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I will present a brief overview of where lattice QCD currently sits with regard

to the challenge of understanding the excited hadron spectrum in terms of the

quarks and gluons of QCD. No attempt is made to be encyclopaedic, rather
a sample of topics of contemporary interest are supplied as illustration. An

emphasis is placed on the need to use rigorous methods where possible with

the intention of eventually making definitive statements about the spectrum
of QCD.

Lattice QCD is a first-principles numerical technique to study QCD

making only the controlled approximation of placing the fields on a dis-

crete space-time grid of finite size. Modern lattice QCD calculations now

routinely consider light quark masses such that the physical pion mass is

reproduced, and in some cases even include the small effects of electromag-

netism and the breaking of isospin symmetry through mu 6= md. Coupled

with systematic control over the lattice spacing and lattice volume, these

calculations allow for direct comparison with experimental observables, but

so far only for the simplest quantities such as stable hadron masses and cur-

rent matrix elements1.

Progress of more immediate relevance to excited spectroscopy lies some-

what outside this area of complete systematic control, rather concerning the

ability to compute previously inaccessible quantities2. Examples include

the use of large diverse bases of hadronic operators3–6, including those re-

sembling systems of multiple hadrons7, to allow the computation of large

matrices of two-point correlation functions. When diagonalized, these ma-

trices give variational best-estimates of the energies of many excited states.

Inclusion of qq̄ annihilation effects, in the form of ‘disconnected’ diagrams,

has allowed access to the spectrum of isoscalar mesons8,9, as well as making

possible studies of hadron-hadron scattering, and hence the decay proper-

ties of hadron resonances.
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Lattice QCD should ultimately provide a faithful representation of QCD

as we observe it in hadron physics. In that sense we expect excited hadrons

to appear as short-lived resonances, and the simplest way to investigate res-

onances is through scattering amplitudes. It has long been known10,11 that

one can access scattering amplitudes indirectly using the discrete spectrum

of eigenstates of QCD within the finite volume defined by the periodic spa-

tial boundaries of the lattice, but it is only recently with implementation

of the technical progress mentioned above that it has become practical to

perform the relevant computations12.

In this proceedings I will provide a flavor of the calculations being cur-

rently pursued, making as a point of focus the need to build up gradually

to some of the more complex cases being considered experimentally, by first

studying simpler systems where the level of rigor that can be maintained

within the calculation is high.

1. Quasi flavor-exotic hadrons

There is much contemporary interest in the spectrum of quasi flavor-

exotic hadrons, spurred by the observation of many ‘XYZ’ enhancements in

the charmonium region, whose appearance was not predicted in otherwise

broadly successful QCD-inspired models. An illustrative example13 is the

Zc(3900) observed as a peak-like enhancement in the J/ψ π invariant mass

in the process e+e− → ππJ/ψ. The final state in which the enhancement

appears has led many to suggest that it could be explained as a ‘tetraquark’

containing a hidden charm pair, e.g. Z+
c ∼ cc̄ud̄. Of course in this picture,

the state is actually a resonance, decaying to J/ψ π and possibly other fi-

nal states, and if this is the case, one would want to calculate the relevant

coupled-channel scattering matrix in QCD, and see it features the behavior

expected for a resonance. As mentioned in the previous section, this can

be done within lattice QCD by first calculating the spectrum of eigenstates

in a finite-volume, and this can be achieved if an appropriate basis of op-

erators is constructed and a matrix of correlation functions computed and

diagonalized.

The first attempt to compute such a spectrum was presented in Ref. 14,

where a basis featuring a number of meson-meson-like constructions as well

as tetraquark-like constructions was used. The resulting spectruma is pre-

sented in Figure 1. What is notable is how close the extracted energy levels

aAn earlier iteration of Ref. 14 presented a calculation that used a somewhat smaller

basis of operators which led to an erroneous claim that a Zc candidate was present.
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no tetraquark ops

Fig. 1. Zc channel finite-volume energy levels in three lattice QCD calculations, Refs.

14–16. Horizontal lines indicate the non-interacting meson-meson spectrum in the vol-
ume relevant to each calculation.

are to the expected spectrum for a system in which the pairs of mesons have

no residual interactions (and in which there would not be a resonance). A

more recent calculation, at a slightly different pion mass, in a somewhat

larger volume15 shows very similar behavior. In the period between these

calculations, the hadspec collaboration computed the spectrum in this chan-

nel16, and as can be seen in Figure 1, the qualitative behavior is the same,

but details differ. Notably there are two energy levels observed near the

expected energy of J/ψ π with minimum allowed non-zero back-to-back mo-

mentum, where in the other two calculations only one such level appears.

This reflects the use in Ref. 16 of a more complete basis of operators ca-

pable of accounting for the fact that in pseudoscalar-vector scattering, the

JP = 1+ partial wave can actually be constructed in two possible ways,

as 2S+1`J = 3S1 and 3D1. From the energy levels shown in Figure 1 we

can state that there is no obvious signal for a narrow Zc resonance, but

beyond this it is very hard to draw any definitive conclusions. It should

be clear that this is a rather complicated sector in which to begin study-

ing resonances in lattice QCD, given that several scattering channels are

kinematically accessible, and the non-zero spin of the J/ψ (and ρ and D∗)
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complicates the partial-wave separation. In short, this is a tough place

to start, so take a step back and compute where you have more

control ...

2. Light elastic and coupled-channel resonances

The simplest possible case is where a resonance appears in elastic scattering,

that is, where only one final state is kinematically accessible. An example,

now widely studied in lattice QCD, is the ρ in P -wave ππ scattering, where

at heavier than physical pion masses, the ρ lies below ππππ thresholdb.

The finite-volume formalism in this case, to a very good approximation

simplifies, down to a procedure which converts finite-volume energy val-

ues, En(L), into values of the P -wave elastic scattering phase-shift at that

energy, δ1(En). By determining multiple energy levels in several volumes

and/or several frames moving with respect to the lattice, the energy depen-

dence of the scattering phase-shift can be mapped out, and it is found to

feature the characteristic rapid rise associated with a narrow resonancec.

Progress studying elastic resonances like the ρ has motivated the ex-

tension into the coupled-channel case, an extension which is vital as this

is where virtually all interesting hadron resonances lie. This case is sig-

nificantly more complicated, not in obtaining the finite volume spectrum

within lattice QCD, which proceeds in a manner quite similar to the elastic

case just with a larger set of appropriate operators, but rather in the con-

version of the spectrum into scattering information. In the coupled-channel

case scattering is described by a t-matrix, meaning that at each energy there

are multiple unknown quantities (the complex-valued elements of the ma-

trix, constrained only by unitarity and time-reversal synmetry). Because

of this, the relation between spectrum and amplitude is no longer a one-

to-one mapping. The hadspec collaboration has pioneered an approach20

which considers parameterizations of t(E), where the free parameters are

adjusted to obtain the best description of the computed lattice QCD finite-

volume spectra. By considering a range of possible parameterizations capa-

ble of describing the spectra, an estimate of the parameterization sensitivity

can be obtained, which in cases featuring narrow resonances is found to be

small. A notable feature of this approach is that with explicit forms for the

bexperimentally it is known that the inelasticity into ππππ is extremely small
cSee the relatively recent review, Ref. 12, for a comprehensive list of references. The

same technique has also been applied in the ππ S-wave where the phase-shift has been

found17–19, but the resonant interpretation is somewhat less clear.
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scattering amplitudes, the analytic continuation into the complex energy

plane can be carried out, and a rigorous determination of the resonance

content made, through the presence of pole singularities.

Using lattices describing approximately 400 MeV pions with three vol-

umes and several moving frames, the hadspec collaborationd have studied

a number of coupled-channel scattering systems21–26. In Ref. 25, S-wave

πη,KK scattering was computed in which an analogue of the a0(980) reso-

nance was found, appearing as a highly asymmetric peak in πη at the KK

threshold. In isospin-0 ππ,KK, ηη scattering in S-wave26, analogues of the

σ and f0(980) were observed, with the σ appearing as a stable bound-state

lying below ππ threshold, and the f0(980) being visible through a dip in

the ππ → ππ amplitude just below KK threshold. The resulting scattering

amplitudes can be seen in Figure 2. The low-lying scalar states including

the σ, f0(980) and a0(980) are longstanding challenges for simple models

seeking to describe QCD, and while these first lattice QCD calculations

do not yet resolve questions surrounding the structure of these states, the

ability of a first principles method in QCD to observe them as they appear

experimentally, as unstable resonances, represents significant progress.

These first calculations of coupled-channel scattering considered only

pseudoscalar-pseudoscalar channels, and recalling that it is necessary to

study pseudoscalar-vector scattering28 in order to understand our moti-

vating case, the Zc(3900), as well as many others, hadspec proceeded to

compute a relatively simple case in which a resonant behavior is expected,

namely πω scattering, where the ω is stable with 400 MeV pions27. A

rather complete basis of operators was used, allowing access to the coupled
3S1 and 3D1 partial-waves, and indeed as expected a clear signal for an axial

dwww.hadspec.org
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vector resonance, the b1, was observed, as can be seen in Figure 2.

With the relevant techniques and formalisms now demonstrated in sim-

pler systems, it is to be expected that in the near future coupled-channel

systems like those housing the Zc will be studied with comparable levels of

rigor.

3. Exotic hadrons in the light quark sector

Mesons lying outside the simple qq̄ categorization have long been suggested

as being natural features one would expect within a strongly coupled the-

ory of quarks and gluons. As well as higher quark Fock states like the

tetraquarks mentioned above, other suggestions include hybrid mesons in

which a qq̄ pair is partnered with an excitation of the gluonic field9, or the

glueballs in which gluons alone form a color-singlet state. The experimen-

tal search for a clear glueball candidate in the isoscalar meson spectrum

continues, and a process of longstanding interest is the radiative decay of

charmonium states, e.g. J/ψ → γX, as the intermediate state formed from

cc̄ annihilation is expected to be ‘gluon rich’ and hence may preferentially

couple to glueballs.

Theoretically, most of what we know about glueballs comes from pure

Yang-Mills theory, in which quarks are excluded completely, and the the-

ory is just the gluon sector of QCD. Lattice studies of this theory show a

clear picture of glueball bound-states, with a scalar being the lightest29.

Several recent papers30–32 have presented lattice estimates of the matrix

elements for J/ψ → γG for some of the lowest lying glueball states, G.

These calculations compute three-point correlation functions making use of

the fact that in pure Yang-Mills, the glueballs are the only bound-states

in the theory, and the heavy charm quarks can be considered as purely

valence entities. These calculations provide an interesting baseline for how

strongly glueballs might appear in radiative decays, but ultimately we have

to ask how glueballs manifest in true QCD, which features light quarks

as well as gluons. Clearly any role that glueballs play will have to be as

part of the spectrum of isospin-0 resonances, and indeed if the mass scale

suggested by the Yang-Mills calculations is a guide, they will appear above

several ‘conventional’ resonances. A lattice QCD calculation will then have

to do a scattering determination, along the lines described in the previous

section, but going somewhat higher in energy (where more final states will

be accessible) to find a candidate resonance. Once that resonance is deter-

mined, the three-point correlation functions can be computed to investigate
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its coupling in the J/ψ radiative decay process. How one goes about rig-

orously identifying the glueball content of any given resonance in QCD is

not obvious. It should be clear that this is a tough place to start, so

take a step back and compute where you have more control ...

Transition form-factors of resonances have been studied in lattice QCD,

using a finite-volume formalism described in Refs. 33–35. In particular the

relatively simple process πγ? → ππ in which the ρ resonance is found to

appear has been successfully computed36–38, as has the process γ? → ππ,

also known as the timelike pion form-factor39,40. The next stage of progress

required to address processes of the complexity indicated above will be to

consider coupled-channel transition amplitudes.

4. Truly flavor exotic hadrons

One very interesting sector, where current lattice QCD calculations seem

to be suggesting a robust prediction, is that of the JP = 1+ double-bottom

channel, where a stable bound-state lying below the BB∗ threshold is ob-

served41,43,44. These calculations, using slightly different techniques, all

observe a deeply bound state, and while the binding energy is not yet

pinned down with precision, and the set of operators used is typically not

as complete as one would like, the presence of a bound-state appears to be

a solid conclusion (see Fig. 3). Of course, observing such a heavy flavor-

exotic state experimentally is very challenging, so it is natural to ask if there
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Fig. 3. (Top left) Binding energy (below BB∗, or BsB∗ threshold) of a bound-state in

the double-bottom sector as computed in lattice QCD as a function of light quark mass
expressed via m2

π – results from Ref. 41. (Bottom right) Variation in binding energy as

the heavy quark mass is varied – results from Ref. 42.
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is a double-charm analogue, which would be much lighter and potentially

accessible in several current and near-future experiments. In Ref. 42, the

dependence of the binding energy under variation of the heavy quark mass

was studied, with the result that the binding energy decreases as the heavy

quark mass decreases toward the charm mass. As the state approaches the

DD∗ threshold it becomes vitally important to include meson-meson oper-

ators, which was not done in the exploratory calculation presented in Ref.

42. Modulo this caveat, the general trend observed poses a simple ques-

tion: what happens to the bound-state pole in the meson-meson scattering

amplitude (BB∗ becoming DD∗ as the heavy quark mass changes), as the

‘external parameter’ of the heavy quark mass is varied toward the charm

mass? There would seem to be two possibilities, either it merges with a

virtual bound-state pole to form a pair of resonance poles lying symmetri-

cally off the real energy axis, which could manifest as a narrow peak above

threshold, or it might double back on real energy axis on the unphysical

sheet as a virtual bound-state pole, which depending upon how close it lies

to threshold could lead to no significant enhancement in the DD∗ mass

spectrum.

The relevant sector was computed (with 400 MeV pions) by hadspec

using a basis of operators featuring both tetraquark-like and meson-meson-

like constructions16. The obtained finite-volume spectrum, reproduced in

Figure 4 shows some attraction above threshold, but no obvious sign of a

narrow resonance. An important observation about the importance of using

a complete basis of operators can be made here: Figure 4 shows that if the

meson-meson-like constructions are not included, a completely different,

and incorrect, spectrum is obtained, one that might lead an incautious

Fig. 4. Double-charm finite-volume energy spec-

trum in a ∼ (2 fm)3 box with mπ ∼ 400 MeV re-

ported in Ref. 16 determined using a basis of
meson-meson and tetraquark operators. Horizon-
tal lines show the expected non-interacting meson-

meson spectrum. Also shown (in gray) the result
when a correlation matrix featuring only tetraquark

operators is diagonalized.
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observer to conclude the presence of a tetraquark state above threhsold.

5. Summary

A sample of recent results obtained using lattice QCD of relevance to hadron

spectroscopy have been presented. Several examples of exotic sectors, inves-

tigated because of contemporary experiment interest, such as the Zc(3900)

and the glueballs, are shown to be rather complicated in QCD, and per-

haps not the optimum places to develop theoretical techniques – a path-

way toward studying them using simpler processes has been outlined, with

significant successes presented. All these processes consider observing ex-

cited hadron states as resonances in meson-meson scattering, which can

be accessed using the finite-volume spectrum computable in lattice QCD.

A current limitation lies in the lack of a tested finite-volume formalism

for three hadron or higher final states. As well as restricting how high in

energy one can go when determining scattering amplitudes, this is also a

practical restriction on how low one can go toward the physical pion mass,

as one inevitably introduces low three-hadron thresholds featuring pions.

Progress implementing three-body finite-volume formalisms is underwaye.

Lattice QCD calculations in the exotic flavor double-bottom sector show

the novel result of at least one likely QCD-stable state – whether this state

has an observable double-charm analogue remains an interesting question

to be studied using the meson-meson scattering formalism within lattice

QCD.
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