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Measurements of a permanent neutron electric dipole moment (EDM) potentially probe Beyond-
the-Standard Model (BSM) sources of CP-violation. At low energy the CP-violating BSM inter-
actions are parametrized by flavor-conserving CP-violating operators of dimension higher than 4.
QCD calculations of the nucleon matrix elements of these operators are required to fully reconstruct
the sources and magnitudes of the different CP-violating contributions to the nucleon EDM. In this
work we study the quark-chromo electric dipole moment (qQCEDM) operator and the three-gluon
Weinberg operator. The non-perturbative determination, using lattice QCD, of the nucleon matrix
elements of these CP-violating operators is hampered by their short-distance behavior. Under renor-
malization these operators mix with lower dimensional operators, which induces power divergences
in the lattice spacing, as the continuum limit is approached. We study the short-distance behavior
of the qCEDM and the Weinberg operators using the gradient flow. We perform a short flow time
expansion and determine, in perturbation theory, the expansion coefficients of the linearly-divergent
terms stemming from the mixing with the pseudoscalar density and the topological charge, confirm-
ing the expectations of the operator product expansion. We introduce a new method to perform
calculations at non-zero flow-time for arbitrary values of the external momenta. This method allows
us to work in four dimensions for most of the calculations described in this paper, avoiding the com-
plications associated with defining ~s in generic d dimensions. We show that leading contributions
in the external momenta can be reproduced by defining 5 using the t Hooft-Veltman-Breitenlohner-
Maison scheme.

I. INTRODUCTION

The nucleon electric dipole moment (EDM) is a physical quantity that, once measured, will provide a unique
opportunity to detect and investigate beyond-the-standard model (BSM) sources of charge and parity (CP) violation.
In principle, there are multiple sources for a non-vanishing nucleon EDM, including the Cabibbo-Kobayashi-Maskawa
(CKM) quark-mixing matrix, the quantum chromodyamics (QCD) 6 term, higher-dimensional CP-violating operators,
or any combination of these. The current experimental limit for the neutron EDM [1, 2], |d,| < 1.8 x 10726 ¢ cm at
90% confidence level, leaves open the possibility of a dominant BSM source of CP-violation, which could be several
orders of magnitude larger than Standard Model sources (see Ref. [3] for a recent review).

In addition to the Standard Model contributions to the nucleon EDM from the CKM matrix [4] and from the 6
term [5], BSM theories that contain complex CP-violating couplings can induce a non-vanishing EDM at the one
loop level. At low energies the BSM degrees of freedom are heavy enough that one can parametrize their effects
through effective, higher-dimension CP-violating operators. In this paper we consider two such operators, the quark-
color EDM (qCEDM) operator and the CP-violating three-gluon operator, i.e. the Weinberg operator. To constrain
couplings in BSM theories at high energies, one needs to determine the QCD contribution to the EDM at low energy.
Broadly speaking, there are three approaches to determining the relevant matrix elements: QCD sum rules [6, 7];
chiral perturbation theory [8, 9]; and lattice QCD.

Lattice QCD provides the most systematic method to calculate individual contributions from different CP-violating
sources to the nucleon EDM in terms of the QCD fundamental degrees of freedom, quark and gluons. There is a long
history of attempts to determine the nucleon EDM from lattice QCD [10-18], and several technical difficulties have
been encountered.
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The first difficulty arises from the fact that in Euclidean space the 6 term renders the QCD action complex, which
prevents the use of stochastic methods. The current experimental bound on the neutron EDM implies a very small
value for § ~ 10710, justifying a perturbative expansion in #. Correlators that include an insertion of the 6 term,
once the topological charge has been properly renormalized, are theoretically well-defined. Despite the very poor
signal-to-noise ratio it is possible to determine the nucleon EDM induced by the 6 term using signal-to-noise improved
ratios [5, 19].

The second difficulty arises from the renormalization of the relevant composite operators. In Ref. [20] we proposed
using the gradient flow [21-24] to renormalize the 6 term and the BSM CP-violating operators. We are currently
pursuing this program and in Refs. [5, 13, 19, 25] we investigated and calculated the nucleon EDM from the 6 term.

The properties of the gradient flow have led to a wide variety of applications in lattice gauge theories. These
applications include determining the fundamental parameters of QCD, such as the running coupling constant [26—33]
and the equation of state at finite temperature [34-39], extracted from a non-perturbative definition of the energy-
momentum tensor at finite lattice spacing [40-43]. The gradient flow has also provided an important tool for relative
scale-setting in lattice calculations [44, 45]. Many of these techniques have been applied in other theories [46-54].

Renormalization schemes based on the gradient flow include non-perturbative step-scaling approaches [55, 56],
removing power divergences in nonlocal operators relevant to hadron structure [57, 58|, and defining regularization-
independent quark-bilinear currents [59, 60]. Perturbative calculations of the gradient flow have been carried out
to three loops for certain quantities using automated perturbation theory routines [43, 61, 62] and to two loops via
numerical stochastic perturbation theory [63, 64].

Analytic loop-order calculations with the gradient flow often introduce some difficulties related to dimensional
regularization. One method to avoid these complications employs an expansion in the external momentum p to some
desired order. This can induce extraneous, non-physical infrared poles at fairly low orders in the external momentum.
(In the calculation of the Wilson coefficient ccp below, for example, these appear as early as O(p?).) We have used a
novel combinatorial scheme to track the external momentum at all orders, which maintains finiteness at positive flow
time throughout all of the calculations in this paper with the exception of those related to the renormalization of the
flowed fermion propagator in App. C.

In this paper we focus on the renormalization of the higher dimensional CP-violating operators using the gradient
flow. First results appeared in [65-67] and in this paper we determine the leading contribution to the short flow-time
expansion (SFTE) coefficients of the CP-violating operators defined using the gradient flow. The renormalization and
mixing of these operators was first studied in the MS scheme in [68-70], the determined at two loops for the qCEDM
in [71], and at two and three loops for the Weinberg in [72]. After describing our perturbative strategy for determining
these coefficients, we focus on the leading linearly-divergent expansion coefficients and some logarithmic terms.

The paper is organized as follows. We first introduce the gradient flow and some technical details relevant for our
perturbative expansion in Sec. II. We calculate the expansion coefficients of the quark-chromo operator, parameterizing
the mixing with the pseudoscalar density and the topological charge density, in Sec. III, and the corresponding
coefficient of the Weinberg operator, induced by the mixing with the topological charge density, in Sec. IV. We
summarize our results and our conclusions in Sec. V.

In Appendix A we detail our notations and conventions including the d—dimensional Dirac gamma matrices. In
Appendix B we list Feynman rules for the flowed vertices and for the relevant operators. In Appendix C we use the
calculation of the quark propagator as an example to elucidate the computational techniques for finite flow time.

II. THE GRADIENT FLOW

In this section we give a brief introduction to the gradient flow, emphasizing the technical details needed for our
perturbative expansion. The gradient flow equations define the evolution of the bulk gauge and fermion fields, B, (x;t)
and x(z;t) respectively, as a function of the flow time, ¢ [22, 24]:

atBu = DVGVH + aOD,uaVBIM (1)
Ox = D,D,x — a0, By X, (2)
X = XD, D+ 00x0, By, (3)
where
Gp,u = a[LBV - aqu, + [Bu> Bl/]7 (4)



and the covariant derivatives are
D/,LGIJO' = ap,GVU + [B;u GUU]7 (5)
o =
Dux = (0u+Bu)Xs XDu=X(9,-By). (6)

The bulk fields are related via Dirichlet boundary conditions to the boundary fields, that is, the integration variables
of the functional integral defining the theory, through

By (z;t =0) = A, (), (7)
x(z;t =0) = ¢(x), (8)
x(z:t = 0) = ¥(x). (9)

The generalized gauge-fixing terms proportional to o remove some technical complications associated with pertur-
bation theory [22-24]. The solutions of the flow equations for ay > 0 are related to the solutions at ag = 0 by a
flow-time dependent gauge transformation. We work in Feynman gauge and take oy = 1 throughout this work.

We solve the flow equations (1) and (2) in d-dimensions by casting them into the integral forms

¢
B (z;t) = /ddy [Kw,(x —y;t)A,(y) + / dsK,,(x —y;t — s)Ry(y; s)} , (10)
0
t
o) = [ty | se = 0wt + [ as e g - 9| (11)
0
d |7\ T ! N
Xt = [ aty [w@/wx it [ dsxo) BT - it - s>] . (12)
0
Here K, (z;t) and J(z;t) are the heat kernels
eipx 402 _a 2
Ky (z;t) = /p e {(5Wp2 —pupu)e P puppe” o } ; (13)
J(xst) = J(x5t) = /eip"’”e*tpi (14)
p
(15)
and the interaction terms are
Ru = Q[B,,,(()VBH] - [BwauBV] =+ (O‘O - 1)[8;“ 8VB1/] + [Bm [Bua Bu]]a (16)
A'=(1-y)0,B, +2B,d, + B,B,, (17)
N = —(1-a)d,B,—29,B, +B,B,. (18)

We can solve the integral form of the flow equations, Egs. (10) and (11), by iteration, generating a tree expansion of
the bulk fields in powers of the boundary fields. Bulk vertices are then connected by “flow lines”, which are flow-time
ordered and governed by the heat kernel. We give explicit expressions for the relevant Feynman rules in Appendix B.

In pure Yang-Mills theory, all correlation functions are finite at finite flow time, provided the boundary theory is
renormalized [23]. Fermions, however, require an additional wave-function renormalization at finite flow time, generally
denoted by Z, [24]. The pole contribution to this additional fermionic wave-function renormalization first appeared

in [24] and was reproduced in [42], through a next-to-leading-order perturbative calculation of (y(z; t)WME)X(DC; t))),
and in [58], in the context of nonlocal Wilson-line operators. In Appendix C we calculate the finite contributions to
this extra wave-function renormalization that, to our knowledge, have not appeared in the literature. The calculation
in Appendix C also serves as a sample calculation with flowed fermions fields.

Once the fermions have been renormalized, composite operators composed of fields at finite flow time are therefore
finite and all scale dependence carried by these operators can be related to the flow time. In particular, any potential
power divergence in the cutoff of the theory is removed. At small flow times, a short flow-time expansion (SFTE)
can be used to relate these composite operators to linear combinations of local renormalized operators at vanishing
flow time. The SFTE is an operator product expansion in the neighborhood of vanishing flow time, with coefficients,
calculable in perturbation theory, that carry the flow time dependence [73]. The SFTE provides a perturbative
understanding of the way in which power divergences are removed and the form of the flow-time dependence for which
the power divergences are traded.



On the lattice, correlation functions involving higher-dimension operators can be plagued by power-divergent mix-
ings with lower-dimension operators. In large volume calculations, the only accessible energy scale is the inverse
lattice spacing ~ 1/a, so the regularization and renormalization of correlation functions may depend only on the
lattice spacing. Disentangling the dual roles of the lattice spacing, as cutoff and as energy renormalization scale, can
be arduous, particularly in the presence of power divergences, which must be removed non-perturbatively.

The gradient flow provides a workaround: the flow renders all operators finite, and, in the continuum limit, the
scale of all flowed correlators is parameterized by the flow time, u? o« 1/t. The SFTE then provides a method
to extract renormalized operators evaluated at ¢ = 0 from finite operators calculated on the lattice at finite flow
time, ¢ > 0. In other words, we calculate correlation functions of local operators at non-vanishing flow time and
relate them to physical correlation functions of boundary operators via a SFTE. The challenge associated with the
renormalization of the correlators at ¢ = 0 is traded for the difficulty of determining the expansion coefficients in the
SFTE. One advantage of the SFTE, however, is that we can perform the analysis in the continuum, thus avoiding
spurious chiral-symmetry breaking effects. In addition, the SFTE connects operators at several values of the flow
time in a gauge-invariant way. This is a significant advantage compared to standard techniques, based for example
on RI-MOM schemes, where determining the coefficients of the power divergent terms requires a non-perturbative
gauge-fixing procedure [74-78]. An alternative gauge-invariant way to study power divergences is to use coordinate
space renormalization methods [18, 79-81], although this does not provide a continuous probe of the fields, in practice.

We consider our theory in continuum Euclidean 4-dimensional space-time. For some gauge-invariant and local
operator O;(t) in an associative operator algebra with basis B, defined at flow time ¢, the SFTE is [73]

) ®) '~ 3 () (01 (0), (19)

0;€B

where the label R denotes a renormalized operator. Here, the Wilson, or expansion, coefficients ¢;;(t) have absorbed all
flow time dependence, and the SFTE connects renormalized operators in the bulk and on the physical boundary. The
SFTE is valid only if all fields are renormalized and all operators appearing in the SFTE are evaluated in correlation
functions at non-zero physical distances to avoid spurious and additional contact terms.

If the renormalized operators at vanishing flow time do not share the symmetries of the flowed operator, their
expansion coefficients vanish. More specifically, the form of the SFTE and the operators contributing to the SFTE
are dictated by the symmetries of the regulated theory. Thus, if our regulator breaks certain symmetries, those
symmetries cannot be used to classify all the operators (O;)  (0) contributing to the right-hand side of the SFTE in
Eq. (19). The leading contributions in the SFTE stem from the lowest dimension operators and the renormalization
group equation satisfied by the expansion coefficients dictates their asymptotic behavior at short flow time. In general,
OPE’s are linear and gauge-independent, so we are free to study the expansion in an arbitrary correlation function.
Hence we are able, with the appropriate choice of external probes, to study the SFTE termwise, order-by-order.
Moreover, the Wilson coefficients of the SFTE are universal, that is, the coefficients are insensitive to our choice of
external states. This universality ensures that, once the Wilson coefficients are determined using one particular choice
of external state, the resulting coefficients can be used with any other choice of external state.

III. QUARK-CHROMO ELECTRIC DIPOLE MOMENT

The effects of BSM physics at high energies can generate a set of effective, dimension-six, CP-violating operators at
the electroweak scale. The five-dimensional qCEDM operator, which induces the nEDM at low energies, arises from
the effects of electroweak symmetry breaking on the CP-violating Gluon-Higgs-Fermion operator [82]. We define the
bare qCEDM to be

OC’ = kC@a’/uuGuuwa (20)

where
~ 1
Opy = ) {Uuua’Yﬁ’)} (21)

is a generalization of 0,75 that preserves Hermiticity in d dimensions [77]. All operators in this paper carry an arbi-
trary normalization factor, to simplify comparison to other results; in this case, k¢ is a complex number normalizing
Oc¢.

The calculation of a renormalized qCEDM matrix element on the lattice is plagued by the presence of mixing with
the other CP-violating operators [77]. In particular the mixing with the lower-dimensional pseudoscalar density

P = kpys, (22)



generates power divergences in the lattice spacing a. A second lower-dimensional operator that mixes with the qCEDM
is the topological charge density (TCD)

q = FkqTr [GW/GW] ) Gu = %sﬁwaﬁGaﬁ- (23)
The chirality of the TCD, opposite to the qCEDM, ensures the mixing is proportional to the quark mass. Our
perturbative results confirm our expectations for the form of the power divergence and the mass dependence of the
pseudoscalar density and the TCD, respectively. We remark that, if the lattice QCD calculation is performed with
chiral symmetry breaking terms in the lattice action, chirality no longer protects the mixing of the qCEDM and the
TCD and therefore a linearly divergent term in the inverse lattice spacing 1/a can arise. Although other operators of
the same dimension mix with the qCEDM, in this work we focus on the calculation of the SFTE coefficients of the
lower dimensional pseudoscalar density and TCD operators.
The SFTE for the qCEDM reads

t—0

(Oc)g () ~ cop(t)Pr(0) + coq(t)qr(0) +---, (24)

where we have retained only the lowest-dimension operators in the expansion. For the remainder of this section
we will not include contributions from higher dimensional operators, such as the renormalized qCEDM itself. The
study of this logarithmic mixing will be considered in future work. In perturbation theory it is possible to extract
the lowest dimensional operator contributions by selecting appropriate external sources [83]. Working at O(g?), we
can extract the expansion coefficients of the pseudoscalar and TCD by selecting two-fermion and two-gluon sources,
respectively. With these choices of external states, and at O(g?) in perturbation theory, higher dimensional operators
do not contribute to the expansion coefficients.

A. Mixing with the pseudoscalar density

We start by extracting the coefficient for the pseudoscalar density. Choosing a two-fermion external state, we define,
for any operator O, the connected correlation functions [84]

Tyop(@,y3t) = (Y(@)O)d(y)) - (25)
We may then distribute over Eq. (24), so that
Lo 5@ yit) = cop(OT S ps(w,4;0) + cog (T 5 (2, y;0) + - -- (26)

where R once again denotes a renormalized quantity. Expanding both the correlation functions and the Wilson
coeflicients in powers of the renormalized coupling g, we find

DR 0 1 0)R DR
QQFEp()OcuS(x’ y;t) = {c(cga(t) + 920(01)3@)} [Ffp()opui(x’ y;0) + 921“;()9”;(35, Y 0)}

+ [ + ey [P0 5(,5:0) + 62T 00 (,:0)] (27)

where the first term in the expansion of the left hand side of Eq. (26) vanishes because the correlator Fﬁoc 1/3(17’ y; t)

has no tree-level contributions, that is, the first term in the expansion of this correlator is the one-loop contribution
proportional to ¢2.
Equating terms order-by-order and neglecting higher dimensional operators we obtain, up to O(g%),

0 0 0 0
0= C(cz)a(t)Ffpém;(ﬂr, y;0) + CEg(t)FLéqﬁ(x, y;0), (28a)
1 0 1 1 0 0 1
T w5t) = RO (,5:0) + el p (T (2,:0) + e 0BT, (,9:0) (28)
1 0
+ ey (TS, (@, :0).

(0)

The TCD vanishes at tree-level with two external quarks, I' DO
q

(z,y;0) = 0, and we obtain

(T, (@.4:0) = 0. (29)



(0)
YOpyp

the expansion coefficient cop(t) vanishes at leading order, CCE)I)D( t) = 0. Applying this to Eq. (28b), we have

The tree-level of the pseudoscalar density with two external quarks does not vanish I' (x,y;0) # 0, implying that

0 (@ y5t) = cGpOT (,:0) + Sy O (2,450). (30)

To extract ccq(t) at leading order, we choose an external state with two gluons and define

Paoa(e,yi)as = (Aa(2)0()A5(y)) . (31)

in analogy to Eq. (25). Applying the methods and results from above,

0=y, 4(2,3:0), (32a)
Do (@, t) = oD (OT ) 4 (2,530) + o) (DT, 4 (2,3;0) (32b)

because the tree-level of the qCEDM with 2 external gluons vanishes, Fff()?c Alz,y;t) = 0, and c(cgj):,(t) = 0. The
tree-level contribution to the TCD does not vanish, I‘g)()gq 4(2,y;0) # 0, from which we deduce that the leading order
of the expansion coeflicient C(ng(t) vanishes, cg); (t)=0.

To summarize, at O(g?) we obtain

1 1 0

L0 oy t) = cap T (,450), (33a)
1 0

Tt a.yst) = oD 4(x,5;0). (33D)

We are now in a position to extract c( ) p(t). There are three one-loop graphs that contribute to the left-hand-side
of Eq. (33a), which we show in Fig. 1) and the correlator on the right-hand side is simply the tree-level for the
pseudoscalar density.

p {e] p p p
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FIG. 1: Leading order contributions to the mixing of the pseudoscalar density with the qCEDM

We calculate these graphs to all orders in the external momenta and flow time. The inclusion of the mass results in a
particularly cumbersome asymptotic analysis that lies outside the scope of this paper; a nonzero external momentum
is sufficient to regulate all infrared divergences. The Feynman rules and mathematical details can be found in
Appendix (A, B, and C). Additional mathematical details can be found in ref. [85]. We expand in powers of the
quark mass and flow time to obtain

=(1)a oy ako Ca(F) [T 5 2 ) )

Fwoczﬁ(p’p it) = 3i k()2 | 1 + p? |log (2p°t) +vE 2 5 + O(m, p°t), (34a)
()b

FE;()ch(pap t) =0, (34b)
FE;()gccw(p p'it) = 0. (34c)



There are symmetric counterparts for diagrams (a) and (b), so the sum of these contributions is

PR (z,y;t) = /d4z/ ein(z—z) {Qf“ < "t)+2fb < /'t)—i—fc ( I't)] M
wOep\ LY t) = o P+ m YO p\Ps P DO \Pr P DOcp\Pr P W +m
2k CQ(F) / 1 2 9 11 / " eir(x—2) i’ (y—2)
= Gigg 7~ n log (2p°t - = d 35
zgokp (4m)2 ), Lt +p* log (2p°t) + & 1 Zip—i—m% - (35)
ko Ca(F) f1 I
_ i 2lkc G2 ) ) or |
76%]0% (47)2 {t +p [log(Qp t)+7E4]}Fwopw(x,y’())7

where we have omitted higher order corrections in flow time and quark mass. The final expression for the expansion
coeflicient reads

cop(t) = 6ig?
cp(t) = 6ig ; 1
We confirm the general expectation, based on symmetry and dimensional considerations, that the dominant contri-
bution to the SFTE of the qCEDM is the pseudoscalar density, which has a corresponding expansion coefficient that
diverges linearly in flow time.

ko Co(F 1 9 9 11 )
i (47(7)2) { Tp {bg (2p°t) + 8 — } } +O(m,p’t,g*). (36)

B. Mixing with the topological charge density
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FIG. 2: Leading order contributions to the mixing of the TCD with the qCEDM.

To calculate the expansion coefficient cc,(¢), following Eq. (33b), we need to calculate the one-loop contribution

F(Alc),)c 4(x,y;t), stemming from the three Feynman diagrams shown in Fig. 2. The graphs displayed in both 2b and 2c
vanish under the traces of the fermion loops, so we are again left to calculate a single Feynman graph. To calculate
the d-dimensional traces over fermion loops one could employ the 't Hooft-Veltman-Breitenlohner-Maison (HVBM)
scheme [86-88]. Our conventions and details on the HVBM scheme can be found in Appendix A. This is, however,
only necessary when these calculations are performed by expanding near p? = 0. Starting at O(p?), this removes an
essential IR regulator, the momentum, and introduces spurious divergences. The correlators listed below have been
calculated by applying a new method that includes all orders in momenta, so our results are IR safe. The flow further
removes all UV divergences, and the diagrams are finite in four dimensions.
Following the methods outlined for the pseudoscalar density, we obtain

~(1)a ke m .
FSAI()QCA(pva; t) = 221707(4702 [log(2p°t) +vE — 1] - (—2k,)8 YDl + O(mo, p*t), (37a)
q
T (pp'st) =0, (37b)
fi}l();cA(p7p/; t) = 0. (37C)
We therefore find
1 eirle=2) r _ et (y—2)
FELX()DCA(x’ Y; t) = d4Z 2 {2FE4()9acA(p’p/; t)} 2
prt P P (38)
k
— 4i°¢ (47:)2 [log(szt) +vE — 1] Ff();:”A(x,y; 0) + O(m2,t),
q



and

. kc m
coq(t) = 4ig? =
ca(l) kq (4m)?

[log(2p°t) + v — 1] + O(m?*t,g%). (39)

We again confirm, following general chiral symmetry considerations, that the expansion coefficient for the TCD has a
logarithmic dependence on the flow time. Chiral symmetry enforces the presence of a quark mass factor multiplying
the TCD and this factor arises naturally in our calculation.

Then, at non-zero mass, the qCEDM behaves, to leading-order, as

t—0
or(t) ‘2 gigrhe C2F) {1 T {log (26%4) + 7 ”} } O%(0)
kip (47‘1’) t 4 (40)
k m
20 2 _ R
+ 4ig . (4)? [log(2p°t) +ve — 1] OF(0) + -+ -,

where the dots indicate contributions from renormalized higher-dimensional operators.

IV. WEINBERG OPERATOR

Among the higher dimensional CP-violating operators obtained by integrating out heavy quarks and Higgs bosons,
there is a dimension six gluonic operator, Weinberg’s three-gluon operator [68],

OW = kwTr {[Gppv Gup] ép,u} (41)

The Weinberg operator could potentially generate a large contribution to the nucleon EDM because it is purely gluonic
and therefore not supressed by any small quark mass factor or by a small CKM phase.

To determine the SFTE of the Weinberg operator we need to isolate the lower dimensional CP-violating operators
with the same symmetry properties. In principle, the pseudoscalar density, multiplied by a mass factor, could
contribute to the SFTE of the Weinberg, but its leading contribution is O(g*), because the first non-vanishing
term of the correlator with the Weinberg operator and 2 external fermions arises at this order.

As with the qCEDM operator, we do not consider the contributions of operators with the same dimension as the
Weinberg operator. The operators that could potentially contribute to the SFTE of the Weinberg operator originate
from terms proportional to mO¢c and the Weinberg operator itself. By choosing external states of two quarks or
two gluons, we can ensure that the leading contributions appear only at higher order in the external scales, such as
momentum and flow-time, or at higher order in the coupling.

Expanding the Weinberg operator at short flow time, in a manner similar to the qCEDM, we obtain

t—0

O (t) ~ ewq(t)gr(0) + -+, (42)

where we have considered only operators contributing to the expansion coeffcient ¢y 4(t). These considerations confirm
that the expansion coeffcient contribution from the qCEDM to the SFTE of the Weinberg operator starts at O(g?).
We choose two gauge bosons as the external state and expand in powers of the coupling, leading to

R 0 1 0 1R
T a®) = [0, (0) + g2l (0] [T, 4 (@, 50) + 9*T 7 4 (2, :0)]

(43)
+0(g").
Equating order-by-order in the coupling, we obtain
0 0
0= clp), (W15, a(2,3:0), (44a)
1 0 1 1 0
Dby al@,y:t) = ey (D090 4(@,350) + cig), (T, 4 (2. :0). (44D)

Thus the leading contribution to the expansion coefficient cy, vanishes, C(V?,)q = 0. The next order in the coupling
expansion reads

1 1 0
Db a3 t) = i, (DT, 4 (2,4;0), (45)



FIG. 3: Leading order contributions to the mixing of the TCD with the Weinberg operator

which allows us to determine cg/ll,)q(t) once we have determined the one-loop contribution FE41()9W a(z,y;t). There are,

once again, three Feynman graphs that contribute, which we show in Fig. 3. There are a large number of equivalent
permutations of the fields of the Weinberg operator, so to simplify our calculations we employ a relation valid for any
alternating 2-tensor

1
A/LTAVTAPUG/.LVP(T = TGZTI‘ [Jaﬁo—'yéo—enr%] AaﬁA’ytsAena (46)

which slightly generalizes the corresponding relation with Minkowski metric [69, 70]. This relation decouples the
indices of A, so that the permutations of any fields that may be contained in A become well-defined permutations on
the indices within the trace. It should be noted that this formula is available in d-dimensions, but upon evaluation we
reproduce exactly the four-dimensional trace in the HVBM scheme, so it may only contract nontrivially with other
four-dimensional structures. This leaves only those pieces of a dimensionally-regularized integral that take values in
the four-dimensional subalgebra.

In the calculation of the correlators involving the Weinberg operator, the flow automatically regulates the UV modes
of the the bulk gauge field, and the external momentum controls infrared divergences. Thus all integrals are finite
in four dimensions. Inserting the field tensor G in place of A, we find a simple expression for the Weinberg operator
conducive to perturbative calculations:

~ 1 . abe a c
Ow = ky Tt {[GM,, Gyl GW} = ik ST (005050 Gl Gla Gy (47)

The Feynman rules for this operator are derived in Appendix B. The calculation of the Feynman diagrams in Fig. 3
leads to

8 9k Co(4) (1 2 25
Dhow Al p'st) = —1,% (;(T)Q) {t + gpz [log(2p2t) + e — 12} } - (=2kq)8"€apwpup, + O (P°t) | (48a)
s 9 kw Co(A) (15 .
e T 47(T)2) {t - 18292} (=2kg)8% capupupy, + O (07t) (48b)
q
98T %0 4P P5t) = 0. (48c)

The second diagram has no logarithmic divergence in the flow time; a kernel line appears in place of the gauge boson
propagator, which generates two additional powers of the loop momentum. The third diagram vanishes, because two
of the legs on the Weinberg operator are contracted, and the Weinberg operator is antisymmetric with respect to its
fields. Summing these contributions and factoring out the tree-level structure for the TCD, we isolate the Weinberg
operator’s leading-order divergent behavior:

Ry 20 45kw Co(A) H[1 8 o 2 _3 R
Ow (t) 5 &, amz ! TP log(2p°t) +vE 16 0/ 0)+---. (49)

Our calculation again confirms the expectation that the leading contribution to the SFTE of the Weinberg operator
stems from the lowest dimensional operator with the same symmetry properties; the TCD generates the linear
divergence of the Weinberg operator at short flow time.



V. SUMMARY AND CONCLUSIONS

The nucleon electric dipole moment (EDM) provides a unique opportunity to probe of sources of charge and parity
(CP) violation in the Standard Model and beyond (BSM). BSM theories that contain complex CP-violating couplings
can induce a non-vanishing EDM, and at low energies one can parametrize the effects of the BSM degrees of freedom
through effective, higher-dimensional CP-violating operators.

We have calculated, at one loop in perturbation theory, selected Wilson coefficients of the short flow time expansion
(SFTE) for two CP-violating operators: the quark-chromo EDM (qCEDM) and the Weinberg operator. We have
studied the leading contributions generated by the pseudoscalar density and the topological charge density, and
confirmed the general expectation that the lowest-dimensional operators generate the dominant contributions at
short flow time.

For the qCEDM, the Wilson coefficient of the pseudoscalar density is proportional to the inverse of the flow time,
1/t, and we have calculated the corresponding coefficient. In addition, we have calculated the logarithmic contribution
to the qCEDM proportional to the topological charge density. Our calculation confirms the general expectation that
chiral symmetry forces the contribution of the topological charge density to be proportional to the quark mass.

For the Weinberg operator, the leading contribution, which is proportional to the inverse of the flow time, stems from
the topological charge density. We have determined both the coefficient of this 1/¢ term and additional logarithmic
terms.

Further, we have introduced a method of evaluation for flowed loop-integrals, which permits, in many applications,
the calculation of correlation functions in a natural four-dimensional setting. We fully avoid artificial divergences
related to the zero-momentum or zero-mass calculations, while latently allowing for the study of these correlation
functions at any or all positive values of momentum or mass. This also sidesteps the various problems that arise
in continuing the spacetime algebra to any arbitrary dimension. This is particularly useful for our considerations,
since the source of potential technical difficulties, s, is pervasive in CP-odd calculations yet well-defined only in four
dimensions.

Our calculation is intended to provide a new framework to study the ultraviolet behavior of CP-violating operators
contributing to the electric dipole moment. Ideally, the Wilson coefficients should be determined non-perturbatively
and work in this direction is in progress [89]. Alternative strategies to pursue the same goals have been recently
proposed based on coordinate space methods [18] and the RI-MOM scheme [77, 78]. The one-loop calculation of the
linearly divergent coefficients is also of practical importance for the non-perturbative determination of the Wilson
coeflicient, by constraining the perturbative behavior at small values of the gauge coupling.

We consider this calculation a first step toward the non-perturbative renormalization of all CP-violating operators
contributing to the EDM. The next steps in our program are the non-perturbative determination of the linear di-
vergence in the Wilson coefficients and a perturbative analysis that includes higher dimensional operators and their
corresponding Wilson coefficients.
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Appendix A: Conventions
1. SU(N) Conventions

First, we define the set of generators for the gauge group, SU(N), to be traceless and skew-Hermitian, so that the
algebra is defined by

[ta,tb] _ fabctc, (Al)

for the N2 — 1 generators t* € su(N), and for structure constants f2°. For any representation p : SU(N) — GL(C),
the trace over any two generators provides a natural Killing form for su(N), normalized by the Dynkin index,
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T, = 7%02 (p), where Ca(p)Laim(p) = —t5t5 is the quadratic Casimir invariant. Thus, we have
Tr {tsth} = T,6". (A2)
We now turn our attention to two particular representations, the fundamental (F') and the adjoint (A) repre-
sentations, which have dimensions N and N? — 1, respectively. In these cases, our Casimir elements are Cy(F) =

(N2 —1)/(2N) and C3(A) = N, so the Dynkin indices become Tr = —1/2 and T4 = —N. Further, we can obtain an
explicit set of generators for the adjoint representation by defining

(t9)be = —f2°. (A3)
Clearly this definition is traceless and skew-symmetric, and it is trivial to prove that f2*¢ must be real. Moreover, the

Jacobi identity for f°¢ implicitly satisfies (A1), so that the N? — 1 matrices defined above indeed generate SU(N).
This allows for quick computations of objects such as

facdfbcd _ 02 (A)(Sab. (A4)

2. Quantum Chromodynamics

We work in d dimensions with a Euclidean metric, taking the d — 4 limit at the end. For all momentum integrals,
we adopt the shorthand notation

/p s (Zi]f (45)

where p is the energy scale introduced in dimensional regularization. We also define Fourier transforms so that the
factor of (27)¢ appears only in the momentum space measure:

d ~ .
fw)= [ atepe f@) = | i (A6)

Rd

All calculations are performed on a QCD background, so that for any local operator O, correlation functions are given
by

(0) = Zo_1 /D Wﬂﬁ,fh = ] @e_fddmﬁw’w”q"”](m), (A7)

with the gauge-fixed Lagrangian

1 1 N
~G5,G, + — (0,A%) (0,A%) + (0uc”) (6°°0, — fo*°AS) & (A8)

ﬁ:@(m+m)¢+4 “, %

The generators of SU(NN) were chosen to be skew-Hermitian, so the covariant derivative is simply
D,=0,+A4,, Ay = Apt® (A9)

when acting on objects in the fundamental representation, where the coupling has been absorbed in to the fields, Aj.
When acting on objects in the adjoint representation, it assumes the form

Dy =0y +[Ap, ] (A10)
Then the field strength-tensor is

Gy = 04 Ay — 0y A, + [Ay, A (A11)
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3. Higher-Dimensional Gamma Matrices

This paper deals primarily with CPP-odd operators, so the parity-violating ~ys is ubiquitous. To maintain algebraic
consistency in generic d dimensions, we follow 't Hooft, Veltman, Breitenlohner, and Maison [86-88] and split the
geometric algebra into two disjoint, orthogonal subalgebras, one containing the four-dimensional gamma matrices,

Yu, and a second containing their (d — 4)-dimensional “evanescent” extensions, 4,, where p = 1,2,...,d. The d-
dimensional algebra itself is a direct sum of the subalgebras, defined by the anticommutator

{'Y,ua 71/} = 25uva (A12)
where the d-dimensional generalizations of the gamma matrices and metric tensor are given by

Y = Vi + Y (A13)
and

6,uu = S,uu + 8,uu- (A14)
By definition, inner products between the two subalgebras vanish:

%’AY,L = 07 (A15)
and the metric tensors have a trace equal to the dimension of the subspace to which they belong:

Opp = 4, Opp = d — 4. (A16)

In the absence of 75, this simply reduces to the natural d-dimensional generalization of the Dirac algebra. With ~s,
however, there are some complications. In four dimensions, 75 is completely characterized by three properties:

{75/7#} = Oa (Al?a)

Tr[AB] = Tr[BA], (A17b)

TrhuVquVc'YS] = 4€up0; (Al7c)
from which we find that, in d-dimensions,

(d = 2)(d — ) Tr[yu 7 YpY0v5) = 0. (A18)

Since this prohibits a smooth limit for d — 4, we conclude that one of the above properties must be sacrificed to
continue analytically to an arbitrary dimension. Our choice, introduced by 't Hooft and Veltman and systematized
by Breitenlohner and Maison, relaxes the first condition (A17a), so that 5 anticommutes with the four-dimensional
subspace and commutes with the (d — 4)-dimensional subspace. Thus

{5, 9t =55 9ul = 0. (A19)

Furthermore, the trace in (Al7c) is taken to be fundamental, and the Levi-Civita symbol €., is strictly four-
dimensional, containing no evanescent components. As such, it is best to algebraically reduce expressions containing
€uvpo after the d — 4 limit is taken. As a form of dimensional regularization, this scheme is manifestly Lorentz
invariant, so that the reduction of tensor integrals is fairly straightforward. Moreover, the HVBM scheme maintains
algebraic consistency in our applications; we have at most one instance of 75 in any correlation function. Finally, to
maintain Hermiticity in all dimensions, we generalize the “pseudo-tensor” o,,,75 = %[v,,7]7s to [77, 78]

- 1
Ouy = 5 {Uul/a ")/5} . (A2O)

Note that the tilde here does not signify a four-dimensional object as in the HVBM scheme; rather it is an unfortunate
artifact of the literature. This modified version is central to the calculation of any correlation functions including the
quark chromo-electric dipole moment operator.

Appendix B: Feynman Rules

We adopt the standard Feynman rules for QCD in d Euclidean dimensions. Below we describe in more detail the
Feynman rules for gauge bosons and fermions at non-vanishing flow time. Some Feynman rules for flowed fields, and
similar details relevant to perturbative calculations, have appeared already in the literature [22-24, 40, 42, 43, 58-62].
To keep this paper self-contained and provide a future reference, we list all the Feynman rules for flowed fields that we
have used in these calculations, along with the relevant vertices arising from our operators. We note that all vertices
with n-interacting fields are defined with inward-directed momenta p;,...,p, and that, unless stated otherwise (see
Sec. B2), there is an implicit factor of (2m)%6(¥) (p; + - -- + p,,) that ensures momentum conservation.
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1. Gradient Flow

The nonlinearity of the flow equations produces extra vertices, which must be included in perturbation theory.
For bosons, the vertices X (™9 appear in the solutions of the flow equation, where n is the number of gluon fields
involved. These flow vertices must always be connected to a kernel line. Kernels, called so for their role as the integral
kernel of the solution to the flow equation, appropriately carry the information within a bulk field to its higher-order
corrections. Diagrammatically, a kernel line may initiated at any vertex at positive flow time, replacing a bulk field
leg, and terminating at a flow vertex. Thus for any interaction involving bulk fields with some functional form A(¢),
we will have corrections starting at O(go) attached with a kernel line. Let I'(s) represent the associated flow vertex
and all relevant subsidiary interactions involving all attached bulk fields. Then, representing a bosonic kernel as a
double curly line, we define the Feynman rule:

() = /O " ds 0(t — 5)Tu(5) Koes(p) 22 A (8), (B1)

N 5ab o Con?
Ki(p)i, = = {(cipr —pupv)e " = pupre” P t] (B2)

is the bosonic kernel. Observe that it collapses to a simple Gaussian in the “generalized Feynman gauge,” ayp = 1. For
clarity, note also that the ordering of the structures I and A above is only restricted by the ordering of the fermionic
fields contained within them. Turning our attention to the vertices, we have %X (2.0) at first order:

1 - £aoc
= §Zf b {(r = @) udup + 26504 — 27,05, + (a0 — 1) (¢w0pp — 7p0us) } - (B3)

The fields radiating out of this and all other flow vertices are bulk fields at some positive flow time, which in Eq. B1
we denote as s, whereas the kernel is generated by a bulk field at a flow time that, in Eq. B1, we denote t. The
second-order vertex is %X (3,0)

1
Qpec = E{fabefcde (Opopy — Oppdov) (B4)

+fadefbce (5,up50'y o 5,uu5pa)
+faCEfdbe (6HV5/)<7 — 5M0(Spy) }

The factors of 1/n! are placed within the vertex rules above so that the kernel line has the same Feynman rule regardless
of the flow vertex to which it is attached. There are no intrinsic higher-order vertices, but these vertices may be nested
to the desired order, ensuring that proper symmetry factors are included. For example, in the calculation a two-point
Green'’s function at positive flow time and at one-loop order, we must account for all combinations up to O(g3). Both
vertices will contribute, along with the (at least) second-order structure:

t
% aa’ 1 a'be D
2x / ds Kt_s(p)wfiX@’o)(n a—p—q)ut, B (—q;5)
0

1

« / du Roulp+ 0)(5y 5 XOO (0 gk, —p — g — K5 Bk ) B p + g + b w),
0
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or, pictorially:

The second line in (B5) is simply the NLO contribution to either of the two fields attached to the vertex X (2,0) (p,q,—p—
q)z,bfp The initial factor of 2 accounts for the symmetry in choosing which of the B fields to expand. Since both fields
include the same nonlinear corrections, either may be expanded, so long as the result is summed over all of these
redundancies.

Fermions have similar rules. The fermionic kernels,

Ta—yit) = [5G, T =,

p i (B7)

J(x—y;t) = /eip(hy)jt(p), Ji(p) = e,
p

produce Feynman rules analogous to the bosonic kernel. Letting A and T" be defined as before, and representing the
fermionic kernel line by a double straight line, we have

- /0 T ds 0t — $) AW Jes(p)T(5), (BSa)
= /0 s 0(t — $)T(s)Jy—s(D)A(L) , (BSb)

where the first rule applies to the flow-time evolution of the x field while the second rule to the X field. The distinction
between J and J is purely formal; J acts from the left on x, while and .J acts from the right on ¥. In the same manner
as the fermion propagator, the direction of the arrow indicates the flow of fermion number from % to x. Analogously
to what happens for the gauge bosons, the flow equations for the fermion fields (12,18) can be solved in an iterative
manner, generating higher-order vertices containing one fermion field and n gauge fields, Y(*®). The term linear in
B in the fermion flow equation produces Y (1:1):

(B10)

where the first diagram refers to the perturbative expansion of the x field and the second to the expansion of the ¥
field. The vertex Y (1:2) is thoroughly simpler:

g = %@w {t*,t"}. (B11)
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Since this term is quadratic in B, there is no sign change with respect to the direction of fermion flow, and Y12 is
identical to Y (1:2)

—r % 1 a 4b
N == 5(5“” {t ,t }. (B]‘2)

2. Operators

In this section we list the Feynman rules for the CP-violating operators. The Feynman rules are flow-time inde-
pendent, but the fields connected to these vertices may be flowed. The Feynman rules arising specifically from the
perturbative expansion of the flowed fields are described in the previous subsection; only the tree-level fields enter our
operator Feynman rules.

There is some subtlety in the implementation of these operators in perturbative QCD. A naive calculation of any
correlator with an odd number of CP-violating operators will always vanish. This should actually be expected; all
correlation functions are calculated within a QCD background, so there may be no expectation values that violate
CP. We circumvent this problem by temporarily ignoring momentum conservation; equivalently, we calculate all
such correlations functions pointwise in coordinate space, integrating the point of interaction for our CP-violating
operators over all spacetime only after we subtract off the desired quantities [69, 70, 90]. If momentum were to be
conserved throughout these calculations, all operators would project to zero momentum at the onset, and structures
like €npuvpup, would contract to zero identically, trivializing the entire calculation. This trick allows us to break
translational symmetry, giving the in and out states different total momenta and subsequently different transforma-
tions under the Lorentz group. After identifying the Wilson coeflicients, we dynamically restore the conservation of
momentum by integrating over all spacetime. In so doing, we also restore the appropriate discrete symmetries. We
are simply keeping track of the various structures that vanish perturbatively.

a. Topological Charge Density

Oy =ky T { G G }
. (B13)
= haups G Gl

q
oa Bb _quéabeaﬁlﬂ’pﬂq’/ (B14)

\ = fZikqfabceag,W(p +q+1), (B15)
r

b. gqCEDM

OC = kC”J}G/AV&wﬂp (B16)
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/

= —2ik "0 Y5 (B17)

Q
BT

= 2k [0 75 (B18)

700000000 DQQOOOOY,

=
o

c. Weinberg Operator

Ow =kw'Tr {[GW), Gyl GW}

1
== Jhw Fp0 GG G (B19)

1
%(ﬁikwfabcﬂ {0u0pe0ry Y5} szGgaGix

3
\ = ZkaabcTr {0anopu0yp Y5} DU (B20)

3 N aobe pcae
ye = 712kw If be £ (p,qy Tr {0100004675} + 115y Tt {0,y TusTaps }) (B21)

+facefbde (purl/Tr {Uuaau’ygﬁts'%} + qMSVT‘I‘ {Uuﬂayéga'y')/f)})
+fad@fbce (p'usy’:[‘r {O’Maa'yéa'ﬁ'y’YS} —+ quVTr {UILBUV'YJaﬁ’YS}) ]

Appendix C: Sample calculation: One-Loop Fermion Propagator

In this appendix we discuss in some detail the one-loop calculation of the fermion propagator for flowed fermion
fields. Results for the one-loop calculation of the flowed fermion propagator have appeared in the literature [24, 42, 58]
with varying degree of detail. We use this calculation as an example to elucidate features of a one-loop calculation at
non-vanishing flow time and to collect all the relevant tools for a perturbative calculation with flowed fermion fields.
For a more complete discussion of flowed perturbative calculations, we refer to [85].
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The fermion propagator

S(@,yit,5) = (xly; )X (s 1)) = / PGt ), (c1)

p

can be expanded in powers of the bare coupling
S(p;t,s) = Zg FSk(pit, s), (C2)

with a tree-level expression

- e~ P2 (t+s)
S(pit,s) = ————. (C3)
zp + myg
The one-loop corrections can be calculated evaluating the Feynman diagrams depicted in Eqgs. (C5a-C5h). There are
eight nontrivial contributions to the flowed fermion propagator, of which only five are topologically distinct [24]. The
diagrams involving flow kernels present some new features compared to standard perturbative calculations in QCD.
While the standard one-loop diagram in Eq. (C5a) has the usual structure with tree-level propagators on the external
lines, the flowed diagrams cannot truncated as easily, because they occur with one or two external kernel lines. For
this reason we write the decomposition of the fermion propagator as follows

4
SO ity 5) = 5O i1, 050 (1) SO :0,5) + 3 [T i) 5O :0,5) + 5O (3£, 00 (pi )] + T (w3t 5).
=2

(C4)

The functions FE? (p;t) and Fg?b) (p; s) correspond to the first-order expansions of the external fields Y(z;t) and x(y; s),
respectively, though they are otherwise all but formally identical. The contribution I's includes the first-order ex-
pansion of both external fields. We list the individual contributions from each Feynman diagram in Egs. (C5a-C5h)
together with their evaluation, ignoring external propagators for brevity:

e = gﬁgm’%% ; (C5a)

:_ggfzgy{[iﬂog(“;g )_wq iy L on (M) mHR(;f)}m(e),
W= ggmb% s =BT o (smit) 1] + 0 ), (Csb)
o= o £ L =T | os(mits) +1) + 0(c.s), (C50)

\7,
L pit) =« M s =0+0(t), (C5d)
14 ) Q) P
I i) = , gﬁ@m}b@% s =0+0(), (C5e)
N, &
e _ _ 2 Co(F) [1 ) 2 1 ¢
Lia(pit) = r s 96 (a2 |c + log (87p*t) + 5 + O(e, t), (C5f)
P Ng P
2) 5, Co(F) [1 9 1
r = — 4] -
4,b( ) . . 90 (47’()2 € + og (871-/”' S) + 2 + 0(6?5)7 (CBg)
P N7, P
W=« AR 00w, (5t
N, \,
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where R(m3/p?) is a remainder that vanishes for m3 < p?. The calculation of the first diagram Egz)(p) is identical to

the standard QCD quark self-energy with tree-level external quark propagators carrying the flow-time dependence.
We regulate the divergent integral with dimensional regularization with d = 4 — 2¢ and € > 0.

The next contribution, proportional to Fé%)l (p,t), contains a flow kernel and vertex. Following the Feynman rules
we outline in Appendix B it is straightforward to write

e~d’u = (pta)’u 9 6
2 .
¢ +mg (p+q)? (ig” + mag) (C6)

t
Fé?()z(p; t) = —2ig§02(F)/0 du epr(tfu)/
q

In standard perturbation theory, the integrand would next be recast with Feynman parameterization, shifted, decom-
posed into scalar integrals, and brought to a spherically-symmetric form for integration in d dimensions. Specifically,
the integrand must be isotropic, so that the (d — 1)-dimensional surface may be integrated separately from the radial
portion. This luxury is not afforded to us, however, as in this case, the gluon propagator introduces an exponential
factor, e~ (2P0t which is only linear in the momentum ¢. No Feynman parameterization and corresponding shift in
the integration variable will fix this; the exponential is neither even nor odd. Our solution is to reparameterize the
propagator a la Schwinger and to study the MacLaurin series of the cross-term:

2
e—(P+a)7u

[e%e} 3 [e%e} 3 0 —2(U+Z>)n
L T R ) :/ dz e <p2+q2><u+z>z(7p D G o7
(p+q)2 /0 0 H1 Hn A1 Hn ( )

|
o n!
where the sum over all pu,, is implied. The symmetry of this structure is now manifest; that is, terms of even n are
even, and terms of odd n are odd. We now let mg — 0, so that

e 4qn t 0
I‘é%i(p; t) = 2g2Cy(F) Z 4(271)';0[2”/0 du/o d e_pZ(tJrz)(u + Z)Qn/e—q2(2u+z)q12n + O(my). (C8)
n=0 ' q

Indeed, in the complete calculation of the flowed diagrams of Egs. (C5b-C5h), the mass only contributes at O(t).
This allows for a concise demonstration of the techniques used in this article. In general the kernel diagrams do not
contribute to all orders in the same way as the standard QCD diagrams (C5a). The full renormalization requires a
coalescence of four semi-independent resummations. For this reason we only consider the leading Og#) corrections and
how they affect the wave function renormalization of the flowed fields. The above integral employs the multi-index
I, = (1, o, ..., pn). Note that the multi-index above is a 2n-tuple, because we neglect the mass and therefore the
only term remaining outside of the gluon propagator, ig?, is even, and we may drop all odd n through the reindexation
n — 2n. We have also rearranged the order of integration. In order to justify this, we invoke Tonelli: if the four
integrals (including the sum, an integral with respect to the counting measure) in (C8) converge in some order, then
we are free to choose any order, since the full integrand is strictly non-negative, and all domains of integration are
clearly measure spaces with o-finite measures. With this in mind, we freely reorder the integrals, and impose a
posteriori restrictions on the integrals as we discover them. The momentum integral may now be calculated. Due
to Lorentz invariance, the only available structure with the total indicial symmetry of the gy, is the appropriately
normalized sum over all (2n — 1)!! products of n metric tensors, where the indices are distributed according to all
possible pairings. For example, for n = 2, we find

0t sinOpunpia Oy in Oy + O 10aOrin e
f(q2)QI2n :/f(q2)q14 — HiH27H3 [ K13 Y 2 (g Mg V2 3 /f(qZ)(q2)2, (09)
/q q d(d+2) q

for some smooth function f. In general, we have

[, = [ 1@ = s [ @@ (c10)

where (d), 2 = % is a Pochhammer k-symbol, and the tensor

(27’7,71)” n

2n
Sigzn): Z Héuam]‘—lwai@ﬂ (C11)

i=1 j=1

is the generalization of the structure in (C9). Each o; is a permutation of the set [2n] C N corresponding to one
of the (2n — 1)!! partitions without ordering of [2n] into n two-element subsets. For clarity, inspect the indices in
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(C9); each term splits the set {1,2, 3,4} into two unordered pairs, but the pairings are never the same. Indeed, any
permutation of the indices simply permutes the summands. Thus the commutativity under addition of the terms

in § (5 ™) reproduces exact symmetry of the product of vectors gy, . Further, we integrate over the (d — 1)-sphere to
isolate the radial integral:

(2) 2 02 (l ) (47(:“2)2_(1/2 4” (277,) /t / _ 2(t+z) 2n
I 1) =4 P
2,a(p, t) =4g; @n?  T(d/2) nE:O (@na(2n )'pIZ,LSI2 | du dz e (u+ 2)

% / qd—ldq 6_q2(2u+z)(q2)n + O(mo)
0

(C12)

The radial part is a simple gamma function, and the momenta pr, saturate Sg:), so that after some simplification,
we have

@ o 2 Ca(F) (Amp?\ T °° r (ar + €)%
nga(p,t)—2g§ (in)? ( e ) / da/ d¢ e~ (710 20¢T+C)d/2+" + O(my). (C13)

where 7 = p?t and ¢ = p?z. For n > 1, every term is at least O(7), since the numerator then dominates near d = 4.
Retaining only the n = 0 term,

Co(F) [4mp2\>~ 7?1 o _
Féi)l(p;t) =293 i( 2) ( 'g ) 7'/ da/ d¢ e (T+<)(204T+C) d/2+(9(m0,7')
(4m) b 0 0

G Cy(F) [Amp®\ e (e, 27)
=90 (47T)2 ( p2 ) 1—e +C’)(m0,7') (C14)
5 Ca(F)

= g2 (i )? [ + log(8mu?t) + 1] + O(mo, t,¢€)

as in (C5b). The error of O(mg) is added here as a formality; it is absorbed into the O(t) term in the complete
calculation. The other graphs are calculated by similar means, and we arrive at the one-loop self-energy for flowed
fermions:

~ ip(z—y) F A2
S@(p;t, s) = / - {1 -9 Gl 2) E + log [(8mp?)?st] + log ( 7;5 ) — e+ 1} } + O(mo, s, t, 95) -
p

ip O (4m)
(C15)

To renormalize the propagator, following ref. [24], we define the renormalized flowed fermion fields as

Xr(z,t) = Z/2x(2,1), Xn(o,t) =X(@, )22, (C16)
so that the renormalized propagator reads

Sr(z, t;y,s) = Z,S(x, t;y, s) . (C17)
If we impose the family of conditions

Skl =50, (C18)

pP=p2=1/(8m/5D)

we obtain

=1+0(gd). (C19)
s=t,p2=p2=1/(87/st)

Co(F) [3 A p?
Z, - {1 — g2 (i7(r)2) L + log [(8mp?)?st] + log ( pg ) — e+ 1}

Expanding Z,, in powers of the bare coupling

Zy=1+Y g*zP, (C20)
k=1
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we find

Zy = 1+9202(F) {3

0" 4m2 e + log(4m) — & + 1} +O(gp)- (C21)

We note that if we choose the MS scheme we obtain the same result already obtained in Ref. [24], and that pole
contribution matches the results of [42, 58]. The finite terms, which depend on the choice of renormalization condition,
have not, to our knowledge, appeared in the literature.
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