq.(4.8). Although there are ten irreducible SU(2Ny) representations in
(adj ® adj @ adj)s for the case of Ny > 2, but only four of them survive because the
other six sets identically vanish according to the Eq. (5.17). Some of these three-body
identities are products of two-body aa representation and one-body adjoint repre-
sentation. By comparing all the representations of (adj ® adj ® adj)s and aa ® adj
separately with the Eq. (5.17), and requiring that the adjoints in (ada ® adj) are com-
pletely symmetric; Dashen et al. [49] showed that the three-body identities are simply

products of the one-body and two-body identities.

In summary, the allowed representations of SU(2Ny) for n—body operators are

1075 @ T((ﬁallé 2)) G- P T((ﬁallé 25‘1'5) All the other representations can be ruled out
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using the two-body aa operator identities, whereas the only “pure” n—body repre-
sentation is T((gl 15; 2[;:3) For an arbitrary light quark flavors Ny, two-body operator
identities of SU(2Ny) are given in the Table (5.1). The spin-flavor representation
(SU(2), SU(Ny)) of each identity is given in the second column, and the entire ta-
ble is divided into three separate horizontal sections. The first section contains the
SU(2Ny) Casimir identity. The second section contains the identities transforming
the two-body operators into SU(2Ny) adjoints. The third section contains the iden-

tities transforming two one-body adjoints into aa representation.

Table 5.1. SU(2Ny) identities : Transformation properties of the identities under
SU(2) x SU(Ny) are given in the second column [49].

2{S7 S} + Np{T T} + AN {G, G} = N,(N, + 2N;)(2N; — 1) (0,0)
G GV} + {7, G} + 2 (T, TV = (N, + Ny) (1 - N%) T (0, adj)
(T°,G#} = (N, + Ny) (1 - N%,) Si (1,0)
{5 T} + ™ {Te, GH} — Uk foie{Gie, G} = 3(N, + Ny) (1 - N%) Gk (1,ad))
AN{(2 = Np{G, G} + 3N2{T*, T} + 4(1 — N2){S%, 57} = 0 (0,0)
(4 — Np{GwG"} 4 3N2{T, T} — 2 (Nf - Nif) (Ji, G} =0 (0, adj)
4{Gie, Gity = —3{T*, T*} (aa) (0, aa)
4{Gie, G} = {T°, T} (ss) (0,55)
k{5t Gicy = fabefTe GRbY (1, adj)
dbe{Te, GHY) = (1 _ N%) ({S*, Te} — ciik pabe{Gia, GitY) (1, adj)
R{Ga, G} = fresdih{T9, GMY (as + 5a) (1,as + 5a)
{T,G"*} =0 (aa) (1,aa)
{Gie, Giey =1 (1 _ NLf) (57, 57} (S =2) (2,0)
de{Gie, GIYY = (1 _ N%) (87, GIe} (S =2) (2, adj)

{Gia, I = 0 (S = 2,aa) (2, aa)
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5.5 An application : Baryon mass operator

The operator identities can be considered as valuable tool set in building and
analyzing baryon operators such as baryon masses, magnetic moments, baryon axial
currents etc,. As an example, one can illustrate the baryon mass operator for Ny = 3,
in the 1/N, expansion [47,49]. For three light quark flavors, the baryon mass operator
can be decoupled into two parts. The first part assumes the SU(3) symmetric limit,
1.e. up, down and strange quark masses are equal. The second part assumes the

SU(3) breaking limit with different quark masses.

5.5.1 Baryon masses in the SU(3) symmetric limit

In the SU(3) symmetric limit, the mass operator transforms as a spin-flavor sin-
glet. Since the baryon mass operator is a QCD one-body operator, it has the same

form as in Eq. (5.5),
1
My =3 — o, (5.18)

n,l
where cl(") are unknown dynamical coefficients. As a consequence of being the mass
operator a spin-flavor singlet, the effective n-body operators O™ defined in Eq. (5.4)
must be SU(2) x SU(3) scalars. To obtain a SU(3) flavor singlet, all the flavor indices

on T’s and G’s must be contracted using SU(3)-invariant tensors §%°, d*¢ and faebc.

The latter operator products can be removed using the operator reduction rule.

The zero-body operator transforming as a singlet under SU(2) x SU(3) is the
identity operator 1. Since the one-body operators do not transform as a singlet
under SU(2) x SU(3), then there are no contributions from one-body operators to
the baryon mass operator. There is only one two-body operator S? transforming as a
singlet under SU(2) x SU(3), because the operator identities can be used to express 7

and G? in terms of S?. Notice that the three-body operators and all other operators
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with odd number of contributions can be removed by the operator reduction rule; and
the only possible spin-flavor singlet operators are the identity 1 and even powers of
S?. Therefore, the SU(3) symmetric part of the baryon mass operator can be simply

written as,

GhNe—l (5.19)

1 1 1
MG = N1 + St agEs ot e g

5.5.2 Baryon masses in the SU(3) breaking limit

The SU(3) symmetry is not exact because the light quarks have different masses.
The perturbation transforms as an octet (1,8) under SU(2) x SU(3). Therefore the

SU (3) breaking part of the baryon mass operator transforms as an octet [47],

N,
- 1
MéLS) - ZanOfL 5 (520)
n=1 c

where d,, are unknown dynamical coefficients, and the effective operators O are the
products of SU(3) generators with one free flavor index a. The operator reduction
identities imply that, only the n-body operators with either one 7% or one G*® need

to be considered. There is only one independent one-body operator,
O =17, (5.21)
and only one two-body operator,
05 = {S',G"}, (5.22)

are allowed after implementing the operator reduction [47]. Moreover, the operator
reduction helps one to see that there is only one independent n-body for each n. All

of these operators can be generated by recursively anti-commuting the 1-body and
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2-body operators with S? [47,49],

L= {5200} . (5.23)

Since S is of O (N?), the operator 0%, is suppressed by 1/N? relative to O%. It
is valid to truncate the expansion in Eq.(5.20) for arbitrary a after the first two
terms, up to corrections of relative order 1/N? [47]. After the operator reduction, the

three-body operator for an arbitrary a,

05 = {8, T}, (5.24)

which gives a reasonable estimation for truncation of the series in Eq. (5.20) at the
O (¢/N?), where the explicit factor e represents the order of the SU(3) breaking

(e ~0.3).

There are two one-body Of = T* operators which are relevant for the baryon
mass splitting. One is T® : iso-spin symmetric ! operator, and the other one is 7% :

iso-spin breaking operator. The matrix elements of 7% and T? are [47],

1
T = —— (N, —3N;,) ,

Qﬁ( )

1
T = 5(J\/u—i\fd), (5.25)

where, N. = N, + Ng + N, represents the number of colors N, in terms of the

number of each quark-flavor u,d,and s (N,, N4, Ni) in the baryon.

!The iso-spin symmetry implies that m, = mq.



69

Therefore the SU(3) breaking part of the baryon mass operator in the 1/N, ex-

pansion has the form,

{Si,GiS} {52,T8}
Nc + €d3 N2

C

M](SLB) — d, T + edy + 0O (¢/N?) . (5.26)
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CHAPTER 6
BARYON MASSES IN THE 1/N¢ EXPANSION
FRAMEWORK

6.1 Introduction

In this chapter, an analysis of a baryon masses using the 1/N, expansion frame-
work as presented in Ref. [27]. In the quark model picture, the two possible spins and
Ny possible quark flavors of quarks lead to the idea of organizing the baryon states
into irreducible representations of SU(2Ny). Furthermore, one can consider the ex-
cited baryon states by considering the orbital excitations of quarks which can be
identified with the orbital angular momentum quantum numbers. Therefore in gen-
eral, baryon states can be organized into the irreducible representations or multiplets

of SU(2Ny) x O(3), where O(3) contains generators of the orbital angular momentum.

A key observation from the analysis carried out in Refs. [28,29] is that, the
source/sink operators which, in the continuum limit, are in irreducible representa-
tions of the spin-flavor and quark orbital angular momentum groups SU(2Ny) x O(3)
are very close to being at the optimum for the selective overlap with the baryon states.
This is a strong indication that the baryon mass eigenstates them- selves must be ap-
proximately organized into multiplets of that group, a fact that is well-known to hold
phenomenologically. This has been tested explicitly in the lattice QCD (LQCD) cal-
culations by measuring the coupling strengths of sources in different representations
to each of the baryon levels studied.The state admixture of different multiplets of
SU(2Ny) x O(3) is known as the configuration mizing , cannot however be directly

inferred from those strengths, as they depend on details of the operators.
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One of the objectives in LQCD is the calculation of the light baryon spectrum,
where in recent years substantive progress has been made. The implementation of op-
timized baryon source operators [28,29,60,61] has enabled improved signals for excited
baryons, leading to remarkable progress in identifying states by their quantum num-
bers and in the determination of their masses. In calculations performed with quark
masses corresponding to 390 MeV < M, < 702 MeV, the spectrum of non-strange
baryons [28] and also of strange baryons [29] were obtained. The case of M, =702
MeV corresponds to the limit of exact SU(3) flavor symmetry. These calculations
were performed on anisotropic lattices 163 x 128 with a gluon Symanzik-improved
action with tree-level tadpole-improved coefficients and an anisotropic clover fermion
action as explained in Ref. [62]. Although other recent works on baryon LQCD spec-
troscopy have been carried out in Refs. [60,61,63-66], the present work will use the
results obtained by the Jefferson Lab Lattice QCD Collaboration in Refs. [28,29].
The study can similarly be applied to other results, in particular those of the BGR

Collaboration [63] where the masses of the states analyzed here have been calculated.

The existence of a spin-flavor symmetry in baryons can be rigorously justified in
the large- N, limit of QCD. The symmetry is the result of a consistency requirement
imposed by unitarity on pion-baryon scattering in that limit [11-13], and spin-flavor
symmetry is thus broken by corrections which can be organized in powers of 1/N..
Under the assumption that the real world with N. = 3 baryons can be analyzed
using a 1/N, expansion, starting at the lowest order with an exact spin-flavor sym-
metry, many analyses of baryon masses and other properties have been carried out.
In particular, excited baryon masses have been analyzed in numerous works for the
cases considered in this work [21,23,25,44,46,58,59,67,68] as well as for other mul-
tiplets [69-72]. Although spin-flavor symmetry is justified in the large- N, limit, the

larger SU(2Ny) x O(3) is not. The latter can be broken due to spin-orbit effects at
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The states studied in this work are the ones corresponding to the [56,07] or
Roper multiplet, the [56,2%] and the [70,17] of SU(6) x O(3) representation for
three light quark flavors u,d,and s. These are of particular interest because they
have been previously analyzed phenomenologically in the framework of the 1/N. ex-
pansion employed here [73], where the assumption of no configuration mixing works
very well up to the degree of accuracy that the input masses and other observables
permit. For example, there are particular predictions that result when configura-
tion mixings are disregarded. They have the form of parameter-independent mass
relations which hold up to higher-order corrections in the 1/N, or SU(3)-breaking
expansions. Among those relations are the well-known Gell-Mann- Okubo (GMO)
and equal-spacing (EQS) relations, which are valid in general, and additional ones
involving different spin-flavor states such as relations in the 56-plets that follow from
the Giirsey-Radicati (GR) mass formula, and other relations in the 70-plet [21]. As
it will be shown in the present analysis, LQCD baryon masses fulfill to the expected

accuracy those relations.

The objective of this chapter is to analyze the baryon masses, both from the
Particle Data Group (PDG) [74] and LQCD [28,29], using the 1/N. expansion to
O (1/N.) and to first order in SU(3) symmetry breaking. For two flavors and the
multiplets considered here all states are established, but for three flavors there is a
significant number of missing strange baryon states. For example, in the [70,17]
multiplet there are 30 theoretical masses and only 17 are currently experimentally
known. Although those 17 masses are sufficient for the purpose of the 1/N, analysis,
they are not sufficient for a thorough test of the mass relations. On the other hand,

the LQCD results provide complete multiplets, enabling a complete test of mass re-
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lations. In the particular case of the [70,17], the issue of state mixing can be sorted
out in the phenomenological case thanks to the simultaneous analysis of partial decay
widths and photo-couplings, as shown most recently in Ref. [68] for the non-strange
baryons. These inputs are however not possible for the LQCD baryons, and therefore
the state mixing relies very strongly on the criterion for identifying states. In this
regard, level-crossing effects are possible as the quark masses are varied in the LQCD

calculations [63,65].

This chapter is outlined as follows. In section 6.2, a brief description of the 1/N,
expansion framework is given. Then from section 6.3 to section 6.5 contain the fit
results to each baryon multiplet, an analysis of baryon mass relations and baryon
mass predictions. Then the section 6.6 summarizes the fit results into three figures,
each corresponds to a specific pion mass. The section 6.7 contains the conclusions

and discussion.

6.2 Baryon mass operators for spin-flavor multiplets in the

1/N. expansion

In the simplest non-relativistic quark shell model, the leading order baryon mass
is governed by the constituent quark masses, which is of order N.. Therefore, all the
corrections to the masses are assumed to be added only by the interactions among N,
number of quarks, because in large NNV, limit, baryons are static objects. Interactions
can be represented by the n-body operators which are products of SU(2Ny) genera-

tors, i.e, S, T* G,

Since the quark spin and orbital angular momentum are in general weakly cou-

pled, baryons have been lead to a phenomenologically successful scheme of organizing
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the states in multiplets of SU(2Ny) x O(3). For finite N. it is possible to work with
the ordinary rather than the contracted spin-flavor group for the purposes of building
the operator bases [49]. Any static baryon observable can be expressed by an effective
operator which is decomposed in a basis of operators ordered in powers of 1/N, and
which can be expressed as appropriate tensor products of the symmetry generators.
In the present case of baryon masses, the bases of operators are well-known. The

details for obtaining those bases can be found in Refs. [21,23,25,25,44, 50, 58, 59].

The excited states considered here will be either in the totally symmetric (56
multiplet) or in the mixed symmetric (70 multiplet) irreducible representations of
SU(6). Because, in the spin-flavor SU(6) representation, all the possible baryon
multiplets are organized as, 6 ® 6 ® 6 = 56g @ 7T0ps D 7T0nma D 204, which can be

decomposed into SU(3) x SU(2) irreducible representation:

56 = 104 & 8®2,
70 = 10®2 & 8®4 & 8®2 & 182,
20 = 8®2 & 1®4.

Following the large N, Hartree picture of a baryon, without a loss of generality and
for the purpose of dealing with the group theory of the spin-flavor and orbital degrees
of freedom, one can describe a low excitation baryon as a spin-flavor symmetric core
with N, — 1 quarks and one excited quark. In this way it becomes straightforward
to obtain the matrix elements of bases operators. The orbital excitations in the
O(3) representation with ¢ = {0,1,2} the parity can be defined as P = (—1)*. The

multiplets to be analyzed have the following state contents:
e [56,07] : one SU(3) 8 with spin 1/2, and one 10 with spin 3/2,

e [56,27] : one SU(3) 8 for each spin 1/2 and 5/2, and one 10 for each spin 1/2
though 7/2,
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e [70,17] : one 1 A baryon for each spin 1/2 and 3/2, two 8’s for each spin 1/2

and 3/2, one 8 for spin 5/2, and one 10 for each spin 1/2 and 3/2

The mass operator bases are organized in powers of 1/N,. and involve SU(3) singlet
and octet operators, the latter for symmetry breaking by the parameter ¢ = m, —m
where 1 = (m, + mq) /2. One may consider the expansion to O (¢°/N,) and O (¢). It
turns out that contributions O (¢/N,) are almost insignificant in most cases as shown
later. Therefore, using the large N. power counting rules, we can write the baryon
mass operator as an expansion in 1/N,.. As we discussed earlier, any static baryon
observable can be expressed by an effective operator which is decomposed in a basis
of operators ordered in powers of 1/N, and which can be expressed as appropriate
tensor products of the symmetry generators. In general the baryon mass operator

can be written as,

MB = ZczOz + ijBj s (61)
( J

where, first(second) summation represents the SU(3)-symmetric (SU(3)-breaking)

linear combination of operators O; (B;) and their associated coefficients ¢;(b;).

The LQCD results used here are as follows: for non-strange baryons the results
are those of Ref. [28], of which only the results for the negative parity baryon masses
will be analyzed, and for the case of SU(3) with three flavors the results of Ref. [29]
are used. For two flavors the quark masses used correspond to M, = 396 and 524
MeV, and for three flavors m, has been kept fixed, and M, = 391, 524 and 702 MeV,
where the last one corresponds to exact SU(3) symmetry. For each of the multiplets
it is necessary to identify the states with the LQCD mass levels. This procedure is
not unique and thus it requires some analysis. For instance, in lattice QCD results
there are several possible states available for each spin. Therefore, there are many

possible arrangements for the masses which can be considered for the fits. Most of
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those possible arrangements do not satisfy well the mass relations and that model
independent approach can filter out many arrangements. Only the arrangements are
acceptable which satisfy the mass relations to a reasonable degree. Also, the arrange-
ments that lead to un-natural values for the coefficients can be eliminated. Therefore,

the most general acceptable mass arrangement can be selected using those criteria.

The notation used to designate the states will be as follows: Bg or By for states
with baryon spin S which belong predominantly in octets, and By for baryons which
belong predominantly in singlet or decuplet. For the case of the A and ) baryons
which can only belong in a decuplet, no primes are used, and the same for the [56, 0]

baryons where S = 1/2 (3/2) states necessarily belong to 8 (10).

6.3 [56,0"] multiplet : ground states and excited states

6.3.1 Introduction to [56,0"] multiplet

In the SU(6) representation, 56 is the symmetric multiplet, and as default it is
identified as the ground state baryons. But when there is no orbital excitations or
[ = 0, there is a possible radial excitation which produces the Roper states with same
JP quantum numbers, where J is the total angular momentum quantum number.
This radially excited multiplet is identified as “Roper” because the p-wave nucleon
Roper resonance belongs to this multiplet. The Roper resonance for the nucleon has
a mass about 1440 MeV /c? and its Breit-Wigner width is about ~ 300 MeV/c* [39].
Also according to the PDG the 7N is the main decay channel of the Roper(1440) nu-
cleon. Therefore, both ground state and excited Roper multiplets can be represented
by [56,07] in SU(6) x O(3) representation. As we discussed before, the 56-plet can be

decomposed in to the irreducible representation of SU(3) x SU(2) in flavor and spin.
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In particular, we have one SU(3) octet (8) with spin 1/2 and one SU(3) decuplet
(10) with spin 3/2. Therefore, in the iso-spin symmetric limit Ny, A1/2, X1/2, 212

masses belong to the octet and As/s, ¥3/9, 232, {23/9 masses belong to decuplet.

The analysis of LQCD ground-state baryon masses including higher-order terms
in the SU(3) breaking has been carried out in Ref. [75], for LQCD calculations other
than the present ones. It is noted that the hyperfine (HF) mass splittings have the
behavior observed also in other LQCD calculations, where it increases with M, up to
M, ~ 400 MeV, and decreases for higher M, (for a current summary see [76]). On the
other hand for the excited baryons the HF splittings are almost always monotonously

decreasing with increasing M.

6.3.2 Mass operators in [56,0"| multiplet

In this case the mass operator is the famous Giirsey-Radicati (GR) mass formula
[20], which, explicitly displaying the 1/N. power counting, reads as follows:
M[5670+] — ClNc + % S(S + 1) + ble (62)
bs 3
———— (3I(I+1) = S(S+1) = =N,(N, +2) | + O(1/N?),
e (31 1) = 85 + 1) - SN+ 2)) + 00

where S is the baryon spin operator, I the isospin, and Ny the number of strange
quarks, and the ¢; and b; are coefficients determined by the QCD dynamics, which
are obtained by fitting to the masses. The mass operators as defined is such that
all coefficients are O (N?). The SU(3) breaking parameter ¢ is here included in
the coefficients b; and b,. For all mass formulas, the quark mass dependencies are

implicitly absorbed into the coefficients.
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Mass relations for [56,07] multiplet

The input masses are given in the Table (6.1). Note that, for the physical Roper

baryon states, only Ni/z, Aj/2,¥1/2, Az/p data are available. Because of this limita-

tion, it is difficult to check the mass relations for the physical case. In LQCD, all

the ground-state and excited state baryon masses at three different pion masses are

available. The checks with mass relations are given in Table (6.2) and Table (6.3) ,

which show that they are satisfied within errors for the LQCD results.

Table 6.1. Ground state (left), and [56,07] excited Roper (right) baryon masses in

MeV. The inversion in the ordering of the masses of the Z;/, and the A
masses at and above M, = 391 MeV is similar to that observed in other
LQCD calculations [60].

M, [MeV] M, [MeV]

Baryon PDG 391 524 702 Baryon PDG 391 524 702

Nija 938+£30 1202+15 1309+£9 147344 Nija 1450+£20 2221452 23004+30 2339421
Avjo 1116+£30 1279420 1371+7  1473+4 Avjo 1630£70 2189+44 2330426 2339421
Yi/2 1189430 1309+13 1375+£6 1473+4 Xi/2 1660430 2252446 2357452 2339421
E1/2 1315+£30 1351+15  14204£9 147344 E1/2 “e 2278+£22 2321454 2339+21
ALY 1228+30 1518+20 158249 167346 AR 162575 2356£33 2450417 2454455
X392 1383+30 1582+15 1622+6 1673+6 32 e 2369+£31 2423+19 2454455
E3/2 1532+30 1636+£11 1655+11 167346 Ea/2 e 2453426 2463445 2454455
Q32 1672+30 1691+£13  1694+9 167346 Q32 e 25014+33 2504435 2454+55




Table 6.2. Mass relations for the ground state octet and decuplet.

relations, and up to O (¢/N?) for the rest.

79

The relations
are valid up to corrections O (¢?/N.) in the case of the GMO and EQS

Relation M, [MeV]
PDG 391 524

AN +E) - (BA+2)=0 30.2404 38475 32432
YW—A=F"'-¥=Q" - = 155£2 64425 40£11

149.0+£0.5 95=£19 33£13

140.7£0.5 54417 40+14
o425 —A— (2(A=N) =0 9+1 1428 14412
YW-Y—-(2'-5)= 23.5+0.5 12+25 12+15
SA+Y —2N+E) +(Q—Z' — %"+ A)=0 16£2 20481 32436
YW-A+Q-Z"-2E"-¥")=0 2.5+2.4 8+51 1437

Table 6.3. Mass relations for the Roper multiplet. The relations hold at the same
orders as in the case of the ground state baryons.

Relation M, [MeV]
391 524

2N +Z)— (3A+%) =0 1794180 1064155
YW-—A=="-¥"=0"-=" 13+45 -27£26

84£40 41449

48+42 41£57
LN 425" —A—(2(A=N)) =0 51465 20441
YWY —-(2'-5)= 58+63 T7£80
BA+Y 2N +E)+ (V' —Z" - +A)=0 144189 174170
YW—A+Q = —2E"=-¥")=0 107£110 67147
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6.3.4 Fit results for [56,0"] multiplet masses to data

Using the GR mass formula Eq. (6.2) the ground-state and excited [56,0"] Roper
baryon masses are fitted to the data . The input masses from Particle Data Group
and from the LQCD are summarized in Table (6.1). In all 56-plet masses the flavor
singlet breaking of SU(6) x O(3) is O (1/N.) and it is governed by the hyperfine
interaction. The SU(3)-breaking effects on the hyperfine interaction is controlled by

the coeflicient b,.

In the Roper baryons, the identification of the 8,/ is obvious, being the lightest
positive parity excited states above the ground state, but for the 103/5 one needs to
distinguish between two possible excited multiplets, one which will be a Roper and
one which be in the [56,2"]. One of the choices, namely that in which the Roper
1032 is the lightest one, does not seem to be consistent with the magnitude of the
HEF splittings observed throughout the spectrum. Therefore, 103/, belonging to the
[56,0"] are the second from the lowest ones. i.e, the 103/2 belonging to the [56,27]

are the lowest-lying excitations, followed by the Roper ones.

Table (6.4) gives the results of the fits for the ground-state baryons, and Table (6.5)

for the Roper baryons.
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Table 6.4. Coefficients of the GR mass formula for the ground state baryons. The
case M, = 702 MeV corresponds to exact SU(3) symmetry. x3 ; is the x?

per degree of freedom.

Coefficients M, [MeV]

MeV] PDG 391 524 702
1 293+£6 377+3 42012 474 £+1
C2 247412 296+5 25143 200+2
by 189+£12 75+6 45+3 0

by 94426 43+11 14+£7 0
g 0.19 0.15 1.43 0

Table 6.5. Fit to the [56, 07] excited Roper baryons. It is found that the SU(3)

breaking effects on the HF interactions can be neglected, thus by = 0
throughout.
Coefficients M, [MeV]
MeV] PDG 391 524 702
c 46948 714+6 7605 770+£3
Co 175444 165412 12449 115420
by 204+18 48+12 15412 0
o 0.16 0.53 0.76 0
500 7 800F
400? - g; 1 aoo} gl
300} — by 7 i b2
O — S R 1
= 2001 ] =

.

PDG 301 524
M, [MeV]

702 PDG 391
M, [MeV]

524

702

Figure 6.1. Evolution of the coefficients with M, for the ground state baryons (left
panel) and the Roper baryons (right panel).
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In Fig. (6.1) the dependencies on M, of the coefficients are displayed. The well-
known dramatic downturn with decreasing M, of the Roper baryon masses is clearly
driven by the spin-flavor singlet component of the masses, given by the coefficient
c1. The HF effects determined by ¢y have a smooth behavior in M, but significantly
different strength in the GS than in the Roper states, being reduced in the latter. Un-
like the GS baryons, no significant SU(3) breaking in the HF interaction is observed

in the Roper baryons, so the coefficient b5 is consistent with zero for the LQCD masses.

The mass relations are given in Tables (6.2) and (6.3), which show that they are
satisfied within errors for the LQCD results. In the physical case, the knowledge of
the Roper states is rather incomplete. Based on the mass relations the predictions
shown in Table (6.6) are made. As shown below, the listed PDG candidate states

may also match predictions from the [56, 2" multiplet, as discussed in section 6.4.

Table 6.6. Predictions of physically unknown states in the Roper multiplet. These
predictions agree with the ones in Ref. [77].

Baryon Predicted mass Fitted Mass PDG candidate and mass
[MeV] [MeV] MeV]
Zg/Q 1790 + 131 1800 Y(1840)(3/21)* with mass ~ 1840
Z1)2 1825 £ 108 1815
Eg/Q 1955 £ 171 1975 Z(1950)(?7)** with mass ~ 1950 & 15

Q32 2120 £ 219 2150
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6.4 [56,27] excited states

6.4.1 Introduction to [56,27] multiplet

The [56, 27| multiplet has ¢ = 2 with the S = 1/2 octet and S =3/2 decuplet.
Because of J = S + L, it gives two SU(3) octets with total angular momentum J =

3/2 and 5/2, and four decuplets with J = 1/2, 3/2, 5/2 and 7/2.

There is mixing between states in the octet and decuplet, namely the > and the

= pairs of states with S = 3/2 and with S = 5/2, namely (E(;), Zgo)) and (Eg),

E(Slo)). These mixings obviously result from SU(3) breaking, and the physical states

are defined as follows:

Ys\ [ cosby, sinfs, ng) Zs\ [ cosf=z, sinfzg 5(58)
Ys)  \—sinfsg cosby,) \ 249 )7 \Ey)  \—sinfz, cosbz, ) \=[¥

6.4.2 Mass operators in [56,2"| multiplet

The mass operator for this multiplet contains three SU(3)-symmetric and three

SU (3)-breaking operators.

3 3
M[5672+] = Z C; Ol + Z bz BZ s (64)
i=1 i=1

The basis of operators along with the matrix elements are given in Table (6.7),
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Table 6.7. Matrix elements of SU(3) singlet operators (top) and SU(3) breaking op-
erators (bottom). Here, ag = 1, —2/3 for S = 3/2, 5/2, respectively and
bs =1, 2/3, 1/9, —2/3 for S =1/2, 3/2, 5/2, 7/2, respectively.

01 02 03
1 1
N1 b si ¥ OiS;
83/2 NC - 2]%76 &
85,2 N, NLC 4]3\70
101/ 2 Ne - 21%0 411\5fc
1032 N, —Nic 41]30
105/ 2 Ne - 2]1Vc 411\516
3 15
107/2 Nc Vc m
By 3 Bs
1 1 1 1
Ny ﬁc&'st mOz mSiGis - mos
Ng 0 0 0
O e
V3a V3
2 1 4NCS SN,
s 2 \[nga : - 2{\?6
Ag 0 0 0
o4 1 R -5
= 2 33 bs . 5v/3
—S \Q/ch 4N,
Qs 3 ° 41%/5 * - %g
Yg/2 — Eg/2 0 2\1/\/?; 0
Sep— X, 0 3 0
S3p -y 0 ah2 0
—=5/2 Eg/Q 0 6—\/]% 0

6.4.3 Mass relations for [56,2%] multiplet

The input masses are given in Table (6.8). The mass relations for the [56,2"]
multiplet are depicted in [25] were checked with the baryon masses and the results
are given in Table (6.9). In addition to GMO and EQS relations, there are several
relations which relate SU(3) mass splittings in multiplets with different baryon spin,

as well as relations among the masses of baryons with the same strangeness but dif-
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ferent baryon spin. Almost all the mass relations are satisfied by the LQCD results,

with some exceptions of the results at M, = 702 MeV. Those exceptional deviations

are corresponding to the relations among different spin-candidates, and their sizes are

expected to be included in the higher order corrections.

Table 6.8. The input baryon masses (physical and LQCD [28,29]) corresponding to

the [56, 2] multiplet. The experimental values are those for baryons with
a three star or higher rating by the PDG.

M, [MeV] M, [MeV]

Baryon PDG 391 524 702 Baryon PDG 391 524 702
N3jp  1700£50 2148433 2178461  2314£17 Agjp 1935435 2270437 2344417 2387+19
Agjo 180030  2225+28 2227439 2314+£17 Egﬂ 2318426 2379415 2387+19
X3/2 2243424 2238426 2314417 Eg/Q e 237413 240946 2387+£19
Es/2 2263+31  2305+15 2314417 Q32 e 2420+£28 2450+13 2387+£19
Ns /2 1683+8  2140+£31  2198+17 2271+£13 Agjp 1895425 2333435 2359417 2388417
Asjo 182045 2228420 2249415 2271+£13 2’5//2 2368+20 2392+19 2388+17
X5/2 1918+18 2229422  2253+17 2271+£13 Eg/2 e 2430+24 2418+13 2388+£17
Es5/2 2296+22  2275+13 2271413 Q52 e 2487+£24  2470+£13 2388+£17
Ayjp 1895425 22844107 2312428  2398+32 Az 1950£10 2390431 2384419 2403421
b3 2270426  2348+17 2398432 >y 2033+8  2428+22 2418415 2403421

=n

Z1/2

Q2

7/2

2293+£35  2391+13 2398432 E’7’/2 2494+£22 2455+13 2403+£21

2378+42  2426+13 2398432 Q7/2 25563£22 2477£13 2403+£21
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Table 6.9. Mass relations for the [56,2%] multiplet. The relations hold at the same
orders as in the case of the ground state baryons.

Relation M [MeV]

391 524 702
2(N3j2 + Z3/9) — (3M3/0 + X3/2) = 0 984126  49+173 0
2(Nsja + Z5/2) — (3A5/2 + X52) = 0 40498 55+65

Sy = Arjp =21 = 5] = Mp—E 134110 36433 0

23444 43422 0
85454 35419 0
Sy — Dgjp =5, — 5 ) = Qg0 — 2 48446 36423 0
56429 30+16 0
45431 41415 0
Sy — Do =Bl — Sy = Qs — B 35440 34426 0
62431 26423 0
57434 52418 0
Sy — Drjp =21, =5 ) = Qrpp — Y 38438 35425 0
67431 36420 0
59431 22418 0
Asjp — Azjg — (Nsj2 — Naja) =0 70468 4468 44433
(A7ja — Asja) = L(N3j2 — N3jp) =0 68+78 25492  75+41
Az — A2 — 3(Nsj2 — N3jo) =0 1294175  13+£192 133474
%(AS/z — N3/2) + %(sz — N5/2)

—(Bs/2 — Nsj2) — 2(Xf, — Azja) = 0 91+£100  29+£75 0
Asja — Azj2 +3(Ss/2 — D32) — 4(Nsja — Najp) =0 104207 104272 0
Asjz = Agjp + Ssj2 — Sajp — 2(50, — 55 ,) = 0 111481 12472 87459
T(S4 = f5) —12(24, =37 5) =0 444319 394268 674266

A2y — B 5) = 5(X5,, — X7,5) =0 83+£170 874104  58+161
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6.4.4 Fit results for [56,2"| multiplet masses to data

The first step is the identification of the states in LQCD results. With the ex-
ception of the 1035, all the states are in spin-flavor states which appear for the first
time, and thus the lightest states with given spin and flavor are the ones of interest.
In the case of the 103/5, as discussed earlier, there are two possible excited levels to
consider, one of which will belong to the excited [56,0"], where the arguments for
the identification were already given. Which is, the 103/2 belonging to the [56,27]
are the lowest lying excitations, followed by the Roper ones. For ¥ and = baryons,
the LQCD analysis [29] has assigned the dominant SU(3) multiplet to which they
belong, 8 or 10. Therefore, there is no ambiguity about the identification of states

in the present multiplet.

Two different fits are carried out, one includes all the SU(3) breaking operators,
and a second one only including the one-body operator giving the spin independent
breaking effects. Since the symmetry breaking by the operator B; does not produce
mixing between 8 and 10, the mixing angles are actually o €/N,, and thus naturally
very small. The results are shown in Table (6.10). It is checked that the present fit
fully agrees with a previous one for the physical case [25]. One important observation
is that based on the quality of the fits the mixings cannot be definitely established
for the LQCD results.



88

Table 6.10. Two fits, with (second column) and without (third column) the operators

By and Bj (see Table (6.7)).

physical baryons.

The second fit does not describe well the

e M6V PDG 391 524 702 391 524 702
Coefficients
cl 540£11 704+2 718+1 7541 | 710£2 724+1 753+1
o 1845 48+6 28+3 -6£5 | 59+6 2143 0
c3 244+4 16945 166+3 10444 | 1515 14843 10614
by 21744 75£3 54+1 0 56£3 36=£1 0
by 95+14 -23+£11 1345 0 0 0 0
bs 268+16 5949 5544 0 0 0 0
Mixing angles [Rad]
O, ), -0.1640.02 0.0640.03 -0.03£0.01 0 0 0 0
bz, -0.26+0.04 0.07£0.03 -0.03£0.01 0 0 0 0
Oss), -0.2240.03 0.05%0.03 -0.03£0.01 0 0 0 0
0=, ,, -0.2040.02 0.0840.04 -0.03£0.01 0 0 0 0
2o 0.84 0.60 0.47 0.92 0.63 0.53 0.80

The evolution with M, of the coefficients is shown in Fig. (6.2). It is interesting

to notice that the coefficient ¢; has qualitatively similar but less dramatic behavior

than in the case of the Roper baryons, which must be an indication of a similar mech-

anism as the one which drives down the Roper masses with decreasing M,. The HF

interaction given by c3 behaves smoothly with M., decreasing slowly as M, increases,

and it has similar strength as in the Roper baryons. Although the operators B, and

B3 are significant in the physical case, their contributions are negligible in the LCQD

cases, as shown by the second fit in Table (6.10). The latter observation tells that the

mixing between octet and decuplet states, which are driven by those operators, are

very small as confirmed by the small mixing angles in the first fit in Table (6.10).
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Figure 6.2. Evolution of the operator coefficients with M, for the two fits of the
[56, 2] masses.

6.4.5 Mass predictions

The fit and the mass relations predictions for the experimentally unknown or
poorly known states are shown in Table (6.11). The PDG candidate state 3(1840)(3/2%)*
could be identified with the ¥3/,,(1889) state in Table (6.11), but as discussed earlier
it can also be identified with the Roper X3/2. The PDG candidate state Z(2120)*(?7)
is consistent with both =3/, and =7 /o in Table (6.11), so its parity could be predicted

as positive.
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Table 6.11. Predictions of physically unknown states in the [56,2%] multiplet, and
suggested identifications with PDG listed states. The first two GMO re-
lations and the 12" equation in Table (6.9), which is a large N, parameter
independent mass relation, were used to predict the above masses.

Missing  Fitted mass Mass listed in PDG Mass from mass relations
states MeV] MeV] [MeV]
Y32 1889 ¥(1840)(3/2")* with mass ~ 1840 1920+£70
E3/2 2074 Z(2120)*(?%): 2130£7 2080£75
Zs5/2 2000 =(2030)*(S = 5/2*) with 202545 2006+14
2 2059.5 21274120
5,1//2 2221 Z(2250)™(?7): 221445
Q)9 2382
23/ 2059.35 ¥(2080)**(3/21): 2120+40 2109+96
Eg’/Q 2211.8
Q39 2350
250 2053 ¥(2070)*(5/2%): 2070410 2077£56
Eg/Q 2178
Q59 2297
= 2129 Z(2120)*(?%): 2130£7
Q79 2222

6.5 [70,17] excited states

6.5.1 Introduction to [70,1| multiplet

In the SU(6) representation, the 70-plet contains one SU(3) decuplet with spin

3/2, two octets with spin 1/2 and one singlet with spin 1/2 in the irreducible repre-

sentation of SU(3) x SU(2). The two octets differ in their total quark spins which

are 1/2 and 3/2. In the notation of (2s + 1), they are 2 and 4 respectively, where s
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is the quark spin. The following notation is used to represent the states correspond
to this multiplet : Bg or By for states with baryon spin S which belong to octets,
and B¢ for baryons which belong to singlet or decuplet. In this [70,17] multiplet,
¢ =1 and it will couple with the spins and produce one SU(3) 1 (singlet) A baryon
for each S =1/2 and 3/2, two 8 for each S =1/2 and 3/2, one 8 for each S =5/2 and
one 10 for each S =1/2 and 3/2.

In the case of two flavors, the baryon states are belong to [20’, 17] multiplet in
SU(4) x O(3) representation. There are two mixing angles for the pairs of nucleon
states with S = 1/2 and S = 3/2. Denoting by ?**1) N, the physical states are given

by:

NS COS 925 sin ‘925 2NS
= . (6.5)
N§ —sinfyg cosbyg 4Ny

Understanding these mixings is very important, as the decays and photo-couplings
are sensitive to them. These mixings are predicted at the leading level of breaking of
spin-flavor symmetry [67]. Indeed, if the O (N?) spin-orbit operators Oy 3 4 would have
contributions of natural size, the mixing angles would be §; = cos™(—+/2/3) = 2.526
radians and 03 = cos™!(—+/5/6 ) = 2.721 radians up to 1/N, corrections. However, it
is known phenomenologically that the contributions from those operators are weak,
and thus the mixing angles are significantly affected by the sub-leading in 1/N, opera-
tors, in particular the hyperfine operator Og. The determination of the mixing angles
requires in principle more information than just masses, as there are seven masses,
and nine mass operators up to the order 1/N,, which means that the angles cannot be
predicted. A biased prediction is obtained by neglecting the 3-body operators, which

gives one angle as a function of the other one according the the relation [68]:
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3 (]\/[N1 +MN’1 _4MN§ —4]\4']\[{3 +6MN5 +8MA1 _8MA3> —
2 2 2 2 2 2 b

(6.6)

<13 cos 2601 + /32 sin 291> (MN/1 — MN1> —4 <cos 205 — V20 sin 293> (MN/S — MN3) .
2 2 2 2

However a determination of the angles in a more rigorous way requires the input of
additional observables, namely the partial decay widths and/or photo-couplings. The

details of that analysis are provided in Ref. [68].

In the case of three flavors there are two-state and also three-state mixings. For
the nucleons one has the same case as for two flavors, while for >, A and = baryons
there is three-state mixings. The physical states are given in terms of the quark spin

and SU(3) eigenstates by:

]-OS or ]-S 2105 or 215
8s =0 285 ) (67)
8's 8g

where the physical states are indicated by the dominant SU(3) content, and the Euler

mixing matrix is given by:

copcp —clsps  chsp+chcepsy  sb sy
O=| —chcpsp—cosp chepe) —sdsyy  cpsh |, c =cosb, s =sinb, etc.

s0 s¢ —co s cl
(6.8)

The angles 6 can always be taken in the interval [0,7). The mixing angles ¢
and v vanish in the limit of exact SU(3) symmetry, and are thus proportional to
the parameter e. The SU(3) symmetric limit becomes similar to the non-strange

case except that there are two additional masses, namely the ones of the singlet A



93

baryons. The determination of the mixing angles would be similar to the non-strange
case. In the absence of additional information to that of the masses, the angles can
be determined only through exclusion of some operators. For instance, one strategy
would be to exclude the 3-body operators, which seem in general to have particularly

weak contributions to masses.

For the states which are subjected to mixing it is necessary to make the identifica-
tion of the physical states. As mentioned in the introduction, for the physical case the
identification has been clear for a long time, thanks to the simultaneous use of strong
decay partial widths and helicity amplitudes [21,68,78,79], but that information is
not available for the LQCD baryons. The identifications of the LQCD states were
analyzed separately (a total of 256 possibilities). It turns out that most assignments
pass the tests of y2, mass relations and naturalness of the coefficients. Thus on a
general rigorous ground the problem of state assignment is not completely resolved.
However, if one requires that the coefficients flow reasonably smoothly towards the
physical ones which are known, then only one assignment becomes possible, namely

the one discussed here.

6.5.2 Mass operators in [70, 1] multiplet

In the case of non-strange baryons, where the states belong to a 20 plet of SU(4)

the mass formula reads [58]:

8
Mi201-1 = Z ¢ Oy, (6.9)
i=1

Where the eight basis operator s up to and including O (1/N,) are given in Ta-
ble (6.12).



Table 6.12. Mass operator basis and matrix elements for the [20, 1] multiplet.

O O, O3 Oy
N1 lis; B 0uGe, st i GG,
T ) i
Nij Ne -5 — 0
Ny = Nij2 0 —3 \/ﬁ _483\@ (Nc+3)2(13/i\7671)2 Y W%V—ﬁl)?
N/ Ne (216\3[16\123) 0 - Ncl+1
N3 o N, -1 v (Ne 4+ 1) 0
Nijp=Najp 0 =g [P gy AR PR
i N, +1 — g, (Ve +1) 0
Ay N, +1 0 0
Az N, —1 0 0
Os Og Oy Og
L8 LSS Ls:¢ 24D s
Ny jo S (et Q) 0
N { /2 - 31?10 N% 211vc 6]5\/'c
Ny /2 Nija JIVSC]—V"_; 0 0 %Nc \/gtg
Nyo (et (et ) 0
Nzls/2 - 312\/5 N% zjlvc - 312\76
Ny~ Ny [500 0 /A
N2 e o I, o
Ao - 3;4\/c Ni _N% 0
Agyz 3N N N 0
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For three flavors, the mass formula reads [21,23]:

11

4
Mizo,1-1 = Z c; O; + Z b B;,
i=1

=1

(6.10)

where the basis operators up to and including O (1/N.) or O (¢) are given in Ta-
ble (6.13) and Table (6.14). In order that the SU(3) breaking operators do not con-

tribute to the non-strange baryon masses, they have been redefined according to:

5 c - 5(N —9)
By = tg — 2fN O, By = Tg — 2fN +01, By = dSab %G + —Ssz( O +
__5 _5_ 3 — ). g — V3
2\/§(ch1) 06 + 6\/5077 B4 - 361 928 2 02'
Table 6.13. SU(3) singlet basis of operators for the [70,17] masses.
O] 02 03 04 ()5 OG
N1 l; s; Ni qu(’ NoAl +1 lity G Nifl S¢ N%_Sfo
2 3—2N, 2(Ne+3)(3Nc—2) Ne+3 Ne+3
81/2 Ne 3N, 0 ONe(Ne+1) T 3N? 2N2
48 N, _5 _ 5(3Ne+1) 5(3Ne+1) 5 o
1/2 c 6 48N, 18(No+1) 3N, N.
Nc+3 (Ne+3)(3N:~2)2 (5—3Ne) [ Ne+3 Ne+3
281/2 - 481/2 0 (18NC> 24 2(N§ : T 9(NA41) 21\;: 18;? 0
21 /2 N, -1 0 0 0 0
2 1 (BNc+7) 4 2
10172 Ne 3 0 T 9(Ne+1) T 3N. N
2 2N.—3 (Ne+3)(3Ne—2) Ne+3 Ne+3
83/2 Ne 6N, 0 TUONNA D 6N? 2NZ
4 1 3Ne+1 3Ne+1 2 2
83/2 Ne 3 12N, 9(Nc+1) 3N, N
2 4 5(Ne+3) 5(Ne+3)(2—3N.)? 5(Ne+3)(5—3Nc)? 5(Ne+3)
83/2 — "83/2 0 - 36N, N? 324N.(N.+1)? 36N3 0
13/ N % 0 0 0
2 1 3N+ 2 2
103/ Ne G 0 18(Ne+1) 3N, N
4 1 3Ne+1 3N +1 1 2
852 Ne 2 ~ 48N, T 6(Ne+1) N N
Or Os Oy O1o On
c (2) c : c c c c c c
N%siSi N%éij siSj N%Q&v gja{Sj,Gja} t {5¢, G a} N%& gm{Sj,Gju}
28 _ Ne+3 0 (Ne+3)(7—15Ne) _ (NC+3)(3NC+1) — (Net3)(3Ne+1)
1/2 INZ 24N3 12N3 24N3
4g 1 5 5(3Nc+1) (3Ne+1) 5(3Ne+1)
1/2 2N, 3N, 24N2 T T3N2 12N?
2 4 25(Ne+3) (Net3)(3No—2)? (Net+3)(3Ne+1)2
812 = "81/2 0 72N3 288N 0 72N2
1, /2 0 0 0 0 0
2 1 (BNc+T7) (BN4T7) (BNc+7)
10172 N 0 T6NZ T6NZ 12N2
2g, _ Ne+3 0 (Nc+3)(15Nc 7 _ (Ve +3)(3Nc+1) (Nc+3)(31v +1)
3/2 4NZ 18N3 12N3 18N3
4g 1 (3Net1) (3Ne+1) (3N+41)
3/2 2N, SN( 12N2 T T3N? 6N2
2 4 (Net+3) 5(Ne+3)(3N.—2)? 5(No+3)(3Not1)2
8372 — "83/2 0 _\/ 144N3 \/ 576N2 0 T44N?
213/2 0 0 0 0
1 _ (BNc+T) (BNc+T7) _ (8Ncet7)
: 1032 N 0 12N2 6NZ2 24N?2
ag 1 1 _ (3Ne£1) _ (3Nc+1) _ (3Ne£1)
5/2 2N, 3N. I 3NZ iNZ




Table 6.14. SU(3) octet basis of operators for the [70, 17| masses.

Bl B2
ts I
28 28 N2 —(TNs—8I?)N2+3(4Ns—8I1?+1)N.—9N; N2A—(3N;—1)N3+(Ns—812—3)N2—3(Ns—8I1?+1)N.+9N,
1/2; ©3/2 2v3Ne(No—1)(Ne+3) 2v/3No(No—1)(Not3)
48,48, 48 Ne—N;—4I2 N2—(3Ns+2)Ne+4(I%+Ns)
1/25 93/2, O5/2 2V3(Ne—1) 2v/3(Ne—1)
281/2—481/2,283/2—483/2 0 0
211/2 213/2 (3—Ne¢) (Ne+5)(Ne—3)
) V3(N.+3) 2v/3(Ne+3)
28 _21 28f _21' __3(Ne—1 __3(Ne—1)
1/2 1/2, ©3/2 3/2 2N (Net+3) 2/ No(Net+3)
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6.5.3 Mass relations for [70,17| multiplet

Theoretically, there are 30 baryon masses in the [70, 17| multiplet, but only 17
masses are identified experimentally with a three-star or higher rating by the PDG.
In LQCD, all the baryon masses are available for each respective pion mass with
an ambiguity of identification of the mass levels corresponding to each baryon spin.
Therefore, all the possibilities have to be taken into account to find the most general
assignments of masses. One can realize that there are 256 possibilities in total refer-
ring to the Fig (11) of Ref. [29]. The criteria for the identification of most general
assignment includes a test of x2, mass relations and the naturalness of the fitted coef-
ficients. Also, one required that the coefficients flow reasonably smooth towards the
physical ones which are known, then only one assignment becomes possible, namely
the one selected here. All the input masses after identification of states are given in

Table (6.15).

GMO and ES relations are tested with the LQCD input masses and results are
given in Table (6.16), but cannot be tested for the physical case due to insufficient
number of experimentally known states. The parameter independent mass relations
are written with a different notation where, Sg is the mass splitting between the
state B and the non-strange states in the SU(3) multiplet to which it belongs. The
results for the parameter independent mass relations with the input masses are given

in Table (6.17).
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Table 6.15. [70,17] masses. The experimental values are those for baryons with a

three star or higher rating by the PDG.

M, [MeV] M, [MeV]

Baryon PDG 391 524 702 Baryon  PDG 391 524 702
Ny 1538£18 1681£51 1797432 196848 Ns/o 1678+£8 2012426 2033+£20 2109411
Ay 1670£10 1777432 1852427 196848 Asjp 1820£10 205719 2068+12 2109411
L2 1783+25 1852427  1968+8 s/2 177545  2059+21 2066+15 2109+11
Z1/2 1846432 1899+32 196848 Zs5/2 2127+21  2105+15 2109+11
Ns/o 1523+8  1820+40 1896+17  2000+£8 Ay 1645£30 1885440 1964+42 2023+£60
Asjo 1690+5 1904+25 1939+17  2000+£8 2/1//2 1952425  1998+37 2023460
Yy 1675£10 1905423 1940£20  2000+8 E/{/z 1987427  2038+17 2023460
Z3/2 1823+5 1974+£25 1976+17  2000+£8 Q)2 2011+41  20604+20 2023460
Ny, 16604£20 1892435 1928437  2045+11 Agjp 1720£50 1955432 2033£17 2098+£11
A’l/2 1785465 1849+36 1944437 2045+11 Zg’/z 1958436 2071£15 2098+11
2’1/2 1765435 1840+36 1941437 2045+11 Eg/2 2040£31 2108+15 2098+11
Ele 1876427 2001£22 2045+£11 Q32 2101+30 2139415 2098+11
Ny 1700450 1895429 1935437 2077410 Al 140744 1710+£32  17964+20 1922+11
Ag/Q 1936+£30 1981427 2077£10 Ag/Q 1520£1 1817421 1816+£40 1903+11
Egﬂ 1951427 1977425 2077£10
= 1998+31 2030427 2077£10

=3/2
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Table 6.16. GMO and ES relations for the [70, 1] multiplet. Due to the insufficient
number of physically known states with three or more stars, the mass
relations for physical states cannot be checked for the physical case.

Relation M, [MeV]
PDG 391 524
2(N1ja + Z12) — (BA12 4+ Z1/2) =0 594156 174125
2(N3jo + Z372) — (38A3/2 4+ X3/2) = 0 314121 13+74
2(Nsj2 + Z52) — (3BAs/2 4+ X5/2) = 0 46491 6+64
Sy = Drjp = E )y = 55 = Quja — 5 67447 35456
34436 40441
24449 22426
Shp — Daj2 = Bl — B4y = Qapp — B 2449 39423
82447 37421
61443 31421

Table 6.17. Octet-Decuplet mass relations for the [70,17] multiplet. Sp is the mass
splitting between the state B and the non-strange states in the SU(3)
multiplet to which it belongs. The results shown correspond to the rela-
tion divided by the sum of the positive coefficients in the relation (e.g.,

163 for the first relation).

Relation M, [MeV]

391 524
14(SA3/2 + SA?‘}/2) + 63SA5/2 + 36(521/2 + 32/1/2)
—68(SA1/2 + SAll/z) — 275’25/2 =0 9.4440 0.96+34
14(523/2 + 523/2) -+ 215/\5/2 — 9825/2
—18(51\1/2 + SA/1/2) — 2(521/2 + 5211/2) =0 37+45 5.4438
14 52,1//2 + 49:9/\5/2 + 23(521/2 + 52,1/2)
—45(SA1/2 + SAll/g) — 19525/2 =0 9.4440 0.7+34
14 Sgg/Q + 2851\5/2 + 11(521/2 + 52/1/2)
—27(51\1/2 + SA/1/2) — 105’25/2 =0 0.8440 0.14+33
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6.5.4 Fit results for [70,17| multiplet masses to data

The fits can be done separately for the [20’, 17] multiplet which corresponds to
two flavors, and [70,17] multiplet which corresponds to three flavors. The fit re-
sults for the non-strange (case of two flavors) baryons are given in Table (6.18)!. The
physical case is in good agreement with previous works [58,59]. If one considers only
the seven known masses as inputs to the fit, one operator must be eliminated: the
operator Og is thus dismissed as it always results virtually irrelevant. A second fit
where only the three dominant operators are kept turns out to be consistent for the
lattice QCD results, but gives a poor fit to the physical case. In that case, the M,

evolution of the coefficients is shown in Fig. (6.3).

600 F 1
500¢ //\\’
w0l ,

E 300 g;

2 200} Cs |
100/ /\%

of
1005 ‘ ‘
PDG 396 524

M, [MeV]

Figure 6.3. Evolution of the minimum set of operator coefficients with M, in SU(4) x

0(3).

A comparison of the physical case shows that it is consistent with earlier work
[58,59], but differs significantly for the coefficients ¢3 and ¢g with respect to the recent
global analysis carried out in Ref. [68]. Since all those fits are consistent in terms
of the y?, it is an indication of the ambiguity that results when only the masses are

fitted. This means that also for the LQCD results one should expect several con-

In order to compare with the coefficients C; obtained in the global analysis [68], where the
operators are given in spherical basis and with different normalizations than here, the correspondence
is: C1 =1, Oy = —ge2, O3 = — {03, Ca = Sea, C5 = =55, Cg = 26, O = —c7, and Cs = §os.
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sistent fits in terms of the value of the x2, which will have some of the parameters

significantly different.

Table 6.18. Fits to the non-strange [20, 17| baryon masses. Unless the mixing angles
are inputs to the fit, the operator Og is not necessary due to linear de-
pendence as there are only seven mass inputs to fit. For the physical case
with seven parameter fit (second column), the mixing angles from the
global analysis (0, ,,=0.49+0.29, Oy, ,=3.01£0.17) were used as inputs.
For the minimal fit (third column) with ¢q,¢s5,¢6, the mixing angles in the
physical case are not inputs.

M MVE g 396 524 PDG 396 524
Coefficients

o 46342 54345 598+3 | 45942 53345 57943

& 36412 39435 13+14 0 0 0

¢ 313469 -834215  -06+74 0 0 0

s 65431  -T04T1  -95+30 0 0 0

s 1418 00448 107424 | 16418 122446  106+23

e M3+10 446425 307+13 | 443410 502425 414413

o 20431 -0.37462.8)  -66+34 0 0 0
O, , [Rad] 0.5240.13  2.9440.21  2.76+0.06 | 3.1340.01 3.04£0.05 3.03+0.03
O, ,, [Rad] 3.0240.00 2884042 2.38+0.11 | 3.1240.02 2.984+0.08 2.97+0.05
Cos 0.05 0 0 0.68 0.52 1.0

For two flavors, and following the global analysis of Ref. [68], the two mixing an-

gles are given as input, and in this way it is possible to fit with the complete basis

of operators up to 2-body. If the additional information provided by partial decay

widths and/or photocouplings is not available, as it is the case for the LQCD results,

one possibility is to neglect some of the basis operators, which allows one to predict

the mixing angles solely using the masses. A guidance on what operator(s) to exclude

is given by the rather clear hierarchy in the importance the different operators have,

as measured by the magnitude of their coefficients. In fact, it becomes clear that the
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mixing angles are mostly controlled by the operators O,, Oy and to a lesser extend

04 and 05.

In the case of three flavors the number of masses is much larger than the number
of basis operators, and thus in principle the mixing angles can be determined with
the information on the masses, of course after the above mentioned identification of
states has been performed. Such identification is clearly displayed in Table (6.15).
For the sake of brevity, only those operators which have effects of any significance
have been included here: after an initial analysis, several operators whose coeffi-
cients resulted consistent with zero have been eliminated. The fits for three flavors
are given in Tables (6.19) and (6.20) for the corresponding subsets of operators. Be-
cause of the different definitions of the basis operators for the different multiplets,
in order to compare contributions which are of common nature across mutliplets
such as the spin-flavor singlet contributions, the HF and the SU(3) breaking, the
following identification of coefficients should be done: ¢, < (¢1 + (by + b3)/vV/3)70,
> £C6r0, bigg <> — ((b1 + bg)\/§/2)70. The mixing angles are given

62[56,0+] < 63[56,2+]

in Table (6.21).
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Table 6.19. Fit to the [70, 1] masses using a subset of operators chosen as a minimal
subset such the 3, is acceptable for all input sets. For the physical
case the mixing angles from the global analysis [68] (€, ,,=0.49+0.29,
On,,,=3.01£0.17) were used as inputs.

Coefficients M, [MeV]

[MeV] PDG 301 524 702
¢l 444.3£0.3  572£2 585+1 6361
Co 84+£2 68+12 =716 -16+4
c3 117+13 59+22 -40+£18 248
Ca 115+£5 -12£12 -28+9 -13+4
Cs 84+10 134417 132+14 84+£7
Co 538+5 327£10  350+£6  262+4
cr -159+13 49£27 -59+£17 13+11
by -214+5 -100£13 -431+9 0
by -188+2 -62+6 -46+4 0
bs -9242 -41+10 -6£7 0

o 0.74 0.65 0.14 0.09

Table 6.20. Fit results with minimal set of mass operators for the [70,17].

masses are used as inputs.

Coefficients M, [MeV]

[MeV] PDG 391 524 702
c 4624+0.3 58242 587+1 637+1
C2 83£2 92+10 13+8 -11+4
Cs -67£11 13617 127+£13 967
Cé 42014 27049 34446 25744
cr -78+14 4+31 -47£16 21+£11
b -924+4 -53+13 -3449 0
) -17942 -58 +6 -48+4 0

On,,  033+0.02 0794021 2.95+£0.05 2.94+0.02

0N, 0.45+0.02 0.794£0.13 2.86+0.07 2.8440.03

ot 6.7 0.86 0.46 0.13

Only



Table 6.21. Mixing angles in the [70,17] predicted from the fit to the masses.

Mixing angles M, [MeV]

[Rad] PDG 391 524 702
0N1/2 0.76£0.03 0.61£0.12 2.77£0.06  2.98£0.05
91\73/2 3.0940.40 0.10£0.81 2.70£0.10  2.8440.03
¢A1/2 -0.15£0.01 -0.15£0.01  -0.1440.01 0
9/\1/2 0.83%+0.01 0.70£0.01 2.76+0.01 2.984+0.05
1/JA1/2 0.05£0.01 0.11£0.01 -0.18+0.02 0
(]5,\3/2 -0.21£0.03  -0.16£0.04 -0.12+0.02 0
9/\3/2 3.08+0.01 0.13£0.01 2.69+0.02 2.84+0.03
(LI -0.1840.01  0.07%0.03 -0.03£0.01 0
b5, -0.25£0.02  0.03£0.01 -0.0540.04 0
921/2 1.01+£0.01 0.75£0.01 2.75+0.01 2.984+0.05
Vs, ), -0.10£0.01  0.01%0.07 0.03£0.04 0
?s4,, -0.08£0.06  0.06%0.04 -0.02+0.04 0
923/2 3.05£0.01 0.16£0.02 2.66+0.01 2.84+0.03
2/123/2 0.04+£0.02 0.03+0.02  0.005+0.001 0

Pz, -0.30£0.03  0.03%0.01 -0.05+£0.06 0

Oz, , 0.94+0.01 0.7840.01 2.77£0.04  2.98£0.05
Yz, ), -0.14£0.02  0.01+0.07 0.03+0.06 0
bz, -0.09£0.07  0.05%0.03 -0.02+0.04 0
(953/2 3.07£0.01 0.19£0.03 2.69+0.02 2.84+0.03
wgs/z 0.0540.03 0.024+0.01 0.00640.001 0

104

The fits in the physical case are checked to be consistent with previous analy-

sis [21,23]. It is interesting to observe the evolution of the mixing angles 6 with M,

as they can give a clue on the possible level crossing as M, evolves. As it is the case

in the non-strange case discussed above, in the S = 3/2 baryons these angles remain

continuous from the physical case to M, = 702 MeV, while in the case of the S = 1/2
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baryons there is a change by more than 7/2, indicating a level crossing along the way.
This qualitatively agrees with the LQCD results in Refs. [63,65]. It is interesting to
observe that for M, = 702 MeV all baryons are stable, and almost all are still stable
for M, = 524 MeV, while below M, = 391 MeV they are unstable. Since the S = 1/2
baryons have S-wave decays, they are the ones to be sensitive to the opening of the
decay. These observations suggest a synchronization between the mixing angle and
the stability of the baryon. In fact, the change in ¢; shown in Table (6.21) in going
from M, = 391 to 524 MeV is approximately 7/2, as expect for a level crossing. Is
this an explanation for the observed level crossings?. Perhaps, but it is not clear at

this point, and it deserves further study.

600 - —c, |

400 - Bl

[MeV]
=

200 -
, by

200L = ‘ ‘
PDG 391 524 702

M.[MeV]

Figure 6.4. Evolution with respect to M, of the coefficients of the basis operators
used to fit both the physical and the LQCD [70, 17] masses.

Consistent fits to only LQCD results can be achieved by a minimal set of significant
operators. It is found that the relevant SU(3) singlet operators are the spin-flavor
singlet Oy, the HF Og and the two spin-orbit ones Oy and Oy and the first two SU(3)
breaking operators. These results are illustrated in Fig. (6.5). Note that all the SU(3)
breaking operators are relevant for fitting the physical case. The operator Os is found

to be important for the physical masses, but irrelevant for the LQCD masses, where
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the operator Oy is instead significant. It is interesting to observe that in models with
pion exchange between quarks, such as certain versions of the chiral quark model, O3

is naturally important, and should fade as the M, increases.

600; C1 |
L —Cy |
I —Cs |
400 - —Cg
L C7

3
= 200 “- by
I s by
0 \,_, —
e S S ==
200 T~ ‘ ‘ ‘ 1
PDG 391 524 702
M, [MeV]

Figure 6.5. Evolution with respect to M, of the coefficients in Table (6.20). .

The mass relations are depicted in Tables 6.16 and 6.17. All are well satisfied,
except for the EQS relation for M, = 391 MeV involving Eg /2 A shift of its mass
by ~ 430 MeV leads to consistency. The mass predictions are given in Table (6.22).
Since, the PDG candidate state Z(1950)***(?%) is consistent with E5 /9,552 and 2

in Table (6.22), its parity could be predicted as negative.
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Table 6.22. Predictions of physically unknown states in the [70,17] multiplet from
the fit in Table (6.19).

Missing State Fitted mass with union set of operators PDG
[MeV] MeV]
Y12 1644.72 ¥(1620)1/27*=1620+10
Z1/2 1800.93
El 1930.24
Ay 1824.59
23/ 1780.37
S 1943.64 Z(1950)(?7)***=1950415
Zs5/2 1938.95 Z(1950)(?7)**=1950+15
P 1827.51
= 1968.76 Z(1950)(?7)***=1950415
/o 2107.31
P 1916.21 ¥(1940)3/2~***=1950£30
= 2057.24

Q35 2197.75




MeV

MeV

MeV

6.6 Summary of the fits to baryon masses

1800

1700

1600

1500

1400

1300

2100

2000

1900

1800

1700

1600

2000

1900

1800

1700

1600

1500

T T

M-

= H=

=
1/‘2+ 3/2* 5/2* 1/2* 3/2* 5/2*
N
-
iE_
H J -
[ |
B 7= -
=
O =
1/‘2+ 3/2' 5/2' 7/‘2+ 1/2* 3/2* 5/2*
x
=
]
L1
1/‘z+ 3/2* 5/2* 7/2* 1/2* 3/2*
A

MeV

MeV

MeV

1900

1800

1700

1600

1500

1400

2300

2200

2100

2000

1900

1800

1700

2500

2400

2300

2200

2100

2000

108

= {E} = =
[ —]
=
1/|2- s/lz' 5/:2- Ur 3z a2
A
[ II II
-
H =
i O -
= = =
H = -
1/|2' 3/|2* 5/|2* 7/|2* Ur 3z 57
S
——
o
o
.
.
1/|2* 3/|2* YT Ur 3
Q
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6.7 Conclusions and discussion

From the study presented here of recent LQCD results for the low-lying baryon ex-
citations, it can be concluded that a picture of the spin-flavor composition of excited
baryons is derived from their masses calculated in LQCD and the 1/N, expansion.
The results obtained entirely support the picture seen from the lattice QCD analysis
of the mass eigenstate couplings to source/sink operators. A similar, and even simpler
picture than the physical case emerges at increasing quark masses, where with very
few dominant operators the LQCD masses can be described. The expected narrow-
ness of the states analyzed for the quark masses in the LQCD results suggests that
those results are very realistic. For higher excited baryons, which will be broader, the
present LQCD results may be a poorer approximation. Nonetheless, they should be

interesting to study.

A strong conclusion is that the baryon masses calculated in LQCD are even closer
to an approximate SU(6) x O(3) symmetry limit than the physical ones. This is most
likely due to the fact that the composition of baryons becomes increasingly closer to a
constituent quark model picture as the quark masses increase, emphasizing the mass

operators which are naturally large in those models and suppressing the rest.

For the quark masses employed in the LQCD calculations used here, the dramatic
downturn in ¢; for the Roper baryons is not manifest. This is an effect where prob-
ably chiral symmetry plays an important role as it becomes restored towards lighter
M. In recent LQCD work on nucleon resonances [63,65] a first evidence of that
downturn is observed. It remains to be determined what precise mechanism drives
that effect, and perhaps some clever strategy in LQCD calculations could be used
for that purpose. While in the Roper multiplet the ¢; coefficient should have a large

negative curvature as a function of M, to match the physical masses, it lies along
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an almost prefect straight line for the ground-state baryons, and it has a moderate

negative curvature in the other cases.

Identifying the HF coefficients as mentioned earlier, one finds that for the LQCD
results the strength of the HF in the ground-state baryons is almost twice as large as
in the excited baryons, which is significantly different from the physical case, where it
is only about 25 % larger. One should point out that in a picture of large N, baryons
with very heavy quark masses the hyperfine interaction will scale as m, = N,, imply-
ing that in LQCD calculations at even larger quark masses than the ones used so far

the hyperfine interaction coefficient should eventually scale approximately as my.

The spin-orbit contributions are all smaller than the natural size. In the [56,27] it
is an effect O (1/N,.), and the coefficient slowly decreases with increasing M. In the
[70,17] the O (N?) contribution is determined by ¢y which decreases with increasing
M, and the O (1/N.) contribution is determined by c5 remains roughly independent
of M.

An interesting open problem is how to relate the SU(6) x O(3) decomposition
of the physical baryons determined via the 1/, expansion as presented here, with
the information on the coupling strengths of the mass eigenstates to the different

source/sink operators obtained in the LQCD calculations.
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CHAPTER 7
CHIRAL PERTURBATION THEORY AS AN EFT IN QCD

7.1 Introduction

An effective field theory (EFT) is a theory (or Lagrangian) which includes all the
relevant physics at some specific length scale, as the relevant degrees of freedom to
the problem. Also one can identify a small parameter which allows one to perform
perturbative power counting, and systematically work to any desired level of preci-
sion. The foundation of EFT comes from the ideas by Ken Wilson, Steven Weinberg,
etc [9,80,81]. The EFT approach has become a very strong mathematical tool in
particle physics, especially when dealing with the nontrivial phenomenology of pro-
ducing the hadron spectrum (mesons and baryons) from quarks and gluons as the
fundamental degrees of freedom in QCD. Since the perturbative expansion in terms
of the gauge coupling is only possible at high energies, the low energy phenomenol-
ogy needs a reformulation of the QCD Lagrangian in terms of “hadron” degrees of
freedom with some small parameters in order to perform perturbative expansion to

describe the physical observables.

This chapter is organized as follows; The next section contains a brief overview of
the symmetries of the QCD Lagrangian, including a discussion on symmetry breaking
due to quark mass and QCD in the presence of external fields. The third section ex-
plains a flavor of the effective field theory approach. Then the fourth and fifth sections
summarizes the chiral effective theory for mesons and baryons with applications. The

last section is devoted to the heavy baryon approach.
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7.2 Symmetries of Lqcp

The QCD Lagrangian Lqcp respects the Poincaré symmetry, local color gauge in-
variance, flavor symmetry and discrete symmetries such as parity and charge conjuga-
tion. In addition to those symmetries, there are more symmetries emerge according to
the Noether’s theorem i.e., any continuous symmetry transformation (local or global)
which preserves the invariance of the action implies the existence of a conserved cur-
rent associated with the symmetry, and the corresponding charge is a constant of

motion.

7.2.1 Global U(1)y symmetry

This is identified as the U(1) “vector symmetry” with the subscript V', and the

transformations associated with the U(1)y symmetry can be defined as,

U(z) = ¢/ (x) = e (7.1)

where 6 is a constant. One can directly see that the QCD Lagrangian is invariant

under these transformations and the associated conserved current is:

(@) = By ble), 9 Tb() =0 (7.2)

and the conserved charge is identified as the “baryon number”:

B:/fxwuww> (7.3)
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7.2.2 Global U(1)4 symmetry

This is identified as the U(1) ”axial-vector symmetry” with the subscript A, and

the transformations associated with the U(1)4 symmetry,

Y(z) = ¢/(z) = 7. (7.4)

yields the axial-vector current,

Jh(z) = (@) s ¥ (), (7.5)

which is not conserved,

Oy Ti(x) = 2imibysi (7.6)

due to the quark mass. Therefore the U(1), is a symmetry for the quark fields in
the limit of zero quark mass, which is identified as the “Chiral limit”, where ~; is

identified as the “Chirality matrix”.

7.2.3 Isospin SU(2); symmetry

In the case of two light quark flavors (Ny = 2), the quark fields can be identified
u(z)

as an “isospin doublet” : (x) = , and in the symmetry limit one assumes
d(z)

my, = mg. The SU(2); symmetry transformations can be defined as,

Y(z) = () =" Ey (7.7)

where 6, is the a'* group parameter associated with SU(2) generator 7, (Pauli ma-

trices with @ = {1,2,3}). Since the QCD Lagrangian is invariant under SU(2);
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transformations, the associated conserved current can be defined as,

and the time-independence of the conserved isospin charge,
Q= [ @ ) = [ #s i@ G o (79)

implies that it commutes [H, @Q,] = 0 with the QCD Hamiltonian.

7.2.4 SU(3); symmetry

u(z)
For three light quark flavors (Ny = 3), one can consider ¢)(z) = | d(z) |, with

s(x)

m, = mg = mg approximation. Therefore the QCD Lagrangian is invariant under

SU(3); transformations,

a

(@) = P (2) = P Fyh . (a={1,2,3,..,8}) (7.10)

where )\, are 3 x 3 Gell-Mann matrices with a = {1, ...,8}, and the invariance under

SU(3)s transformations introduces the conserved current:

Aa

i (@) = (xS (x) (7.11)

and the conserved charge:

Q= [ @i @) (7.12)
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7.2.5 Chiral symmetry

“Chirality” is defined as the helicity (spin projection on the momentum direction)
of a particle in the massless limit. Only two types of chirality or helicity are possible

along the axis of propagation: left-handed and right-handed. This allows one to

decompose the quark fields as,
Y =1vr+YL (7.13)
with,
1 1 - 1
¢R=§(1+W5)¢ ; ¢L=§(1—75)¢ ; 77Z)R/L:§(1:F'Y5)¢ (7.14)
——— — ———
Pr P, Pr/r
where the “chirality matria” s is defined as,
0 10
v =7 =iy = =0, = with 1 = :
1 0 0 1 0 1
(7.15)

in the Dirac representation [82]. Pr and P are identified as projection operators

which project the quark fields to their chiral components ¥z and 1. The chirality

projection operators also satisfy the following properties:

“completeness relation”

Pr+Pp=1
(7.16)

P:=Pr, P}=P
PrP;, =P Pr=0

“idempotent”
“orthogonal” .

The Chiral symmetry (or left-right handed symmetry) in Lqocp emerges in the
massless limit of SU(3); symmetry. In other words, QCD in the {m,, m4,ms} — 0
limit, is called the “chiral” limit. Also, this approximation is reasonable since we can

argue that the real world is not so different from this theoretical limit. Therefore,
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one can re-write the QCD Lagrangian,

_ 1 _
Laoo = D@in"Du(e) = 1Gu(a)' G () ~ Dlaympla)  (T.17)
- - - T
£%CD M

by separating the mass term L.

In the goal of analyzing the symmetry of Lqgcp under the independent global
transformations of left- and right-handed fields, there are 16 quadratic forms of quark

bilinears [82]:

Ir — VrD1g + Yl for I'y € {v*, v*v5} . (7.18)
YrUor +rlar for 'y € {1,75,0""}

Also note that, {I';,v5} = 0 and [['y, 5] = 0 combined with the orthogonality of Pg

and Py, give,
Prl'Pr = P I P, =11P,Pgr = Ppl's P, = PLlTsPr=0. (7.19)

Applying these properties in the QCD Lagrangian in the chiral limit, one can separate

the quark field term in E%CD into its left- and right-handed components,

L = Trla)in Duon(e) + o ()i Dy (1) = 16 (@), (1.20)

Since the covariant derivative is flavor-independent, L%CD is invariant under the trans-

formations [82] ,

Yr =UrL Yr1L (7.21)
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where,
& e R
_ . RLA | —iof
UrL =exp ( @Z@a 5 ) e (7.22)
UBRL iy L UL
SU(3)r,L

for the case of three flavors Ny = 3 with Gell-Mann Matrices A,. Therefore L3,
is considered to have U(3)r ® U(3), Chiral symmetry, and the invariance of £,
under this symmetry produces 2 x (8 + 1) = 18 total conserved currents (associated

with left- and right-handed transformations),
a 7 A a a n A a
DM = " by, 0L =0, R = ey opm, OB =0, (7.23)

where L*® and R*“ are left and right-handed currents which can be derived by

considering the variation [83] of L under the infinitesimal transformations.

8
_ )\a
$Lheo = U (z 00 4 aﬂ@R’L> ons 721
a=1

These chiral current densities L** and R*® separately transform under SU(3), ®
SU(3)r as a singlet and octet which we can denote as (1,8) multiplet. The vector
and axial-vector current densities are defined as linear combinations of these chiral

current densities as follows,

“octet 7 current densities:
a a a n >\a
VAL = RM® + LAY = ¢7H 5 77Z)
_ Ay
APS = RPY — [ = hytys—1) (7.25)

2
“singlet 7 current densities:

VI = Ypy*bp + Yy = Yy Prip + 0yF Py = Yyt
A" = R'— L' = 3" Prip + 0y" Py = Yy vs1) (7.26)
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One can also obtain the conserved singlet vector current by transforming left-
and right-handed quark fields by a “same” phase, whereas the singlet axial-vector
currents can be obtained by transforming the left- and right-handed quark fields with
“opposite” phase. However, this singlet axial-vector current is only conserved in
classical level, but there will be extra terms (anomalies) in the quantum level which
are of pure quantum origin and explicitly break the classical U(1) axial symmetry [82].
It can be identified as,

Nyg?

8#14# = %—QNEHVpaggngU (727)

where, one can see that it is conserved at large N, limit when the ¢ — ¢/v/N,

rescaling [10] is applied.

7.2.6 Symmetry breaking due to quark mass

The discussion above described that the QCD has SU(3), ® SU(3)r ® U(1)y
symmetry at the limit of zero quark mass. The breaking of the symmetry can be
studied by investigating the effect of the quark mass matrix. Let’s consider the L,
piece in the Eq. (7.17).

Ly =Y fmp = pMy (7.28)
f

where M is the diagonal quark mass matrix. In the case of two light-flavors,

My, + My

M = dlag (mua md) = ( 9

> 1+ (ma — my) % (7.29)

and in the case of three light-flavors,

u s A u —2mg\ A
M = diag (my, mq, ms) = (m +n;d+m )M(mu — my) ?3+(m HZ% m ) 78
(7.30)
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Applying the left- and right-handed transformations in Eq. (7.13) to the quark fields
using the properties in Eq. (7.18), one can clearly see that the quark mass term mixes

the left and right-handed fields.

Ly = =My = — (YrMibp + P Mug) (7.31)

The variation dL£,; under the chiral transformations in Eq. (7.22),

8
Z CH (J’R%MwL - QZLM%@/}R) + 0" (YrMipy, — P Mug)

1

0L = —

-
+) 6oy (wL%M@DR — ¢RM%¢L> + 0" (Y My — @DR/\/WL)] :
a=1

(7.32)

can be combined with the dLqcp to obtain the corresponding vector and axial-vector

current densities for the full QCD Lagrangian for the case of Ny = 3:
a - /\a
a,u‘/’lu‘7 = Zw [Mv 7:| l/J 9

e = i {Zmbu.
V" = 0, (7.33)

2

a - 39 voa
0, A" = 21 Mrystp + Weuypagg Gps » €o123=1.

These current densities associated with the symmetries and their deviations can be

summarized as follows [82].

e In the limit of massless quarks, the octet current densities V#* A*% and the
vector current density V* are conserved, whereas the singlet axial-vector current

A* has an anomaly.
e All the axial currents are also not conserved when quark masses are non-zero.

e When the quark masses are equal (m, = mg = my), the eight vector currents

V@ are conserved since [A,, 1] = 0 according to the Eq. (7.33). This reflects to
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origin of the SU(3) symmetry originally proposed by Gell-Mann and Ne’eman
[82].

e It is important to notice that the SU(3); symmetry is a global symmetry of
Lqcp for both cases: with massless (m, = 0), and massive ({m, = mg = m,} >

0) quarks.

e For the quark masses with any value, each individual flavor’s vector current
density (uy"u,dy*d, 5y"s,...), and their sum are conserved. This reflects the

flavor independence of strong interactions.

7.2.7 QCD in the presence of external fields and PCAC

In the presence of external fields the QCD Lagrangian can be re-written by adding

Lexternal INtO the [,OQCD,

‘CQCD = ‘C(C),)CD + £external
= Ldop + PV + 50" ) — (s — insp)t (7.34)

by following the Gasser and Leutwyler’s procedure [84,85], where v* a*, s, p respec-

tively represents the vector, axial-vector, scalar and pseudo-scalar currents which are

hermitian, color neutral, 3 x 3 matrices in the flavor space:
vt = —ot et = ?a“ s=ASq, p=A'p, (fora=1,..,8). (7.35)

Since QCD Lagrangian is invariant under Parity (P), Charge-conjugation (C) and
Time-reversal (T) transformations the external fields also follow the same invariance.

One can summarize the transformation properties as follows,

e Parity :

— quark fields :

Dp(Z, ) D AO0p(—T,t) (7.36)



— external fields :

VH(E ) Dot (=T, t),  a'(Tt) D —a (=T |
Su('fu t) i 5”(_5‘:7 t) ) p“(f7 t) i _pﬂ(__’ 7t>

e Charge-conjugation :

— quark fields :
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Vo f(Tot) D Copthpp(—Tt) . Pag(@ 1) S g s(~7,0)C5L,  (7.38)

where, o, 3 are Dirac spinor indices, and C' = iy?7? = —C~!

— external fields :

T C T

T C T
us S—S . p—=p

c c
o= -, dt =a

(7.39)

where the transposition apply in the flavor space, and the arguments

change from (Z,t) to (—Z,1).

In order to see the behavior of the external fields under local SU(3),®SU(3)r@U (1)y

transformations, let’s define

Uu:§(7’u+lu) ,ay = (= 1)

and apply to the Leyiernal in the Eq. (7.34). Therefore one obtains,

15'7” (U,u + 75au) Y= @R’Y“T/H/JR + &L'Y“l;ﬂﬁL

for the first term in Legiernal, and

Py (s — iysa,) ¥ = " (s — ip) Yr + YrY" (s + ip) Ui

for the second term; with the aid of some auxiliary properties,

(7.40)

(7.41)

(7.42)
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v»5Pr = Prys=Pr, vPL=Pys=—-p
/}/“PR:PL’)/M, ’}/MPL:PR’}/” (743)

which are associated with the chiral transformations of quark-fields. Therefore, the

QCD Lagrangian can be re-written as,

Loop = Lo + Ur"rubr + iy by — Y™ (s — ip) e — ey (s + ip) Yr

(7.44)
which remains invariant under local transformations,
Yr = exp (—@) Ur(z)¥r
o = o (-250) Uit (7.45)

where, U(z)p g are independent space-time dependent SU(3) matrices which trans-

forms the external fields with the following properties [82]:

ry = Ugpr Uk +iUgd UL

L, — Upr, Ul +iU0,U]
s+ip — UR(S—H'p)Uz,
s—ip — Uy(s—ip) U} . (7.46)

7.3 Construction of effective field theories

The construction of the effective Lagrangian is directly based on the known sym-
metries of the parent theory (which is QCD, in our case). Comparing the quark
masses with the non-perturbative scale A, of dynamical chiral symmetry breaking

~ 1 GeV [86] the quarks can be separated into “light” and “heavy” sectors:

My, Mg, ms < Ay(~1GeV) < me,me,my . (7.47)
———— —— ——

light quarks heavy quarks
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As discussed in the introduction of Chapter 2, the quark masses are not determined
directly by experiment; their values are determined with the help of theory and some
assumptions. The heavy quark masses are to a first approximation determined from
the heavy meson masses (eg: J/v, B-meson, etc.), and the light quark masses require
many theoretical twists for the estimations. Only lattice QCD calculations are able

to provide a determination of quark masses, but this is still not very precise.

This work is focused on the hadron states which belong to light quarks. There-
fore, the heavy particles can be integrated out from the generating functional of the
theory, such that only the light degrees of freedom are left behind with an effective
Lagrangian. If ®; are the light fields and ®; are the heavy fields, then it is pos-
sible to define effective vertices (or couplings) by summing all the contributions of
the intermediate states of the ®;, in the elements of the S-matrix. Thus the effective

Lagrangian can be introduced :
eifd4x Log(P;) _ /D(I) eifd4x L(P;,Pp) ’ (748)

where the S-matrix elements calculated from L.g are equivalent to those from the
original one for all energies smaller than A,, because the contribution of the heavy
field intermediate states is suppressed for £ < A,. Therefore an expansion of the
effective couplings in terms of momenta would converge for £ < A, in other words

the Leg can be ordered as a momentum (or derivative) expansion with a cut-off A,.

The construction of effective field theories require an essential prerequisite to be
satisfied, called “Weinberg’s theorem” [9]. It states that, “if one writes down the most
general possible Lagrangian, including all terms consistent with assumed symmetry

principles, and then calculates matrix elements with this Lagrangian to any given
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order of perturbation theory, the result will simply be the most general possible S-
matrix consistent with analyticity, perturbative unitarity, cluster decomposition and
the assumed symmetry principles 7. Although there are infinite number of possible
terms with their free parameters in the effective Lagrangian, one has to have a proper
criterion to select the appropriate number of terms to turn Weinberg’s theorem into
a practical mode. Therefore, a proper scheme, and a systematic method of assessing
the importance of diagrams (generated by the couplings) allows us to organize all the
terms in the Lagrangian. This is identified as the Weinberg’s power counting scheme,

and will be discussed with mesons in the next section.

7.4 Meson Chiral Perturbation Theory

The spontaneous breaking of chiral SU(3), x SU(3)g symmetry into SU(3)y gen-
erates the members of the pseudo-scalar meson octet (pion (7), kaon (K), eta (1))
which are identified as the Goldstone bosons. Although the Goldstone bosons are the-
oretically massless, in the real world they acquire a mass due to the explicit symmetry
breaking of the light quark masses. It is interesting to emphasize that, it is not fully
understood theoretically yet why QCD should exhibit this spontaneous symmetry
breaking phenomenon [82]. On the other hand, the experimental observation of the
hadron spectrum accompanied by the non-vanishing singlet scalar quark condensate

account for the spontaneous symmetry breaking in QCD.

As described in the previous chapter, QCD exhibits the SU(3);, x SU(3)r x U(1)y
symmetry in the chiral limit. U(1)y symmetry reflects to the baryon number conser-
vation and the classification of hadrons into baryons and mesons. The linear combi-
nations @Y, = Q% + @7 and Q% = Q% — Qf commute with the chirally symmetric
part of the QCD Hamiltonian (H¢cp). If the symmetries of HYp would also be

symmetries of the vacuum state, there should be degenerate parity doublets. How-
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ever the low energy baryon spectrum does not contain degenerate baryon octet with
negative parity. For example, there is no evidence of the existence of two degenerate
states for the nucleon with same spin but opposite parity. This observation leads to
the assumption that the )% generator does not annihilate the QCD ground state,

and the ){, does. Therefore the two empirical facts,

e There is no left-right symmetry observed in the hadron spectrum. SU(3) is the

approximately realized symmetry of the hadrons,

e The masses of the pseudo-scalar mesons are small compare to the scale of the

theory (eg : masses of vector mesons),

suggest that the spontaneous symmetry breaking happens in the chiral limit of QCD.
It was shown in Witten et al. [87] that, the ground state is invariant under SU(3)y x
U(1)y. Also, Qf satisfy the commutation relations in SU(3) Lie algebra. Therefore
the eight vector charge (octet) Qf, as well as the baryon number operator Qy /3

(singlet) annihilate the QCD ground state

QVI0) = Qv|0) =0, (@, Q] =if" QY , (7.49)

where as,

Q% QU = if™Qy . Q1. QU = if*™Q% (7.50)

shows that Q)% operators do not form a closed algebra. Also it is very important
to emphasize that the reason why one can assume Q% do not annihilate the ground

state,

Q4l0) # 0, (7.51)

is because the parity-doubling is not observed for the lower lying baryon states in
experiments. In other words, the QCD ground state is not invariant under “axial”

transformations. For each generator ()%, there exist an associated massless spin 0
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Goldstone boson field ¢*(x) which transforms under parity,

6 (T, 1) S —¢"(—7,1) (7.52)
as pseudo-scalars, and leaves the vacuum invariant from the transformations under

the sub group SU(3)y
QY ¢ ()] = if " ¢°(x) . (7.53)

On the other hand, it is interesting to note the scalar and pseudo-scalar quark densities

Sa() = P(@)Aath(x) ,
Po(z) = iysAath(z) (7.54)

have important commutation properties with the vector charge (octet) at equal-time,

@y = [ P vt@ 07 e (7.55)
namely [82],
Qu(t), Ap(x)] =0,  a=1{1,..,8} (7.56)
and, .
Q4 (1), Ap(@)] =Y fareAc(z) , a,b=1{1,..,8} (7.57)

where Ay = {Sy, Po} and A, = {S,, P} with a = {1,..,8}. Here, one has to use the

Aa

properties [%, 70)\0} =0 and [7, ’Yo)\b} = Yot fapeAe- Therefore, one can re-write the

octet components of scalar and pseudo-scalar quantities,

A = 23 e [Q40). A)] (7.5%)

b,c=1

to observe that it has vanishing matrix elements with the ground state, in the chi-

ral limit. Because in the chiral limit, the ground state is invariant under SU(3)y
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transformations, i.e Q{,|0) = 0 leads to the condition,

(0| A, (z)|0) Lanslation Invariance, g 4 (0)]0) = (A,) =0, a={1,.,8}.  (7.59)

which leads one to obtain that the octet scalar quark condensate must vanish,

a=3 — <au)—<€d>:0,

a=8 — (uu)+ (dd)y —2(5s) =0, (7.60)

ie. (uu) = (dd) = (Ss). But according to Eq.(7.56), the singlet scalar quark

condensate is assumed to be non-vanishing.

(Unp) = (tu + dd + 5s) = 3{uu) = 3{dd) = 3(3s) # 0. (7.61)

Therefore using the property (i)? [75’\—2“, 7075)\(1] = A2, one can obtain,

au ~+ dd | a=1,2,3
S a uu + S8, a=4,5
+ (au+dd + 5s) a=

Applying the Eq. (7.62) for the ground state which is invariant under SU(3)y
with including the assumption of non-vanishing singlet scalar quark condensate, one

obtains

OQ4(), P]I0) = S(00)  a=1{1,..8) (7.63)

with the use of translational invariance property. Inserting a complete set of states
into the Eq.(7.63) yields that both pseudo-scalar density P,(x) and axial charge
operator ()% have non-vanishing matrix elements between vacuum and massless one
particle states [82]. Because of the Lorentz covariance, the matrix element of Q9%

between the vacuum and the massless Goldstone boson states can be written as,

(0] A5,(0)|¢") = ip, Fod® (7.64)
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where Fy (= 93MeV) is the “decay constant 7 of Goldstone bosons in the chiral
limit with momentum p,. The assumption Q%|0) requires a non-zero value for Fj is

necessary and sufficient condition for spontaneous symmetry breaking.

7.4.1 Construction of the effective Lagrangian

The standard application of effective field theory procedure to QCD which leads to
Chiral perturbation theory (ChPT) is to start with the generating functional of vector

currents, axial vector currents, scalar and pseudoscalar densities in the form [84, 88]
eiZ[v,a,s,p,G] — <Oout|0in> — /D(I) eifd4m Lv,a,s,p,0] . (765)

The Lagrangian in the presence of external fields reads:

1

L[Ua a,s,p, 9] - L(OQCD + 1/_}’}/#(1)“ + VSG#)w - &(S - Z’YSP)w - ]_67T2

06,95

where, s = M quark mass matrix from Eq.(7.30). Note that, in the absence of
anomalies (or # = 0), the Ward identities satisfied by the Green functions are equiv-
alent to an invariance of the generating functional under a local transformation of
external fields [89]. Thus the last term in the Lagrangian is neglected (or = 0)

through-out this work.

The reconstruction of the effective version of this generating functional in Eq. (7.65)
requires the transformation properties of the Goldstone bosons, which will replace the
quarks and gluons as the low-energy degrees of freedom. Conventionally, these Gold-
stone bosons are uniquely identified by 3 x 3, unitary and uni-modular matrix-valued

field,

U(z) = exp (Fiogba(m)/\a) , Ux)U(z) =1, det U(z) =1 (7.66)
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which transforms non-linearly under chiral transformations;

U(xr) — RU(z)LT, (7.67)

where ¢ are Goldstone boson fields, Fj is a free parameter in the theory (related to
meson-decay constant), and A\, are Gell-Mann matrices. Because the chiral SU(Ny), x
SU(Ny)r symmetry is spontaneously broken by the emergence of massless Goldstone
bosons, the Lagrangian has to be written in terms of the generators of the broken
SU(Ny)r, x SU(Ny)g symmetry [80,81]. For the case of Ny = 2, the generators are
Pauli matrices and for the case of Ny = 3 they are Gell-Mann matrices. Therefore,
the Goldstone boson fields can be written as a matrix valued function ¢ which is a
product of generators and combinations of coefficients which can be identified with

the physical mesons,

\%WO + \/Lén Tt K+
¢ =¢"(x)A = V2 n Lty Ly K| (7.68)
- /0 2

Also, the covariant derivative was introduced,

DU = 0,U — i[v,, U] — i{a,, U} (7.69)

because the chiral invariance only permits the occurrence of vector and axial vector
sources in the covariant derivatives and field strength tensors in order to preserve
the correct transformation properties of the effective Lagrangian under the chiral
symmetry group (here, U represents the U(z)). Therefore, the most general “chiral’

effective Lagrangian can be written as [90],

Lo = Leg (U, 0U,0°U, ... (7.70)
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in terms of the Goldstone boson fields. The most important fact is, this effective
Lagrangian has the same symmetries as in QCD : C, P,T, Lorentz invariance and
chiral SU(3)r x SU(3) g symmetry. This chiral Lagrangian can be expanded in “chiral

powers ” (number of derivatives acting on Goldstone boson fields), and the chiral

power counting of the Lagrangian,
Log =LY + 28 +£8) + ... (7.71)

contains only “even” powers, because the Lorentz invariance permits terms with only

even number of derivatives.

7.4.2 The lowest-order effective Lagrangian

At zeroth chiral order the chiral SU(3), x SU(3)x invariance implics that, £
can only be a function of UUT = 1, contributing to a constant term in the effective

Lagrangian which can be dropped.

At second order, there are two possible chiral invariant terms with two derivatives;
(0,U10"U) and (UT9*9,U), where (---) is the trace in flavor space. These can be

reduced to a single term because [82],
(Utoro, Uy = 0*(0,U'U) — (0,UT0"U) | (0,U'U) = 0. (7.72)

Therefore ng) is,

£% = ¢ (0,Ut0*U) (7.73)
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where the coupling constant ¢; is identified as a Low Energy Constant (LEC). It can
be fixed to FZ/4 by expanding the Goldstone boson fields U,

-1 —
U +ng

- 2F2¢ +0 (4% , (7.74)

with the trace property (A Ap) = 2d4. This results in the standard kinetic term of
the Lagrangian,
Ll == Mqﬁ“@“gb“ +0(¢") . (7.75)

Because the terms of zeroth chiral order have been dropped, the second chiral order

is effectively the leading (lowest) order (LO) Lagrangian,
£2 = F—(?(a Utoru) (7.76)
eff — 4 M : :

Therefore at the leading-chiral-order, Fy is the only LEC appears in E((jf) (in the
chiral limit). The interpretation of this Fjy can be directly visualized by considering the
Noether axial current (J%*) of chiral symmetry for £'2). One can obtain the J** and

Ji* by using the variation 5£gf) under the chiral SU(3), x SU(3)g transformations,
a0 Aa - a Aa
L =exp —z@%? , R=exp —26%7 , (7.77)

by using the property,

) (55@?)
== 7.78
LR 00,04 5 (7.78)
Then, the linear combinations of J/"* and J5* yield [82],
2
,a ,a 1,a vFO T
Jpt o= IRt It = —ZZO\G[U,a“U 1), (7.79)

F2
Tt = TR = T = =i (U0 (7.80)



135

Applying the expanded form of U matrices gives,

2 I
JH = —i% <Aa {1 IUPRL i P }> = —Fy0"¢q (7.81)

Fy

which reveals that the non-vanishing matrix element when J%*(x) between the vac-

uum and a Goldstone boson state,

(0174 ()| dp(p)) = (O] = Fo0"pu() |y (p)) = —Fo0"e™ "0

= ip'Foe P 5y (7.82)

leads to interpret Iy as the Goldstone boson decay constant in the chiral limit.

7.4.3 Explicit symmetry breaking due to quark mass

The discussion up to this point assumed the chiral limit (m, = my = m, =
0) where the chiral symmetry is exact, therefore ng) doesn’t contain a mass term,
and describes the dynamics of the massless Goldstone bosons. In nature, the quark
masses are non-zero (but small), which leads to an explicit chiral symmetry breaking.
Therefore, one has to introduce a symmetry breaking term to the existing L'gf) in
order to account for the explicit symmetry breaking. Consider the mass term L,

(see Eq. (7.31) ) in the QCD Lagrangian, which breaks the chiral symmetry,
Ly = —pMp = — (VMg + P Mpg) (7.83)
It is important to notice that the M transform as,

M= M = LMR! (7.84)
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under the chiral transformations and leaves £, invariant. Therefore, one can intro-
duce an external scalar field (s) in the effective Lagrangian ng) which transforms
as,

s — LsR' (7.85)

under chiral transformations which leave the ng) invariant. Therefore at leading

chiral order (O (p?)) the £eﬁ gets the form,

2

F
£ = <a Ulo"U) + 7 Bo(sU' + 5U)

F2

- Iﬁ@maﬂm + 5 BoM (UT + 1)) (7.86)

where, s = M = M, and B, is an additional constant associated with the ex-
plicit chiral symmetry breaking. Let’s consider expanding the second term of ng) in

Eq. (7.86), which can be labeled as ng)_sb (sb - symmetry breaking),
F? 1
Lita = 5 BoM (U + V) = BoFg (s + ma+ms) — 5 Bo(M?) + O (6") .

The first term of £ ', 1s related to the vacuum expectation values of the scalar

quark densities [90],

_ OHqcep 0£H 9
—= _— = ¢ _—B F .
(Olgal0) = (OIZ522210) = —(01510) = ~BoF§ +0 (my) (7.87)
which yields,
(0]au|0) = (0]dd|0) = (0]55|0) = —ByFy (7.88)

at the leading oder, where the quark condensates are degenerate in the chiral limit.

The second term of ng)_sb can be expanded using Eq. (7.68),
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B _
—7°<M¢2> = —By(my+mg)ntm — By (my, +my) KTK™ — By (mg +my,) K°K°
B B B " s
_70(mu+md)7TO7TO—%(mu—md)ﬂon—5(m +77;d+m> 27

(7.89)

therefore one can write down the expression for the Goldstone bosons, to the lowest

order in the quark masses,

M? = 2Bym
M; = By(h+my)
2
M} = gBO(m—l—st) (7.90)

%), and neglecting the 7%-n mixing since it has smaller effects which

where m = (
will vanish in the iso-spin limit (m, = mg). These expressions for the Goldstone boson

(GB) masses in Eq. (7.90) comparing with the Gell-Mann-Oakes-Renner relation [91],

{Olaul0)

0

‘ + O (m?) (7.91)

infer that the s = O (p?) since the mass of Goldstone boson & Bym,. Moreover, the

Eq. (7.90) can be used to deduce the Gell-Mann-Okubo mass formula for mesons,
3M} =4Mj — M? (7.92)

in the iso-spin limit. Another important thing to notice is that the absolute values
of the quark masses cannot be extracted since they depend on the QCD renormal-
ization scale, but the quark mass ratios are independent of the scale. Therefore,
extracting the light quark mass ratios from phenomenology is one important goal of

chiral perturbation theory,
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Mg i+m,

M2 2m

M? m—+2m

- = 7.93
M?2 31 (7.93)

Following the convention introduced by Gasser and Leutwyler, scalar and pseudo-

scalar (see Eq. (7.35)) are combined linearly to define,
X = 2By (s +1ip) , (7.94)

where, By is the QCD order parameter in Eq. (7.88),and y is of O (p?). Although,
in principle (xyUT 4+ Ux') provide Lorentz invariant quantities, but the term with
minus sign has the wrong behavior under parity. Therefore, the most general, locally

invariant lowest order “chiral’ effective Lagrangian reads [82]:

F? F?
r® _ 2o
eff 4

(0, UT0"U) + I°<><UT + Ux . (7.95)

7.4.4 Higher order effective Lagrangians

So far, the construction of the leading/lowest order O (p?) chiral Lagrangian E‘(jf)
has been outlined. The importance of higher order terms Lgff), Ei?f), .-+ comes into
account in order to make higher precision predictions in the perturbative chiral ex-
pansion. Note that the Goldstone boson momenta (associated with the derivative
terms of Goldstone boson fields) are of O (p), and quark masses are of O (p?) estab-
lish the chiral power counting of tree level interaction terms at each chiral order. In
addition to the tree-level power counting, one needs a proper power counting scheme
for loop diagrams when the calculation incorporates with higher chiral orders. For
example, at next-to-leading-order (NLO) in chiral expansion, in addition to the tree

level terms of Eiﬁf), one needs the tree level terms from ng) and the loop diagrams
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with the vertices from £gf).

Weinberg introduced a scheme! [9] to determine the chiral dimension D in order
to facilitate the power counting of diagrams. If Ny is the number of loops, and N,, is

the number of vertices formed from interactions with n derivatives, then
D=2+2N,+ ) Ny(n—2) (7.96)

represents the correlation between D, Ny and N,,, where n = {2, 4,6, ...(even numbers) }
(more details on the derivation of this formula can be found in references [9, 82]).

Let’s consider w7 scattering process to understand the behavior of this formula in

Eq. (7.96).

e At lowest chiral order O (p?) : D = 2 — N, = 0 — only tree level graphs

contribute.

e At O (p*) there are two possibilities with D =4 — N; + Ny, =1 :
1) One-loop graphs composed only of lowest-order £ vertices Ny=0, Ny, =
eff
1)

(77) Tree-graphs with only ﬁg}) vertices (N, =1, N, = 0)

e At O (p®) there are four possibilities with D =6 — Ny + Ny + 2Ng = 2 :
(i) Tree-graphs with only ng) vertices (N, =0, Ny =0, Ng = 1)
(17) Tree-graphs with two E((;flf) vertices (N, =0, Ny =2, Ng =0)
(731) Graphs composed of one tree-level E((;Lf) vertex with one-loop with ng)
vertices (N =1, Ny =1, Ny = 0)

(1v) Graphs composed of two-loops with £§f) vertices (N, = 2, Ny =0, Ng = 0)

LA linear rescaling of external momenta and quadratic rescaling of quark masses.
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7.4.5 The chiral effective Lagrangian at order O (p4)

The most general chiral Lagrangian at O (p*) has been constructed by Gasser and
Leutwyler in [88] by considering the procedure of respecting the relevant symmetries
of QCD, and letting the one-loop divergence to be absorbed into the low energy

constants (LECs) by an appropriate renormalization. The result is,

% = L(D,U'D*U) + Ly(D,U'D,UND"U'D"U) + Ls(D, U D*UD,U D"U)
+Ly (DU D*UY (XU + Ux") + Ls (D, U'D*U (X'U + U'y))
+Le(XUT + UX")? + Ly (xUT = Ux')? + Ls(xUTXUT + Ux'UX')
—iLy (Fi D, U'D,U + FL,D,UD,U") + Lo (U FLUF}")
+H, (F Fp” + F FIY) + Ha (x"x) (7.97)

with the renormalized LECs L] and H] defined as,

Li = L'+T,R, i=1---,10, (7.98)

H = H' +AR, =12 (7.99)

R - ﬁiﬁ{_i__-lam@a+y +n} (7.100)
(Ar)2 \d—4 2 g '

where the renormalized LECs L] (empirical values) at the scale y1 = m,,, and I'; values

are given in the Table (7.1).
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Table 7.1. Renormalized LECs L] (empirical values) at the scale = m, [82].

i Empirical value (L]) T

1 0.44+0.3 3

32
2 1.35+0.3 =
3 -3.5+1.1 0
4 -0.3+0.5 5
5 1.4+0.5 E
6 -0.2+0.3 i
7 -0.40.2 0
8 0.9+0.3 =
9 6.9+0.7 :
10 -5.5+0.7 —3

In Eq.(7.97) the term y = 2By (s +ip) contains the scalar and pseudo-scalar

sources, whereas the vector and axial-vector currents enter through,

FEr = oMY+ 0"rt —i[rt, 1]

FIY = oMY + 9"IF —d[I*, 1Y) (7.101)
where r, = v, +a, and [, = v, — a,. Considering the individual terms of ES;)
in Eq. (7.97) one can identify their interaction structure. For example, L;_ 3 terms
contain four derivatives, L4 5 contain two derivatives and one quark mass term, Lg_g
contain squared quark mass terms, and Lg 1o contribute to observables with external

vector and axial vector sources.

7.4.6 Application : Goldstone boson masses to O (p4)

As an example for a higher order calculation, one can consider calculating the
meson mass at O (p?). At this order, the loop diagrams with £gf) vertices, and contact

diagrams with ng? contribute to so called “self-energy”. The necessary diagrams are
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shown in Fig. (7.1) (free propagator, tad-pole, tree level O (p?)). Therefore, expanding
the U fields in £ yields,

2 _ F02 tou F02 f
L = —H0.U'0"U)+ LBy(M (U +U))
_ 1 _ B L Bo 4
(7.102)

Figure 7.1. Unrenormalized meson propagator (light-gray color) as a sum of irre-
ducible self-energy diagrams (dark-gray color).

The 3rd term of Eq. (7.102) result in either p* or M&y depending on whether the ¢ or

the 0,,¢ are contracted, and the 4th term does not generate a momentum dependence.

In order to determine the masses, one needs to calculate the self-energies Y:(p?) of
the Goldstone bosons. The propagator of a scalar/ pseudo-scalar fields is defined as,

A0 = [ d e O Tion()on o))
_ ! (7.103)
2 — M2 +ie’ '
where ¢y are un-renormalized bare Goldstone boson fields, and M, (lowest order
masses) are given in Eq. (7.90) with assuming iso-spin symmetry m, = mg = m,
M2, = 2Bym,
M?(,O — Bo(m+m5) 9

2
MZ, = g15>0(77~L+27ns). (7.104)

The loop diagrams with E((jf) and the contact diagrams with nglf) result in so called
proper self-energy insertions —iX(p?) [82], which may represent a sum of a series of

diagrams as in Fig. (7.1). Thus the propagator becomes,
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A = S)] —
Ap) pQ—Mg—i-ie—i_pQ—Mg—He[ (pﬂp?—Mg—i-ie—'—
7
= ) 7.105
P =M =307 +ie (7105
Assuming that the 3(p?) is expanded around p? = A%
S(p?) = S + (0° = )T (W) + 0%, (7.106)
then at A\ = M? the propagator can be re-written as,
7
iA(p) = il 2 : (7.107)
p? — M? — Z3(p?) + ie
where,
1
Lyp= ————— 7.108
¢ 1 S (M?) ( )

is the wave function renormalization constant. With the renormalized fields ¢r =
¢o/+/Zs, the physical mass M can be identified as the pole position of the renormal-
ized propagator,

M? = Mg +X(M?) . (7.109)
The calculation of the one-loop (tad-pole) diagram involves the loop-integration,

I(M? p) = M4d/ dk ! . (7.110)
’ (2m)d k2 — M2 + ie

This loop integral is quadratically ultraviolet divergent. Therefore, a regularization
scheme is necessary which maintains the symmetries of the theory, in particular chi-
ral symmetry. “Dimensional regularization” provides a convenient mass-independent
regularization scheme, which also preserves the symmetries. Therefore according the

dimensional regularization method, the integration yields,
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dk 1
I M2 — 4—d/
(M, 1) a (2m)d k2 — M2 + ie

_ # (%)Hr <1 _ g) (7.111)

for arbitrary space-time dimension d. Expanding this result in 4 — d gives,

I(M?, ) :M2{2R+ In (]‘5—;)} +0(d—-4), (7.112)

1
(4m)?
where R absorbs the ultraviolet divergence and the scale dependence in order to
renormalize the LECs of E((;f), as given in Eq. (7.98). The LECs Ly, L1o, Hi,and H,
does not contribute since this calculation is done assuming there are no external
fields. Also, Ly, Lo, L3 does not contribute since they are of O (¢?). Therefore, only
the Ly, Ls, Lg,and Lg terms contribute. Therefore the tree level contributions with

either two derivatives or no derivatives can be generalized as [82],

1
'Cgflf)(%) = 3 (ax0,7°0"7° — bem7°) + ap Oy — bt + a0, KTOMK ™

_ _ 1
b K"K~ 4+ agd, K°0"K° — b K°K" + 5 (a,0,m0"n — bynm)

(7.113)
where, the constants a, and b, (¢ = {7, K,n}) can be given by,
16 B
ay = 20 [(2m +mg)Ly +mLs] |
£
64 B2
b, = on [(2m + mg)mLe + m°Lg] |
0
16By | 1
ax = —20 (2m 4+ mg) Ly + = (m + my) L5} ,
FO L 2
3282 1
by = FQO (2m 4 mg)(m + mg)Lg + 3 (m + m5)2 Lg} ,
0
16By [ 1
a, = —20 (2m + mg) Ly + = (m + 2my) L5:| ,
s | 3
6453 2 2 2
by = 52 [(2m + my)(m 4 2my) Le + 2(m — my)* Ly + (m? + 2m?) Ls] .
0

(7.114)
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At O (p*) the self-energy for a given Goldstone boson has the form,
Ys(p?) = Agp® + By . (7.115)

where, the constants A, B, contains the tree-level contribution from ﬁgflf) and one-
loop (tad pole) contribution with a vertex from ﬁgf) (see Figure Kubis fig 5). In

addition to the loop integral in Eq. (7.111), one needs

iq; [ Ak k? 2712
) )i~ M T ie = M=1(M=, u) (7.116)

because of there are vertex contributions from of ng) proportional to two derivatives.

It is equal to M2I(M?, p) since p*~? [ (ng’)"’d = ( in dimensional regularization.

After analyzing all possible loop contributions for the case of SU(3)gayor, the

constants A, and B, can be given in terms of the LECs of ﬁﬁf) and ES&) as in Ref. [82],
1

A, = 35 {2 I(MZ, ) + (M}, ) — 48By [(2m + my) Ly + mLs) }
0
M? 1 1 1
B, = —Z{—-T(M? pn)—=I(M? u)— =I(M?
F02{ 6 ( 7r7lu) 6 ( 777[’6) 3 ( Knu)} )

1
A = g IO, ) + T(My, ) = 2 I(M, p)
0
1
—64B, [(Qm +mg) Ly + §(m + mS)L5} } ;

M2 (1 1 1
Br = —Z<{—I(M? p)—=I(M? u)— —I(M?

1
4328, {(Qm +ms)Le + §(m + mS)LS} } ’
1
ay = b {08 83 pom s M2
0

1

8M7$ 2 64 2 2
= (M7 Ls 4 2(2m + m) By L) +§Bo(m —ms)*(3L7 + Lg) ¢

(7.117)
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Since the integrals I(M3, ) as well as the bare LECs contain 1/(d — 4) poles
(divergent when d — 4), then the cancellations between those ultraviolet divergences
(infinities) result in leaving only the finite pieces with the renormalized LECs. Ac-
cording to the equations Eq. (7.109) & Eq. (7.115), the masses of a Goldstone boson

at O (p*) can be written as,

M3 = Mo+ AgMj + By

- = M (1 + Ag) + By + O (p°) (7.118)
— e

where M a%,O denotes the lowest order squared mass of Goldstone boson ¢ = {m, K, n}

given in Eq. (7.104), and note that Ay = O (p*) and {By, M3} = O (p?).

Therefore the finite Goldstone masses at O (p*) can be written as in Ref. [82],

M2 M2 M2 M2
MQ _ M2 1 m,2 1 2\ 7,2 1 7,2
wd ”72{ METTET n( 2 ) 9w U\ 2

16
o 2m - m)Bo (2L — L) + mBa 215 - I |
0
M22 M22
MIZ(A = MI2(,2 {1 + 4871‘7277F2 111( ﬂg, )
0
16 T T 1 T T
0
M2 M2 M2 M2
2 o 2 K2 K2 n,2 7,2
M= i {1 i (S8) - s ()
8
o2 [2(2m + mg) By (2Lg — L) + M7, (215 — L) }
0
e [ M MR MR, MR\ ME, (M
™2\ 9672 FY w2 48712 F} w2 32m2F} 12
128
+-—5Bj(m —m,)* (3L — L) , (7.119)
9F§

where the subscript 2 and 4 of M ;72 and M ; 4 respectively indicate their chiral order.

Notice that the O (p*) Goldstone masses vanish in the chiral limit, which was also
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expected from QCD in the chiral limit. Also note that the finite pieces of M 35 4 contain

terms which are,
e analytic in quark masses (~ mgL;”) which are proportional to L] ,

e non-analytic in quark masses (~ m?In(m2)), which are so called “chiral loga-

rithms 7 .

Moreover, one can deduce that the scale dependence of the LECs and the finite part
of the loop integrals compensate each other, such that the squared Goldstone boson

masses are scale independent.

7.5 Baryon Chiral Perturbation Theory

The previous sub-section was dedicated to the meson sector involving the interac-
tions of Goldstone bosons. Therefore, this sub-section basically concentrates on the
interactions of baryons with each other and with Goldstone bosons and other exter-
nal fields. In particular, the interest is calculating matrix elements associated with
a single baryon in the initial and final states, which can be used to describe static
properties of baryons such as masses, magnetic moments, form-factors, and also low

energy processes such as pion-nucleon scattering, Compton scattering, etc.

The time ordered baryon matrix elements of the quark currents are generated by

the baryon-to-baryon transition amplitude in the presence of external fields [82,85,92],

F(B',P,v,a,5,p) = (BouwlPu)onny ™ B #P (7.120)

determined by the Lagrangian of Eq. (7.66),

Llv,a,s,p] = Lep + Vyu(v" + 750 )b — (s — iysp) (7.121)
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in the presence of external fields, and in the absence of anomalies. The states |pin)
(|P)uin)) specify the incoming (outgoing) baryon state with momentum p (p’). The
functional F contains only the connected diagrams. The first step is constructing an
effective Lagrangian for the interacting fields by specifying its transformation proper-
ties. In the case of meson-baryon interactions, one can directly recall the transforma-
tion properties of the Goldstone bosons fields U which were discussed in the previous
subsection. It turns out it is more convenient to consider the square root of U-fields
by defining,

u?(z) = U(x) . (7.122)

Since in general, U-field transforms under SU(N;)g x SU(Ny)r, as U — LURT, thus

the u-field has to transform as,
u—u =VLUR = Luh™(L,R,U) = h(L,R,U)uL™" (7.123)

where, h(L, R,U) € SU(Ny) is the so-called compensator field which depends in a

non-trivial way on L, R, and U,
WL, R,U) = u'"'Lu = VLUR' 'LVU . (7.124)

Since a general feature of transformation behavior under the sub-group SU(Ny)v
leaves the ground state invariant, and independent of U, leads to have L = R =V,

such that «' = VuVT. Therefore one can observe,
YV, V,U) =V or WV,V,U)=V. (7.125)

This linear transformation property under the sub-group SU(Ny)y of SU(Ny)p x

SU(Ny)g can be directly used for the baryon fields.
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Therefore, for the particular case Ny = 3, let’s consider a matrix valued field B
which contains the ground state octet baryons where each element is associated with

a space-time (x) dependent, complex, four-component Dirac field:

: T S
— 1 0 1
B = E \,B, = x 52 tA N : (7.126)
a=1 =" 2 — A

where the matrix B is traceless but not real (Hermitian), i.e., B # B', and transforms

non-linearly under SU(3), x SU(3)r as,
BB =h(L,RU)BIYNLRU). (7.127)

Since the chiral symmetry constrains the baryon Green functions generated by the
functional in Eq. (7.120) to satisfy the chiral ward identities, then the corresponding
most general Lagrangian has to preserve the invariance under local chiral transfor-
mations, in the presence of external fields. Therefore, the covariant derivative has to

be introduced in order to preserve the local SU(3), x SU(3)g x U(1)y symmetry,
D,=0,+T, (7.128)

with the chiral connection I',, (transforms as a 4-vector under parity),

r, = % [uf (8, —iry) u+u (0, —il,)u'] | (7.129)

which transforms as,

I, — I, = hl,hT — (9,h) AT (7.130)

such that the covariant derivative satisfies the expected transformation behavior:

D,B(x) = hD,B . (7.131)
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The other building block is called the “chiral vielbein” w,, (transforms as an axial-

vector under parity), which is Hermitian ,
w, =i [ul (8, —iry) u—u (0, —il,)u'] | (7.132)

and transforms as u, — huthr under chiral transformations. Then, the scalar,

pseudo-scalar sources can be introduced by x4 using the y defined in Eq. (7.94),
e = ulyu" £ uylu, (7.133)

which has y+ — hy+h' transformation behavior under the SU(3) x SU(3)g x U(1)y

symmetry.

7.5.1 The leading order meson-baryon chiral Lagrangian

In the meson ChPT, meson-chiral Lagrangians contain even powers of momenta
due to the Lorentz invariance. Also the power counting of the covariant derivative
and external fields acting on meson fields remains the same as in meson ChPT. There-
fore, starting with the baryon fields consist of two light quark flavors, one can notice
that the nucleon mass does not vanish in the chiral limit, also the partial deriva-
tive 0, acting on nucleon fields produce “large” momentum for the time-component
and a “small” quantity ~ O (M) for the spatial component (3-momentum). This

requires the chiral power counting for the baryonic sector has to be specified carefully.

In order to summarize the chiral counting scheme, one can simply consider the

counting of bilinears WI'¥, where ¥ denotes the nucleon state. Considering the
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positive energy solution to the Dirac equation [82],

, X
U7, 8) = e N5\ /Ex + my (7.134)

where y* is the two-component Pauli spinor and py, = (Ey, py) with Exy = /P + m%;,
allows at the low-energy limit (EEl — M) to distinguish the matrix elements
NtmN mN

of bilinears T" = {vs, V570, Vi, 0i0} which couples large and small components in the

nucleon state W. Therefore, 9, acting on ¥ produces,

(mN, 6) ~ O ()

(EN - mN,ﬁN) ~ O (P)

(7.135)

With this observation for the case of SU(2)gavor, One can summarize the chiral power
counting for baryon ChPT (BChPT) for SU(3)gayer [92] by considering the minimum

possible chiral order of the elements:
B.B=0(p") , D.B=0 (), (iv"D,, — mg) B= O (p)
(L% 0wt =0 @°) . 5=0() , - (7.136)
where mg denotes the mass of the octet baryon in the chiral limit. Note that, due to

the spin (Dirac structures) odd powers in momentum are possible in BChPT.

Therefore, using the building blocks discussed above, one can construct the lowest
order (O (p)) SU(3), x SU(3)g meson-baryon chiral Lagrangian [82],
Liis = (B ("D, — 1) B)

(BY"vs5{uu, B})

— g (By" 5w, B]) (7.137)

F
2
where D and F' are two axial-vector coupling constants which can be determined by

fitting the semi-leptonic decays of baryons B — B’ + e~ + 1, at tree level. The mg

denotes the baryon mass in the chiral limit. Also, the covariant derivative of B is
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defined using the chiral connection I', given in Eq. (7.129) as,
D,B=09,8+[T, B . (7.138)
For the case of Ny = 2, this Lagrangian in Eq. (7.137) becomes,
ﬁwlz)v =VU (i’y“Du —my + %’y“’yg,uu> v, (7.139)
where ¢4 is the axial-vector coupling.

7.5.2 An application at tree level : Goldberger-Treiman re-

lation

The nucleon matrix element of the pseudo-scalar density is given in Ref. [82] as,

my (N PON (p)) = =

M2 — tG”N(t)m(p/)%Tiu(p) (7.140)

where ¢t = (p' — p)? and G,y(t) is referred to the pion-nucleon form factor. Also the

pion-nucleon coupling g,y is defined as,

grN = GTI’N(t)|t:M72r . (7141)

Since the Lagrangian 5;1]2, in Eq. (7.139) does not contain a direct coupling of pseudo-
scalar field P;(z) to nucleon (i.e., does not contain terms with x or x'), the matrix
element of the pseudo-scalar density is therefore given by Fig. (7.2), at lowest order

in chiral expansion.
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qi

Figure 7.2. Lowest-order contribution to the single-nucleon matrix element of the
pseudoscalar density.

Analogous to the scalar coupling discussed in Eq. (7.86), one can write down the

coupling of pseudo-scalar field to a pion as,

F2B,

Lext =1 <pUT —Up) = 2BoFogipi + -+ (7.142)

where ¢; is the four-momentum of the pion. Also, one needs the interaction term of
a nucleon with a single pion. Expanding the vielbein of Eq. (7.132) in the absence of

external fields, and inserting it to the ESK, in Eq. (7.139) gives,
ga Y
Ling = ===V y57.0,0V. (7.143)
2L,
Therefore, the Feynman rule for the pion-nucleon V,yy vertex becomes,

ga .
Vann = —Q—FO’Y“C]MYE)T . (7.144)

Using the components Ley,Vrnn the expression for the diagram in Fig. (7.2) reads:

7 B §A . MEF éAﬁlN _ .
2B, Fym,, (m> a(p') (_Q_Fb’Y“qn%T) u(p) = M2——Ot 7 u(p)rsiiu(p) ,
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with the aid of M2 = 2Bymg, uy"q,ysu = 2myuysu, and Fr = Fy at O (p?). Com-
paring Eq. (7.140) and Eq. (7.145),

Gan(t) = ——ga (7.145)

which yields the “Goldberger-Treiman (GT) relation”,

my ,
= 7.146
grN = "0 ( )

at the leading order in chiral expansion when t = M?2.

7.6 Heavy Baryon Approach

In the heavy baryon chiral perturbation theory (HBChPT), the baryons are consid-
ered as heavy static fermions [31,93]. The velocity of the baryon is nearly unchanged
or effectively conserved when it exchanges a small momentum with a meson. There-
fore the baryon four-momentum can be decomposed into a large component mgv and

a small residual momentum component k,,

Pu=mp v, +k,, Vi, =1, v.k <K mg. (7.147)

7.6.1 Power counting scheme in HBChPT

In the HBChPT, the derivative expansion for both mesons and baryons becomes an
expansion in powers of (k/A, ), where k is a momentum of the order of the meson mass
and A, is the chiral symmetry breaking scale. Therefore, the higher derivative terms
in the effective theory are suppressed by powers of (k/A,). The baryon propagator

can be revised into
1 1 1

2
pop——" — 2 (0 ) + O (1/mg) , (7.148)
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a version where the mass dependence can be resided in the vertices which can be or-
dered according to their power in 1/mpg. The chiral dimension D for a given Feynman

diagram is given by [82],
Ddim:4NL—2[M—IB+Z2n N%—FZH NE (7.149)
n=1 n=1

where, Ny, is the number of loops, Ij; is the number of internal meson lines, N2/ is

the number of meson vertices from Lo, Nf is the number of baryon vertices from

ES\%, and Iz is the number of internal baryon lines. For the processes which have

single baryon in the initial and final states, the Eq. (7.149) becomes,
Daim =2Np +1+4 ) 2(n—1) N37 +Y "(n—1) N¥ (7.150)
n=1 n=1

because the total number of mesonic vertices Ny, can be related to Iy, by Ny =

Iy + I — Ny — N+ 1, and the total number of baryonic vertices can be written as,

Ng=)» NP=Is+1. (7.151)

n=1

Note that the loop contribution starts from Dg;,, = 3.

7.6.2 Octet baryons in HBChPT

The effective baryon fields B, with definite velocity v, can be related to the original
baryon fields B by ,
By (x) = e™s¥out B(x) | (7.152)

satisfying a modified Dirac equation [31],

idB,(z) =0 . (7.153)
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which no longer contains the baryon mass term. Derivatives on B, fields produce
powers of k£ rather than p, thus higher derivative terms in the effective theory are

suppressed by powers of k/A, rather than p/A,, where A, is the chiral symmetry

X

breaking scale. Therefore, it leads to a consistent derivative expansion.

On the other hand, the Dirac structure of the effective theory simplifies in the
heavy baryon limit. The B, is a two component spinor which contain the particle
(positive-energy) solution and the anti-particle (negative energy) solution. This can
be projected into the particle solution, using the velocity projection operator

1
P ( 42r¢> . B,=PB, (7.154)

whereas, anti-baryon solutions are suppressed by 1/mpg. Also, it is important to
introduce a special spin operators S* called the “Pauli-Lubanski spin vector” which

satisfies the properties

1
0.5, =0, Sng = —%Bv , {Sj‘,Sg} =3 (v)‘v" — g’\") ,
[S),89] = ie**Pv,S,5 (7.155)

where, €p103 = +1. These spin operators are valid in an arbitrary Lorentz frame, and
can be reduced to usual spin operators (written in terms of Pauli-matrices) for non-
relativistic spin 1/2 particles in the rest frame, v, = (1,0,0,0). Using the properties
of Eq. (7.155) one can obtain the identities given by Jenkins and Manohar in Ref. [31]

to systematically replace the Dirac structures by S, and v,,:

B,vsB, =0, viy“Bv =v"B,B, , viy“%Bv = QBUSI’)‘BU
B,o"' B, = 26“”0‘5@&[’5’@51,581, , B,o" vsB, = 2i (U“BUSZBU - v”lg’ijva) ,
(7.156)

where the B, is represents the octet baryon multiplet,
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1 0 1 +
7521, + TEAU X P,
B, = ) —\/%ESJr\/%AU N, . (7.157)
=- =0 —_2ZA
—v —v \/é v

Let’s recall the meson fields U and u defined in Eq. (7.122) with the use of Eq. (7.68),

20%T°
U =u®=exp (Z ng > : (7.158)
0
where,
¢ — 2¢aTa — \/5 T —\/LE’]TO + \/Lé/r] KO . (7159)
_ 0 2
K K v

Under a SU(3) x SU(3)g transformation, these B, u, U fields transform as,

U— LUR", B,— h(L,R,U)B, (L R,U), :
w— Luh'(L, R,U) = h(L, R, U)uR' (7.160)

where, h(L, R,U) is recalled from the section (7.5). The most general lowest order
chiral Lagrangian for octet-baryon is [31],
L,s = i(B,(v.D)B,) +2D(B,S*(v.D){A,,B,}) + 2F(B,S"(v.D)[A,, B,])
+FI02(8MU8“UT) +a(M (U+U")),

(7.161)
where,
DB, = "B, +[V*, B,], (7.162)
1 :
Ve = 5 (uou' + utoru) | At = % (uou' — uloru) | (7.163)
M = diag(m mg,ms) . (7.164)

Note, the mass term mgB,B, is absent in the Lagrangian because of the redefinition

in Eq. (7.152).
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7.6.3 Decuplet baryons in HBChPT

The motivation for including the decuplet baryons in the effective chiral La-
grangian reflects to the pioneering work done on “chiral corrections to the baryon
axial currents” by Jenkins and Manohar in Ref. [32]. It has been shown that, the
explicit inclusion of the decuplet degree of freedom plays an important role in the
convergence of effective theories such as combined ChPT and 1/N,. expansion [36].
Therefore, in the main focus of this thesis work on one-loop corrections to baryon
masses and currents in SU(3) using the combined framework containing the explicit
inclusion of decuplet degrees of freedom. Analogous to the spin 1/2 baryon octet
fields, the decuplet fields are also treated as heavy fermion fields in the effective chi-
ral Lagrangian. In order to include the spin 3/2 decuplet, it is necessary to introduce
a field called, Rarita-Schwinger field 7/, which contains both spin 3/2 and spin 1/2

contributions. The spin 1/2 pieces are projected out using the constraint v*7, = 0

in the rest frame, which implies :

VT, = 0. (7.165)

n
abc

color singlet. Under SU(3);, x SU(3)r T}, transform as,

abc

is a completely symmetric SU(3) tensor in the flavor indices “a, b, ¢”, and also a

“%%%Mﬁw (7.166)

abc

where h is the same as for octet baryons. The velocity dependent fields also can be

defined analogous to the Eq. (7.152) as,

TH(z) = emTHue Th(z) | (7.167)
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The spin algebra for T} can be simply obtained by replacing B, by T/ in Eq. (7.155).

The total angular momentum operator J¥ of spin 3/2 baryon is defined as [32],

15
(JLTo) = SUTY + iePuaTog LT = =T (7.168)

The propagator for the Rarita-Schwinger field for a decuplet baryon contains an
additional term namely, the polarization projector P*”. The decuplet propagator is
then given by ¢P"” /(v.k), where P*" projects out the positive energy solutions to the

equation of motion U!. The polarization sum can be written as [32],
. 4
PH = U = (v'v” — g™ — =SHsY 7.169
= SOUEY = (0 — ) — LSS (7.169)

=1

and, also the identities,

U-szov P{ﬁ“/Pv)\V:_PliM7
PPN =0, Py, = Py, =0, Pg., = -2,
4 4
P"S,, = 8,,P" =0, PS8, = —gsgj , Sy PH = —555 (7.170)

are useful when computing the Feynman diagrams. The most general lowest order

chiral Lagrangian for decuplet-baryon is [32,33],

Loi0 = —i(TFDTo.) + Am{(T T, + C(TFAB, + By ATY) + 2H{T S A o) -
(7.171)

There are couple of important things to notice in this Lagrangian :

e The kinetic term has the opposite sign from that for the octet, because the

spinor solutions U* are space-like (U? < 0).

e Because of the redefinition of 7 in Eq.(7.152), there will be no factors of
exp (i(my_p)yv,a*) from the terms which contain both decuplet and octet

fields.
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e The decuplet-octet mass splitting Am = m+_z has a magnitude approximately
of the order of small momentum (~ O (meson mass)). Therefore it enters to
the theory through the decuplet propagator,

iPL

To—am) (7.172)

7.6.4 Most general Lagrangian at lowest order

The most general Lagrangian in HBChPT consist of two main contributions

namely, the octet baryon contribution and the decuplet baryon contribution,

0 0
£ = L+ Lo

= i(Bv(v.D)Bv> + 2D<BvSﬁ(U.D){AM, B,}) + 2F(BU55(U.D)[AM, B,])
_i<7:;up7:1u> + Am(ﬁ“'ﬁu} + C(ﬁMAqu + BUAM%M> + 2H<7_;MSWAV7ZM>
2
+ @0y (7.173)

where the superscript (0) of £ indicates the chiral limit (mg — 0).
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CHAPTER 8
COMBINED EFFECTIVE THEORY OF THE 1/N¢ AND
CHIRAL EXPANSIONS

8.1 Introduction

This chapter focuses on combining the 1/N, expansion and the Chiral expansion
in baryons with three light quark flavors. The early version of baryon ChPT by H.
Pagels [94] has evolved into several EFT’s based on different versions effective Chiral
Lagrangians [80,81,95] discussed in chapter 7. One is the relativistic version namely,
Baryon ChPT (BChPT) [85,96] followed by the non-relativistic version based in an
expansion in the inverse baryon mass [31,96] or Heavy Baryon ChPT (HBChPT).
And other versions are Lorentz covariant versions based on the IR regularization
scheme [97-99]. All these versions of baryon effective theories are associated with its
own low energy expansion. But the convergence of all these low energy expansions
became an important issue. This convergence problem arises with the loop contri-
butions of O (p?) and O (p*) to the physical observables. It is natural to expect a
slower convergence of an expansion that progresses in steps of O (p) as is the case for
the baryon sector, compared to the expansion that progresses in steps of O (p?) in
the Goldstone boson sector. Jenkins and Manohar [32] realized that the closeness of
mass between octet and decuplet has a key impact to the convergence. Therefore an
explicit inclusion of decuplet degrees of freedom in the theory plays an important role
of ameliorating the convergence of the one-loop contributions to certain observables
such as the m— N scattering amplitude and the axial currents and magnetic moments.
There have been since then numerous works [100-108] including spin 3/2 baryons.
The key enlightenment resulted from the study of baryons in the large N, limit of

QCD [10]. It was shown in the previous chapters that in the large N. limit baryons be-
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have differently than mesons [15], in particular because their masses scale like O (V)
and the m—baryon couplings are O (\/WC) These properties were shown to require for
consistency, that at large N, baryons must respect a dynamical contracted spin-flavor
symmetry SU(2Ny), where Ny being the number of light flavors [11-14], broken by
effects ordered in powers of 1/N, and in the quark mass differences. The inclusion
of these large N, consistency requirements into the effective theory can be naturally
implemented through a combination of the 1/N, expansion and HBChPT [109], which
is the framework followed in chapters 9 and 10. The study of one-loop corrections in
that framework was first carried out in Refs. [34,35,109]. In the combined theory, one
has to deal with the fact that the 1/, and Chiral expansions do not commute [30].
The physics behind this non-commutativity is the role of A resonance which intro-
duces the small mass scale ma — my mass difference of O (1/N.). Therefore, it is
necessary to define the order of this mass splitting with respect to the low energy
expansion. A specific linking between 1/N,. and Chiral expansions has been imple-
mented when the baryon mass splitting of O (1/N.) is considered to be O (p) in the
Chiral expansion, which is called the {—expansion : O (p) = 1/N. = O (§). Following
the work by Cordon et. al. and [34,35,109], the theoretical framework is discussed in
detail, in particular the power counting, the renormalization, and the linked 1/N, and
low energy expansions, along with observations that further clarify the significance of

the framework.

The determination of the quark mass dependence of the various low energy ob-
servables, such as masses, axial couplings, magnetic moments, electromagnetic polar-
izabilities, etc., are of key importance as a significant test of the effective theory, in
particular its range of validity in quark masses, as well as for the determination of its
low energy constants (LECs). Lattice QCD (LQCD) has made a significant progress

in the calculations [110-112] of baryon observables, which open new opportunities
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for further understanding the low energy effective theory of baryons. This in turn
can give insights on LQCD results, in particular an understanding on the role and

relevance of including the spin 3/2 baryons consistently with large N, requirements.

This chapter is organized as follows. In the section 8.2, the foundation of the
effective Lagrangian with its properties are described along with the building blocks
of the combined chiral and 1/N, expansion approach. Then section 8.3 describes the
interactions between the fields associated with the baryon effective Lagrangians up
to O (€3). The &-power counting is illustrated in the section 8.4. The section 8.5
is dedicated to the calculation of one-loop correction to the self-energy, and the last

section discusses the the one-loop corrections to the baryon currents.

8.2 Foundation of the Effective Lagrangian

The symmetries that the effective Lagrangian must respect in the chiral and large
N, limits are Chiral SU(Ny) ® SUg(Ny) and contracted dynamical spin-flavor sym-
metry SU(2Ny) [11-14], where N is the number of light quark flavors, which is
considered to be three in this work. For the case of Ny = 2 was successfully done
in Cordon et. al [36]. In the limit N. — oo the spin-flavor symmetry with two
(three) quark flavors requires baryons to belong into degenerate multiplets of SU(4)
(SU(6)). At finite N, the spin-flavor symmetry is broken by effects suppressed by
powers of 1/N,, and the mass splittings in the GS multiplet between the states with
spin S + 1 and spin S are proportional to (S + 1)/N.. The effects of finite N, are
then implemented as an expansion in 1/N, at the level of the effective Lagrangian.
Because baryon masses scale as proportional to N., it becomes natural to use the
framework of HBChPT [31,32], where the expansion in inverse powers of the baryon

mass becomes part of the 1/N, expansion. The framework presented next follows
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that of Refs. [34,109].

As discussed in chapter 4, baryons in the large N, limit must appear in multiplets
of spin-flavor SU(2Ny), where Ny = 3 is the number of light flavors. A dynamical
contracted SU(2Ny) symmetry results from the requirement of large N, consistency of
baryon observables [11-14]. There are 35 generators of SU(6) and their commutation

relations can be recalled from Eq. (4.8),

[Si, Ta] =0 [Ta’ Tb] — Z'fabcTc
5',5) = ehs! I T
[Sz’ Gj(l] _ iezngka [Gw’ G]b] — idzjfabcTc + %5ab€z]ksk + %Ez]kdachkc )

The ground state baryons belong to the totally symmetric spin-flavor irreducible
representation with N, Young boxes (see Fig (3.1)) which consist of states with
spin S = 1/2,..., N¢/2. The dimension of the SU(3) multiplet can be written as

(p,q) = (25, % (N, — 25)), for a given spin S.

8.2.1 Building blocks of the effective Lagrangian

In HBChPT, the baryon field in general can be denoted by B with it’s well defined
spin which defines its irreducible representation in SU(3). The Goldstone bosons are

represented by wu fields :

u = exp™" T/ Fx (8.2)

which is already defined in the chapter 7 with its non-linear transformation,

Ruh'(L,R,u) = h(L,R,u) u L' (8.3)
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where L(R) transforms in SU(3).(SU(3)r), and “h” handles the SU(3) flavor trans-

formations. The Chiral transformations on baryon fields B can be defined as,
(L,R) :B=h(L,R,u)B. (8.4)

Although Chiral transformations do not commute with SU(6) group, but they leave

the commutation relations unchanged. The covariant derivative is defined,

D,B=0,B—i,B (8.5)

1 ‘ ) . .
=g (uT (i0y 4+ rp) w4+ u (10, +1,,) uT) , Uy, = ul (¢0y +rp) u —u(i0, +1,) ul
(8.6)

where, [, = v, —a, and r, = v, +a, are gauge sources, and u,, is the “chiral vielbein”.
The transformation properties of all these building blocks of the covariant derivative

under chiral transformation are,
T, — I =hLh" = (0,h)RT, wy — ), = hu,ht (8.7)

The scalar (s) and pseudo-scalar (p) sources can be collected by recalling the defini-

tions of x4 from Eq. (7.133), and x from Eq. (7.94),

X = 2By(s+ip),

X+ = ufqu + uXTu ,

X = (s,

= a a a 1 a

X+ = X431, where x§i = §</\ X£) (88)

where y. transforms as y+ — hyah' under the SU(3); x SU(3)g x U(1)y symmetry.
Also, the field-strength associated with the gauge sources can be collected as,

PV =0mr = ov et — et 0], Fpt =0t = 9"t — et et
P = ul Pl £ uFg (8.9)
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Also in general, if A is an SU(3) octet operator which can be defined as A = A*T*

where, in the fundamental irrep, one denotes:

A = %wm | (8.10)

8.2.2 Properties of the effective Lagrangian

The effective Lagrangian should contain contracted symmetry in the N, — oo
limit. In particular, the couplings of Goldstone Bosons to baryons will violate the
symmetry at sub-leading order in 1/N,. The Goldstone Boson fields transform as sin-
glets under the spin-generators, octets under both SU(3) and X generators; which

are the generators of the contracted SU(6). group.

The effective Lagrangian can be systematically written as a power series in the
low energy expansion or Chiral expansion, and simultaneously in 1/N.. It is most
convenient to write the Lagrangian to be chiral invariant as this is a Noether sym-
metry of QCD. This means that each term will, through the unitary parametrization
of the Goldstone Boson fields, show different orders in 1/N, through the powers of
1/F,. In addition, the low energy constants (LECs) will themselves admit an expan-
sion in powers of 1/N,. For the HBChPT expansion the large mass of the expansion
is taken to be the spin-flavor singlet component of the baryon masses in the chiral
limit, My = N.mg (mg can be considered here to be a LEC defined in the chiral limit

and which will have itself an expansion in 1/N,).

In the following the effective HB chiral Lagrangian is implemented. It is con-
structed in terms of tensors involving the Goldstone Boson operators and the exter-
nal sources, and spin-flavor tensors built with products of the SU(6) generators that

have been already discussed. A scale “A” is introduced in order to render most of
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the LECs dimensionless. In the calculations A = m, will be conveniently chosen as
the QCD scale. In order to ensure the validity of the OZI rule for the quark mass

dependency of baryon masses, the following combination of the source y is defined:

X+ =X+ Ne xS, (8.11)

where, x; is of O (N,), such that the non-strange baryon mass dependence on my is
O (N?). Requiring the Lagrangian to satisfy the QCD symmetries, and implementing
the dynamical symmetry constraints as discussed before, one can systematically build

the Lagrangian order by order in the chiral and 1/N, expansions.

8.3 Interactions from the effective Lagrangians

The fields which are associated with the phenomenology are Goldstone boson
fields, Baryon fields and external sources. Therefore the complete theory consist
of two main pieces of Lagrangians: the meson Lagrangian and baryon Lagrangian.
The amplitudes of interactions between these degrees of freedom are identified as
interaction vertices, and those can be obtained up to a desired order by expanding

the Lagrangians using the tools mentioned in the section 8.2.1.

8.3.1 Meson Lagrangian

The meson fields are described using the meson Lagrangian given in Eq. (7.95) as

follows:
F2

ﬁW—I

2
(0,U0"U) + %(XUT +Ux . (8.12)
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This Lagrangian can be expanded using the definitions of Goldstone boson fields given
in Eq. (8.2), and then one can obtain the interaction vertices for vector and axial vector

currents in terms of momentum, as given in the third column of Table (8.1).

8.3.2 Baryon effective Lagrangians of O (¢), O (¢?) and O (&%)
The lowest order Lagrangian is O (§) and, reads [109]:

ch = Bt <z’D0 F gauiiGie — CTHCFS%Q n % §<+> B, (8.13)
where ¢4 is the axial coupling in the chiral and large N. limits (it has to be rescaled
by a factor 5/6 to coincide with the usual axial coupling as defined for the nucleon,
ie., ga = %g} 4). Here one notes an important point which will be present in other
instances as well: the baryon mass dependence on the current quark mass behaves
at O (N. my) (c1 is of zeroth order in N.), and this indicates that in a strict large
N, limit the expansion in the quark masses of certain quantities such as the baryon
masses cannot be defined due to divergent coefficients of O (V). This in particular

impacts the o terms discussed later. In the present case those terms are spin-flavor

singlet.

The Lagrangian is manifestly invariant under chiral transformations, translations
and rotations (the latter also involving obviously the action of the S* generators of
SU(6)). It is not invariant under the contracted SU(6) transformations generated by
the X' generators. At large N, such transformations affect the leading GB-baryon
interaction contained in the covariant derivative term Dy (the Weinberg-Tomozawa
type interaction) by terms of the same oder, i.e., O (1/N.), but since those terms
are also O (p), they are O (£?); the effect on the GB-baryon couplings proportional
to ga is O (1/N.) with respect to the term itself; the effect on the hyperfine term

proportional to Cyp is of the same order as the term itself, and finally the term pro-
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portional to ¢y is obviously invariant. The construction of higher order Lagrangians

can be accomplished making use of the tools provided in Appendix B.

The interaction vertices can be obtained using the later mentioned tools, up to
any desired order in £. Since the focus of this work is to calculate one-loop correc-
tions to the masses and currents, one only needs the interaction vertices from the
lowest order Lagrangian. These interaction vertex types are : Derivative interactions,
vector currents and axial-vector currents. The Feynman diagrams and corresponding

expressions for each vertex is given in Table (8.1).

The O (£?) Lagrangian is given by:

£@ - B2 y2e 2 N 0) D+ (- 1) p?
B NP N T e X ) ot oo T
1 W9 ~ 9 Co OCiq . . 054 ik . &
—22\D 2 1, tagia ~2 gk, daf Qj a
(2Ncm0 A) AX+NCU ST + Nce uw'{S’, G"}

ijk 10
T1
N,

SF gy €FFE G 4 po o, ST+ pr FO o, G

J J

T . T . .
—2u3 ‘T°D; + —3Viu8 T + 1, VudG** + - - - )B.

u§G D+ ¥

(8.14)

The terms involving Dy contribute to the wave function renormalization factors at
this order. Note that there are also O (£2) terms stemming from the 1/N. suppressed
terms in the LECs of the lower order Lagrangian. Similar comments apply to the

higher order Lagrangians. Such terms require knowledge of the physics at N. > 3 to

be determined, which can be studied using LQCD, see for instance [76,113].

For the O (£*) Lagrangian, where only those terms that contribute to baryon
masses, wave function renormalization and vector and axial currents are explicitly

displayed in Eq. (8.15).
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B _ A €3 2 h 4 g4 4 ha &2
EB - BT(A2 X+ ZDO _'_ A2 [ZD07 X+] + NcAg +N3S NCQAXJrS
h3 0 &2 h’ i via CA za 2 via CA za i Qjja
+ NCAX+S NAX+{S G}+N2 {S G}+N2 S'S'G
DA za ia DA a zaz DAd abc., a , 1 ic DAf abc., a , 1 ic
+ A2 0 G +F S j\g )db UbG + 3( )beJrUbG

+ [DZ,FHO}+oc1NLe”kar”0zG’“Dk+ﬁ1 Fe, GD, + - >B (8.15)

.y
As it will be shown later, the components of the LECs needed to subtract the UV

divergencies do consistently satisfy these constraints.

Some terms O (£%) are needed for subtracting UV divergencies, but they are be-
yond the order of the present calculations and can therefore systematically and con-

sistently be eliminated. For instance, one needs terms such as:

f = B (558 4 T8+ T SG iDo - ) B (816

N, A2 N, A2
Through the calculation of the one loop corrections to the self-energies and the vector
and axial vector currents the § functions associated with several of the terms will be

determined. The S functions are defined such that the LECs are renormalized:

X = X (1) + —— B\ | (8.17)

L
(4m)?

where X (u) are the LECs and p is the renormalization scale.
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Table 8.1. Vertices from the lowest order effective Lagrangians.

Baryons

Derivative Interactions

Baryon

Currents

Meson

Currents

(a)

4A a

(i) () k)

vector : 10,0

axial-vector : g4G"9,;

(2)

(b)

>,

(i) (?) (k20 —

(e)

=

iky o) [T vector : %—iGlbf“bctsm
axial-vector : Fiﬂ feT®s 0
(©) - (1) ONEE.
and kit [ - .
B i b} A 4 o d
(Z) <g_A) (ikQ’i)fcdefabeGia % +{1.u % + e
vector :

<_ ﬁ) beadefebc(suo

axial-vector :

<_29TA7$> Gibfadefebc(;m

(—Z) %fabefcdekau
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8.4 ¢ power counting

The spin-flavor operators appearing in the effective Lagrangians will be scaled by
the appropriate powers of 1/N, in such a way that all LECs are of zeroth order in N..
Therefore, the 1/N, power of a Lagrangian term with n, pion fields is given by [49]:

n—l—/-i—l—%, (8.18)

where the spin-flavor operator is n-body (n is the number of factors of SU(6) gen-
erators appearing in the operator), and & is basically the number of factors of the
coherent generators G remaining after reducing the operator using commutators.
The last term, n./2, stems from the factor (1/F,)"~ carried by any term with n,
pion fields. It is opportune to point out that commutators of spin-flavor generators
will always reduce the n-bodyness of the product of operators: e.g., let G be any
generator of SU(6), and consider the commutator [G, 5% = {S%,[G, S57]}. In principle
this looks like a three-body operator, but because [G, 7] is a 1-body operator, [G, 5]

is actually a 2-body operator.

The terms in the effective Lagrangian are constrained in their N, dependence by
the requirement of the consistency of QCD at large N,.. This constraint is in the form
of a upper bound in the power in 1/N, for each term one could write down in the
Lagrangian. This leads to constraints on the N, dependencies of the ultra-violet (UV)
divergencies, which have to be subtracted by the corresponding counter-terms in the
Lagrangian. One very important point to mention is that the UV divergencies are
necessarily polynomials in low momenta p (derivatives), in M2 and in 1/N, (modulo
factors of 1/4/N, due to 1/F; factors in terms where pions are attached). Therefore,
the structure of counter-terms is independent of any linking between the 1/N, and

chiral expansions. For this reason, one can simply take the large N, and low energy
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limits independently in order to determine the UV divergencies. For a connected
diagram with ng external baryon legs, n, external pion legs, n; vertices of type ¢
which has np, baryon legs and n,, pion legs, and L loops, the following topological

relations hold [114,115],

L=1+I+Is—=Y ni, 2Ig+ng=Y ning, 2I+n.=)» ning, (819

where I is the number of pion propagators and Iz the number of baryon propagators.
The chiral or low energy order of a diagram, where v, is the chiral power of the vertex

of type 1, is then given by [115]:

n
Vp:2—73+2L+Zni(Vpi+

ng,;

2

—9), (8.20)

Note that np, is equal to 0 or 2 in the single baryon sector.

On the other hand, the 1/N. power of a connected diagram is determined by

looking only at the vertices: the order in 1/N.. of a vertex of type i is given according

to Eq. (8.18) by: vo, + n;", where v, is the order of the spin-flavor operator. Thus,

the 1/N. power of a diagram, upon use of the third Eq. (8.19), is given by:
Nz
Vl/Nc = ? + Lr + an Vo, (821)

where n, is the number of external pions, and v, the 1/N. order of the spin-flavor
operator of the vertex of type i. Since v, can be negative (due to factors of G
in vertices), one can think of individual diagrams with 1,5, negative and violating
large N, consistency, requiring cancellation with other diagrams. Such a sum will
have to respect the mentioned upper bound on the 1/N, power corresponding to the

sum of such diagrams. The explicit example of such cancellation in the axial currents
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at one-loop which is given later.

One can determine now the nominal counting of the one-loop contributions to
the baryon masses and axial currents. The LO baryon masses are O (N,.). The one
loop correction shown in Fig. (8.1) has: (L =1, ng =2, n, =0, ny =2, vo, =
-1, np, = 2, v, = 1) giving v, = 3 as it is well known, and vy,y, = —1. Since
there is only one possible diagram, this must be consistent by contributing O (N,)
to the spin-flavor singlet component of the masses, which is the case as shown in the
section (8.5). The diagrams for vector and the axial currents are given in Tables (8.5),
(8.6), and (8.7). The current at tree level is O (N,), and the sum of the diagrams
cannot scale like a higher power of N.. Performing the counting for the individual
diagrams one obtains: v,(j) = 2 for j = 1,---,4, and vyn.(j) = =2, 7 = 1,2,3
and v1/n,(4) = 0. Thus a cancellation must occur of the O (N?) terms when the
contributions to the axial currents by the set of diagrams are added. Since the ac-
ceptable bound is that the sum be O (N.), one concludes that the axial current has,

at one-loop, corrections O (p*>N..) or higher.

One can consider the case of two-loop diagrams, in particular diagrams where the
same meson-baryon vertex Eq.(8.13) appears four times. For the masses one has

1%

»(j) = 5, and individual diagrams give vy,y, = —2. A cancellation must occur to

restore the bound on the N, counting for the masses, i.e., O (N,). Thus, at two-loops
the UV divergencies of the masses must be O (p°N.) or higher. For the axial cur-
rents a similar discussion requires that counter-terms to the axial currents must be

O (p*N,) or higher.

Defining the linked power counting £ by: O (1/N,) = O (p) = O (), the & order

of a given Feynman diagram will be simply equal to v, 4 14y, as given by Eqgs.(8.20)
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and (8.21), which upon use of the topological formulas Eq. (8.19) leads to:
Ny
V§:1+3L+7+Zm~ (vo, + vy, — 1). (8.22)

The &-power counting of the UV divergences is obvious from the earlier discussion.
At one-loop one finds that the masses have O (£2) and O (€%) counter-terms, while
the axial currents will have O (£) and O (£2) counter-terms. To two loops one expects
O (&%) and O (€%), and O (£€3) and O (£*) counter-terms for masses and axial currents
respectively. The non-commutativity of limits is manifested in the finite terms where
M and or momenta and dm appear combined in non-analytic terms, and are therefore

sensitive to the linking of the two expansions.

8.5 Omne-loop correction to the baryon self-energy

Figure 8.1. One-loop contribution to the self-energy of a baryon field.

The self-interaction of baryon fields governed by emission and absorption of Gold-
stone bosons gives rise to contributions to the baryon masses and also contribute to
their wave function renormalization. The lowest order contribution of this type of
interaction can be represented by the one-loop diagram, as shown in Fig. (8.1). The
interaction has two contributions which are symmetric by each vertex, because we
only focus on the processes which involve the same incoming and outgoing baryon.
Therefore the two interaction vertices can be seen as, the incoming (outgoing) baryon
field couples to an intermediate baryon propagator (thick line) and a Goldstone boson
propagator (dashed line). The intermediate baryon can be either a member of baryon

octet or decuplet. Therefore, the contributions from the baryon octet and decuplet
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are taken into the account systematically, in the effective theory.

The py is the energy of the external baryon which can be defined as,

Po = Oy + p° (8.23)

where pY is the kinetic energy O (p?/N,), and dm;, = dMeyys. In the heavy baryon for-
malism, the velocity dependent baryon propagator contains a residual mass, while the
(heavy) baryon mass is absorbed into the interaction vertex for the renormalization.

For convenience, one can define

om

iDy

|
§
|
()
>

(8.24)

where d0m gives rise to mass splittings between baryons, which are of O (1/N,) or
O (p?). Therefore, the residual mass of a baryon propagator evaluated for state z can

be written as dm,, which leads to the baryon mass shift,
Omy, = 0my — My - (8.25)

The first term in dm is the hyper-fine interaction and the second term corresponds to
the SU(3) breaking effects. In the £ expansion SU(3) breaking effects do not show in
dm,, as they are O (£2). Thus, one can reasonably neglect the SU(3) breaking effects
in the baryon propagator in the loop by assuming that the residual mass is SU(3)

symmetric, i.e. 6 — SHES?.
[

Combining all the propagators and the vertices the expression for the one-loop

correction to the self-energy can be written as,
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50 — ﬁ iz Gp, G ,u(4—d)/ dk hik
1—loop F,? n (27-‘-)d (kQ — Mg + 7,45) (po — kO — (5mn + ZG)

a=1 n

where, P, is the projector which projects the intermediate baryon labeled by n, and
M, is the corresponding Goldstone boson mass with the SU(3) flavor index a. The
final expression for 03;_;,,, can be obtained using the Feynman parameterization with
dimensional reqularization method, and all the necessary tools are given in Appendix

C. The expression for the loop integral H;;(M., dm,,, py) can be simplified as,

H, (M., 6m - (4d)/ d%k kik;
ij (Mz, 0mp, po) = (2m) (k2 — M2 + i€)(po — ko — Omy, + ic)

g (s (157) e ) - 000

(8.26)

where, @) = (pp — dm,,) and the Appendix C provides the definition of the J function
and it’s properties. Also this expression for the loop integral in Eq. (8.26) agrees with

the result given for the integral in Eq. (15) of [116].

The ultraviolet divergent pieces of the self-energy can be brought to a compact

form:
5ZUV . )\e é_A ? OMQGiaGia + EMQ[[(ST;’L Gia] Gia] — g 03 (8 27)
1—loop (4’/’?)2 Fﬂ. p a 9 a ) ) 3p .

. ) ) : 1 ) .
— pOQ[[(Sm, G, G™] — p°[[6mn, [610, G™]], G™] — g[[érh, [0, [d11, G*]]], G’“]) ,
where A\c = 1/e — v + log4n. Using the SU(3) singlet and octet components of the

quark masses, m° and m®, one can write the meson mass squared matrix:

M2ab _ 4BO(5ame + dabcmc), (828)
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and therefore,

MW = M2PWeb, (8.29)
for any symmetric 8 x 8 tensor W. In terms of M, and My one has: m" =

2M7 4+ M2
12Bg

a 3 a (=Mj+Mz7)
and m® = \/Lg(m—ms) =68 —E

3(2m+m,) =

In order to obtain from Eq. (8.28) the counterterms necessary to renormalize the
mass and wave function, one uses the results in Appendix D. The explicit UV diver-

gent and polynomial (in 1/N., m°®, m® and p°) terms of the self-energy are

1 (ga BoChr
Poly _ _ o AN i ia
5% oy (Fﬂ> { < +/\E> O(ON.(N, + 6) — 845%) — 24m*(2{S", G'*}
3 . C;”;,F LB BNNA6) gy 4 gy
- V43T )) <— )( o 8+ 58

— 0 <(1+A)1230( <- (N +6) + g§)+m( (S, Gia} — (N +3)T“))

+ %(2 + ) (SNC(NC +6) 4 (—18 + No(N. +6))S* — 45‘4)) } : (8.30)

where terms of higher powers in p° have been disregarded. There are few observations

on 02PN which can be summarized as follows.

e The contributions to the spin-flavor singlet component of the masses is O (p*N?),

the spin symmetry breaking is O (1/N?), and the SU(3) breaking is O (p?/N.).

e The UV divergencies in the mass are produced by the contribution of the partner

baryon and is determined by the mass splitting, i.e., by C'yp.

e The contributions to 67 are suppressed by powers of 1/N,., but with two ex-
ceptions, namely, there is a spin-flavor singlet contribution proportional to m°

which is O (N,) and a term proportional to m® which is O (N?).

The term O (N.) in §Z is of key importance for the mechanism of cancellations

of 1/N. power counting violating terms, as it is shown later in the analysis of the
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The counterterms for renormalizing the masses and wave functions are O (£?) and

O (&) (all contributions O (£*) are consistently dropped) and involve terms that ap-

pear in Eg) with LECs of higher order in 1/N,, and terms in £§’3). To renormalize,

the LECs are written as in terms of the  functions defined in Eq. (8.17), and the

beta-functions Sx are given in Table (8.2).

Table 8.2. 8 functions for mass renormalization.

LEC | B/lg3/F2
mo - Nﬁzs SCYp
Cur 3651;)/;\;;8%) 3
c1 %N]@—Jf’AC Hr
Co %N cACHF
C3 0
hy —12C%
ha 0
hs TACyr
hy4 %ACHF

Finally the non-analytic contributions to 02,0 are:

1 .&A 2 ; ;
NA iaQ 1
X = e (Tr) 22 G"PG

a=1

X
—N

[GVIN )

(po — dmn) (M —

(Mg = (po — dmy)?)

n

2

g(p() - 6mn)2) log

3
2

(7 + 2 arctan (

2

M, (8.31)

112

Do — 6mn
\/Mg - (pO - 5mn)2 ’
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where, the total non-analytic contribution to the one-loop can be obtained by sum-
ming over all the possible intermediate states, which can be identified as partial
contributions. Each partial contribution is associated with set of matrix elements
of two-body, three-body, many-body operators, etc. which has to be projected to
the corresponding combination of intermediate state and Goldstone boson state. Ta-
ble (8.3) gives the reduction procedure of a product of two vectors, and the Table (8.4)
gives the reduction of the SU(3) 8 ® 8 product of operators. Note that the tensors

in the last column of Table (8.4) are indeed projectors, i.e., idempotent.

Table 8.3. Projection operators for operator products of irreps of SU(2).

irrep ¢ | component projection tensor P
1 i€k piQk %Eijkeki’j’
2 %(P’Qj + PIQ") — %5iijQk %(5“"5]7' 4 649" 597) — %5ij5i'j/

Table 8.4. Projection tensors for the operator products of irreps. of SU(3).

irrep R | component projection tensor Pg

1 P é sabged

8 i fabe pbQye % fpabe feed

g dobe ph)e 3 jabe gecd

10410 | (3(6%estd — godsbe) — %fabefecd)Pch 1(gacgbd — gadgbey — 1 fabe fecd

97 L(PeQb + PPQ") — é&abpc@c _ gdabcdcdePdQe 1(gaegbd 4 gadgbe) — %&zbécd _ %dabedecd

The typical reductions associated with the operator products in the one-loop in-

tegrals has the general form:

PoQY L = > (PQ)rLg (8.32)

R=1,8,8/,10+10,27
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where L is the loop integral and:

(PQ)? = ProPe@Q? LY = PrihLed (8.33)

By observing the terms in the 6%{Y,, in Eq.(8.28) and the 6X™* in Eq.(8.31),
one can directly visualize the structures of operator products which are needed to
calculate the matrix elements between baryon states. The reductions of those multi-
body spin-flavor operators which appear in the polynomial contributions of the one-
loop corrections to the self-energy and the currents require some lengthy calculations

using identities, such as DJM relations given in Table (5.1), etc. These reductions are

only valid for matrix elements between states in the totally symmetric irrep of SU(6).

A ia ia] Cur Z o2 §
(oG] = G (38 - S o))
A A ia ia Cur ? A4 A2 3
[[5m7 [6m7 G Hv G ] = N (45 - (NC<NC + 6) - 18)5 - éNc(Nc + 6))
3
(6772, [677, [0, Gi]]], G0 = (CﬁF) (36S4 — (5N.(N, + 6) — 36)S2 — 3N(N, + 6)>
MGG — 2B, (m0é2 + ma(—%{si, iy 1 %(Nc + 3)T“))

MZ([61n, G™),G™] = 4C]€FBO (§m0S2 + %ma{si,(}w}) — AM2GG

(8.34)
where, 0m = %5’2 Appendix A contains more details on spin-flavor operator bases,
matrix elements of spin-flavor operators, and the operator identities respectively. A

direct application : self-energy correction to the baryon mass is discussed in the

chapter 9 in detail.

8.6 Omne-loop corrections to the baryon currents

Similarly, the one-loop corrections to baryon vector and axial-vector currents can

be calculated using the combined effective framework. The corresponding one-loop
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diagrams for the vector currents are summarized in Table (8.5) and for the axial
vector currents are summarized in Table (8.6) and Table (8.7). For the simplicity of

expression, the definition of H;;(M,, émy, po) is used to some loop integrals:

d’k kik;
(2m)4 (k% — M2 +i€)(po — ko — 0my, + i€)

Hij(Maa 5mn7p0) = “(4_60 / (835)

Note that, the diagrams for the vector currents are associated with two types
of loop-integrals: self-energy diagram and triangle diagram. Except the triangle
diagram, the expressions for the other diagrams can be written in terms of the
self-energy integral. The one-loop integrals for the axial vector currents in Ta-
ble (8.6) are analogous to the loop-integrals corresponding to the vector diagrams
in Table (8.5). The loop-integrals for axial-vector currents in Table (8.7) involve the
Goldstone boson propagator and can be evaluated using the standard integrals given
in [117]. Each loop-integral is accompanied by matrix elements of operator products
of SU(2) x SU(3) irreps., and one can build a set of relations between those operator
products to perform operator reduction. A detailed calculation of these diagrams in
order to obtain the vector charges and axial couplings are given in the last chapter

along with the fit results to the LQCD calculations.
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Table 8.5. One loop diagrams for the vector currents. The subscript of dm refers to
either the intermediate baryon propagator dm, or the incoming/outgoing
Oy jour baryon propagator with respect to the current-vertex.

Vector current diagram Expression

(po—0min+ie)

2 . .
?“ Z'(SuO (Q_A) (Hij (Ma,6mn,po)) <TcGzana>

Fr (p0+q0_6mout+i€)

% I 1 Z'(;NO <9_A>2 (H;j(Ma,0mmn,po+qo)) <GianaTc>

2 . )
Y 3 . G'L(chG](l

= it () (R (Hy (Mo, 9mmin, po)
A

—  H;;(M,, 0mout, po + q0))

2
wo , ia pabe(yjb, (4—d) [ _d%k (kitqi) 2ku+qu)(k;)
<%ﬁ> G feeG M( )f (2m)d ((k+q)2—Mb2+i€)(po—kou—6721+§e)(k2—M3+ie)

ka 7 \ k+qb
{ I
Po \\ //
— feefetd nd ”(4761) f dik (2ko+q0) (2ku+qu)
2F2 (2m)? ((k+q)2—MZ+ie) (k2 — M2 +ic)
k,a_ — N
/ \
{ |
Po \\ //
gqm
. 1 rcae redarpd, (4—d) dok 1
A Z(S#OZF,%f feert J (2m)2 (K2—M2+ic)
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Table 8.6. Axial-Vector Currents (I).

Axial-vector current diagram

Expression

P | I

Po | |

Po
Py

q,c

q,c

Po

Po

q.c

i () e Ly (Mo, O, po)

Po—0Min+ie)

. 3 GleiaG]’aébc
— ga” Iud .
(=) <F> @3 ric)po—bmon i) Tis (Mas 011, Do)

Q

3 iayja c
i(F—%>( GieGIieGH )Hij(]\/[a,dmn,po-l-%)

T p0+q0_5mout+i6

3 ia yja b sbe
) (e GUGIGRo qiqy y
(1) () o et (Mo S+ )

. 3 GiaG,u,chja
i0p0 (%) <m) (Hi; (M, 6min; po)

H,; (M., 6mout, Po + qo))

3 . .
. g_A GzaGlejaé'bc
( Z> <F7% > (q2_M172+i€)(6min—5mout+q0) QIqM X

X (H;j (Mg, 6min, po) — Hij (Ma, 6mout, po + qo))
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Table 8.7. Axial-Vector Currents (II).

Axial-vector current diagram Expression

o~ |
/ \
{ |
wo N - // . fcaefedand (4—d) f dik 1
-t 2F2 Opi 2m) K2—MZtic
q,c
)
kya_ —
/ \
{ |
\ /
n ~ - bae fdae id ,,(4—d) ddk 1
i ( )f F N @igu) G f T MZtie) (¢~ M7 Tic)
i
q,c
Po
b A/ X k,a
/ \
} /
HIN -
di —
: gA Qi b bac  4~d dik
T Y3F2 2M1\142GZ feere f (2m)d k2= M2+ze
q,c
Po
b A7 N k,a
\
Q /
N 2gA 'me 4—d dk 1

id fcae fbae
3F2 2_ M2+’L€G f f (1“

(2m)? k2—M2+ie

>
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CHAPTER 9
GROUND STATE BARYON MASSES FROM THE
COMBINED FRAMEWORK

9.1 Introduction

The effective Lagrangian is manifestly chiral invariant, and can be systematically
written as a power series in the low energy expansion or in the chiral expansion, and
simultaneously in 1/N,. In the HBChPT formalism, the larger contribution to the
baryon mass is governed by the spin-flavor singlet component, whereas the leading
order splitting between baryon masses is due to the hyperfine interaction which is
considered to be a small energy scale for the theory. The size of the hyperfine split-
ting in the low energy expansion plays an important role since it combines with the
Goldstone boson masses to appear as powers in the contributions from the loop di-
agrams. This implies that the low energy expansion and 1/N, expansion does not
commute [30,118]. As discussed in the chapter 8, the emphasis of the framework goes

to the linking between two expansions : O (p) = 1/N, = O (§).

The application of this combined framework to the baryon masses for the case of
SU(2)gayor Was successfully done by Cordon and Goity [36]. It is important to no-
tice that the combined approach allows one to study the convergence the low energy
expansion, with the availability of LQCD baryon masses. It has been clearly shown
that, the decuplet contribution as intermediate states for the loop play an important
role in the convergence, with increasing quark mass (see Fig.(4) of Ref. [36]). In
average, it is believed that the consistent range of quark mass for the £-expansion is
MFPhysieal < V< 300MeV, which is also considered in this work. One loop-correction

to the non-strange baryon masses involves IV, A baryons and 7 meson. In the case of
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SU(3)gavor, this becomes a bit complicated since one has to consider octet baryons,
decuplet baryons as well as the 7, K, n mesons, as well as the matrix elements asso-
ciated with each loop integral. Especially, obtaining these matrix elements as well as
the expressions for octet and decuplet baryon masses for any generic N, is a remark-

able achievement in this work.

This chapter is organized as follows. In the section 9.2, the leading order (LO)
baryon mass is introduced which is of O (§). The section 9.3 contains a detailed
discussion on the one-loop correction to the baryon mass in £-expansion for the case
of SU(3). The section 9.4 is dedicated to an analysis of mass relations such as Gell-
Mann-Okubo (GMO), Equal Spacing (ES), Giirsey Radicati (GR) mass relations. The
fit results to the available data for baryon masses from the experiments as well as from
the LQCD are discussed in section 9.5 along with an analysis on mass relations. The
section 9.6 is focused on an application of baryon masses from the combined formalism
to extract the baryon o-terms. In the last section some observations, conclusions and

prospective applications are discussed.

9.2 Baryon mass at leading order

Considering the leading order Lagrangian, the baryon mass at O (£) can be written
as [12,14],

OHF
Ne

.

S(S+1) = T (9.1)

mB<S, Y, I) = Ncmo +

where, mg, Cypr and c¢; are LECs to be determined by fitting to the baryon masses.
my is the spin-flavor singlet contribution to the baryon mass and it is correlated with
the quark mass contribution which is coupled by the LEC, ¢;. Cyp is the hyper-fine

interaction and it is equal to M — My for N. = 3 at O (1/N,).
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9.3 Omne-loop correction to the baryon mass

A propagating baryon can self interact by emitting and absorbing a Goldstone
boson. This is parameterized by the terms represent the baryon-meson interaction
in the effective Lagrangian.This contribution to the baryon propagator is called the
self-energy correction, in which the lowest order contribution is diagrammatically rep-

resented by one-loop diagram is depicted in Fig. (8.1).

The expression for the one-loop diagram 0%;_;,,, contains the vertices from ES),
external (incoming/out-going) baryon propagator, intermediate baryon propagator as
well as a projector P,, which projects the incoming baryon to the intermediate baryon

labeled by n, and the loop integral J:

8 d
. - I'(1—2
0X1—toop = i A Z Z G"P,G™ ﬁ J ((MZ = (po — 0my)?), 1, (po — dmy,),d, 1)

a=1

where, the explicit evaluation of the loop integral J is given in the Appendix C.

The non-commutativity of the 1/N, and chiral expansions of course resides in the
non-analytic terms of the loop integral through their dependence on the ratios of the
small scales dm,,/M,. Notice that when the one loop integrals are written in terms of
the residual momentum p°, they do not depend on the spin-flavor singlet piece of §7.
p° is naturally associated with iD°. The one-loop contribution to the wave function

renormalization constant is given by:

=021 _loop . (9.3)

An important fact which has to be considered throughout the one-loop diagram

calculation for self-energy is that, the initial and final baryon has to be the same.

(9.2)
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The selection rules corresponding to the quantum numbers : Spin S, Hyper-charge
Y, Iso-spin I which can determine the possible channels associated with different
combinations of intermediate baryon and corresponding meson states. Therefore, for a
given baryon, the total contribution will be the sum of each individual channel, which
is represented by the two summations in Eq. (9.2). Each combination of intermediate
baryon + meson, can be identified as a “partial contribution” to a given baryon mass.

Therefore, if the baryon state is defined as,

S S,
B) = : (9:4)
R YIIL

then matrix element of a partial contribution can be simply represented by,

S S, S 5,
R YII, > ’ (9:5)

R YII,
where, the explicit expression for the projection operator is,

Sn Sn, Sn Sn,
Pr= 2R, Yolol,, >< R, Yol

n

Appendix A provides all the necessary elements for the evaluation of the spin-

<B|GzaPnGza|B> _ < Giar])nGia

(9.6)

flavor matrix elements in the 0¥X;_;,0, in Eq. (9.2). The explicit final expressions for
the self-energy are not given here because they are too lengthy, but with those ele-
ments they can be easily calculated. One loop corrections to baryon masses start at
O (£%). Because the £-power counting M, — £M,; and F; — %FW with N, — N_./&,
the &-order of one-loop integral is O (£*). But, the matrix elements can be of O (1/¢)
or O (1/£?) suppress the ¢ power of the loop-integral corresponding to each partial

contribution. Therefore the loops contain terms of O (£%) and O (£3).



Table 9.1. Partial contributions to the one-loop correction of the self-energy.

N A ) =
N—->N+rm A=->N+K Y=Y+ =
N —= N+n A—=A+n Y—>X+n =—=Z=+n
N->Y+K A->YX+n7 Y>N+K E—-YX+4+K
N—>A+K A—=>zZ4K Y=o A+1 Z=Z-A+K
N—o>A+1r A-=¥X471 Y—2E4K Z->Z%47
N—-+K A->Z+K Y=>A+K EZE—->IZ4+7n

Y=Y+ 1mr E-X4+K
YXoX+n Z—-Q+47
Y=+ K

A >* = Q
A->N+rm X*—=>YX+n ZF=Z471 Q=047
A—=Y+K X*=>¥YX4+n Z-==24n Q224K
A—-A+n X*>N4+K =Z¢Y+K Q->Z+K
A—-A+1m X*>A+1 ZF=A+K
A—=¥X"4+K ¥—==Z4+K ZF-=Z=Z4+7w

> A+ K ZF—>ZF+7n
Y= X4 ZF=aY4+K
Yr=Y4+n E-=Q4+K
Y= E+ K

190

The one-loop corrections to the baryon mass is given by setting p° = 0 in the

self-energy contributions. Thus, the mass of the baryon state | S, YI) then reads:

C
TES(S +1) — x4+ dm CT(S,Y, 1)

Y. I)= N,
mB(S7 9 ) m0+ Nc A

(9.7)
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where dmp "7 (S, Y, I) involves contributions from the one-loop diagram in Fig. (8.1),
and C7T denotes counter-term contributions. From both types of contributions,
there are O (£2) and O (&%) terms from the Lagrangians £g) and Eg') respectively.
The calculation is exact to the latter order, as can be deduced from the previ-
ous discussion on power counting. The notation for the O (§) mass shift is used:
om, = C%CFSn(Sn +1) — ¥X+. Note that Cyr is equal to the LO term in M — My

in the real world N, = 3.

9.4 Corrections to baryon mass relations

Mass relations among baryon states are a direct consequence of its symmetry
structure. One can check those relations with the experimentally measured baryon
masses. In nature, these mass relations are violated by small amounts. The sensitivity
to the deviations from this relations is a good measure of the precision/validity of
the symmetry behind the theory. In other words, the size of the violations to these
mass relations indicate the predictive power of the theory. Three main mass relations
namely, Gell-Mann-Okubo (GMO), Equal spacing (ES) and Giirsey-Radicati (GR)
relations are analyzed to O (£2). The relations are exact at tree level except the GR
relation. The deviations to these relations are basically given by the non-analytic
terms in the self-energy which will be briefly discussed under the analysis of each
relation. It is very important to highlight that the violations to these mass relations
are obtained explicitly in terms of N.. This allows one to study the spin-flavor

symmetry breaking of the mass relations at finite ..

9.4.1 Gell-Mann-Okubo (GMO) relation

The GMO relation and its violation can be defined as,
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2(my +mz) = (3mp +my), Ao = 2(my +mz) — (3ma +my) .

(9.8)
The combined effective theory exactly satisfies the GMO relation at tree level for any
arbitrary N.. It’s very impressive to observe that the deviation to the GMO relation
is calculable and the LECs it depends on is the Cyp, g4, and F;, where at leading
order Cyr = ma — my. The experimentally observed baryon masses produce a de-
viation AZ}o = 30 & 10 whereas, the theoretical calculation from the fit to physical
mass yields Ay, = 44 + 5, where for the theoretical evaluation g4 = £ x 1.27 and

F. =93 MeV.

40

30

MeV

20

s s s s i
20 40 60 80 100
Ne

Figure 9.1. The deviation of GMO relation with N..

Another very important observation is that the A%, behaves like 1/N, as de-
picted in Fig. (9.1), so that the GMO relation is exact at the large N, limit. Since
the complete expression for A%, is a lengthy expression, one can see the above

observation by expanding it in the large N, limit,

A _ (Y o~ L - 2oz~ Ly
GMO - 47TF7-( 3 K 4 ™ \/g K 4 Ky
20 1 1 4 1
. ( — M log Mj; + M2 log M + (M. — 7 M2)log(M;: - 5M%)))

+ O(1/N?) . (9.9)
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For the physical Mg and M, one can check that the shown expansion is within
30% of the exact result, and the expansion seems to converge for N, > 5. The explicit

expression for Agyo at N. = 3 is,

Aano =
°2
— 9ga 3 3 3 2 2 3/2 9 9 3/2
 288F2r <(4MK — M7 —3M,}) + 8 (M — Cp)™" — 6 (M — Chp)
02 02 . M2 )3/2 02
_2 M2 o CQ 3/2> gA ( HF K T hil _ Yar
(M i) + F2r? 13 an ST

3/2
— (OIQJF _ Mg) Tanh™*

24

3/2
(Cqp — M2)Y

— Tanh™*
72

Chr
C%p — M2

02 C
+ F‘er 5 <_—9%F (4MjLog[M}] — 3M}Log[M;] — M2Log[M?2])

Clrr
144

Chr
Chp — MZ

(4Log[M2] — 3LogM?] — Log[M?)) + (% (42 — M2 — 3M,3)) (3Loglu?] + 7)) |

288
(9.10)

where, one can clearly see that the scale p dependence vanishes in Eq. (9.10) when

the GMO relation for mesons,

Lo (4ME — A1)

2 ; (9.11)

is exact. Also note that, according to the expression in Eq.(9.10), Agno is exact

(when M, = Mg = M) in the SU(3) symmetric limit.

9.4.2 Equal Spacing (ES) relation

ES relation involves three difference. Therefore, the violations can be studied by

defining two differences Ags1, Agst,

My« —MA = Mgx — My = Mo — Mz )

AESI = Mg+ — 2My+ + Ma AESQ = maq- — 2mg+ + My« . (912)

With experimentally measured masses, Agg; gives —6 =7 MeV and and Aggs gives

—9 £ 7 MeV, whereas theoretically both of them are —14 £ 5 MeV. The behavior
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of Agg; and Aggy with N, are identical, and its expression can be expanded in 1/N,

52 AM3 — M3 — M3 1
ga K T n
A =A = + — ] . 1

ES1 ES2 N F? ( 64 ) O <N§) (9.13)

gives,

Since Ags; and Aggo have exactly the same behavior in N, then one can observe that

the both deviations are identically vanish in the large IV, limit, as shown in Fig. (9.2).

2
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Figure 9.2. The deviation of ES1 and ES2 relation with V..

9.4.3 Giirsey-Radicati (GR) relation

In contrast to the GMO relation (or the ES relation) containing only the octet
(decuplet) baryon masses, the Giirsey-Radicati (GR) mass relation connects both
octet and decuplet masses. It relates SU(3) breaking in the octet and decuplet, and
which generalizes to arbitrary N.. If one disregards the term proportional to hs in the
ES) in Eq. (8.15) which gives SU(3) breaking in the hyperfine splittings, one obtains
one additional relation first found by Giirsey and Radicati [20], namely:

Mz« — Mz = Myx — My, Agr = (mzx —mz) — (ms« —my) , (9.14)

where, Aggr denotes the violation to the relation, which is 21 +£7 MeV for the physi-
cal ground state baryon masses. The deviation of the relation (9.14) is due to SU(3)

breaking effects in the hyperfine interaction (Cyp) that splits 8 and 10 baryons, and
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such a deviation starts with the term proportional to hy which is O (p?/N,) or O (£3).

The one-loop contributions to GR relation are free of UV divergences, and the

complete expression for the Aggr can be written as,

hy 12 TN
Agp = =2 MIQ{+(9A)

3

2 (ON, — 43)7 (MIQ( - (3CHF)2> :

AN, AnF, 9 72 N,
N.—3 5Cur\?) * 5Cur
_ 51 [3 M3 — ( N ) m — 2arctan -
o - ()
30\ * 3Cur 240
+ 10| ME - < N ) arctan + WC%F log M,Q(}
‘ N\/M?(— (—3CHF>2 ’
c N.
— (MK — Mﬂ-) ,
hQ 12 2 2 3 ,&ACHF 2 log(MK/MW)
= KNC(MK_M”)—i_FC( InE. (Mg — M)+ O T :

(9.15)

where the last line corresponds to expanding in the large N, limit. For the case with
keeping hy = 0, the behavior of the Agr with NV, is the same as for Agy0, as depicted

in Fig. (9.3).

30

5 10 15 20 25 30
Ne

Figure 9.3. The deviation of Giirsey-Radicati (GR) relation with N..
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9.5 Fits to the baryon spectrum

This sub-section is focused on an analysis and fits to the experimental baryon
masses as well as the baryon masses from LQCD calculations for the case of SU(3).
The validity of the mass relations: GMO, ES and GR are checked at different quark
masses using the experiment and LQCD inputs as well as, using the fitted masses from
the combined effective theory. The fits are basically performed in two approaches:
individual fits to baryon masses corresponds to a given quark mass, and combined

fits of baryon masses in a range of quark masses.

The mass formula for the fit is,

C A ~ —100
mp = Ngng+ ﬁpsz‘%xwémlg’ (1)
1 (e ha o o 3062 . P4 g giis
- a(Fu gre s pus e gse) . o

where, 5m}3_lwp (u) is the self-energy contributions to the masses which depends on

the renormalization scale p and the scale A(= p = m, considered thoughout this

work), and X% S'G™ = 4Bymg(S'G™) !.

The input experimental masses and calculated LQCD baryon masses by Alexan-
drou et.al [37] can be combined into the Table(9.2). The LQCD simulations in
Ref. [37] have been carried out for ten ensembles of dynamical twisted mass fermion
gauge configurations at three different values of the inverse bare lattice coupling 5,
namely 5 = 1.90,1.95 and 2.10. The 8 values correspond to three different lattice
spacings a = 0.094,0.082 and 0.065 fm. Therefore, each ensemble can be identified
by the lattice spacing a and the bare twisted light quark (u,d) mass p;, where as

the renormalized strange quark mass m; is determined using the physical mass of {2~

L A useful formula for the term proportional to hy is:

(5'G®) = L (gﬁ 182 LN(N.+6)+ (N, +3)Y — %Y2> = s (1217 - 4824352 5)),
where S is the strangeness. This term is responsible for the tree-level mass splitting between A and

¥, and also it is identical to the result obtained in Ref. [119]
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baryon. The quantity R(m;, ms,a) defined in Ref. [120] of ETMC collaboration, for

the quark mass ratio in terms of pion and kaon masses:

(9.17)

OM2 — M?
R(my, mg,a) = m (#) ,

M

with the Fig. (11) of Ref. [120] can be used to obtain the values for M, and M for

each ensemble as given in Table (9.3).

Table 9.2. Baryon masses : The first row corresponds to the physical measurements.
The rest are the masses from LQCD calculations [37], each column corre-
sponds to a specific lattice spacing (or § value) given in accordance with

the Table (9.3).

M, My My My M, M= Ma My Mz Mg
139 497  938(3) 1116(3) 1189(3) 1315(3) 1228(3) 1383(3) 1532(3) 1672(3)
261 524 1102.0(18.3) 1232.9(39.4) 1310.3(43.5) 1333.1(35.6) 1490.9(83.4) 1566.9(67.8) 1613.9(53.9) 1657.5(60.9)
2098 528 1092.1(23.5) 1234.3(39.4) 1292.4(43.1) 1329.4(34.9) 1456.0(36.3) 1537.2(67.4) 1586.9(54.5) 1656.2(64.8)
332 537 1140.7(13.0) 1249.6(40.2) 1338.1(43.1) 1342.2(36.9) 1492.3(83.5) 1592.0(67.5) 1613.3(60.4) 1680.8(63.7)
256 528 1070.6(14.1) 1231.4(36.4) 1306.7(39.9) 1363.2(31.2) 1517.8(74.9) 1593.8(60.8) 1637.9(50.4) 1711.1(53.5)
302 541 1145.8(11.4) 1261.0(35.6) 1318.0(38.5) 1366.2(32.0) 1515.2(75.0) 1578.7(61.0) 1612.6(50.2) 1692.4(54.4)
372 555 1204.9(3.9) 1306.3(35.1) 1358.0(39.3) 1374.8(32.2) 1562.1(74.0) 1633.2(59.8) 1660.9(48.7) 1709.3(54.0)
432 576 1276.4(10.0) 1332.8(35.8) 1390.9(37.8) 1374.6(34.5) 1601.9(73.1) 1638.2(60.0) 1663.3(48.3) 1693.1(53.6)
213 489 1031.0(12.5) 1179.8(28.7) 1252.2(30.8) 1327.2(25.0) 1407.4(59.8) 1522.2(47.0) 1597.3(38.0) 1681.6(41.8)
246 499 1072.1(21.5) 1215.7(29.4) 1277.5(32.4) 1328.2(25.8) 1448.4(63.2) 1538.0(48.6) 1581.9(39.5) 1648.4(43.7)
2098 511 1103.8(20.8) 1221.6(29.1) 1278.3(32.0) 1329.0(25.3) 1448.4(60.9) 1529.4(49.7) 1588.5(40.2) 1674.0(43.4)

9.5.1 Individual fits : physically (experimentally) measured

masses

The fit result for the physically observed baryons can be summarized as Ta-
ble (9.4). Note that the large value of the low energy constant mg corresponds to
the correlation between the spin-flavor singlet and the quark mass contribution. The

extracted value of Cyp has a very good agreement with the experimental value of



198

ma —my.

Table 9.3. LQCD parameters and the values of M, and Mk from Ref. [37].

Ié] a ap;  my(MeV) mg(MeV)  R(my,ms,a) M, Mg
1.90 0.0936(13) 0.003 12.796 92.4 0.979 260.7 523.751
0.004 17.079 92.4 0.98 297.5 528.076
0.005  21.327 92.4 0.976 332.3 537.375
1.95  0.0823  0.0025  11.947 92.4 0.972 255.8  527.901
0.0035  16.726 92.4 0.982 301.8 540.918
0.0055  26.248 92.4 0.984 371.6 555.24
0.0075  35.769 92.4 0.994 431.6 576.349
2.10  0.0646  0.0015  9.327 92.4 0.965 212.8 488.953
0.0020  12.407 92.4 0.976 245.5 499.152
0.0030  18.602 92.4 0.979 298.4 511.071

Table 9.4. Fit results for the physically observed baryons (the baryon mass for a given
spin, hyper-charge and iso-spin is given in the Eq. (9.16)).

]VL,— =139 MeV mo CHF C1 Co }LQ h3 }L4
My = 497 MeV 866.8(6) 290.7(8) -2.201(3) 3.437(4) 0.102(4) 1.280(6) 1.762(5)
Y2=1.16 My M, My, M= Ma M- M- Mo

Physical Mass (MeV) 938+3 11163 118943 1315+3 122845 1383+3 153243 167243
Fitted Mass (MeV) 936.5  1118.2 1189.7 1313.5 1227.9 1383.4 15314 1672.2

Aano Agsy Agso Agr
Exp. 31(8) —6(6)  —9(6)  23(6)
Th. 44 —-7.3 —7.3 24

9.5.2 Individual fits : LQCD baryon masses

Similar to the case with physically measured baryons, one can perform fits to each
set of LQCD baryons corresponding to individual ensembles in LQCD. The fit results

are shown in Table (9.5) with three main rows representing the three lattice spacings
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(with ten ensembles) given in Table (9.3). There are several observations which can

be made if one re-arranges the rows in the order of increasing pion mass.
e The Cyp is consistently increasing with the pion mass.
e The ¢; (SU(3) breaking) is behaving uniformly for all ten ensembles.

The baryon masses obtained from the fits to individual LQCD ensembles are sum-
marized in Table (9.6). Therefore, one can analyze the mass relations directly with

LQCD masses as well as the fitted masses from the theory. The results are given in

Table (9.7).

Table 9.5. Fit results of LECs to individual sets of baryon masses from LQCD (the
baryon mass for a given spin, hyper-charge and iso-spin is given in the

Eq. (9.16)).
x> M, Mg mo¢ Cur 1 e hs ha
0.716 261 524 597(4) 591(3) -2.22(3) 3.32(4) 0.13(2) 1.63(5)
0.962 298 528 599(5) 606(3) -2.26(3) 3.39(4) 0.14(2) 1.6(1)
0.695 332 537 632(4) 620(2) -2.31(3) 3.46(4) 0.12(2) 1.7(1)
1.23 256 528 610(4) 589(3) -2.26(2) 3.39(2) 0.15(2) 1.6(1)
0.935 302 541 632(3) 618(2) -2.23(2) 3.35(2) 0.15(2) 1.54(5)
0.743 372 555 684(1) 643(1) -2.31(3) 3.46(4) 0.15(2) 1.59(3)
0.382 432 576 746(3) 680(2) -2.31(3) 3.46(4) 0.13(2) 1.65(5)
0.606 213 489 536(3) 548(2) -2.20(2) 3.30(2) 0.12(2) 1.59(3)
1.198 246 499 555(4) 566(3) -2.20(3) 3.30(4) 0.13(2) 1.59(5)
0.808 298 511 576(4) 589(3) -2.25(3) 3.37(4) 0.12(2) 1.58(5)
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Table 9.6. Baryon masses obtained from the fits to LQCD data. Each line contains a
set of baryon masses corresponding to their pion mass scale from LQCD.

! M, Mg My M, My, Mz Ma M. M. M

0.716 261 524 1105.28 1210.04 1301.03 1345.55 1473.64 1572.23 1628.81 1643.39
0.962 298 528 1098.26 1208.32 1282.05 1342.99 1437.81 1539.30 1605.91 1637.64
0.695 332 537 114220 1228.03 1329.86 1354.33 1490.30 1578.80 1637.60 1666.71

1.23 256 528 1072.79 1209.12 1297.58 1373.98 1490.90 1601.01 1666.71 1688.01
0.936 302 541 1146.54 1250.10 1313.79 1372.09 1486.0 1584.25 1644.29 1666.11
0.743 372 555 1205.08 1284.51 1349.10 1387.14 1555.08 1628.57 1676.19 1697.96
0.384 432 576 1277.22 1316.89 1385.02 1384.47 1592.39 1641.10 1672.03 1685.18

0.606 213 489 1032.25 1169.67 1248.19 1332.24 1392.01 1523.65 1615.30 1666.96
1.198 246 499 1078.89 1196.63 1269.79 1337.99 1432.80 1536.17 1602.58 1632.03
0.808 298 511 1107.6 1210.42 1273.81 1334.64 1428.05 1533.53 1609.68 1656.5

Table 9.7. Deviations from the mass relations using LQCD data (in black)
Vs fitted masses (in blue) from the combined effective theory.

M. Mg Acmo Acr Agg1 Agss

261 524 139+98, 30  24=£103, 12 -29+£138, -42 -3+£118, -42
298 528 152+£100, 25 13+103,6 -32+140, -35 204121, -35
332 537 121499, 21  17+107, 34  -78+£140, 30  46+126, 30

256 528 133489, 31 -124+94, -11 -32+£125, -44 294108, -44
302 541  T7L87, 27 -14+£94, 2 -30£125, 38 46£108, 38
372 555  1184£86, 18 11492, 10  -43+£122, 26  21+£106, 26
432 576  87£89, 13 41492, 32 -114£122, -18  5%106, -18

213 489  T5£T1, 28 0£72, 8 -40+97, -40 9483, -40
246 499 12447726 -T7£75,-2  -46+£101, -37  234£86, -37
298 H11  T78LT6, 21 8£76, 15 -22+101,29  26+£87, 29
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9.5.3 Combined fits to the lattice QCD masses

The LQCD calculations facilitate the ability to analyze baryon masses correspond-
ing to a range of quark masses. In order to eliminate the quark-mass-dependence from
the LECs, one has to consider the baryon masses within a range of quark masses.
The quark-mass-range chosen in this work is: MPWwsical < A7 < 300 MeV ,such that
the convergence of the low energy expansion is preserved according to our observa-
tions. There are 11 sets of baryon masses in total (i.e. each baryon has 11 masses
correspond to a range of 140 < M, < 430 MeV ), if one combines the LQCD results
from Ref [37] and the empirical masses. A naive fit of LECs to all the 11 sets of
baryon masses result in imperfect fits as well as unnatural LECs. This constraints
the selection of baryon masses corresponding to a particular range of quark-masses.
After some effort trying numerous combinations, the baryon masses which correspond
to the range of 140 MeV < M, < 300 MeV gives reasonably good fits with LECs

which acquire natural sizes.

Let’s first consider the baryon masses from LQCD which are corresponding to the
range of M, < 300 MeV. This includes five sets of baryon masses (for the cases :
M, = {213,246, 256,261,302} ) i.e,. 40 baryon masses in total. In the fitting, the
number of degrees of freedom is 35 since the total number of fitting parameters is
6. The fit results are given in the first row of Table (9.8). Notice that the value
of my gets smaller since it acquires the absolute spin-flavor singlet contribution by
detaching with the SU(3) flavor singlet (quark mass) contribution to the low energy
constant cy. o is also redundant in this case, as it is the same for the individual fits
to LQCD masses. Cyr also obtained a smaller value since it is correlated with s
which is also correlated with ¢y since the counter term of hs contains a quark mass
contribution. The value of ¢; which governs the SU(3) breaking has not much devi-

ated from the average value extracted from individual fits. This observation indicates
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that the SU(3) breaking is approximately invariant with respect to the quark mass.

As the second step in the combined fitting approach, the set of physical baryon
masses are added to the existing set of baryon masses from LQCD which were consid-
ered in the fits corresponding to the first row of Table (9.8). Therefore, the number
of degrees of freedom increases to 43. The fit result is given in the second row of
Table (9.8). Notice that the considerable amounts of changes can be observed only
from the LECs : mg,Cgp, hs and hy. This means that, the addition of physical
masses to the fit affects the contributions to the baryon masses from the spin-flavor
singlet component and the hyperfine interaction. In addition to these observations of
LECs, one can check the deviations from the mass relations. The analysis of mass
relations with this second combined fit results are given in Table (9.9). The LEC puy
which enters in Agg is best determined by fixing it using Agg in the physical case,
and then the rest of the LECs are determined by the overall fit. In this way, the
deviations of the mass relations are one of the predictions of the effective theory, and
can therefore be used as a test of LQCD calculations. At present the errors in the

LQCD calculations are relatively large, and thus such a test is not yet very significant.

Table 9.8. Results for LECs : first row fit to LQCD octet and decuplet baryon masses
[37] including results for M, < 300 MeV, and second row including also
the physical masses. Throughout the renormalization scale is @ = m,,.

X?[o f mo Cur 1 C2 h3 hy

0.58 168(3) 182(7) -2.39(2) -1.49(3) 1.16(3) 1.95(3)
0.98 154(2) 220(4) -2.36(1) -1.57(2) 1.30(3) 1.89(2)




Table 9.9. Deviations from mass relations in MeV.

Here, AESI = mz=+ — 2mys+ + ma and AESQ = Mmq- — 2Mz=+ + Mx=.

Mz Mg Agmo Agr Agsi Agss
[MeV] Exp Th| Exp Th Exp Th| Exp Th
139 497 | 31+£42 46 | 23430 38 | -6+£30 -14 | -9+£30 -14
213 489 | 7570 33 | 0+£72 29 | -40497 -11 | 9.2483 -11
246 499 | 124477 30 | -7£75 25 | -46+101 -11 | 23+£86 -11
255 528 | 133+£89 37 | -12+94 26 | -324+125 -14 | 294108 -14
261 524 | 139£99 35 | 24+£103 25 | -294138 -13 | -3+£119 -13
302 541 | 7787 32 | -14494 23 | -30+125 -13 | 46£108 -13
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Using the fit results, one can plot the evolution of each baryon mass with respect

to the pion mass as given in Fig. (9.4). The plot includes, the theoretical predictions

with error-bands (in blue-green) and the masses from experiment + LQCD (in red).

Regarding the theoretical prediction, the 67% confidence interval is represented by

the light blue, and 95% confidence interval is represented by light green.
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Figure 9.4. The evolution of baryon masses obtained from the combined fit result
(second row of Table (9.8)) with respect to the pion mass. The 67%
confidence interval is represented by the band of light blue, and 95%
confidence interval is represented by the band of light green. The red
points with error bars are the calculations from LQCD [37].



205
9.6 Predictions on sigma terms

From the baryon masses the o-terms are derived according to the definition,

om
0Bmg = My amB ’ (918)
q
where, m, has several choices, for example;
m,
o ms ,
mg = m® = (2 +my) /3, (9.19)

m® = 1/v/3(1m —my) .

The m® and m® are SU(3) singlet and octet components of the quark masses. Natu-
rally the set of o-terms will satisfy the same relations discussed above for the masses.
These relations are exact at tree the tree level, and the deviations occur due to the loop
corrections. The o-terms associated with the same m, are related via those relations
and their deviations are calculable as described before for the masses. In addition to

the GMO and ES relations one finds the following tree level O (£3) relations,

NC 1 O'Nm (N —|—3) O'Am+3(N 1) O'Em)

ONmg; — ~

O'Nm ( 5) O'Am+3<N 1) O'Em) (920)

OAms — N

)
—3)

N, =3) onm+ (Ne+3) oam + (3N, — 11) o5.3)
)

OAms = — Nc 1) oan — (N —3)( OAm — 02m)+4NcUz*m)

(=

(=
Osm, = (-4

(=

(

Os*me — — —(NC — 3)(4 OAm +DOApm — D Ugm) +4(Nc — 2) O'E*m).

Several of these relations are poorly satisfied. The deviations are calculable and
given by the non-analytic contributions to one-loop. It is easy to understand why
these relations receive large corrections. The reason is that, they behave as O (p>N,)
in the large N, limit. This implies that any tree level relation one may use to relate m;
and m, thus the o terms will receive in principle such large non-analytic deviations.

In the physical case N, = 3, those deviations are numerically large for the first, third,
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and fourth relations above. This in particular affects the nucleon strangeness o term,
and thus indicates that its estimation from arguments based on tree level relations for
an arbitrary N, is subject to important corrections such as for the nucleon-¢ [121].
In terms of the octet components of the quark masses, in addition to GMO and ES

relations one finds:

(Ne+3) 0ams +3(Ne — 1) 05ms

ms = , 9.21
TN ms A(N, — 3) (9:21)
—5(N. = 3) Tamg + 5(No — 3) Ty + AN, s
m , 0.22
TAms A(N, - 3) (9:22)

where it can be readily checked that they are well defined for N. — 3 as the nu-
merators on the RHS are proportional to (N, — 3). These relations are violated

as O (p3N?) in the large N,.. For both relations in the limit N. — oo one finds

1287 \ Fr

L N\2
LHS — RHS = e (9_A) (Mg — M) (M% — M?) + O (1/N.). Thus they are not as
precise as the GMO and ES relations.Finally, if the LEC constant h, vanishes, one

has one extra tree-level relation related to Eq. (9.14), namely,
OZ*mg — Os*ms — (0=mg — Ozmg) = 0 (9.23)

whose deviation behaves as O (1/N2) in the large N, limit, and thus expected to be

very good.

9.7 Conclusions and discussion

There are some key observations extracted from the analysis of the baryon masses.
Considering the aspect of fitting, the £-expansion works very well with all the phys-
ically measured ground-state baryon masses. Also, the fit results for the individual
set of baryon masses corresponding to it’s LQCD ensemble, shows that the theory
works pretty well up to the quark mass scale around ~ 300 MeV. This can be directly
observed by the theoretical predictions (see Fig.(9.4)) from the combined fit, which

refers to the fit including all the baryon masses (physical+LQCD) up to ~ 300 MeV
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quark mass scale.

Another important fact is that, the one-loop corrections to the self-energy includes
the decuplet contributions in the loop-corrections. This improves the convergence of
the expansion, which reflects in the good behavior of SU(3) symmetry. For example,
the GMO, ES mass relations are exact at the tree level for any arbitrary N. and
the deviations to those relations are from the loop corrections. These corrections are
calculable and also behave as O (1/N.,), i.e., the mass relations become exact in the

large N, limit.

Moreover, the baryon masses from this combined approach allows one to determine
the quark mass dependence to the baryon masses, i.e., in other words the baryon o-
terms. The idea of the combined-fit is to study the baryon masses on this aspect,
because the LECs extracted from the combined fit are independent of the quark mass
scale. Once the LECs are fixed from the combined fit, one can simply study the
behavior of baryon masses with respect to quark masses. Therefore this framework
can be used to predict the o-terms with the corrections up to O (1/N,) for all ground-
state baryons. Also, this can address the ambiguity in the value of the nucleon-& at
the physical point (M, = 139 MeV) with the corrections of O (1/N.) which is the

same for the case of GMO relation [121].
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CHAPTER 10
BARYON CURRENTS (VECTOR AND AXIAL-VECTOR)
FROM THE COMBINED APPROACH

10.1 Introduction

This chapter is focused on calculating the baryon vector currents and axial-vector
currents. The notion of baryon currents were initially introduced by R. C. Hwa and
J. Nuyts in Ref. [122]. On the basis of the quark model, one can construct the
baryon currents as linear combinations of the products of three quarks. Then, using
the canonical anti-commutation relations for the quarks, the equal-time commutation
relations of the baryon currents. The 1/N, expansion framework with the quark op-
erators as the operator basis provides the framework to study the baryon spin-flavor
structure [11-14]. Also, baryon decays play a crucial role on SU(3) flavor symmetry
breaking as well as the chiral SU(3) x SU(3) symmetry breaking [123]. Therefore,
the combined effective framework can be used to study the spin-favor-chiral symme-
try and it’s breaking effects. At the tree-level, the u'® : chiral vielbein in the LO
Lagrangian in Eq. (8.13) contains the chiral currents and one can expand it to obtain
the interaction vertices associated with the baryon currents as well as the meson-
baryon-current interactions. Since the focus of this work is to calculate the one-loop
corrections to the baryon currents, one also needs the meson Lagrangian in Eq. (7.95)
(with covariant derivative fields D,, instead of 0, to include the external currents) in

order to consider the currents entering to the loop through the GB propagator.



209

Hadronic weak currents possess the V-A structure of the weak interactions. In

general, a hadronic weak current J, can be defined as,

J/L = Vu - Ap, ) (101)
where,
Vi, = Viauy,d + Visty,s : Vector current ,
A, = Vyguy,vsd + Vst yss : Axial-vector current . (10.2)

Viua, Vus are the elements of Cabibbo-Kobayashi-Maskawa matrix (or CKM matrix)
[124,125]. Therefore the matrix elements of V), and A, between the baryon states

with same spin (denoted as B; and Bsy) has the general forms [123] :

_ q v q
(Bo|V,|B1) = Vekwmts,(p2) fl(q2)%+f]2\/<[ )UWCI +f;§ )qu up, (p1)
L Bl Bl J
(10.3)
r 2 2
Bl ABY) = Veraris () |on@m+ 200+ B9 0 1 o).
L MBl MB1 ]
(10.4)

where Vo represents the corresponding element of C'K M matrix, ¢ = p; — ps is
the momentum transfer, and up, is the Dirac spinor of the i'" baryon. The vector
(axial-vector) matrix element is characterized by the form factors fi(¢*) (g:(¢*)), and

the leading form factor can be denoted as f1(0) = gy (¢1(0) = ga).

In addition to the introduction, this chapter includes two more sections dedicated

to vector currents, axial-vector currents including fit results to LQCD calculations

38).
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10.2 Vector currents: charges

In this section the one-loop corrections to the vector current charges are calcu-
lated. The study is similar to that carried out in [123]. In the rest frame of a baryon
with the presence of an external current, the dominant contribution to the matrix
elements of the vector current is the corresponding charge, which is of O (£Y). The
sub-leading terms are proportional to O (¢/N.), where ¢ is the 4-momentum transfer
through the external current. Therefore, ¢ ~ Mg, — Mp, ~ O (p*), where Mp, is the

rest-mass of the i"® baryon involve with the vector current.

At ¢* = 0, the baryon matrix elements for the vector current in the limit of exact
SU(3) symmetry are simply given by the matrix elements of the associated charge or
SU(3) generator 7. According the the Ademollo-Gatto theorem (AGT) [126], the
vector coupling constants to the first order in the symmetry-breaking interaction, are
not renormalized. An application to this theorem is strangeness-violating leptonic
decays of baryons and mesons. The theorem implies the amplitude of the vector
currents in the limit ¢> — 0 are uniquely predicted up to first order in symmetry
breaking. In other words, the matrix elements of charge operator can deviate from
the symmetry only to second order in symmetry breaking [127]. Therefore, at lowest
order, the charges are simply given by the SU(3) generators : 7% and the one-loop
corrections are UV finite. Since up to O (£3) the AGT is satisfied, the corrections to
the charges are unambiguously given at one-loop by the non-analytic contributions

from the loops.

The one-loop diagrams are given in Fig. (10.1), and the corrections to the charges
are obtained by evaluating the diagrams at ¢ — 0. In that limit the UV divergencies

as well as the finite polynomial terms in quark masses and dm cancel in each of the
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two sets of diagrams, {A+ B}, and {C'+ D+ E}, as required by the AGT. The results
for the diagrams are the following:
_ i abc pbedrpd 2
1
{B} = mfabcbede@oZK(q, My, M.) + 4qoK°(q, My, M) + 4K (q, My, M,))
1 A
{C} = §{Ta7 5Z17100p}

o 2

F7r qo — 5mn2 + 5mm
ni,n2
X (Hij(po — 6mny, My) — Hyj(po + qo — 0y, My))
o 2
{E} = (gF_A) fabc Z Gib’PnGjCHijO(pO - 5mn7 q, Mba Mc)) (10’5>

where the integrals K, K*, K", H;; and H;j, are given in Appendix C. Since the
temporal component of the current can only connect baryons with the same spin, g
is equal to the SU(3) breaking mass difference between them plus the kinetic energy
transferred by the current, which are all O (p?), and can be neglected: so one can take
the limit go — 0 in the end. Diagram {D} requires a careful handling of the limit in
the cases when the denominator vanishes. The same is the case for diagram {F'} in
the axial-vector currents in next section. The U(1) baryon number current is used to
check the calculation: only diagrams C'+ D contribute, and as required cancel each

other.

The UV divergent and polynomial pieces contributed by the diagrams in Fig. (10.1)

can be explicitly calculated, and are given as follows.



{Apes
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{op
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Ae+1 1
(4m)? 2F2
A+l
© (4m)2 2F2

f abc fbcd 2 Td

1 —
fabCfbchd(Mb? + 8 q 2)

@ (%) 5 (T, (A + DMEGPG™ — 2\ + 2)G*[51m, [5r7, G*]]}

1 (44’1 b b 1
- 4 - G - T - G
(47T)2 (Fﬂ'> 3 Z P ’ F do — (San + 5mn1

ni,n2

{(po — My, ) (3(Ae + 1)MZ — 2(Ae + 2)(po — 0mn,)?* — {po — po + qo, M, — 5mn2})}

L (ga)1 2 iba b
5 (E) g{—3(A6+1)MbG TG

2(Ae 4 2) ([0, [0070, GO T*G™ + G™T 61, [61, G™)] — [0000, GP)T[611, G™]) }
_(471r)2 <if‘) f“bCZG”’P G {N(20'd +a°97) + ¢*gY

397((\e + 1)(M + Mf) — (A + 2)(6mi, — 26m, 4 0mgu)?) }

_@ (%) é{(@qiq]’ + @97\ — )T, GG

3(Ae + DM[[T®, G"],G7] — 3(Ae +2) ([[T*, G™], [6ri, [0r, G7"]]]

(6772, G™), [T, 6100, G™]]) } (10.6

where in the evaluations one sets pg — dm;, and py + qo — M. Combining the

polynomial pieces and using that [0, T% = [0rh, G?] = [0, GPT*G™] = 0, one

finally obtains:

AL
A B poly — 4
4+ 5} " 4n)? 452
2
{C+ D+ EPY = A =3 ( 9a qrTe (10.7)
(4r)2 \4F,

As required by the AGT, when ¢ — 0 the UV divergences and polynomial terms van-

ish for all the SU(3) vector charges of the baryon spin-favor multiplet. The calculation

of the finite non-analytic contributions has been carried out in previous work [123],

and will not be revisited here.
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The only counter term required is the one proportional to gg in Eq. (8.15), where
Yor = ﬁ(él — ¢%), and which provides the only unknown analytic contribution
to the octet and decuplet charge radii up to the order of the calculation. More
details will be presented elsewhere in a study of the vector current’s form factors. In
the context of the charge form factors, studies implementing the 1/N, expansion for

extracting the long distance charge distribution of the nucleon has been carried out

in Refs. [128-131].
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Figure 10.1. Diagrams contributing to the 1-loop corrections to the vector charges.
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10.3 Axial couplings

In this section, the axial vector currents are studied to one-loop. At the tree level
the axial vector currents have two contributions, namely the contact term and the
GB pole ones, and reads:

Al = GG (g — quqﬂ'_) (10.8)
- gA g] q2 . Mg . .
In the non-relativistic limit, or equivalently large N, limit, the time component of

the axial vector current is suppressed with respect to the spatial components. The

couplings associated with the latter are analyzed below to O (£2).

At the leading order the axial couplings are all given in by the coupling g4. For

N. = 3 one obtains: F' = g4/3, D = ga/2, and the axial coupling in the decuplet

baryons is H = §4/6. The one-loop diagrams contributing at that order are shown in

Fig. (10.2). The matrix elements of interest for the axial currents are (B’ | A" | B)

evaluated at vanishing external 3-momentum. The axial couplings are then defined
by:

(B A7 B) = 8% (B'| G| B). (10.9)

The axial couplings defined here are O (N?). The O (N.) of the matrix elements of
the axial currents is due to the operator G*». The factor 6/5 mentioned earlier is
included so that gy at N, = 3 exactly corresponds to the usual nucleon g4, which
has the value 1.2723 £0.0023 [39]. This definition of the axial couplings is convenient
in the context of the 1/N, expansion, as the differences between the different axial

couplings are O (1/N?).
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Figure 10.2. Diagrams contributing to the 1-loop corrections to the axial vector cur-
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The results for the diagrams are the following:

{A}
{B}
{C}
{D}
{E}
{F}

o gA fabCfcdbG'LdI(O Mb)

gl 2F2
94 4"G  abe peab i
62 & — M2 f b FPGHI0,1, My)
2.&14 q q; abc fc i
3_F1ﬂ? f b f dbG dI(O Mb)
50]14 q qz abc pc 2
_3F2 f b f dbG dI(O Mb)
1, q ‘0 i
§9A(gf— qg_—Mg){G ;0 Z1-100p }
. C]#Qz o éA ? Gjb Gia Gkb 1
Z(gl - q2 _ Mg )gA (Fﬂ—) annQ P’VLQ Pnl qo . 5mn2 + 5mn1
(Hjr(po — 0y, My) — Hjr(po + qo — 0my, My)) (10.10)

The corresponding polynomial terms of these one loop contributions are:

[AyPely — (41)2 o (A + 1)gh o0 predgid 2

(Bl = _(4;)2%()‘E+1> ¢4 f(lefbchsz2

{Cypoly = (41)25?;;()\ + ) q"4i fabCfbchldMZ

{DYely = @39_;2()\6_{_1) q"4; fabCfbchszQ

(B — (41) ;QA (iﬁi) (gﬁ—%) (10.11)
x {G™, (A + D)MEGTGT — 2(A + 2)G7 (51, [1in, G7"]]}

= o (B) @ - ST (0 nagarare

—§<Ae 1 2) (GG 6, [5770, G

o7, [S1i2, GI|GI9GI® — 810, GI) G 51, G ) . (10.12)

The conservation of the axial currents is readily checked in the chiral limit. At

this point it is important to check the cancellation of the N, power counting violating

terms shown in the polynomial terms of diagrams F and F'. Such terms cancel in the
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sum, as it is easy to show using the results displayed in Appendix 77 for the axial

vector currents. One obtains:
1 ? 0"
E + Fpoly  — 0 B 2B
{ + } (471' 2914( ) (gz q2_M3)
0 via 11 abc, b vic 5 a Q1
X >\+1 30(23 G +Zd m’'G —l—ng)

+ (A ) ((1 - N(NT%)) G+ %(Nc +3)S'T°

- 5{SW, Gm} — gsi{sj LG} + %Smms”)) (10.13)

The quark mass dependent UV divergencies are O (m,/N.), and the quark mass
independent ones give a term proportional to G%, i.e., to the LO term but suppressed
by a factor 1/N., while the rest of the terms are O (1/N?) or higher. The cancellation
mechanism that eliminates the N, counting violating terms must be rather subtle, as

it required an explicit and lengthy calculation starting from Eq. (10.12)

In order to obtain the counter terms one uses the relations given in Appendix
D. The counter terms are contained in the Lagrangians ﬁg ’3), and the corresponding
p-functions are the ones shown in Table (10.1). In addition to g, there are seven
LECs that are necessary to renormalize the axial vector couplings for generic N,.. For
N, = 3 the terms proportional to Cf2,3 are linearly dependent and one is eliminated.
At N, = 3, after considering isospin symmetry, there are thirty four axial couplings
associated with the axial currents mediating transitions in the spin-flavor multiplet
of baryons. This means that there are twenty seven relations among those couplings
that must be satisfied at the order of the present calculation. Such relations are
straightforward to derive with the results provided here, and they should eventually
become one good test for their LQCD calculations. It should be noted that in general

the relations do dependent on N, explicitly.
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Table 10.1. S functions for counter terms contributing to the axial-vector currents.

LEC F23 LEC F23/A?
ia g Se Dt | —L§a(36 +2332)
Of | —eCHRE | DE ~

Cit | 33Chp 2 | D) | —15594(36 + 1147)
o 555C% e | DA(S) 0
o

wloo  wl

03 12
gAOHF

The one loop corrections to the axial currents are such that they do not contribute
to the Goldberger-Treiman discrepancies (GTD) [132]. The discrepancies are given

by terms in the Lagrangian of O (£3), namely:
LY = +iB(garp[V, X21G™ + ¢2rpd'x" 5B, (10.14)

As noted in [132] there are three LECs determining the spin 1/2 GTD in SU(3). The
1/N. expansion shows that those LECs are actually determined by the two shown

above, which also determine the GTDs of the decuplet baryons.

The following observations are important: if one disregards the non-analytic con-
tributions to the corrections to the axial couplings, it is observed that the corrections
O (N.) and O (N?) to the matrix elements in S = 1/2 and 3/2 baryons due to the
counter terms are O (p?), i.e., proportional to quark masses. On the other hand the
terms independent of quark masses are O (1/N.,), i.e., spin symmetry breaking is sup-
pressed O (1/N?) with respect to the leading order. This indicates that the effects of
spin-symmetry breaking are more suppressed than the SU(3) symmetry breaking. It
is important to note that at tree level NNLO the axial couplings satisfy N, indepen-

dent relations. For the case of the AY = 0 couplings within the baryon octet and
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decuplet one finds in the I = 1 case the first relation below, and in the case of the
I =0 (n channel) one finds GMO and ES relations, namely:

ga 7rA+%7rE*—%7rZ*
o -
\%4

N = A A
2(9% +94) =394 —gh =0,

> A = o+ Q =

9k —9x =94% —9x = 91 —9i - (10.15)

These relations are only violated by finite non-analytic terms. Additional relations are
straightforward to derive for other couplings, such as those involving the AY = +1

and the octet to decuplet off diagonal ones.

N KNA
At LO and using (3_3) = 1.26740.004 for the nucleon, one obtains (;’—é)

)KNE

K3= 7N
= —0.253, and (g—é) = <§—€> , to be compared with the ones

0.760, (g—g
obtained from semi-leptonic hyperon decays [133] 0.718 £+ 0.015, —0.340 + 0.017 and
1.32+0.20 respectively. The NLO SU(3) breaking corrections are evidently necessary.
On the other hand, the coupling gY* is at LO equal to g4, while its phenomenological
value extracted from the width of the A assuming a vanishing GTD is equal to 1.235+
0.011 [116, 134], which shows a remarkably small breaking of the spin-symmetry.
This seems to be in line with what was discussed above, namely that spin symmetry
breaking is suppressed with respect to SU(3) breaking by one extra order in 1/N..
In the following subsections the results for the axial couplings are confronted with

recent LQCD calculations.

10.3.1 Fits to LQCD Results

LQCD calculations of axial couplings, in particular for the nucleon, have a long
history. However, calculations involving hyperons, and including the decuplet baryons
are very recent. Indeed, the first such calculations were carried out by C. Alexandrou

et al [38], where the calculation of the axial couplings associated with the two neu-
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tral AS = 0 currents were performed for transitions within the octet and within the
decuplet baryons. They used twisted mass Wilson action adapted to 24+1+1 flavors
(2-light quark flavors + strange flavor + charm flavor). The results show the recurring
issue in LQCD calculations of axial couplings where the results come out between 5
and 10 % smaller than the physical value for the nucleon. Recent calculations of g
have been able to give consistent results [135], but those calculations are still missing

for hyperons and the baryon decuplet.

In this subsection the results [38], are fitted with the effective theory. The LECs
that can be fitted with these results are: g4, C{'---. In order to make a clear
identification of the different couplings, it is convenient to define the couplings in
a convenient way, which reflects the fact that the values of the axial couplings are
approximately related by spin-flavor symmetry. It is then convenient to write the
zero momentum transfer matrix elements of the axial currents as follows:

. 6 ) .
(B'| A" | B) = 2gPP (B | G | B). (10.16)

The results shown above for the UV divergencies of the one loop contributions imply
that: 0g%PP (UVdiv)/g%PP" = O (Crr/N.)+0O (my/N,). At LO, g7"N = g = 1.267.

The relations between the couplings 4"  and the ones displayed in [38] are as follows:

. 1
(Bs | A=°% | Bs) = —gi®

2
- 1
<BIO | A1703 | BIO> _ 69510
, 1
B A'L=08 B — Bsg
(Bs | | Bs) 23 \/598
- 1
<B10 | Al_OS ’ BlO> = Bio (1017)

6\/598

where Bg o is an octet (decuplet) baryon with spin projection +1/2, and the cou-

plings on the RHS are those used in [38] and displayed in Tables (IV) and (V) of that
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reference. The LQCD results are given for several m and K masses. The values of M
for the different cases are given in Table (I) of [38], and the corresponding M is deter-
mined using the physical masses by the LO relation: M2 = My e’ +5(M2— M2y,
which corresponds to keeping my fixed. While for general N, the nine terms asso-
ciated with the LECs in Table (10.1) are linearly independent, at N, = 3 the term
associated with C3' becomes linearly dependent with LO term, and thus its effects
are absorbed into dg4. In the case of the LQCD results being fitted here there is
an additional linear dependency, namely that of the term C' which becomes linearly
dependent with the term C3' . So the fit will involve seven NLO LECs in addition to

ga. The results of the fits are shown in Table (10.2).

Table 10.2. LECs obtained by fitting to the LQCD results of Ref. [38]: here the
choices are A = m, MeV and for the full NLO fit © = m, as well. The
independence of the x? on the choice of y has been checked. In the NLO
full fits g4 is an input; three different reasonable values are included as

example.
Fit X3 G4 dga Cf oot o cf Dt DY DY D
LO 39 135 - - - . - - - _ _
NLO Tree 0.91 142 - -0.18 - - - - 0.009 - -
NLO Full 1.08 1.02 0.15 -1.11 0. 1.08 0. -0.56 -0.02 -0.08 0.
1.13 104 008 -1.17 0. 1.15 0. -0.59 -0.02 -0.09 O.

1.19 106 0. -1.23 0. 121 0. -0.62 -0.03 -0.09 O.

The LO fit, which involves only fitting the LO value of ¢4, shows a remarkably
good approximation to the full set of the LQCD results. This is clearly aided by
the very small dependency on M, of the LQCD results. It also shows the very good
approximate spin-flavor symmetry that relates axial couplings in the octet and de-
cuplet. A fit where only tree contributions are included up to the NNLO gives a

very precise description. Indeed, turning off some of the LECs as indicated in Ta-
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ble (10.2) provides a consistent fit. Note that in this case g4, which is required to
cancel an UV divergence proportional to the leading term, can be turned off, as it
is only required when the loop contributions are included. The full NLO fit is more
complicated. Although the implemented consistency with the 1/N, expansion gives
an important reduction of the non-analytic contributions, these are still significant.
The most significant issue in this case becomes the determination of the LO g4. If one
fits it, then the fit naturally drives it down to small values, which suppress the non-
analytic contributions. Such a situation is unrealistic, and therefore some strategy is
needed. Here one finds what the origin of this problem resides: at one loop one needs
to renormalize g4 via the counterterm proportional to dg4, which is suppressed by
one power in 1/N.. Fixing both the LO g4 and the counterterm would thus require
information at different values of N, which is not accessible at present. One possible
approach is to fix g4 to the value obtained with the LO fit, and fit the higher order
LECs. This however fails because the resulting fit has too large a x?. Another strat-
egy is to input several different values of g4, and determine an approximate range
for it based of obtaining a 2 that is reasonable. Finally one can perform a different
strategy, namely use the value for g4 obtained by matching to the deviation to the
GMO relation, which can be used to give a value for g4/F;. If one does this, in the
physical case one obtains that g4 ~ 1.15 if one uses F; = 93 MeV. This however is
not what one should use for the present LQCD results, since they extrapolate to too
low of a value for g% at the physical point. One would expect that in that case a
correspondingly smaller value should be used, namely g4 ~ 1.05. The NLO fit with
such an input for g4 is almost consistent, and is shown in Table (10.2). Ultimately, in
order to have the LECs in BChPT x1/N., fully determined one needs a global analysis
that involves LQCD calculations of a complete set of observables. This requires the
LQCD determination of the quark mass dependencies of the observables, and also

the possibility of results for different values of N., which is a more difficult task, but
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which has already been initiated with the baryon masses for two flavors [113], and

which has been analyzed with the effective theory [76].
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Figure 10.3. The effect of switching off the contribution of the A in the loops [36].

As illustration of the importance of including the decuplet in the effective theory,
Fig. (10.3) shows the effect of removing it on the one-loop contributions. There is
a dramatic cancellation between octet and decuplet contributions even at N, = 3,
without which the rather flat behavior of the axial couplings with M, is virtually
impossible to explain. This dramatic improvement in the behavior of the effective
theory when it is made consistent with the 1/N, expansion permeates other observ-
ables, such as the mass relations and vector charges discussed earlier, as well as
virtually any other quantity, such as pion-nucleon scattering, Compton scattering,

ete.
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CHAPTER 11
CONCLUSIONS AND PERSPECTIVES

The qualitative idea of generalizing QCD from SU(3) to SU(N,) by introducing
N, number of colors [10], has become a quantitative powerful tool with its develop-
ment over a four decades. The application to baryons [15] with introducing large N,
power counting, and the discovery of the dynamical spin-flavor symmetry of baryons
in the large N, limit [11-14] made a substantial contribution for the advancement
in the framework. This framework allows one to perform perturbative calculations
in the low energy (non-perturbative) regime of QCD. In particular, in the baryonic
sector the spin-flavor symmetry can be studied with its explicit breaking by the sub-
leading 1/N, corrections, via the construction of effective operators associated with
the observables of interest [44]. The 1/N, expansion is thus a very powerful effective

theory in baryon phenomenology.

The initial focus of this thesis work was predominantly motivated by several facts.
First, there are missing resonances in the lower lying excited baryon multiplets. Sec-
ond, the availability of LQCD results on the lower-lying baryon multiplets contain a
complete set of states, including the ground state and resonances corresponding to
several different quark masses [28,29]. Third, the successful application of the 1/N,
framework to the excited baryon multiplets: [56,07] (Roper multiplet) in Ref. [77] ,
[56,27] in Ref. [25] and [70, 1] in Refs. [21,23,58,59] with the available baryon masses
from experiment. The 1/N, framework was simultaneously applied to both physical
and LQCD baryon masses corresponding to the [56,07], [56,2"], and [70,17] multi-
plets. The importance of this study is governed by the ability to extract the dynamics
of the spin-flavor symmetry with its breaking in SU(3), and the behavior effective

operators with respect to the quark mass. The significance of this work is further
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demonstrated by the predictions of lower-lying missing resonances in the physical
case with higher precision, and the identification of undetermined quantum numbers

(e.g. spin and parity) of some baryon states in the Particle Data Group [27,136].

The main conclusions of this study on baryon masses in 1/N, expansion can be
summarized as follows. The leading contribution to the baryon masses in all consid-
ered multiplets is governed by the spin-flavor singlet operator and hyper-fine operator.
The spin-orbit contribution is smaller compared to the spin-flavor singlet and hyper-
fine contributions, and shows small variation with respect to the quark mass in each
mutiplet. The SU(3) breaking operators are significant in magnitude near the physi-
cal quark mass, while the operators vanish at the SU(3) symmetric point (M, ~ 700
MeV). The fit results to physical baryon masses for each multiplet are in good agree-
ment with the previous work [21,23,25,58,59,77]. Fitting to LQCD results was a
challenge due the ambiguity of identification of baryon states for a given spin. A
model independent method was implemented, which tested the mass combinations
with mass relations and identified reasonable combination of baryon masses to be
fitted with the theory. Finally, the filtered baryon mass combinations from the mass
relations constrained the operator coefficients to be fitted with a reasonable x? value
and natural size of the coefficients. Therefore, this methodology was successfully ap-
plied simultaneously to identify the baryon states corresponding to each multiplet,

and yielded quality fit results to the LQCD spectrum.

The main focus of this thesis work was motivated by the combined approach of
two effective theories, namely ChPT and 1/N, expansion in baryon phenomenology.
This framework was originally developed in Refs. [34,35,109,137], such that the effec-
tive Lagrangian respects the chiral SU(Ny) x SU(Ny) symmetry in the chiral limit,

and the contracted dynamical spin-flavor symmetry SU(2Ny) in the large N, limit.
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The heavy baryon formalism of ChPT (HBChPT) is also assumed in this combined
approach. One can expect a slower rate of convergence of the low energy expan-
sion, because the expansion progresses in steps of O (p) rather than steps of O (p?)
in the conventional ChPT. The essence of this combined framework is making the
link between the chiral expansion and the 1/N, expansion. Due to the observation
of non-commutativity of the two expansions [30], they are linked by considering the
size of the baryon mass splitting of O (1/N.), which is of O (p), the so called the
&-expansion [36]. Therefore, having a systematic low energy expansion, including the
chiral-spin-flavor symmetries combined together as an effective theory can be also

considered as a powerful effective theory in baryon phenomenology.

There are some key observations from this work, which can be lead to a bet-
ter understanding of baryon phenomenology. Because, this work concentrate on the
implementation of this combined framework to calculate one-loop corrections to the
ground state baryon masses, vector and axial-vector currents in the case of SU(3)gavor,
including an analysis with physical and LQCD results. It is worth noting that the
decuplet degrees of freedom in the loops were taken into account to improve the con-
vergence of the low energy expansion. One of the most important observations is the
deviations from the GMO, ES, and GR mass relations, that are explicitly calculated
from this framework to O (£3). The deviations to GMO and ES relations behave as
O (1/N,), such that the SU(3) symmetry breaking relations are exact in the large N,
limit. It is reasonable to suspect that the GR relation also has the same behavior, if
one neglects the tree level counter term proportional to the LEC hs. The previous
argument is supported by the fit results obtained by fixing hy = 0. Moreover, the fit
results show that the combined framework works well in the case of SU(3)gayor in the
range of small quark masses (M, < 300 MeV). The main expectation of the combined

fit to the baryon masses is to extract the LEC values which are independent of quark
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mass, for the determination of baryon o-terms [121].

It is clear the &-expansion framework can describe the LQCD results on baryon
masses as well as axial couplings. For example, the mild behavior of the axial cou-
plings with respect to the quark mass has been confirmed in the case of SU(3). This
completes the study of the combined framework in SU(3) for the baryon masses, since
the one-loop contributions were believed to be large in magnitude and have a small
range of convergence. The smaller values in gY¥ at the physical point is expected
to be a LQCD issue rather than the problem of convergence of the effective theory,
because the ¢-expansion is well behaved for g4. Some possible sources of systematic

errors in the extraction from LQCD might be finite volume effects and/or the effects

from the three-point functions by excited states.
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APPENDIX A
SPIN-FLAVOR ALGEBRA AND OPERATOR BASES

The 4NJ? — 1 generators of the spin-flavor group SU(2Ny) consist of the three spin
generators S°, the N7 — 1 flavor SU(Ny) generators 7%, and the remaining 3(N7 — 1)

spin/flavor generators G*.

In representations with N, indices (baryons), the generators G*® have matrix ele-
ments O (N,) on states with S = O (N?). A contracted SU(6) algebra is defined by
the generators {S%, I, X"} where X = G*/N,. In large N, the generators X
become semiclassical as [X%, X7] = O (1/N.), while having matrix elements O (1)

between baryons.

The symmetric irrep of SU(6) with N, Young boxes decomposes into the follow-
iIlg SU(2>Spin X SU(3) irreps: [Sv (p7 Q)] = [Sa (2Sa %(Nc - 28))]7 S = 1/27 o 7Nc/2
(assume N, is odd). The baryon states are then denoted by: | SS;,YI13). Clearly

the spin S of the baryons determines its SU(3) irrep.

In SU(3) for a given irrep given (p, ¢), the range of hypercharge is:

2p+tygq _ pt+2q

Ymin(pa Q) = <Y < Ymax(p7 Q) = 3 (Al)
It is convenient to define:
Y(Z)u Q> = Ymax(p7 Q) —q
Y,(pa q) = Ymin(pa Q) + q. (AQ)

One has that Y > Y” if p > ¢, and viceversa. The possible isospin values for a given

Y are as follows:
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if Y>Y: s(p Ymax+Y), 3P+ Yoax — Y)
if p>q: I(Y) = if YY<Y<Y: %( Ymax—i-Y) . %(p—i—YmaX—i—Y—Q?)
if Yo <Y <Y': (q+Ymm—Y), ~,2(q+Y Yinin)
if Y>Y': (P —Yoax +Y), - 3(0+ Yinax — Y)
if ¢g>p: I(Y) = if Y<Y<Y': %(p+2Y’ Yiax — Y), - - ,%(p—l—Ymax— Y)
if Von <Y <Y 2@+ Yo —Y), 3@ +Y — Yiin)

with this, one can easily builds the content of ground state baryons for arbitrary N..

A.1 Matrix elements of spin-flavor generators

According to the Wigner-Eckart theorem, the matrix element of a generic SU(2)spin X

s S
SU(3) tensor operator Off;’i, i, between baryon states of the form ’ > will be
R YII3

given in terms of reduced matrix elements (RMEs) and SU(3) Clebsch-Gordan (CG)

coefficients as,

s S S S
R Y'I'I

€€5
O; R YII

RYII3

1
- S8y, 0ls | S'S"
> V25 + 1/ dimR' (555, s | 5°55)

/ / V4 R R
Z(SaR HORHS’R>7< YII; Y/ffS

v=1,2

X

R/
Y/I/Ié >’Y )
(A.3)

where, R is the irrep of SU(3) to which the state belongs, and ¢ is the angular mo-

mentum in the spherical basis.

Matrix elements of the spin-flavor generators between baryon states in the spin-

flavor symmetric representation are then given by:
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S’ S m| S S Qi
< Y,I,I:Z S YIIS;; > = §Ssl5yy/(5[p5[3[é\/ S(S + 1)(553, im ’ S S3>
S’ S iia | S5 1
< Y’I’;’ e Y113 > = 0550858, (ST |S)
3 3 \/dim(2S, L(N, — 25))
X (2Sa%(Nc_2S)) (171) (257%(]\[0_28))
Y I yiis Y'I' I .
S'SL | | S Ss (583,1m | 5'S5) ’
< Y’I’;{,’ viis | YT > - . Z<S G S)y

V25 1 1\/dim(2S, L(N, —28)) 5

Y I I3 yiis Y'I' I}

where the reduced matrix elements are (here p = 25, ¢ = 5(N,. — 25)):

(ST S) = sign(g—0")y/dim(p,q)Ca(p,q)
= sign(N, —2S —07)
vV (2S + 1)(Ne — 25 + 2)(Ne + 25 + 4)(Ne(N. + 6) + 125(S + 1))

1
2

46
if S=8+1: — \/(452—1)((Nc+2);—/4%52)((1\/c+4)2_452)
(SNG | Shy=1 = if S=95-1: — \/(4S(S+2)+3)(NC_QS)(Ncs—j;—i-?)(Nc+25+4)(Nc+25+6)
if §=9": sign(N, — 25 — 0T) (Ne+3)(25+1)/S(S+1) (Ne—25+2) (Ne+25+4)
V/6Ne(Ne+6)+125(5+1)

(25 +1)1/(Ne — 25) (N + 25 + 6) ((Ne + 2)2 — 452) (N, + 4)2 — 452)
8v2y/No(N. +6) +125(S + 1)

(S"I G || S)y=2 —0ggr

(A.5)

A.2 Bases of spin-flavor composite operators

Here the bases of 2- and 3-body spin-flavor operators along with important operator
relations relevant to this work are given.There are operator relations which are valid for
matrix elements in the symmetric irrep of SU(6). The first ones are relations for 2-body

operators [49], and are shown in Table. (A.1).
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Table A.1. 2-body identities for the SU(6) generators acting on the irreducible rep-
resentation (N, 0,0,0,0,0).

Relation SU(2)spin X SU(3)
252 + 372 + 12G? = 2N,(N. + 6) (0=0,1)
dabc{Gia, sz} + %{SZ, Gzc} + idabc{Ta’ Tb} — %(Nc + 3)Tc (O, 8)
(T, G} = 2(N, +3)S' (1,1)
%{5%7 Ta} + dabC{Tb7 Gzc} o €7ijfabc{Gjb7 ch} — %(Nc + S)Gia (17 8)
—12G% + 2772 — 3252 = 0 (0,1)
dabc{c;rib7 Gzc} + %dabc{Tb’ Tc} o %{517 Gia} (O, 8)
4{Gia’ Gib}27 — {Ta, Tb}27 (07 27)
dabc{Tb7 Gic} — %({Si’ Ta} _ ez'jkfabc{Gjb7 ch}) (17 8)
eijk{Gja7 Gkb}lOJrl_O — (facddbce{Td’ Gie})10+1_0 (1’ 10 + 1_0)
(G, Gy = LS, 57} (2.1)
dabc{Gia’ Gjb}€:2 _ %{517 Gja}€:2 (27 8)
The following identities follow from these relations:
from the (0, 1) relations:
e o L3 _Sg2
¢ = (4NC(NC+6) 55 )
72 = 1 <NC(NC ) +45*2) : (A.6)
4 3
from the (0, 8) relations:
dabC{Gib, Gw} — Z(Nc + B)Ta . 2{51, Gia}
dabC{Tbch} _ _(Nc3+ S)Ta—l—Q{Si,Gm}, <A7)

and from the (1, 8) relations:
€ijifabel G Gy = (S*T° — (N. +3)G*)
Ao G = 9geberecib — é(SiTc + (N, +3)G™)
FabeLTy Gy = ikggi Ghay, (A.8)
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while the rest of the identities are explicit in Table (A.1). Making use of these relations, the

basis of 2-body operators can be chosen to be as shown in Table (A.2).

Table A.2. 2-body basis operators.

2-body operator

—
\.N

SQ
{Si, Sj}é:?
(5.1
{Si, Gia}
Eijk:{sj7 Gka}
{Si, Gja}£:2
{Ta7 Gib}10+1_0
{jﬂa7 Tb}27
{Gi“, Gjb}(2,27)
{Ta’ Gib}27

—~
—_

A~
=N O
[\Y)
=N N

=

—_
+ o0 o ww~~T"
— N — |\

— N

[\]

)

(\V]

=~~~ —~ —~

o

[\

[\

Making use of the basis of 2-body operators, some lengthy work leads to building the

basis of 3-body operators ¢ = 0,1. That basis is displayed in Table A.3:

Table A.3. Operators of interest in the 3-body basis up to ¢ = 1.

3-body operator

(. R)

Ta52
{Ta’ {Si, Gib}}lOJrl_O
{Ta, {Sl, Gib}}27
SiSVQ
{Ta7 {Tb, Tc}27}
Si{Ta7 Tb}27
{Sj, {Gi“, Gjb}(2,27)}
{5«2’ Gia}
Gijk{Sj, {Ta7 Gkb}}10+1_0
Eijk{sj’ {Ta, Gkb}}27
{Gz’a7 {Tb, Tc}27}
(G (5.6

(0,8)
(0,10 + 10)
(0,27)
(1,1)
(0,8 ® 27)
(1,27)
(1,27)
(1,8)
(1,10 + 10)
(1,27)
(1,8 ® 27)
(1,8 ® 8)
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APPENDIX B
BUILDING BLOCKS FOR THE EFFECTIVE
LAGRANGIANS

In the symmetric representations of SU(6) the baryon spin-flavor multiplet consists of
the baryon states in the SU(3) irreps (p = 25,9 = 1(N. — 25)), where S is the baryon
spin. This permits a straightforward implementation of the non-linear realization of chiral
SUL(3) x SUR(3) on the spin-flavor multiplet. The baryon spin-flavor multiplet is given by

the field B, where the fields have well defined spin, and therefore also are in irreps of SU(3).

Defining as usual the Goldstone Boson fields 7%, a = 1,---,8, through the unitary

T

7—) (note that in the fundamental representation T = A*/2,

parametrization u = exp(i
with A% the Gell-Mann matrices), for any isospin representation one defines a non-linear

realization of chiral symmetry according to [80,81]:
(L,R) : uw=u'= Ruh'(L, R,u) = h(L, R,u)uL, (B.1)

where (L, R) is a SUL(3) x SUR(3) transformation. This equation defines h, and since h is a
SU (3) transformation itself, it can be written as h = exp(ic®1'®). The chiral transformation

on the baryon multiplet B is then given by:
(L,R): B=B'=h(L,R,u)B. (B.2)

On the other hand, spin-flavor transformations of interest are the contracted ones, namely
those generated by {S% I%, X% = N%Gia}. While the isospin transformations act on the
pion fields in the usual way, and the spin transformations must be performed along with
the corresponding spatial rotations. The transformations generated by X are defined to

only act on the baryons.
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The effective baryon Lagrangian can be expressed in the usual way as a series of terms
which are SUL(3) x SUg(3) invariant (upon introduction of appropriate sources; see for
instance [82] for details). The fields in the effective Lagrangian are the Goldstone Bosons
parametrized by the unitary SU(3) matrix field u and the baryons given by the symmetric

SU(6) multiplet B.

The building blocks for the effective theory consist of low energy operators composed in
terms of the GB fields, derivatives and sources (chiral tensors), and spin-flavor composite

operators (spin-flavor tensors). The low energy operators are the usual ones, namely:

, L,y ,
D, = 0,—1i'y, T,= I‘L = E(uT(ZBM + 7w+ u(idy, + £,)ul),

uy = uL = ul (0, + rp)u — u(id, + L,)ul,
X = 2Bo(s+ip), xa =ulyu +ux'u,
FIY' = 9MY — 9ver — [t 0], FR7 = 0"r" — 0Vrt — it 1], (B.3)

where D), is the chiral covariant derivative, s and p are scalar and pseudo-scalar sources,
and /£, and r, are gauge sources. It is convenient to define the SU(3) singlet and octet

components of x* using the fundamental SU(3) irrep, namely:

1

0o _ =
xx = gl
- 0 ~a A
Xt = XXz = Xi? (B.4)
Displaying explicitly the quark masses,
X+ = 4BoMg+---. (B.5)

The three quark mass combinations, namely SU(3) singlet, isosinglet, and isotriplet are
respectively defined to be:

1 1
mozg(mu+md+m5)a msz—(mu+md—2m5), m?

V3

(my —myg). (B.6)

The spin-flavor operators were discussed in Appendix A.

The leading order equations of motion are used in the construction of the higher order

terms in the Lagrangian, namely, iDyB = (CNLCFS(S +1) 4+ $x4+)B, and V,ut = Ly_.
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APPENDIX C
LOOP INTEGRALS

The one loop integrals needed in this work are provided here. The definition dfdvk: =

d?k/(27)? is used. The scalar and tensor one-loop integrals are:

— an 1 T d T _p_ 4 n—adtd
Ina,A) = [ dlh o = (1) (n+ Q)d(o‘ nY) (pzynots
(k* =A%) (47)2 INCINCY
— ky, -k 1 1 T(a—n—19) n—otd
JHL s H2n A) = ddk M1 Hon i(—1)e 2 A2 2
(@)= [ @ BT = U (W)
X 29”01“02 o .gll027l71#027l (Cl)
1 I(g)
= I n’ O[, A g o oy g o o ?
47n) F(n+ %l) ( )ZU: Moy oy Hogp 1Mooy
where o are the permutations of {1,---,2n}.

The Feynman parametrizations needed when heavy propagators are in the loop are as

follows:

1
Ay A, By B,

o] 1
= QmF(m—i—n)/ d)\l---d)\m/ doj - -dopd(l—ag — - —ay)
0 0

1
(2)\1141 + o+ 20 A o B+ -+ aan)ern )

(C.2)

where the A; are heavy particle static propagators denominators, and the B; are relativistic

ones.

The integration over a Feynman parameter A is of the general form:
JCo Crdodv) = [T(Co+ A= XoP) HEar, (©3)
0

which satisfies the recurrence relation:
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-\ A2)L-v+g d—9 Ndy— 1
J(Co,C1, Mo, d,v) = 0(Co + C1A) 2+ 3+ v)J(Co, C1, Ao, d, v ),

(d—2v+2)Cy

J(Co,Crho,div) = Co J(CoCriho,dsv+ 1) 4 ——0—(Co+ CIAZ) S
0,1, A0, A, V Od—2y+1 0, L1, A0, @ V d—2v+1 0 170 .
(C.4)

Integrals with factors of A in the numerator are obtained by using,
J(Co, Ci, Mo, d,v,n = 1) = / (/\ — )\0)”21(00 + Cl(/\ — A0)2)_V+%d)\
0
1 DAy

= (Co+ 01)\0) 2 , (C.5)

_201(%—1—1—1/)

and the recurrence relations

J C(),Cl,)\o,d,y,n = i J CO,Cl,)\o,d,V—l,n—l —C()J Co,Cl,)\(),d,V,n—Q . (C.6
C
1

For convenience in some of the calculations for the currents, one defines:

J(C()7Ch A07d7 V?“) = J(CO7017 A()?d? v, n) + )\OJ(C(),Cl, A07d7 V) . (C7)

For the calculations in this work the following integrals are needed at d = 4 — 2e:

1
J(Co,C1,%,d,3) = N (g—karctan(AO\/g)) ,

J(Co,Cy N d,2) = d%g(xo(co 4 C12)37% 4+ (d — 4)CoJ(Co, Cr, Mo, d, 3))
1
J(Co, C1, o, d, 1) = H(AO(CO‘FCIA(%)

d_
2

L4 (d—2)J(Co,C1,0,d,2)) . (C.8)

C.1 Specific integrals

Here a summary of relevant one-loop integrals for the calculations in this work is pro-

vided for the convenience of the reader.

1) Loop integrals involving only relativistic propagators
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10,1,M) = ———pa— Gy
(4m)2 2
10.2.M) = — 1@ S
(4m)2 2
i d_, d
I(1,1,M) = —T'(—=)M?
(47)% 2 2
(1,2, M) = ——— %(1-%]\461*2
(47)2 2 2
— 1 1
K(q, My, M,) = [ dik = [ do1(0,2,A(
(q7 as b) / (kQ—M3+l€)((k+q)2—Mb2+l€ /0 a ) 4y ))
— kM 1
® = d d —1)¢"I1(0,2,A
K™ (q, My, My) = /éﬁ% MR
G HMar H) = (k2 = M2 + i) ((k + q)% — M2 + ie)
1 Nz
= [ do (=P ate 10.206@) + L 10,2, Ma)) (C.9)

where:

A) = \JaM2 + (1 — ) M2 — a(1 - a)g?

2) Loop integrals involving one heavy propagator

dL 1
H 0 M = dk
A /d (p0 — kO + ie) (k% — M2 + ie)
21 d
= 77/61]?(2 — 7)J(M2 _p02’ 1,p07d, 2)
(4m)2 2
i i kK
HY 0 M = d
(p ; ) d k(po _ k0 —|—Z€)(k2 — M2 +Z€)
) d 9
= ———g"T(1 = 5)J(M* = p™,1,p",d, 1) (C.10)
(4m)2
' . k' (k i(2k p
H9#(0, My, My,q) = [ dk (k+ ) (2k +q)

(p° — kO +ie) (k2 — M2 +ie)((k + q)% — M? + ie)
4 /1 { 1 d, ;
= i daoq—=T3B - 2)¢'¢a(l —a)
(47)% 2 2
% (1= 20)¢"7(Co, €1, Mo, d.3) = 29T (Co, C1, Do, d,3,1))

d g . o
+ T2 = 5) (-1 = 2a)g7g" +2(ag"e’ — (1 - a)g"¢"))(Co, C1, Mo, d,2)

+

QQijguoj(COa Cl) )‘07 dv 27 1)) } )

where:
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Co = aM?+(1—a)Mf —p” —2(1 - a)p’e’ — (1 - a)(aq® + (1 - a)g”)
c; =1
M o= pP+(0-a) (C.11)

Computing the polynomial pieces of the integrals, one obtains:

H(p®, M)P°Y “ 20\ + 2
(p”, M) (in)? P (A +2)
HIGO, Py = p—o((sM? — o) 72 — )
’ (47r‘)2 3 ¢ 3
HOp0, My, My, q)P°Y = 6(1m)? ((24°¢7 + ¢*g )N + 9" — 3(Ae + 1) (M2 + MZ)g"
+ 3(A+2)(20" +¢°)%gY) (C.12)

where the UV divergency is given by the terms proportional to A\¢ = 1/e —~y +log 4w, where
d=4-2e.
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APPENDIX D
USEFUL OPERATOR REDUCTION FORMULAS

The reductions of multi-body spin-flavor operators which appear in the polynomial
contributions of the one-loop corrections to the self-energy and the currents require some
lengthy work, and are therefore provided here. The reductions are only valid for matrix

elements between states in the totally symmetric irrep of SU(6).

1. Self-energy:

A ia ia] Cur (7 32 §
A o ia ia CHF ? G4 G2 3
Hémv [6m7 G Hv G ] = N, (45 - (Nc(Nc + 6) - 18)5 - §NC(NC + 6))
3
[[673, [673, [67n, GP4]]], G = <C§F> (3634 — (5N.(N, + 6) — 36)5% — 3N.(N, + 6))
M2GG* = 2B, <m0G2 + m“(—%{Si, G} + 1%(1\]c + 3)T“)>
27754 ia ia Cur 8 o2 O ajci pia 2 ~ia via
Mz[[om, G*],G*"] = 4]\7 By ng +pm {8, G"} | —AM;G"G

(D.1)



2. Vector currents:

G851, [0, G

(677, G [67h, G
GT 51, [61n, G

([T, G™), [d1n, (8770, G™]]]

fabCfbchb2 Td

MbQ GibTaGib

MZ[[T?, G®), G™]

3. Axial-vector currents:

GIPG [, [6, GP)] + h.c.

(61, GI1G P [61n, GI7)

facdfbchZ Gib

MGG G

254

N 4
—G"[5mn, [610, G|
—[6mn, G| T*[61h, G¥]

<CHF>2 <3NC(NC +6) + (%NC(NC +6)—9)5? - 2S4>

<CJ€CF>2 <3<Nc +3)S'G + (Z(NC(NC +6) - 6)

1 . R
+§(NC(Nc +6) — 30)5? — 254)T“>

_[[Ta7 [5m) Glb”v [5m7 sz]]
(61, G T[51m, G — {12, [67h, G [61h, G}
6B() (mOTa + %dabcmbTC)

9y

230 (mo(éz - 3

7

1 /1 3
- —{T* (N, T — —
R (2{ g Ne+3)T" — o

. 3
iviby 2 jaberpc
5 s'Gty - Zd T)>

9 1
§Bo (mOTa + 4mbdabCTC>

(D.2)

2
. 1 A i
(ijva> (ch(Nc e <2NC<NC +6) - 14) {5%,6™}

(82,4860} + S+ )T 2575760
Cur\? /[ 1 1 .
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