International Journal of Modern Physics A
© World Scientific Publishing Company

Theory and applications of parton pseudodistributions

A. V. Radyushkin
Physics Department, Old Dominion University, Norfolk, VA 23529, USA
Thomas Jefferson National Accelerator Facility, Newport News, VA 23606, USA
radyush@jlab.org

We review the basic theory of the parton pseudodistributions approach and its ap-
plications to lattice extractions of parton distribution functions. The crucial idea of the
approach is the realization that the correlator M(z,p) of the parton fields is a function
M(v, —2?) of Lorentz invariants v = —(2p), the Ioffe time, and the invariant interval
22. This observation allows to extract the Ioffe-time distribution M (v, —22) from Eu-
clidean separations z accessible on the lattice. Another basic feature is the use of the ratio
M(v, —22) = M(v, —22)/M(0, —22), that allows to eliminate artificial ultraviolet diver-
gence generated by the gauge link for space-like intervals. The remaining z2-dependence
of the reduced Toffe-time distribution M (v, —22) corresponds to perturbative evolution,
and can be converted into the scale-dependence of parton distributions f(z,?) using
matching relations. The v-dependence of M (v, —22) governs the z-dependence of parton
densities f(x,u?). The perturbative evolution was successfully observed in exploratory
quenched lattice calculation. The analysis of its precise data provides a framework for
extraction of parton densities using the pseudodistributions approach. It was used in
the recently performed calculations of the nucleon and pion valence quark distributions.
We also discuss matching conditions for the pion distribution amplitude and generalized
parton distributions, the lattice studies of which are now in progress.
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1. Introduction: Why pseudo-PDF's?

Feynman'’s parton distribution functions' (PDFs) f(x) are the basic building blocks
for the description of hard inclusive processes in quantum chromodynamics (QCD).
Generically, they are defined through matrix elements of bilocal operators of the
(p|p(0)¢(2)|p) = M (z,p) type taken on the light cone 2% = 0.

Since PDFs accumulate nonperturbative information about the hadron struc-
ture, they are a natural candidate for a lattice study. However, the intervals, that
are strictly on the light cone, are not accessible on the Euclidean lattices. Still, it is
possible to perform lattice simulations for small space-like 22, and to arrange then
some method of reaching the 22 = 0 limit.

The starting idea is to take the equal-time interval z = {0,0,0, 23}. It was put
forward in Refs. [2,3] and emphasized by X. Ji in the paper [4] that strongly stimu-
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lated further development in the lattice studies of the PDFs (see Ref. [5] for a recent
review and references). Other objects for a lattice investigation include the pion dis-
tribution amplitude® (DA), a function playing a fundamental role in perturbative
QCD studies of hard exclusive processes, and generalized parton distributions.”

By Lorentz invariance, the matrix element M (z,p) is a function of the loffe
timel® (pz) = —v and of the interval z2. Writing it as a function of these invariants,
M(z,p) = M(v, —2?), one deals with the Ioffe-time pseudodistribution M(v, —2?%),
which is a generalization of the light-cone Ioffe-time distribution'? (ITD) Z(v, u?)
onto space-like intervals z2. By definition, Z(v, u?) is a Fourier transform of the
light-cone PDF f(z, u?), with the Ioffe time v being the variable that is Fourier-
conjugate to the parton momentum fraction variable z.

Analogously, taking the Fourier transform in v of the pseudo-ITD M (v, —z2)
gives the pseudo-PDF'' P(z,—2%). By construction, P(x,—22%) is a Lorentz-
covariant function, just like M (v, —22). This means that the “z” variable is also
Lorentz-invariant. It does not depend on a specific frame choice. In particular, there
is no need to take an infinite momentum frame to define it. It may be shown!3:14
that, for any contributing Feynman diagram, P(x,—z2?) has the same support
—1 <z <1 as the light-cone PDFs f(z, u?) do, even though 22 is space-like.

Hence, the pseudo-PDF P(x, 23) is the most natural generalization of the light-
cone PDF f(z,u?) onto space-like intervals. For f(z,u?), the usual interpretation
of the scale p is that 1/u characterizes the distances at which the hadron structure
is probed. In this sense, when one takes z = {0,0,0, 23}, the scale z3 in P(z,23)

is literally the distance at which the hadron structure is probed.

Thus, the zz-dependence of the pseudo-ITD M(v = z3ps,23) comes in two
ways. First, the z3-dependence may be accompanied by the ps-dependence: it comes
through the product z3ps = v. The v-dependence of M(v,22) converts into the
z-dependence of P(z, 22) . The remaining 22-dependence of M (v, 23) specifies how
the z-shape of P(z,23) changes with the change of the probing distance 23.

In fact, the dependence on the probing distance may be interpreted in terms
of the distribution of the parton’s transverse momentum.!! Recall, that v and 22
are Lorentz invariants. Therefore, the pseudo-ITD M (v, —z2) is the same universal
function of them, no matter how v and z? were obtained from specific choices of
z and p. In particular, taking z on the light front, 2 = {zy = 0,2_,2,}, and a
longitudinal p = {p;,p_,0, } gives M(v, 2?), where v = —p, z_. In this situation,
the v-dependence of M(v,2?) determines the z-distribution of the longitudinal
“plus”-component of the parton momentum, while its 22 -dependence determines
the distribution of its transverse momentum & .

Hence, the two arguments of the pseudo-ITD M (v, —22%) correspond to two
different physical phenomena. Its dependence on the Ioffe time v converts into the
x-dependence of the pseudo-PDF P(z,—z2), which characterizes how the parton
momentum increases with the increase of the hadron momentum. On the other
hand, the dependence on z? characterizes a distribution of that part of the parton
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momentum that does not depend on the hadron momentum, so it may be connected
with a “primordial” parton momentum distribution in the hadron rest frame.!!

In Ref. [4], it was proposed to convert the matrix element M (z3, p) into the quasi-
PDF Q(y, p3). This is achieved by taking the Fourier transform of M (z3ps, 25) with
respect to z3. The resulting function Q(y,ps) characterizes the fraction y of the
third component of the hadron momentum ps carried by the parton. This fraction
may take any value, from —oo to oo, there is no restriction on it.

Since z3 enters both in v and 23, the y-shape of Q(y, p3) is governed both by the
v-dependence of the pseudo-ITD M(v, 23) and by its 22-dependence. Thus, the two
different physical phenomena reflected in the v- and z3-dependences of M (v, 23) are
mixed in Q(y, p3). Writing 23 as v/ps3, one can convert the zz-integral of M(z3p3, 23)
into the v-integral of M(v, 2 /p%). For large ps, the second argument tends to zero,
and one essentially deals with the v-integral of M(v,0), which gives the light-cone
PDF f(x). In other words, the y-shape of Q(y,ps) depends on ps, and reaches the
PDF limit f(y) when p3 — oo, i.e. in the infinite momentum frame. Taking the
large-p3 limit for Q(y,p3) is the main ideal® of the quasi-PDF approach?.

To have a large momentum is always a challenge for a lattice simulation. Thus,
the question is to which extent the efforts to get a large p3 are justified. If the reason
is to get a small value for the second argument of M(v,1?/p3), then this can be
achieved by simply taking a small z3. And one can take then any value of p3, from
zero to the achievable maximum. For instance, in the lattice study performed in
Ref. [17], there were 7 values of ps = p(27/L), with 0 < p < 6. In other words,
for each value of z3, there were 7 values of the Ioffe-time parameter v, instead of
just one value of v obtained in a measurement for the largest achievable p3. As we
discussed, it is the v-dependence of M (v, 22) that determines the z-dependence of
PDFs, and the pseudo-PDF approach allows to get a detailed information about it.

Here we want to mention that another approach, the good lattice cross-sections,
that was proposed and developed in Refs. [18,19], is also based on the factorization
in the coordinate space and the analysis of the Ioffe-time dependence.

In the present paper, we review the basic ideas of the pseudo-PDF approach
formulated in Refs. [11,20], further developed in Refs. [21-26] and used in lattice
analyses of Refs. [17,27,28].

In Sec. 2, we discuss the general aspects of the PDF concept. We start by il-
lustrating the parton idea by using the simplest example of the handbag diagram
for a scalar analog of deep inelastic scattering, and continue by outlining modifi-
cations necessary in a theory with spin-1/2 quarks and gauge fields. We describe
the Toffe-time distributions and the ratio method that is a very essential element of
the pseudo-PDF approach. It allows, in particular, to efficiently get rid of the link-
related ultraviolet divergences that are artifacts of using space-like field correlators.

In Sec. 3, we give a discussion of the perturbative structure of the ITDs at one-
loop level, concentrating both on the link-related ultraviolet divergences and on the

aFor a recent review on quasi-PDFs see Ref. [16]
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infrared aspects connected with the perturbative evolution. A special attention is
given to matching relations that allow to convert the 23-dependence of the reduced
ITD into the p2-dependence of the light-cone PDFs.

The exploratory lattice study!'” based on the pseudo-PDF approach is described
in Sec. 4. The high accuracy of its data allows to perform a lattice study of per-
turbative evolution, the phenomenon that no other lattice simulations were able to
detect yet. The analysis of the quenched data forms a basis for future studies of the
perturbative evolution within lattice setups that are closer to the real-world QCD.

The results of a recent calculation®” with dynamical fermions are discussed in
Sec. 5. The PDF's extracted in this study are in much better agreement with phe-
nomenological studies. However, larger statistical errors of the data do not allow to
detect perturbative evolution.

In Sec. 6, we describe the derivation of matching relations for the pion distri-
bution amplitude and generalized parton distributions that are necessary in the
ongoing and future efforts for extraction of these distributions from the lattice.

Sec. 7 contains a summary of the paper.

The derivation of the spectral property |z| < 1 for the pseudo-PDFs is outlined
in the Appendix.

2. Parton distributions
2.1. Handbag diagram and pseudo-PDF's

Historically, parton distributions were introduced to describe deep inelastic scat-
tering (DIS). The usual starting point of DIS analysis is the forward Compton
amplitude T'(q,p) which, in the lowest approximation, is given by a handbag di-
agram (see Fig. 1). To skip inessential complications related to spin (they do not
affect the very concept of parton distributions and may be included when needed),
we start with a simple example of a scalar handbag diagram, and write it in the
coordinate representation

T(q.p) = / dtz =) D(2) (plo(0)p(2)[p) - (2.1)

D D

Fig. 1. General handbag diagram for a virtual forward Compton amplitude in coordinate repre-
sentation.
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where D(z) = —i/4n%2? is the scalar massless propagator, p is the target momentum
and ¢ is the momentum of the hard probe.

The matrix element (p|¢(0)é(z)|p) = M(z,p) accumulates information about
the target. To proceed with the d*z integral, one need to know something about
the dependence of M(z,p) on the coordinate z.

It can be shown'® ! that, for each of contributing Feynman diagrams, M (z, p)
has the following representation (see Appendix A for some details)

1

M(z,p) :/ dz e™ @) Pz, —2?) | (2.2)
-1

where P(x, —22) is the parton pseudodistribution function or pseudo-PDF, intro-

duced in Ref. [11]. In the simplest case, when P(z, —z2) has no z2-dependence, so

that P(z, —2%) = f(z), the d*z integral becomes trivial, and we get

To(g,p) :/ dx¢ , (2.3)

-1 (g+ap)* +ie

which is the well-known parton-model expression for the forward Compton ampli-
tude, with f(x) being the parton distribution function (PDF).

Note that Eq. (2.2) introduces the momentum fraction variable z in an absolutely
covariant way. One has no need to assume that z2 = 0 or p> = 0 or to take an
infinite momentum frame, etc., to define z. The momentum p in Eq. (2.2) is the
actual hadron momentum®, satisfying p? = M?. Of course, since the representation
(2.2) works in general case, it also works if we take z on the light cone. In particular,
taking z that has the light-cone “minus” component z_ only, gives the representation

(Pl6(0)d(=_) ) = / e P(r0) e (2.4)

which has the standard interpretation that x is the fraction of the light-cone “plus”
component p, of the target momentum carried by the parton.

It is also well-known that DIS is a light-cone dominated process, in the sense
that powerlike O(z2) deviations of P(z,—2?) from a constant behavior result in
O(1/q?)-suppressed “higher-twist” contributions to T'(g, p), that may be neglected
for large ¢?. Thus, we may formally write P(z,—2?) = P(z,2%2 = 0) + “higher
twists”, and identify P(z, 22 = 0) with the lowest-twist PDF f(z).

2.2. Light-cone singularities and factorization

However, the z? — 0 limit is nontrivial in QCD and other renormalizable theories. In
these cases, M(v, 22) has ~ In 22 terms. These singularities are perfectly integrable
when embedded in the expression (2.1) for T'(q,p): they just produce logarithmic
1n(fq2) contributions that violate a strict dimensional scaling present in Ty(g, p).

b1t is easy to check that taking the discontinuity of To(g, p) to get the structure function W (g, p),
one obtains the Nachtmann’s &-scaling expression?? 30 that includes target-mass corrections.
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On the other hand, taking 22 = 0 in the pseudo-PDF's produces ultraviolet diver-
gences in the perturbative expressions for matrix elements of ¢(0)¢(z) operators.
Introducing some UV cut-off A converts ln(—l /22) into In A2, and the resulting
PDFs depend on the cut-off scale, f(z) — f(x, A?). The usual procedure is to use
the dimensional regularization (DR) for momentum integrals d*k — (u?)¢d*~2¢k.
After subtraction of the 1/e poles, one gets PDFs depending on the DR renormaliza-

tion scale . For the minimal MS subtraction, one obtains the standard MS parton
densities f(z) — f(x, u?).

It should be emphasized that, if one keeps 22 spacelike, then P(z, —2z2) is finite,
and no regularization for In(—z?) terms is needed. In this sense, the interval z?
serves as an UV cut-off, and one may treat P(x, —22) as just another type of a
PDF, that is defined in a peculiar “z2”-scheme rather in the MS scheme. In fact,
the PDFs of this z2-scheme are more physical than the MS ones. One may say that
they literally measure the hadron structure at distances d = v/—22.

However, the established standard is to use the MS-scheme PDFs f(z,x?). In
the expression for T(gq, p), written in terms of the momentum invariants ¢ = —Q?
and xg = Q?/2(pq), they appear through the factorization formula

T(rp, Q% = /

1
d
ﬁt(mB/x,Q2/u2)f(x,u2) + higher twists , (2.5)
11T

in which the scaling-violating In Q? terms are split into the “short-distance” part
In Q% /2 present in the coefficient function t(xp/x, Q*/u?) and the evolution loga-
rithms In p? present in the scale-dependent PDF f(z, 112). This formula is obtained
by applying the operator product expansion (OPE) to T'(q, p) written as

T(¢,p) = / a2 ) (p)(0)7(2)Ip) - (2.6)

i.e., in terms of the probing currents j(0), j(z). Similarly, one can apply the OPE
to the product of fields ¢(0)¢(z) defining the pseudo-PDF. In non-gauge theories,

1
d
Pla.—2%) = [ 52 Clw.22) flofw.p?) + OG2) (2.7)
-1
In this expression, the In(—2?) terms are split between the coefficient function

C(w, 2?p?) and the PDF f(x/w, u?). Here we write the factorization relation in the
form following from the nonlocal light-cone OPE31:32 (see also [21]).

2.3. Gauge theories

In QCD, the quarks have spin 1/2, and the handbag diagram for the Compton
amplitude is given by

T (4,p) = / 0tz e (B (0 ()7 $(2)lp) (2.8)

where S¢(z) = #/2m2(2%)? is the propagator for a massless fermion. Writing
ViV as [g”ﬁg“a + gvBghe — ghv goB +ie*“’“5”y5] 287« We get matrix elements
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(p|Y(0) Yo ¥ (2)|p) and (p|1)(0) V574 ¥(2)|p) corresponding to unpolarized and po-
larized PDFs, respectively.

p p

Fig. 2. Structure of QCD factorization for DIS in covariant gauges.

Furthrermore, in gauge theories, the handbag contribution in covariant
gauges should be complemented by diagrams corresponding to operators
(0)... A(2;)...9(2) containing twist-0 gluonic field A,,(2;) inserted into the
fermion line between the points z and 0 (see Fig.2). The sum of gluon inser-
tions is equivalent to substituting the free propagator S¢(z; — z2) by a propagator
8¢(21, 22; A) of a quark in an external gluonic field A. This propagator satisfies the
Dirac equation

i L‘;zl - z‘gA(ZJ] Sz, 225 A) = =0 (21 — 22) - (2.9)

The solution of this equation may be written in the form
S°(z1, 22; A) = E(z1, 29; A)Bpg(21, 22; A) (2.10)

involving the straight-line exponential

Bz, 20; A) = Pexp{ {ig /01 dt (25 — 2%) Au((1 = )21 + tzg)} } L 21

In its turn, the factor Gfg satisfies the Dirac equation (2.9) with the general
vector potential A*(z) substituted*3° by the vector potential 20*(z;z1) in the
Fock-Schwinger (FS) gauge®®:37 (z — 21),2A¥(z,21) = 0 . It is given by

A (z;21) = (2 — zl),,/o dssG*(z1 + s(z — z1)) . (2.12)

Here, z denotes the location of the field, while z; specifies the “fixed point” of the
FS gauge, and in our case refers to an end-point in the Compton amplitude. Since
the field-strength tensor G*” has twist equal to (at least) 1, the insertion of this
field into the free propagator results in power (A2/Q?)! corrections to the Compton
amplitude. Thus, we can write

§°(0,2; A) = E(0, z; A)S.(2) + higher twists . (2.13)
As a result, at the leading-twist level, we deal with matrix elements of the

M®(z,p) = (pl(0) T B(0, ; A)vo(2)Ip) (2.14)
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Fig. 3. Self-energy correction to the quark propagator

type, where T'® = v* or v57“. The function M*(z, p) may be decomposed into p®
and z% parts

M®(z,p) = 2p* M(—(2p), —2°) + 2°M.(—(zp), —2°) . (2.15)

Defining the relevant light-cone PDF, one takes z = z_ (which means z; = 0) and
a = +. As a result, the z*-part drops out, and PDF is determined by the M (v, 0)
amplitude only. On the lattice, taking z = z3, we take a = 0 to eliminate the
z“%-contamination'* and define the pseudo-ITD M (v, 22) by

MO(z3,p) = 2p°M(v, 23) - (2.16)

It should be noted that the quark self-energy diagram (see Fig. 3) can-
not be factorized into a tree-level coefficient function and the matrix element
(p|p(0) ... A (z1) ... A% (2) ... (2)|p). Its entire contribution belongs to the one-
loop part of the coefficient function. This means that the definition (2.14) of
M“(z,p) should imply that the A%i(¢;z)-fields in the expansion of the exponen-
tial (2.11) are not contracted with each other. In other words, the contributions
corresponding to the link self-energy corrections (see Fig. 4) should be excluded.

¥ tlz t2z O

v
@

Fig. 4. Self-energy correction to the gauge link.

However, when the matrix element (2.14) is calculated on the lattice, such con-
tributions are included automatically: the lattice “does not know” about this restric-
tion. Moreover, the link self-energy diagram produces ultraviolet divergences when
z is off the light cone. These divergences require an additional UV regularization.
Fortunately, these divergences (and also link-vertex UV divergences) are multiplica-
tive38 44 (see also recent Refs. [45-47]). They form a factor Z(—z2/a?), where a is
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a UV cut-off, e.g., the lattice spacing. This factor should be included in the right-
hand side of the OPE (2.7). Thus, to get the PDF f(z, 4?) from the pseudo-PDF
P(z,—2%) one should “renormalize” the latter by dividing it by Z(—2%/a?).

2.4. Ioffe-time distributions

The pseudo-PDF representation (2.2) separates the dependence M (z, p) on its two
z-dependent Lorentz invariants, the Ioffe time (pz) = —v and the interval 2% (see
Fig. 5). Writing M (z, p) as a function of v and 22, we get the loffe-time pseudodis-
tribution M(v, —z?). Inverting Eq. (2.2) gives the relation

Pz, —2%) = % / dve ™™ M(v, —2?) (2.17)

that tells us that the pseudo-PDF is a Fourier transform of the pseudo-ITD
M (v, —2%) with respect to v for fixed 22. When z is on the light cone, z? = 0,
we deal with the light-cone PDF f(x, 4?) and the light-cone Ioffe-time distribution

1
I(v, p?) = [1 dx e™ f(x, u?) (2.18)

introduced originally in Ref. [12]. In terms of the ITDs, the factorization relation
(2.7) takes the form

M(v,—2%))Z(2*/a?) :/ dw C(w, 221%) T(wv, p?) + O(2?) . (2.19)

-1

Combining (2.19) and (2.18), we obtain a kernel relation

1
M(v, —2%))Z(—2%/a?) :/1 dz R(zv, —221?) f(x, u?) + O(2?) (2.20)

that directly connects the renormalized pseudo-ITD with the light-cone PDF
through the kernel

1
R(xv, —22u?) :/ dw e™™ C(w, 2% 1%) . (2.21)
~1

z 0

Fig. 5. Ioffe-time distribution.



10 A. V. Radyushkin

The pseudo-PDF strategy is to start with the standard lattice choice? * of taking
an equal-time interval z = {0, 0,0, z3} and extract the M(v, —z?) as a function of
v and z2. As we discussed, it is the v-dependence of M (v, —z2) that governs the
x-dependence of PDFs. When z = {0,0,0, 23}, we have v = p32z3 and 2% = —23.

The basic idea of the pseudo-PDF approach is that it does not matter if v is given
by —p4z_ or by p3zs. In both cases, one deals with the same functional dependence
of M(v, —2?) on v. Using the relations (2.19), (2.20), we can (at least, in principle)
extract light-cone functions f(x,u?) from the “Euclidean” pseudo-PDF M(v, 23).

It is worth stressing here that the applicability of the basic perturbative relations
(2.19), (2.20) is determined solely by the size of z2. One can take small p3 (even
p3 = 0), and use perturbative QCD as far as 23 is sufficiently small. The size of
the momentum ps changes the magnitude of v = p3z3, but it does not affect the
applicability of the perturbation expansion.

Another key element of the pseudo-PDF approach is the elimination of the
problematic UV Z-factor by introducing!! the reduced Ioffe-time pseudodistribution

M(v, 22
M(v, zg) = MEO,Z% .

Since Z(2%/a?) does not depend on v, the Z-factors of the numerator and denom-
inator cancel. The remaining z3-dependence of 9 (v, 23) for small 23 is completely
determined by the evolution logarithms, and may be calculated perturbatively using
OPE in the form of Egs. (2.19), (2.20). Note also that the denominator factor

1
M(0,23) = [1 dz P(z, 23) (2.23)

(2.22)

is just the lowest moment of the pseudo-PDF. Thus, there was nothing singular here
in taking ps = 0. Moreover, if the local limit z3 — 0 corresponds to a conserved
current, then M(0, 23) does not have the evolution z3-dependence, which provides
a further simplification.

3. Perturbative QCD corrections at one loop

To convert z3-dependence of the pseudo-PDFs into the p?-dependence of the
light-cone PDFs, one should know the OPE coefficient function C(w,z2u?) (see
Eq. (2.7)). An important fact is that the OPE can be established in the operator
form, i.e. without specifying the matrix element in which the operators are embed-
ded. One should just calculate a modification of the original bilocal operator by
gluon corrections.

3.1. Link-related UV divergences

As mentioned already, switching off the light cone comes with a penalty in the
form of ultraviolet divergences generated by the gauge link. It is convenient and
instructive to analyze them in the Feynman gauge.
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3.1.1. Link self-energy

The largest UV-related contribution comes from the self-energy correction to the
gauge link (see Fig. 4). At one loop, it is given by

‘ 1 1 1
I's(z) =(ig)? Cr 3 / dt; / dtg 22" Dy, [23(t2 — t1)] (3.1)
0 0

where Dy, [23(t2 — t1)] is the gluon propagator for the line connecting the points
t1z3 and tpz3. For massless gluons, we have D¢, (z) = —g,,,/47%2%, and end up with

a divergent expression
1 1
dt
[ [ e 83)
0 o (ta—t1)

Though these integrals involve just dimensionless parameters 1,2, the divergence
has an ultraviolet origin. As suggested by Polyakov,3® it may be regularized for
spacelike z by using the prescription 1/23 — 1/(22 + a?) for the gluon propagator.
This regularization softens the gluon propagator at distances z3 ~ several a, and
eliminates its singularity at z3 = 0. In this respect, it is similar to the UV regu-
larization produced by a finite lattice spacing ar. In fact, a comparison with the
gluon propagator in the lattice perturbation theory establishes a simple connec-
tion a = ar, /7 between these two cut-offs.*® After the regularization, we have the
expression

S(25,0) = — g2 C Z?Q’/ldt /1 dz (3.3)

BUETI g JO T Rt — )2 + a2 '
that clearly shows that, for a fixed a the correction (z3, a) vanishes at z3 = 0. The
fact that ¥(z3 = 0,a) = 0 means that, at fixed a, ¥ gives no corrections to the

vector current, i.e. the number of the valence quarks is not changed.
Calculating the integrals gives*®

( : 2
Y(z3,a) = —CFp ;—; {2'2‘3| tan™! <2;|) —1In (1 + ZZ)} . (3.4)

If we keep z3 fixed and take the small-a limit, the result

s

2(237a)|a—>0 = C’F o

7|25 2 2/.2

—— —2—-—In—= +0(a"/z 3.5
B 5 ow/) (35)
(see also Ref. [45]) shows a linear divergence ~ |z3|/a in the a — 0 limit. It also
shows a logarithmic divergence In 22 /a®. According to the all-order studies®* ! of
the Wilson loops renormalization, the one-loop correction (3.4) exponentiates. As a
result, we get a strong damping factor for large |z3|. In terms of the lattice spacing,
it reads

Ziinie (23, a) o= e~ Al=sl/an (3.6)

with A = Cpras/2 ~ 2a,. Taking ay = 0.2 for an estimate, we get suppression
by a factor of 10 starting with z3 = 6ar. Note also that the Z-factor is a function
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N
~
N
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~
N
-]
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a) b)

.F%Z%

Fig. 6. Insertions of gluons coming out of the gauge link.

of z3/ayp, i.e., it changes when the lattice spacing is changed. Hence, it is a lattice
artifact, not related to actual physical phenomena in the continuum theory. As
discussed already, extracting PDFs, one should divide it out. Still, it is interesting
to check if the actual lattice simulations are in agreement with its perturbative
estimate.

3.1.2. Vertex contribution

The UV divergent contributions are also present in the diagrams involving gluons
that connect the gauge link with the quarks, see Fig. 6. Regularizing the gluon
propagator by 1/23 — 1/(22 + a?), we extract the UV-singular term in the form

«a _ 92 o « ! ! tZZ)%
Ot(z0) =5 Cri0yul0) [ a8 [ttt o 3)

Taking integrals over ¢ and 3 gives the expression
« 2 « a'2 Z%
Ofv(z,a) = 16 ——CFr (0)7*1(0) [(1 + z§> In (1 + a2) — 1] (3.8)

that contains the same In (1 + 232/ a2) logarithmic term as in the self-energy correc-
tion (3.4). In the a — 0 limit, this result agrees with that obtained in Ref. [45].
The ln(l + 22/ a2) structure may be combined with the UV divergences generated
by the link self-energy diagrams. Again, for a fixed a, the Oy (23, a) contribution
vanishes in the 23 — 0 limit. Just like in the case of the link self-energy corrections,
the UV divergences coming from vertex diagrams exponentiate in higher orders.
The UV divergent term comes from the configuration when the exchanged gluon
ends coincide. The study performed in Ref. [21] shows that there is also an UV-finite
contribution coming from the regions where the point z; is close to some position
on the link. The combined contribution of two diagrams shown in Fig. 6 is given by

Orojag('?’gva’: **C’F/ du/ dv i (uzs)y*1h(023)

X {5(0) [%L +6(u) [SL} . (3.9)
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We use the notation o =1 — v,u = 1 — u, etc. The plus-prescription is defined by

/Odu[ /du— Flo] (3.10)

assuming that F'(0) is finite. Now, it is the plus-prescription structure of Eq. (3.9)
which guarantees that this term gives no corrections to the local current.

3.2. FEwolution terms

The contributions considered in the previous section do not have singularities when
the quark virtuality k? vanishes, i.e. they do not need any IR regularization. In
particular, the logarithm ln(l + 22/ a2) has a as an UV cut-off, while 22 stays on
its IR side. However, vertex diagrams also contain additional contributions that are
infrared divergent in the k£ — 0 limit.

Of course, on the lattice everything will be finite. Just like the finite lattice
spacing provides a UV cut-off, the finite hadron size provides an IR, cut-off. Unfor-
tunately, the exact form of the IR regularization imposed by the hadron size is not
known. To get a feeling, let us take an infrared regularization by a mass term. A
typical Schwinger’s a-parameter integral producing an IR singularity then has the

form
2 > da —22/4a—am?
Li(23) = —e ) (3.11)
O a
where m is the mass (see, e.g., Ref. [21] for details). One can see that
e?e
LK(Zg) :2K0(mz3) =—In (mzzg 1 ) + (’)(zg) y (312)

where Ko(mz3) is the modified Bessel function. It has a In 23 singularity for small
z3, and exponentially decreases when z3 exceeds 1/m. Since we want m to mimic
the IR cut-off imposed by the hadron size, numerically m should be of an order of
0.3 GeV. Another type of the IR regularization is provided by a sharp cut-off

A2
da _» gl
Lo(23) = /O ;O‘e*%/‘*a =T10,23A%/4] = —In (ngQQf) +0(22)  (3.13)

applied to Eq. (3.11). The incomplete gamma-function I'(0, 23A2/4) has a logarith-
mic singularity for small 22, while for large 22 it has a Gaussian e —=50%/4 fa]l off.
As we discussed, the UV link-related Z-factor also has a rapid e~4l#l/@
for large |z|. Thus, one needs to very precisely divide it out from the lattice data to
be able to see the fall-off reflecting the finite hadron size.
For both cases, the IR-singular contribution from vertex diagrams is given3? by

Oppg(23) = Lr( r(22 —C’F/ du/ dv

v

x {6<u> (9] +) [UL} Dz v(oz) . (3.14)

vl

decrease
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Fig. 7. a) Gluon exchange diagram. b) One of quark self-energy correction diagrams.

where R is either K or G. One may also use the IR dimensional regularization. In
the MS scheme, Lys(23) = —In (u?23€27= /4). However, one should realize that the
lattice cannot provide the dimensional IR regularization, and the data will not show
the ln(zg) behavior beyond a few lattice spacings.

Note that, in contrast to the UV divergent contribution, the L R(ngz) functions
are singular in the 23 — 0 limit, and the parameter |23| in the integrals of Eqs. (3.12),
(3.13) works like an ultraviolet rather than an infra-red cut-off.

The integrals producing the IR-singular terms, also contain an IR finite part

™

Ofin(2) == %2 Cr [ au [ v i(us)y™(62) () 52(0) + 60) s )] . (319

where s (u) is the plus-prescription version of s(u) given by

1
Int 1—u+log(u)
= dt - = ————= . .1
stw= [ arg; : (3.16)

3.3. Quark-gluon exchange contribution

There is also an IR-singular contribution given by the diagram 7a containing a gluon
exchange between two quark lines. It is given by

1 1—u
Oalen) = 52 Cr [ du [ au {Ln() =1} duzau(ez)  (317)

for R = K, G. For DR in the MS scheme, Lg — 1 should be substituted by Lys+1.
Unlike the vertex part, the exchange contribution (3.17) does not have the plus-
prescription form.

One should also include the quark self-energy diagrams, one of which is shown
in Fig. 7b. As usual, we should take just a half of each, absorbing the other halves
into the soft part. Since the quark momentum is not changed, these terms have the
d(u)d(v) structure in the u, v-integral.
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3.4. Omne-loop correction in the operator form

Combining all the one-loop corrections?! to the 0°(z3) operator gives

50°(23) = ffcp/ du/1 udv¢ (uz3)y 1 (Tz3)
x { (5(0) [%} + o) [%} L 1) In {zgp%Rej ]
12 <6(v) [mu“] BRG Frﬂ - 1) F 25w} . (318)

In this result, we assume the dimensional regularization and the MS scheme
subtraction for the IR singularities, with g serving as the scale parameter.
The function Z(z3) accumulates information about corrections associated with the
UV-divergent contributions like (3.4), (3.8). This function in the MS scheme is
known (see Ref. [49]), but we do not need its explicit form in the pseudo-PDF ap-
proach. As we discussed in Sec. 2.4, such terms cancel when one forms the reduced
Toffe-time pseudodistributions.

3.5. Matching for parton distribution functions

In the PDF case, the one-loop correction to M°(z3,p) is given by the forward
matrix element (p|§O°(23)|p). The right-hand-side of Eq. (3.18) brings then the
matrix element

(I (uzs) T4 (023) |p) = Mo(ur,ov) (3.19)
where v = p3z3 is the Ioffe time.1% The structure of Eq. (3.18) implies a scenario in
which the z2-dependence at short distances is determined by the “hard” logarithms
In 22 generated from the initially “soft” distribution Mg(v, 23) having only a poly-
nomial dependence on 23 that is negligible for small z3. For this reason, we skip the
z3-dependence in the argument of Mo-functions, leaving just their v-dependence.

The “vertex” terms containing &(u) or d§(v) are trivially reduced to one-
dimensional integrals in which we change u or v to 1—w. Using translation invariance
for the “box” terms having a u, v-independent coefficient function, we get

/du/l " v Mo((1— u— v)w /dw (1 — w) Mo(wv) . (3.20)

We can represent (1 — w) as the sum of the term (1 — w)y that has the plus-
prescription at w = 1 and the delta-function term $6(w) that we add to Z(z3),
denoting the changed Z-function by Z(z3). As a result, we have

M(v,23) = ll - — CFZ(zg) Mo(v) — % Cr /0 dw Mo (wv)

1 2 2vp+1 In(1 —
x {J“wm (zgu%Re . ) pal=w) g —w)} . (321)
+

1—w 1—w
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The combination

(3.22)

Blw) = {1+w2}+

1—w

is the non-singlet Altarelli-Parisi (AP) evolution kernel.>°

The next step is to introduce the reduced Ioffe-time pseudodistribution (2.22)
of Refs. [11,17,20]. When the momentum p is also oriented in the z3 direction,
i.e., p={E,0,.,ps}, the function M(0, 23) corresponds to the “rest-frame” p3 = 0
distribution. According to Eq. (3.21), it is given by

M(0,23) = Mg(0) [1 — 2‘7 CrZ(zs) (3.23)

As a result, the Z (23) terms disappear from the O(«s) correction to the ratio
M(v,22)/ M(0, 22). Such a cancellation of ultraviolet terms for M (v, 22) will persist
in higher o orders, reflecting the multiplicative renormalizability of the ultraviolet
divergences*® 47 of M(v, 22).

A similar calculation can be performed for the light-cone Iloffe-time distribu-
tion'? Z(v, u?) obtained by taking 22 = 0 in 9 (v, —2?2) and regularizing the result-
ing UV singularities by dimensional regularization and the MS subtraction specified
by a factorization scale p. The result may be symbolically written as

1
o
I(v, p?) = imo(y)—g Cr / dw B(w) In (pfx /1*) Mo (wr) (3.24)
0
As a result, we get the matching condition?! 22 49,51,52
1 2
s 1
M(v, 22) = Z(v,u?) — & Cr / dw Z(wv, u2){ rtw
2m 0 1—w
+
e2e+l In(1 — w)

that relates MM (v, 22) with the light-cone ITD. Note that this relation works for
small 22 only, namely, in the region where the IR sensitive factors Lr(23) may be
approximated by In z3. In this region, M (v, 23) satisfies the DGLAP (for Dokshitzer-

Gribov-Lipatov-Altarelli-Parisi®? 53 54) evolution equation
_d M(v, 22) = LN, /1 du B(u)M(uv, 23) (3.26)
dlnz3 R 0 s ’

Eq. (3.25) allows to get Z(v, u?) using lattice data on 9 (v, 23). After that,
inverting the Fourier transform (2.18) one should be able to get f(z, u?). However,
lattice calculations provide 9(v, 23) and, hence, Z(v, 4?) in a rather limited range
of v, which makes taking this Fourier transform rather tricky (see Ref. [55] for a
detailed discussion). An easier way was proposed in our paper [11]. The idea is to
assume some parametrization for f(z, u?) similar to those used in global fits (see,



Theory and applications of parton pseudodistributions 17

e.g., Ref. [56]), and to fit its parameters using Z(v, u?) extracted from the lattice
data through Eq. (3.25).

An equivalent realization of this idea (similar to that of Ref. [57]) is to use the
kernel relation (2.20), i.e., to substitute Z(v, u?) by its definition (2.18) as a Fourier
transform of PDF. This converts (3.25) into

1
M(v, 23) = /1 dz {e””’ - ;—; CrR(zv, 232,/12)} [, p1?) . (3.27)

The kernel R(zv,23p2) is given by the Fourier transform (2.21) of the coefficient
function, and may be calculated as a closed-form expression.24?

The PDF f(z) may be split in its symmetric f(z) and antisymmetric f~(z)
parts. For positive z, they are related to the quark f,(x) and antiquark fz(x) distri-
butions through f(z) = f,(z)— fz(z) and f~(z) = f,(x)+ f7(z), respectively (see,
e.g., Ref. [17]). The real part of R(y, 2314?) generates then the real part of M(v, 23)
from f*(z), while the imaginary part of R(y, 25u?) connects the imaginary part of
IM(v, 23) with f~(z). In particular, for the real part we have

1 —cos(vz) 2sin(vz)

+ 2 sin(vz) Si(vz)

Re R(va, 5u) = { o -

3 e2ve+1
+ 2 cos(vz) (Ci(ua:) —log(vz) — vg + 4> In (Z§M2 i )

1 — cos(vx)

+ 2Re [iyxe“’:” 3F3(1,1,1;2,2,2; —il/a:)] + cos(vx) — 2 , (3.28)

v2x2
where Ci(y) and Si(y) are the integral cosine and sine functions, and
3F3(1,1,1;2,2,2; —iy) is a hypergeometric function. Thus, assuming some
parametrizations for the f*(z,u?) distributions, one can fit their parameters and
as using Egs. (4.5), (3.28) and the lattice data for (v, 23).

Note that, despite the terms with vz factors in their denominators, the kernel
R(vx, 2314®) vanishes for v = 0. To this end, recall that, according to its definition
(2.21), the kernel R(0,23u?) is given by the w-integral of the coefficient function
C(w, 22u?) that has the plus-prescription form in our case.

4. Exploratory quenched lattice study
4.1. General features

An exploratory lattice study of the reduced pseudo-ITD M (v, 23) for the valence
Uy () — dy(x) parton distribution in the nucleon has been reported in Ref. [17]. The
calculations were performed in the quenched approximation on 323 x 64 lattices, for
the lattice spacing a = 0.093 fm at the pion mass of 601(1) MeV and the nucleon
mass of 1411(4)MeV. Seven lattice momenta p (27/L), with p = 0,...6 were used.
The maximal momentum reached is 2.5 GeV. This simplified setup has allowed to
get very precise data in a very short time, and its results are a very instructive
illustration of applications in the theory of the pseudo-PDFs.
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4.2. Rest-frame amplitude

The basic idea of the pseudo-PDF approach is to get information about the re-
duced pseudo-ITD. To this end, one needs to measure the ratio R(z3,p3) =
M (z3,p3)/M(z3,p3 = 0). As we discussed, the rest-frame amplitude M (z3,0) is
basically given by the link UV-factor Zyink(z3/ar), that exponentially decreases for
large z3 (see Eq. (3.6)). Thus, if M(z3,ps) and M(z5,p3 = 0) are obtained from
independent measurements, then the errors in the main amplitude M(z3,p3) are
magnified by the 1/M(z3,p3 = 0) factor which is very large for large z3. For this
reason, in Ref. [17], the calculations were performed directly for the ratio R(z3,ps)
itself, rather than for the numerator and denominator independently.

1.0
0.8
0.6
04
0.2
O.OO

Re M(0, 23)

2 4 6 8 10 12 14
Z3/CLL

Fig. 8. Real part of the rest-frame amplitude M (z3,p3 = 0) = M(0, 22).

However, one can also calculate the rest-frame amplitude separately, and analyze
its z3-behavior. The amplitude M (z3,p3) has a real and imaginary parts. Its real
part is an even function of v = p3z3, while the imaginary part is odd in v. Hence,
the imaginary part should vanish for p3 = 0. Indeed, the results for the imaginary
part of M(zs,ps = 0) obtained in Ref. [17] are compatible with zero. The real part
was found to be a symmetric function of z3, as expected. The results for z3 > 0 are
displayed in Fig. 8. The curve shown there is the exponentiated version

2.2
Zpert(23/ar) = exp{—CF Os [271':53| tan~! (W) —2In (1 + T ;3)]}
2 ar, ar, af,
(4.1)

of the UV factors coming from the one-loop link self-energy (3.4) and vertex (3.8)
corrections, in which we substituted the Polyakov regularization parameter a by the
lattice spacing ay, using the correspondence a = ar /7 found in Ref. [48]. The value
of a obtained from the fit is 0.19. Thus, the “nonperturbative” renormalization
factor Z(z3/a) in this particular lattice simulation was found to be very accurately
reproduced by the perturbative formula. This fact, in our opinion, deserves a further
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study. Still, whatever its form, the UV Z-factor completely cancels out in the ratio
M(v, 22)/ M(0, 23) defining the reduced Ioffe-time pseudodistribution.

4.3. Reduced Ioffe-time distributions

On the left panel of Fig. 9, we plot the results for the real part of the ratio
M(Pz3,23)/M(0, 22) taken at six values of the momentum P and plotted as a
function of z3 . One can see that the curves decrease much slower with z3 than
M(0,23) of Fig. 8. The curves look similar to each other, all of them having a
broad Gaussian-like shape. However, the width decreases with P.

. . . 9
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Fig. 9. Left: Real part of the reduced distribution 9(Pzs, zg) plotted as a function of z3. Here,
P = 27p/L. Right: The same data plotted as a function of v = Pz3.

On the right panel of Fig. 9 , we plot the same data, but change the axis to
v = Pz3. Now the data practically fall on the same curve. The situation is similar for
the imaginary part. An evident interpretation of this outcome is that the numerator
M(v,22) and the denominator M (0, 22) of the ratio defining the reduced pseudo-
ITD 9M(v, 23) have similar dependence on z3.

Still, one can also notice some apparently random scatter of the points corre-
sponding to the same value of v. In fact, there is a regularity in this scatter. On
the left panel of Fig. 10, we show the data corresponding to “large” zs-values: from
Tar, to 14ay. As one can see, there is some scatter for the points with the largest
values of v in the region v 2 10, where the finite-volume effects become important.
Otherwise, practically all the points lie on the curve

1
R(v) :/ dz cos(vz) fu(x) (4.2)
0
generated by the function

fo(z) Va(l —a)®. (4.3)

T 32
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Fig. 10. Real part of M(v, zg) for z3 ranging from 7ar, to 14ay, (left) and from a; to 6ar, (right).

Its shape was obtained by taking normalized x%(1 — x)’-type functions and fixing
the parameters a, b by fitting the data.

Recall that the real part of the light-cone ITD Z(v) corresponds to the cosine
Fourier transform of the valence distribution ¢,(z) = u,(x) — d, (z)

1
Ir(v) = ReZ(v) :/0 dz cos(vz) qu(z) . (4.4)

On the right panel of Fig. 10, we show the points in the region of “small” z3,
ranging in the interval ay < z3 < 6ar. In this case, all the points lie higher than
the curve for R(v). Since M(v, 22), according to Eq. (3.25), contains the evolution
logarithm In 22 in the region of small 22, one may conjecture that the observed
higher values of R for smaller-z3 points may be a consequence of the evolution.

In Fig. 11 we show a typical pattern of the z3-dependence of the lattice points.
We took there the “magic” Ioffe-time value v = 37 /4 that may be obtained from
five different combinations of z3 and P values used in Ref. [17]. The shape of the
eye-ball fit line is given by the incomplete gamma-function I'(0, 23 /30a2 ). This func-
tion conforms to our expectation that the z3-dependence of the IR-sensitive factors
Lg(z3) in (3.14), (3.17) should have a perturbative logarithmic In(1/23) behaviour
for small z3, and rapidly vanish for z3 larger than the hadron size Rpaq,. We can
estimate that Rp,q, in this lattice simulation is of an order of 6ay, ~ 0.55 fm. Look-
ing at Fig. 11, we may also say that perturbative evolution “stops” for z3 2 5ar. In
this sense, the overall curve based on Eq. (4.3) corresponds to a “low normalization
point”, i.e.; to the region, where the perturbative evolution is absent.

4.4. Building MS ITD

Thus, we see that the data of Fig. 11 show a logarithmic evolution behavior in
the small z3 region. Still, the zs-behavior starts to visibly deviate from a pure
logarithmic In 22 pattern for z3 > 5a. Thus, 23 < 4a is the “logarithmic region”

where one may use Eq. (3.25) to construct the light-cone MS ITD. To this end, it
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Fig. 11. Dependence on z3 for v = 3w /4 ~ 2.3562.

is convenient to invert it and write

1
T(v,u?) = M(v, 23) + ;—; Cp /0 dw M(wr, 23)

5 o€27ETL In(1 —w) }
X In{ z5u +4 —2(1 —w) . (4.5)

4 1-—w
Let us start with the real part of this relation. At the leading order in ay, we
have Zr(v, u?) = Re M(v, 23). In its turn, Re M(v, 23) is given by R(v) of Eq. (4.2)
plus scatter, which we intend to describe by the In 23 part of the O(a;) correction.
This means that we should approximate Re M (wv, 23) by R(wv) in the O(a;) term.
Using further the definition (4.2) of R(v) in terms of f,(z) given by (4.3) we get

1+ w?
1—w

1
Tr(v,p?) = ReM(v, 23) + % Cr / dz f,(x)Re R(zv, 23) , (4.6)
0

where Re R(zv, 23) is the kernel specified by Eq. (3.28).

The next step is to check if the actual z3-dependence of the data on M (v, 23)
plus the In z3-dependence of the one-loop correction produce together the result that
has no (or little) z3-dependence. In the worst case scenario, this will not happen
for any value of ay, the only free parameter that we have. This will mean that our
data are simply inconsistent with the DGLAP evolution equation.

Fortunately, as it was found in the original paper [17], the z3-dependence of the
data matches In z3-dependence of the one-loop correction if one takes a,/7 = 0.1.
Using this value in Eq. (4.6) and the data on Re (v, 23), one can generate the
“data points” for Zg (v, 4?). This was done in Ref. [22] for 1 = 1/ay, that corresponds
to u = 2.15 GeV. The results are shown in the left panel of Fig. 12.

One can see that all the points for Zz (v, u?) are close to some universal curve
with a rather small scatter. The curve itself was obtained by fitting the points by the
cosine transform of a normalized Nz?(1 —z)? distribution, which gave a = 0.35 and
b = 3. The magnitude of the scatter illustrates the error of the fit for the ITD in the
v < 4 region. For comparison, we show the ITD obtained from the global fit PDF's
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Fig. 12. Left: Function Zg (v, u2) for p = 1/ar, calculated using the data with z3 from ar, to 4ar.
The upper curve corresponds to the ITD of the CJ15 global fit PDF. Right: Curve for u, (x) —dy ()
at p = 2.15 GeV built from the data shown on the left compared to CJ15 and MMHT global fits.

corresponding to the CJ15 global fit.?® One can see that our ITD is systematically
below the curve based on the global fit PDF's.

The “mathematical” reason for the discrepancy may be understood from
the right panel of Fig. 12, where we compare the normalized Nz%3%(1 — z)3
= q(z, p = 2.15 GeV) distribution to CJ15 [56] and MMHT 2014 [58] global fit
PDFs, taken at the scale u = 2.15 GeV. Unlike the ~ z°3% function, these PDFs
are singular for small x, which leads to the enhancement of ITDs for large and
moderate values of v.

The singular small-z behavior of the global fit PDFs reflects the Regge dynam-
ics, in particular, the parameters of the p-trajectory. Since the p-meson may be
treated as a resonance in the two-pion system, a possible “physical” reason for the
discrepancy lies in the simplified features of the lattice simulation used in Ref. [17]:
the quenched approximation and very large pion mass.

4.5. Imaginary part

Imaginary part of the pseudo-ITD may be considered in a similar way. It corresponds
to the sine Fourier transform

1
Tm M(v) = /O dz sin(vz) [g(z) + ()] (4.7)

of the function given by the sum ¢g(x) + g(x) of quark and antiquark distributions.
This function differs from the valence combination ¢,(x) = ¢(x) — g(z) by 2¢(x) =
2[a(z) — d(z)]. In the left panel of Fig. 13, we show the data for large z3 values
zg > Ta. Just like in the case of the real part (see Fig. 10), the points with v < 10
are close to a universal curve. Representing ¢(z) + §(z) = ¢,(z) 4+ 2¢(z) and taking
f(x) of Eq. (4.3) as q,(x), the difference is fitted to be given by

g(z) ~ 0.1[20x (1 — x)*]. (4.8)

In the middle panel of Fig. 13, we show data with z3 < 4a. All these points are
below the curve obtained by fitting the z3 > 7a data. This is in agreement with the
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Fig. 13. Left: Imaginary part of MM(v, 232)) for z3 ranging from 7aj, to 13a;,. Middle: The same for
z3 from ar, to 4ar,. In both cases, the curve corresponds to q(z) + g(z) = fo(z) +2¢(x), with fy,(x)
given by Eq. (4.3) and g(z) given by Eq. (4.8). Right: Function Z;(v, u2) for u = 1/ay, calculated
using the data with z3. The curve is described in the text.

fact that, in the region v < 6, the perturbative evolution decreases the imaginary
part of the pseudo-ITD when z3 decreases. The construction of the MS function
ImZ(v, u?) = I; (v, u?) proceeds in the same way as for the real part.

The results are shown in the right panel of Fig. 13. Again, all the points are
rather close to a universal curve with a rather small scatter. The curve shown
corresponds to the sine Fourier transform of the sum of the valence distribution
gv(z, 0 = 1/ar) obtained from the study of the real part, and the antiquark
contribution 2¢(z,u = 1/ar). The latter was found from the fit to be given by
gz, p=1/ar, = 2.15 GeV) = 0.07[20z(1 — z)3].

Note that the result for g(x) is a positive function of x, which means that
@(x) > d(z) in the lattice simulation of Ref. [17]. For the quenched approximation,
this is a natural outcome: in the absence of quark loops, the ratio i/d reflects the
number of the u- and d-quarks in the proton.

5. Calculation with dynamical fermions

A calculation with dynamical fermions was reported in Ref. [23]. The analysis was
performed using three lattice ensembles for a pion mass of about 400 MeV. Two
lattice spacings have been used. For the lattice spacings a = 0.127 fm, the calcula-
tions have been performed on 243 x 64 and 323 x 96 lattices. For a smaller lattice
spacing of 0.94 fm, a 323 x 64 lattice was used. All three ensembles have produced
similar results, perfectly compatible between themselves.

The dynamical calculations are more time-consuming and noisy compared to
the quenched calculations, so the results have bigger statistical errors than those of
Ref. [17]. Still, the structure of the pseudo-ITDs in both calculations is very similar,
and their analysis follows the same steps.

5.1. Rest-frame amplitude

As discussed earlier in Sections 2.4, 3.1, 4.2, the rest-frame amplitude M (0, 23)
within the pseudo-PDF approach plays the role of the UV-renormalization Z-factor.
In Fig. 14, we show the results for two explored lattice spacings of 0.94 fm and 0.127
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fm. In the latter case, we show the points for a bigger 322 x 96 lattice. The results
obtained on a smaller 243 x 64 lattice practically coincide with them. Just like in the
quenched calculation, these points are well described by the perturbative formula
(4.1) (shown by a curve in Fig. 14), but now with the value of 0.26 for the a.

Re M(0, 23)

0.6

0.4

0.2

00 2 4 6 8
zz/ar,

Fig. 14. Real part of the rest-frame amplitude M(0, 22) for lattice spacings 0.94 fm (higher
points) and 0.127 fm.

Note that the points for the two different lattice spacings are plotted as functions
of the ratio z3/ar rather than versus the physical distance z3. Such a choice is
suggested by the perturbative calculation that shows that the Z-factor should be a
function of z/ar. Indeed, one can see that the two sets of points in Fig. 14 are very
close to each other. The points corresponding to the 0.94 fm lattice spacing are just
slightly above the curve in Fig. 14 describing the 0.127 fm points. In fact, the 0.94
fm points are also well described by the perturbative formula (4.1), if one uses a
smaller value oy = 0.24.

The fact that the Z-factor was found to be given by a function of z3/a;, (modulo
a natural change of o to a smaller value in the case of a smaller lattice spacing) is
a clear demonstration that it is an artifact of the lattice calculation rather than a
function describing physical effects.

5.2. Reduced Ioffe-time distributions

The data on the reduced pseudo-ITD are shown in Fig. 15 for the lattice spacing
0.094 fm (left) and for 0.127 fm on the large 323 x 96 lattice (right). The curves in

_0'05”2, and were drawn to demonstrate that the results

both cases correspond to e
in both cases are rather similar. The data on (v, 23) have been used to obtain the
light-cone ITD Z(v, u?) at the scale u = 2 GeV using a technique similar to that
described in Sec. 4.3. The function Z(v, u?) is plotted on the left panel of Fig. 16.
The light-cone PDF ¢, (x) = u,(x) — d, () extracted from this Z(v, u?) is shown
on the right panel. The central line for the result of this calculation with dynamical
fermions is in a much better agreement with phenomenological curves. Still, the
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Fig. 15. Real part of (v, 22) for lattice spacing 0.094 fm (left) and 0.127 fm (right).

error band is very wide, which calls for a simulation having a better statistics.

5.3. Moments

The basic matching relation (3.25) has a w-convolution structure in its O(«y) part.
However, it may be converted into a product form if one considers the 2" moments

1 n 2
oM
bn(23) E/ doz™P(x, 23) = an (5.1)
0 o v=0
of the renormalized pseudo-PDF B(z, 23) = P(x, 25)/ M (0, 23). This gives
bn(23) = Kn(231%)an(p®) + O(25A% 0, 02) (5:2)
a connection between b, (23) and the 2 moments
1
anli) = [ doa” fla ) (5.3)
0
5
This work
4 CJ15NLO
MSTW 2008 NNLO

NNPDF31 NNLO

qv(m,,uz)

0 2 - 6 8 10 0 0.2 0.4 0.6 0.8 1
14 X

Fig. 16. Real part of the light-cone ITD Z(v, u?) (left) and the valence PDF gy (z, u?) (right) for
un =2 GeV extracted from the data for lattice spacing 0.094 fm.
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of the light-cone PDF f(x, u?). The kernel K,,(z3u2) is given by?3

Qs e2ve+1
Kn(22u2,as) =1- %C’F |:’}/n In <22/1,2 I ) -+ ln:| s (54)

where the anomalous dimensions
n+1
1

! . 1 1
%L:/o du B(u)u —m—i—Qgg (5.5)

are the moments of the Altarelli-Parisi kernel B(u), and the coefficients

2
"1 1 1 1
I, =2 — -+t 5.6
(Zk) LT (n+1)(n+2) (5:6)
k=1 k=1
are the moments of the remaining terms in the second line of Eq. (3.25). Thus, one
can now obtain the MS moments directly from the reduced ITD 90(v, 2?) by using
1 oM (v, 2?)

2 _ (. ) 242 2

a,n(,U/ ) - (_Z)nKn(Zg“LLZ, Ols) o Vo + O(Z3AQCD7 Oés) . (57)
The first moment a; = (x) is obtained from the slope of the imaginary part of
M (v, 2?), while ay = (2?) from the v2-fit of the real part. The results for (x) and
(z?) obtained from all three ensembles are presented in Ref. [27]. In Fig. 17, we
show the results for (z2) from the 0.094 fm ensemble.

Moments of pseudo ITD

Pseudo-PDF moment
0.4 PDF moment
NNPDF moment
MSTW moment
A 0.2 CJ moment
o
0
-0.2
0 20 40 60

2 (plus offsets)

Fig. 17. The (x2) moment of the pseudo-PDF obtained from the 0.094 fm ensemble and compared
to phenomenologically determined PDF moments from the NLO global fit CJ15nlo [56], and the
NNLO global fits MSTW2008nnlo68cl_nf4 [59] and NNPDF31_nnlo_pch_as_0118_mc_-164 [60], all
evolved to 2 GeV.

6. Matching in nonforward kinematics

The matching relations (3.25) for PDFs were derived from the operator expression
(3.18) for the one-loop correction by inserting it into a forward matrix element
(p|...|p). The same expression (3.18) may be used to deal with nonforward matrix
elements.?® In the simplest case, we have the (0] . .. |p) matrix element corresponding
to the pion distribution amplitude. A more complicated case is the matrix element
(p2] . ..|p1) corresponding to a non-singlet generalized parton distribution (GPD).
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6.1. Matching relation for the pion distribution amplitude

Within a framework of covariant quantum field theory, the pion distribution am-
plitude was introduced in our 1977 paper (see Ref. [6]). The starting point of the
definition is the matrix element

M®(z,p) = (0] (0) v ¥ E(0, 2 A)y(2)|p) (6.1)

with z taken on the light cone. Here, |p) is a pion state with momentum p. In Ref.
[61], a similar object was introduced within the light-front quantization formalism
(see Ref. [62] for comparison of the two definitions).

For lattice applications, we take z = z3 and the a = 0 component to eliminate the
z® contamination from the decomposition of M*(z,p) over Lorentz structures and
extract the p® M (v, —z?) part. The reduced Ioffe-time distribution is built through
M(v, 23) = M(v, 23)/M(0, 23).

As shown in Ref. [13], for all contributing Feynman diagrams we have
1
M(v, 23) = / dx ™ F(x,23) . (6.2)
0

The function F(x, 23) is the pion pseudodistribution amplitude (pseudo-DA). Simi-
larly to pseudo-PDF's, we get a covariantly defined variable x, having in this case the
0 < z < 1 support. To exploit the symmetry properties of F(x, 23) with respect to
the  — 1 —z interchange, it is convenient to use the (—z/2, z/2) endpoints instead
of (0, z). The relation between the two cases is provided by translation invariance,

M(v, 22) = (0[(—23/2) .. .b(23/2)|p) = e /> M(v, 22) . (6.3)
Using explicit form (3.18) of the one-loop correction, (3.18) and parametrizing
(Ol (uzs) ... ¢ (vz3)Ip) = €™ Mo[(1 — u —v)v] , (6.4)

one may derive the matching condition for the pion DA?>

ﬁ(u,zg) Z(v, 1i?) —C’F / dw Z(wv, 1?)

e2etl w in(wv
X {ln [23%“2 4 } ([12_ er cos(wv/2) + S(V/2/2) - ;5(@0))

+4 [ln(l—w)] cos(wv/2) — QM + 5(”@)} : (6.5)
+

1—w v/2

We use here the “tilded” light-cone ITD Z (v, u2) corresponding to the (—z/2, z/2)
endpoints. It is related to the light-cone pion DA ®(z, u?) by

1
(v, u?) :/0 dz @12V o (2, 1?) . (6.6)

Thus, if ®(z,u?) is even (odd) with respect to the 2 — 1 — x interchange, then
Z(v, u?) is even (odd) function of v.
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To extract ®(z, u?), we recommend, just like in the PDF case, to assume some
parametrization for it, say, N(zZ)® times some polynomial of z, and then to fit the
parameters of the model by 7 (v, u?) extracted from the lattice data. Another way is
to use a kernel relation, analogous to Eq. (4.5), which expresses (v, 22) in terms of
®(x, pu?). Tt is straightforward to calculate the analog of the R(zv, 231?) in a closed
form. The further procedure is to fit ay and the parameters of the model for the

light-cone DA ®(x, ) using the lattice data for the reduced pseudo-DA {Dv?(v, 23).

6.2. Definitions and kinematics of GPDs

In the case of GPDs, we should consider a nonforward matrix element (ps|...|p1)
involving hadronic states with two different momenta. The simplest case is the pion.
It has just one light-cone GPDs H (x,&,t; 4?) that may be defined® by

(polth(=2/2)7" E(~2/2,2/2; A)g(2/2)|p1)

1
= 2770‘/ dz e P2 H(x, &t 4?) (6.7)
-1
(see also Refs. [7,9]), where the coordinate z has only the z_ light-cone component
and the choice @ = + is made to eliminate the z® part. As usual, u is the factor-
ization scale. Note that this definition involves the (—z/2,z/2) endpoints, which
simplifies the analysis of the x — —z symmetry properties of H(x,&,t; u?).

The momentum P = (p; +p2)/2 here is the average of the hadron momenta. The
skewness variable £ is related to the plus-component of their difference p; —ps = 7.
Namely, £ = r*/PT. One more variable is given by the invariant momentum transfer
t = (p1 — p2)?. In principle, the right-hand side of Eq. (6.7) may have also the r®
term. However, when we take o = +, such a term is redundant, since r* = £P+.

A similar definition holds for the spin non-flip GPD H(x, &, t; 22) of the nucleon.
One should just substitute 2PT by @(p2)y u(pr).

For a general case, the skewness £ may be defined as

(p12) — (p22)

= —F—== (6.8)

(p12) + (p22)
Thus, we deal with two Ioffe-time invariants vy = —(p12) and vy = —(p2z). For
lattice applications, we choose z = z3. Decomposing p1 = {E1,A1 ., P} and

p2 = {E2,As 1, P}, we have vy = Pyz3 and v, = Pyz3. The skewness variable
is given by
= P - P
f7V1-i-V2 P+ P

Using the ¢-definition (6.9), we may write Py = (1 4+ &)P and Py, = (1 — &) P, where
P =7Ps.

Again, we choose a = 0 to eliminate the z® part from the parametrization of
(pa|tp(—2/2)v*E(—2/2, 2/2; A)p(z/2)|p1) for z = z3. Note that the A9 contribu-
tions will be also absent in the parametrization. Hence, we can define the double

(6.9)
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Toffe-time pseudodistribution M (v1,v0,t;23)
<P2|¢(—23/2)70 - P(23/2)Ip1) = 2POM(V17 vy, Z:?). (6.10)

We use here the “tilde” notation indicating that M (v1,v2,t; 23) parametrizes the
operator with the (—z3/2, 23/2) endpoints. Denoting v = (11 4+ v2)/2, we define the
generalized Ioffe-time pseudodistribution (pseudo-GITD) by

N (11,2, 5 22) = M, €85 23) . (6.11)
It is related to the pseudo-GPD by

1
M(v, &, t; z§) = itV / dz ™™ H (a:,f,t; zg) . (6.12)
-1

Using the operator expression (3.18) for the one-loop contribution gives the
matching relation for GPDs

1
— ~ as ~
m(V,g,t,Zg) = I(V7§7t7/1“2) - o7 CF / de(wV767t7u2)
0

e2e+l w sin(wév
X {ln {z%;ﬁ 1 ] ([12_ w] cos(wév) + (51/5) - ;5(@))

+4lln(1_“’)] cos(wﬁv)—2mwfy)+5(w)} : (6.13)
+

1—w v

Its structure is similar to the matching relation (6.5) for the pion DA. Eq. (6.13)
relates the reduced pseudo-GITD

_— v t 2
M, ¢ 1, 22) = A& 25) (6.14)
M(0,0,0, 23)
with the light-cone GITD
1
g t) = [ doe™ Hagotin®) (6.15)
-1

We propose again to extract H(x,&,t; u?) by taking some parametrization for
it, and then to fit its parameters by using the lattice data on ﬁ(u, &,t,22). Building
the model, one should take into account the polynomiality property”® of GPDs,
i.e., the requirement that, in the non-singlet case, the z%V moment of H(x, ¢, t; u?)
should be a polynomial of the Nth degree in £. An efficient way to satisfy this
requirement is to use the double distribution Ansatz.%3

Another (but equivalent) strategy is to convert (6.13) into a kernel relation. It is
obtained by writing the light-cone GITD Z(v, &, t, %) in terms of H (z, &, t; u2) using
Eq. (6.15). The kernel relation allows then to fit the parameters of H(z,&,t; u?) from
the lattice data on ﬁ(y,f, t,23).
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6.3. Lattice implementation

Lattice measurements involve a discrete set of values both for coordinates z3 = n,a
and for longitudinal momenta P; = 27Ny /L, P, = 2w Ny/L, where L = na is the
lattice size in the z3 direction. Hence, possible values of the Ioffe-time parameters
are given by discrete sets vy = 2mn,Ni/n and vy = 27n,Na/n. As a result, possible
values for skewness are given by rational numbers

_PA—-P N — N
T P+P, N+ Ny
Changing N1 and N, from 0 to 6, one ends up with 13 possible values for £. They

range from 0 to 1 and represent rather well the whole 0 < £ < 1 segment. A
complication is that, varying the skewness £, one also changes the value of the

£ (6.16)

momentum transfer ¢. For given £, the momentum transfer has its minimal value
to that is achieved for purely longitudinal initial and final momenta,
8£2M2
1— €2+ M2/P2+ /(1 - € + M2/P2)? + 42M2/P?

to = (6.17)

To relax the correlation between the values of ¢ and £, one may add a transverse
component A, to the momentum transfer. In particular, taking p1 = {E1,A,, P}
and py = {E2,0,, P2}, gives

t=2M? 4 2P Py — A} — 2/ M2+ P24 A2\ /M2 4 P}, (6.18)

A possible further strategy is to choose first some particular values of P, and Ps.
This fixes the value of £ and v. The next step is to take several different values
of A, to change t. That will give the t-dependence for fixed £ and v. After this,
changing z3, we will change v leaving ¢ and ¢ unchanged. Finally, using the matching
conditions to convert the v-dependence into the z-dependence, we will end up with
H(x, & t;u?) for a fixed € as a function of x and t.

7. Summary

In this paper, we reviewed the basic ideas of the pseudo-PPDF approach to extrac-
tion of parton densities from lattice calculations, and also discussed the results of
practical implementations of these ideas.

The main object of this approach, the Ioffe-time pseudodistribution M (v, —2?),
is just the matrix element M (z, p) of the correlator of parton fields, written in terms
of two Lorentz invariants, the Ioffe time v = —(pz) and 22. We have emphasized
that it is exactly this matrix element that enters into the handbag contribution for
the forward Compton amplitude in the DIS analysis. And it is this matrix element
that is the starting object for a lattice extraction of PDFs both in the quasi-PDF
and pseudo-PDF approaches.

The crucial idea of the pseudo-PDF approach is the realization that it does
not matter how the product (pz) is composed. One can build it using a light-front
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separation z = {z; = 0,2_, 2, } or a Euclidean separation z = {0,0,0, z3}. In both
cases, the function M(v, —22) is the same. This observation allows to calculate
M (v, —2z?) on the lattice.

A distinct feature of the pseudo-PDF approach is to study M (v, —22) “as is”,
without converting it into an auxiliary object, such as a quasi-PDF. Since the OPE
provides a direct relation (2.20) between the renormalized M (v, —2?2) and the light-
cone PDF f(z, u?), no such intermediaries are necessary.

The “renormalization” of M (v, —2?) is needed because it contains artificial ultra-
violet divergences generated by the gauge link for space-like intervals. In the present
paper, we discussed these divergences in some detail. We argued that they may be
eliminated by just dividing M (v, —22) with the rest-frame function M (0, —22). This
procedure is very simple and transparent. It allows to avoid the use of more com-
plicated tricks such as the RI/MOM scheme method (see Refs. [5,16] for its recent
reviews and references).

The remaining z2-dependence of M (v, —22)/M(0, —z?) corresponds to pertur-
bative evolution, and can be converted into the scale-dependence of the light-cone
PDFs f(z, 4?) using matching relations. We gave such relations for nonsinglet PDFs,
for the pion DA, and for nonsinglet GPDs. All of them have been obtained from
one and the same operator expression (3.18) for the one-loop corrections.

Matching conditions rely on perturbation theory, so they are valid for small 22
only. Furthermore, the applicability of the OPE is determined solely by the size of
22. The size of the momentum p3 changes the magnitude of v = p3z3, but it does not
affect the applicability of the perturbative QCD expansion. We have emphasized
that one can take small p3 (even p3 = 0), and use perturbative QCD as far as 23 is
sufficiently small.

The perturbative evolution was successfully observed in the exploratory
quenched lattice calculation.!'” The analysis of its very precise data provides a
methodological framework for extraction of parton densities using the pseudodistri-
bution approach. This framework has been used in recent calculations®” 28 of the
nucleon and pion valence quark distributions. It is also used in the ongoing calcu-
lations of the pion distribution amplitude and generalized parton distributions.
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Appendix A. Spectral properties of pseudo-PDFs

Pseudo-PDFs correspond to the generic matrix element (see Fig. 18)

W00 ) = =5 [ ke x(kp) (A1)

where the momentum space function x(k,p) is an analog of the Bethe-Salpeter
amplitude.®* The complications related to spin do not affect the spectral properties,
so we use simplified scalar notations.

p p

Fig. 18. Structure of generic matrix element.

The function x(k,p) depends on the momenta k and p. The analysis of Feynman
diagrams in the Schwinger a-representation (see, e.g., Ref. [65]) tells that, a general
scalar handbag diagram d; of the Fig. 18 type may be written as

; _ P(c.c.) [ : - 1D(a)-2
Xdi(k7p)_ (471_2)2[,‘/0 Ed J[D( )}

o [aA0) | (p— KPBue) + (p 4 KPBu(o)
e {5y * D(a) |
X exp ipzlc)’iz)) - ZZ ozj(m? —i€) p (A.2)

where P(c.c.) is the relevant product of coupling constants, L is the number of loops
of the diagram, [ is the number of its lines, and the argument («) of the A, B,C, D
functions should be understood as ({ag, }). Using this representation, we get

00 1
ix(k,p) = / ax / da A2 DT (g, x;p?) (A.3)
0 —1

where the function F(x, \;p?) is given by the sum over all contributing diagrams,

oo 1
F(gjv >\;p2) = Z/O d)‘dzé(A - )‘dl) / L dxdlts(x - gjdi) Fdi (xdm)\di;pz) ) (A4)
d; -
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with the functions Fy, (x4, \a,; M?) specific for each diagram, and

) _Aq(a) + Bs g, (@) + Bug, (@)

= ‘Ddi (a) ’
_ Bs d; (Oé) - Bu d; (a)

’ Adi(a)+BSdi(a)+B“di(a) .

(A.5)

(A.6)

Lq

Eq. (A.4) expresses an evident fact that the function x(k,p) depends on k
through the Lorentz invariants (kp) and k2. A nontrivial property is that A(a),
Bs(a), By(a), C(a) and D(«) are non-negative functions, namely, sums of products
of non-negative aj-parameters of a diagram. This immediately gives 0 < A < oo.
The limits for z in general case are obviously —1 <z < 1. The negative x values
appear when B, («) # 0, which happens for some nonplanar diagrams. Integrating
over \ in Eq. (A.4) gives a Nakanishi-type representation®® for this amplitude.

Note that no restrictions are imposed on k and p in Eq. (A.4). In particular,
p is the actual external momentum with p? = M?2. Transforming Eq. (A.4) to the
coordinate representation and changing A = 1/0 gives

[e%s) 1 ) ) 5
(p|lp(0)o(2)|p) = / do / da ®(z, 03 M?) e i@z mio(z7—i)/4 (A7)
0 —1
where
®(z,0; M?) = exp|—ia®M? /o] F(x,1/0; M?) (A.8)

is the Virtuality Distribution Function®” % (VDF) and Eq. (A.7) is the VDF rep-
resentation. It basically reflects the fact that the matrix element (p|#(0)¢(2)|p)
depends on z through (pz) and 22

The main non-trivial feature of the representations (A.4), (A.7) is in their specific
limits of integration over x and A (or o). These are dictated by the properties of the
contributing Feynman diagrams, in particular, by positivity of the functions A, B, D
determining x and A. It should be emphasized that these functions are determined
purely by denominators of propagators, and are not affected by their numerators
present in non-scalar theories.

Thus, the VDF representation (A.7) is valid for any diagram and reflects very
general features of quantum field theory. On these grounds, we assume that it holds
nonperturbatively. Integrating over o, we get the pseudo-PDF representation

1
dzP(x, —2%) e72P2) (A.9)
1

(Pl6(0)6(2) ) = /

Eq. (A.9) gives a covariant definition of x as a variable that is Fourier-conjugate
to the Ioffe time (pz). To define z, we do not need to assume that p? = 0 or that
22 = 0. We also do not need to base the definition of z on the ideas of the light-front
quantization, the analysis in the infinite momentum frame, Sudakov variables, etc.
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