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Whether one is interested in accessing the excited spectrum of hadrons or testing the standard
model of particle physics, electroweak transition processes involving multi-hadron channels in the
final state play an important role in a variety of experiments. Presently the primary theoretical
tool with which one can study such reactions is lattice QCD, which is defined in a finite spacetime
volume. In this work, we investigate the feasibility of implementing existing finite-volume formalism
in realistic lattice QCD calculation of reactions in which a stable hadron can transition to one
of several two-hadron channels under the action of an external current. We provide a conceptual
description of the coupled-channel transition formalism, a practical roadmap for carrying out a
calculation, and an illustration of the approach using synthetic data for two non-trivial resonant toy
models. The results provide a proof-of-principle that such reactions can indeed be constrained using
modern-day lattice QCD calculations, motivating explicit computation in the near future.

I. INTRODUCTION

A primary mechanism for producing the excited reso-
nances of Quantum Chromodynamics (QCD) is a high-
energy reaction where a current lying outside of the strong
interaction sector interacts with a stable hadron. When
the produced hadron resonance then decays into a pair of
stable hadrons, we refer to this as a 1

J−→ 2 process, and
we would like to be able to describe such processes from
first principles within QCD. A particularly important case,
which we examine in this paper, has the resonance able
to decay into more than one final-state hadron-hadron
system, that is to say a coupled-channel situation. A
contemporary experimental example might be the claim
of pentaquark resonances in the J/ψ p final state, pro-
duced in Λb hadronic decays [1, 2], which can in prin-
ciple also be produced in photoproduction off a proton,
γp → J/ψp [3]. The resonances observed lie in an en-
ergy region where coupled channels like DΣc open up,
necessitating a coupled-channel approach in photoproduc-
tion. Other potential applications include semileptonic
weak decays of b– or c–quark containing hadrons which
typically have sufficient energy to access more than one
hadron-hadron final-state [4, 5].

Amplitudes describing 1
J−→ 2 processes potentially

allow access to information that may shed light on the
internal structure of resonances. With an explicit param-
eterization of the transition amplitude it is possible to
analytically continue to the complex values of the hadron-
hadron energy. If the system resonates we expect a pole
singularity, and the residue of that pole has an interpreta-
tion in terms of the transition form-factor of the resonance.
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By examining the dependence of this form-factor on the
current virtuality, it may be possible to infer informa-
tion about the spatial distribution of constituents of the
resonance.

Lattice QCD offers the only first-principles approach to
computation of transition matrix elements within QCD,
but by necessity, these calculations are done in a finite
spatial volume, and this leads to effects which are in
general not simply small corrections to infinite-volume
quantities. The finite-volume effects are in fact dominant
features that need to be handled carefully using a rigorous
formalism. It is these effects that we will explore in this
paper.
In order to study processes in which one or several

hadron-hadron final states are produced when a current
is absorbed by a stable hadron, a two-stage lattice QCD
computation is required. In the first stage, the hadron-
hadron scattering matrix (without involvement of the
current) is determined. This is an increasingly common
calculation in which the finite-volume spectrum is ex-
tracted from a matrix of two-point correlation functions.
A ‘diagonalization’ of this matrix through solution of
a generalized eigenvalue problem leads to the spectrum
(from the eigenvalues) and ‘optimal’ operators for each
energy level as a linear combination of the basis opera-
tors (through the eigenvectors) [6–9]. The energy levels
provide constraint on the scattering matrix [10–13], but
in practice exploiting the relationship between the finite-
volume spectrum and the desired scattering amplitudes
requires resorting to construction of energy-dependent
parametrizations for the amplitudes [14]. More constraint
is provided by having more energy levels, and this can be
achieved by computing in multiple lattice volumes and/or
by considering hadron-hadron systems with net momen-
tum (‘in-flight’). This methodology has proven useful and
has allowed for the determination of numerous coupled-
channel scattering amplitudes via lattice QCD [15–21].
For a recent introductory review on these concepts see
Ref. [22].
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The second stage, in which the current is introduced,
involves computation of three-point correlation functions
with source and sink hadronic operators having definite
values of three-momentum allowed on a cubic lattice. The
source operator is chosen to be one which interpolates
the initial state stable hadron, and the sink operator is
ideally constructed to interpolate only a single one of the
finite-volume eigenstates having the quantum numbers
of the final state hadron-hadron system. A powerful
approach to achieve this is to make use of the ‘optimal’
operators found in the two-point variational calculation
described above [23–25]. At intermediate times between
the source and sink, the relevant current is inserted, and by
analyzing the insertion time dependence, a matrix element
describing the transition at one particular kinematic point
can be extracted.
Through the use of multiple three-momenta at source

and sink, and by considering finite-volume energy levels
which span a range of energies, we can obtain a sam-
pling of both the current-virtuality and scattering energy
dependence of the transition process, but only once the
effects of the finite-volume are accounted for.
The relevant formalism to map finite-volume matrix-

elements into infinite-volume matrix-elements already ex-
ists. References [26, 27] generalize the original idea of
the “Lellouch-Lüscher” factor [28] to be applicable in es-
sentially all cases of 1

J−→ 2 transition amplitudes. The
formalism has been applied to explicit lattice QCD results
so far only in the case where elastic ππ is the sole relevant
scattering channel. First implementations of the Lellouch-
Lüscher formalism were performed inK → ππ weak decay
studies [29–32], where the physical process is constrained
to lie at only a single kinematic point. References [33–
35] considered γπ → ππ with JP = 1−, extracting the
infinite-volume transition matrix elements as a function
of Eππ and photon virtuality. By analytically continuing
to the ρ resonance pole at a complex value of Eππ, the
resonance transition form-factor for ρ → πγ was deter-
mined. In this paper we will explore how calculations like
these can be extended into the coupled-channel sector,
where a resonance might have decays to more than one
hadron-hadron final state.
The formalism for the coupled-channel case is already

laid out [26, 27], but in this paper we will present some
observations which provide a conceptual interpretation of
the approach, as well as providing a proposal for practical
implementation. Our aim is to investigate whether con-
temporary lattice QCD calculations can obtain sufficient
constraint so that coupled-channel transition amplitudes
can be reliably determined. Our exploration will come in
the form of toy-models of two-channel resonant scattering.
We will propose explicit scattering and transition ampli-
tudes, and from them generate synthetic finite-volume
spectra and matrix-element data simulating the situation
in a typical lattice QCD calculation. We will then analyze
the synthetic data using the finite-volume techniques to
establish that the essential features of the original ampli-
tudes can be reproduced. This procedure parallels that

presented in Ref. [14] for analysis of coupled-channel finite-
volume spectra, which proved to be a realistic prediction
of how explicit lattice QCD calculations would later be
handled [15–21].

In this paper, we consider the simplest non-trivial sce-
nario for 1

J−→ 2 reactions. We work in a situation where
the scattering channels are composed of identical spinless
particles, and for the kinematics considered, up to two
channels will be open which are completely saturated by
the ` = 0 partial wave. We will consider toy models in
which a single resonance couples to both decay channels
– we focus our attention on resonant systems not just
because of their physical interest, but also because they
are potentially challenging owing to their rapid energy-
dependence. If the procedure to be presented is successful
for resonant processes, non-resonant systems should not
present difficulties.

In Section II we discuss how 1
J−→ 2 coupled-channel

processes are described in infinite and finite volumes, be-
fore presenting in Section III a pair of relevant toy-models
and their finite-volume spectra and matrix-elements. In
Section IV we generate synthetic data for these toy models
which resemble those accessible in contemporary lattice
QCD calculations, and show how starting with these data
we would go about determining the infinite-volume tran-
sition matrix elements. In Section V we summarize, and
make projections for likely explicit lattice QCD applica-
tions of the methodology we have laid out. In appendices
we provide some supporting illustrations of properties
of the Lellouch-Lüscher factor in several cases includ-
ing those where a channel is kinematically closed, where
multiple partial-waves must be considered, and where
a bound-state appears far below any decay channel. A
discussion of the possibility of defining a version of the
Lellouch-Lüscher factor at energies away from solutions
of the finite-volume quantization condition is presented,
where we conclude that this cannot be done in a unique
way. We also illustrate the rather unique properties of one
of the simplest parameterizations of a coupled-channel
resonance, the Flatté amplitude, presenting some caveats
regarding the flexibility of such a form in the description
of scattering and transition amplitudes.

II. 1 → 2 PROCESSES IN INFINITE AND
FINITE VOLUME

We will concern ourselves with processes in which a
current acting upon an initial single-hadron state induces
a transition into a hadron-hadron sector, where strong
rescattering may occur. In the cases we wish to focus
upon, the S-matrix describing the rescattering in a given
partial-wave features multiple kinematically accessible
hadron-hadron channels, a situation described as coupled-
channel scattering. We will consider only cases in which
the scattering particles carry no intrinsic spin, although
removing this restriction is quite straightforward [13, 36].
We begin by specifying the relevant kinematics and prop-
erties of the hadron-hadron scattering amplitudes.
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A. 2 → 2 scattering in infinite volume

We will mostly follow the notation used in Refs. [26, 27],
where indices a, b label hadron-hadron channels, and `
andm` refer to the total and azimuthal components of the
angular momentum for a system projected into a definite
partial-wave. The two hadrons in each channel do not
need to be identical, but for simplicity in this study they
will be, with mass ma in channel a. Quantities measured
in the center-of-momentum frame of the hadron-hadron
system are labeled by a star, e.g.

q?a = 1
2

√
s− 4m2

a, (1)

is the relative momentum, where s = E? 2. The corre-
sponding phase-space for identical particles1 is

ρa(s) =
q?a

16π
√
s
, (2)

and above N open thresholds, it is convenient to introduce
a matrix ρ, defined as

ρ = diag(ρ1, ρ2, . . . , ρN ).

The S–matrix and the scattering amplitude,M(s), are
related in general via,

S = 1 + 2i
√
ρM√ρ ,

and taking advantage of rotational symmetry in an infi-
nite volume, the scattering amplitude can be partial-wave
expanded and the resulting independent partial-wave am-
plitudes labeled by `. In particular, we label the scattering
amplitude coupling channels a and b in the ` partial wave
asMab,`(s). Time-reversal symmetry ensures thatM is
a symmetric matrix in channel space.
Unitarity in the coupled-channel case can be expressed

as a constraint on the imaginary part of the matrix inverse
ofM`,

Im
[
M−1

` (s)
]
ab

= −δab ρa(s) Θ(s− sthr
a ), (3)

where the step-function ensures that the imaginary part
is zero below the kinematic threshold,

√
sthr
a = 2ma.

While elements of the scattering matrix can be ob-
tained physically only for real values of s above kinematic
thresholds, it proves relevant to consider amplitudes more
generally as functions of complex s, and in particular to
pay attention to their singularities. Unitarity and the
presence of the square-root in Eq. (1) ensure the scattering
matrix has branch point singularities at each kinematic
threshold, and this rendersM(s) a multivalued complex
function which can be described by a Riemann sheet struc-
ture. In addition to branch cuts coming from unitarity,

1 an additional factor of 2 appears in the case of non-identical
particles

pole singularities can be present and depending upon their
location, they can be interpreted as representing stable
bound-states or unstable resonances. Near to a resonance
pole located at

√
sR = mR ± i 1

2Γ, the scattering matrix
takes the form,

Mab(s) ∼
ca cb
sR − s

, (4)

where the complex-valued ca is interpreted as the coupling
of the resonance to channel a. In this expression we have
left the angular momentum dependence implicit, but for
spinless scattering particles, a resonance only appears for
a single value of `, fixed by the angular momentum of the
resonance. These resonance poles are objects of central
interest in the study of hadron spectroscopy2.

B. 1 → 2 transition amplitudes in infinite-volume

We consider the process in which a single stable hadron
of mass M with four-momentum Pi is acted upon by a
current to become a hadron-hadron system with four-
momentum Pf and invariant-mass squared s = P 2

f . We

will adopt a notation where 1
J−→ 2 amplitudes, Hµ, carry

an explicit Lorentz index, motivated by the most likely
application to vector or axial-vector currents, however the
bulk of our results will be applicable to a more general
class of currents. Since the amplitude describes a situation
where a particular hadron-hadron channel is produced
in the final-state, the amplitude will carry a single chan-
nel label, Hµa . Unlike the amplitudes describing 2 → 2
scattering, because the current has non-trivial rotational
properties, the partial-wave projected transition ampli-
tudes in general depend on the azimuthal component, m`.
A somewhat over-complete notation featuring the current
virtuality, Q2 ≡ −(Pf − Pi)2, Hµa,`m`

(Pf , Pi; Q
2, s), will

often be simplified by suppressing arguments or indices
irrelevant to the discussion at that point.
In terms of matrix elements of local currents in an

infinite-volume, these amplitudes can be expressed as,

Hµa,`m`
(Pf , Pi; Q

2, s) = ∞〈Pf ; a`m`

∣∣J µ(x=0)
∣∣Pi〉∞,

(5)
where the argument of the current, x=0, is introduced
to emphasized that the current is evaluated at the ori-
gin. The initial state

∣∣Pi〉∞, is an infinite-volume single-
particle on-shell state which has the standard relativistic
normalization. Because the state is on-shell, its energy

2 Other singularities can also be present inM(s) but are usually of
lesser importance in determining resonance properties: projection
into partial-waves obscures the role of crossing symmetry, such
that unitarity in the crossed-channels leads to cut-like singulari-
ties, known as left-hand cuts which appear in the partial-wave
projected amplitudes for values of s typically well below kinematic
thresholds.



4

is completely determined from its spatial momentum, Pi,
and the mass of the particle. The final state, ∞〈Pf ; a`m`

∣∣,
is a two-particle state in channel a with definite angular
momentum (`,m`). In the center-of-momentum frame,
one can construct such a state by partial-wave project-
ing products of single-particle states, which can then be
boosted to an arbitrary frame (see, for example, Appendix
D in Ref. [33]). Because the energy of a two-particle state
is not fixed by its spatial momenta, these states in gen-
eral must be labeled by their four-momenta, Pf , where
P 2
f = (E?)2 = s. 3

Unitarity provides a constraint on transition amplitudes
which can be satisfied by expressing them as [26, 37],

Hµa,`m`
(Pf , Pi;Q

2, s) =∑
b

Aµb,`m`
(Pf , Pi;Q

2, s)
1

q?`b
Mba,`(s), (6)

where the unitarity branch cuts required to be present in
H are housed inM. The function A which depends both
on the virtuality Q2 and the invariant mass s, does not
have unitarity branch cuts in s and as such A should be a
real smooth function of s above thresholds 4. The factor

1
q?`b

is required to deal with the mismatch between the

threshold behaviors of H andM, whereMab,` ∼ q?`a q?`b
while Ha,`m`

∼ q?`a .
While A lacks s-channel singularities in s, it can have

singularities in the virtuality variable Q2. One example
is when Q2 has a timelike value large enough to produce
a pair of hadrons there will be a branch point reflecting
unitarity in the scattering of those two particles. In this
paper we will not concern ourselves with analytic structure
in Q2 as in our eventual lattice QCD application we will
typically be restricted to values of Q2 away from such
singularities.

The `,m` subscript on H indicates that our approach
is to first perform a partial-wave projection of the fi-
nal hadron-hadron system, and to then express the
dependence on the Lorentz structure of the current
in terms of Lorentz-covariant kinematic structures and
Lorentz-invariant amplitudes for a final state of angular-
momentum `. A simple example illustrates the method,

3 From Eq. (5), one can verify the dimensions of the transition
amplitude, Hµ. The relativistic single-particle states have energy
dimensions of [E]−1, and consequently the two-particle states
have dimensions [E]−2. If we assume the current to be the
electromagnetic current, the dimensions of the current are [E]−3,
and consequently the amplitude is dimensionless.

4 Note that Eq. (6) is not a unique solution to the unitarity condi-
tion. An alternative solution, commonly applied in the case of
elastic scattering is the Omnès solution [38], constructed from a
dispersive integral featuring the scattering phase. This solution
has the same imaginary part, but differs in the real part, and
the net difference between our choice and this alternative is the
particular form of the smooth function multiplying it.

and provides a physically relevant case for later study:
We will consider stable scalar hadrons labeled χ, ϕ1, ϕ2,
and a conserved vector current (whose quanta are la-
beled γ), working in an energy region where the processes
χγ → ϕ1ϕ1 and χγ → ϕ2ϕ2 are kinematically allowed.
We will focus on S-wave (` = 0) scattering in the hadron-
hadron channels such that Eq. (6) becomes

Hµa,00 =
∑

b
Aµb,00Mba,0 ,

where M is the S-wave scattering matrix in the
(ϕ1ϕ1, ϕ2ϕ2) channel space. Considering the first ele-
ment, Aµ1,00, describing primary production of the ϕ1ϕ1

channel, we can perform a Lorentz decomposition using
the fact that the initial and final states are both scalars
to write,

Aµ1,00(Pf , Pi;Q
2, s) =

(Pi + Pf )µ F1(Q2, s) + (Pf − Pi)µ G1(Q2, s) ,

which simplifies when conservation of the vector current
is applied, to give,

Aµ1,00(Pf , Pi;Q
2, s) =[

(Pi + Pf )µ + s−M2

Q2 (Pf − Pi)µ
]
F1(Q2, s) .

In this case there is just a single Lorentz-invariant form-
factor F1(Q2, s) multiplied by a kinematic factor. A
decomposition of the same form applies to the second
channel such that,

Aµa,00(Pf , Pi;Q
2, s) =[

(Pi + Pf )µ + s−M2

Q2 (Pf − Pi)µ
]
Fa(Q2, s) , (7)

which implies 5,

Hµa,00(Pf , Pi;Q
2, s) =[

(Pi + Pf )µ + s−M2

Q2 (Pf − Pi)µ
]∑

b
Fb(Q2, s)Mba,0 .

(8)

In a more general case, for each partial-wave ` we can
write a general decomposition as a sum of kinematic fac-
tors multiplying linearly-independent form-factors. Care
is required to account for factors of q? that might appear
in the Lorentz-covariant kinematic factors so that the cor-
rect threshold behavior appears in Eq. (6). When ` > 0,
the dependence on m` enters via the presence of final-
state polarization tensors, εν...(Pf ,m`), in the kinematic
factors.

5 For the electromagnetic current, this decomposition would imply
that the Fb have dimensions of [E]−1.
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As was the case for the 2→ 2 scattering matrixM, the
1
J−→ 2 transition amplitude H can be considered to be a

function of complex s, and in particular as indicated by
Eq. (6) and the text immediately after, we expect H to
have the same pole singularities asM, but with different
residues, that we can express generically for s ∼ sR as

Ha(s) ∼ ca fR(Q2)

sR − s
, (9)

where fR(Q2) has an interpretation as the transition form-
factor of the resonance. Expressed in terms of the function
A we have

fR(Q2) =
∑

b
cbAb(Q2, sR), (10)

where the possible complex values of {cb} and A off the
real axis make it clear that fR(Q2) need not be real valued.
Because A lacks the unitarity cut, it is a continuous func-
tion in the complex-s plane, and as a result, its analytic
continuation to sR is trivial.

C. Finite-volume formalism

The relationship providing the connection between the
2 → 2 scattering matrix and the discrete spectrum of
energy eigenstates in a finite-volume, E?n(P, L), can be
expressed in the form of a single equation [10–13],

det
[
F−1(E?,P;L) +M(E?)

]
= 0 , (11)

where in general F and M are matrices in the space
of scattering channels and partial-waves. The discrete
energies, E?n(P, L), correspond to the solutions of this
equation. The corresponding energies in the rest-frame
of the lattice are trivially obtained from the energies in
the center-of-momentum frame, En =

√
(E?n)2 + |P|2.

Eq. (11) is a generalization of Lüscher’s original relation
between the finite-volume spectrum and the scattering
amplitude for energies where a single channel is kinemati-
cally open [39]. Projection into irreducible representations
of the cubic symmetry relevant to most lattice QCD calcu-
lations can be straightforwardly achieved. An increasingly
common approach to application of this relation when
a set of discrete energy levels have been determined in
an explicit lattice QCD calculation, is to propose energy-
dependent parameterizations ofM [14]. The free param-
eters in these forms are then varied, solving Eq. (11) for
a discrete spectrum at each iteration, with a comparison
to the computed spectrum performed in the form of a χ2.
Minimization of this χ2 leads to a best available descrip-
tion of the scattering matrix. This approach is described
in some detail in Ref. [22].

In this paper we seek to extend the application of such
a finite-volume technique to the case of 1

J−→ 2 coupled-
channel transition amplitudes, where the new input is a
set of matrix-element values extracted from three-point
correlation functions computed using lattice QCD. The

formalism presented in Refs. [26, 27] provides the rela-
tionship between current matrix-elements computed in
finite-volume and the infinite volume 1

J−→ 2 transition
amplitudes, H, that we introduced in the previous section.

The relation takes the form∣∣∣〈En,Pf ∣∣J µ(x=0)
∣∣Pi〉L∣∣∣ = 1

L3
√

2Ei

√
2En

[
Hµ·R̃n·Hµ

]1/2
,

(12)
where the final state is one of the discrete energy levels of
this finite-volume system, having an energy which solves
Eq. (11), and the initial state is a single on-shell hadron6.
Both finite-volume eigenstates are normalized to unity.
The matrix R̃n sandwiched between H and its transpose
is the “Lellouch-Lüscher” factor, introduced in Ref. [26],
which is the residue of the finite-volume hadron-hadron
propagator at the finite-volume energy, En. R̃n is a
matrix in partial-waves and channels, defined by

R̃n(P, L) ≡

2En · lim
E→En

(E − En)
(
F−1(E?,P;L) +M(E?)

)−1

,

(13)

where the energies in the numerator are evaluated in the
rest frame of the lattice. This matrix, R̃n = 2En ·Rn,
where Rn is the more commonly presented object given
in, for example, Eq. (5) of Ref. [27]. The prefactor of 2En
is introduced in order for the denominator of Eq. (12),
L3
√

2Ei
√

2En, to provide a convenient normalization re-
lating single-particle finite-volume states and their infinite-
volume counterparts. For single hadron states we have
the following relation,

|Pi
〉
∞ ∼

√
2EiL3 |Pi

〉
L
,

where the equivalence indicates that their matrix elements
for local currents are the same up to exponentially sup-
pressed corrections. Similarly, were the two-hadron state
to couple to a deeply bound state, it would be the case
that

√
2EnL3 would provide the necessary normalization

to relate finite- and infinite-volume matrix elements.
In the case of elastic scattering with only a single rele-

vant partial-wave, there is a helpful conceptual interpre-

tation of
√
R̃n as the normalization in a finite-volume of

the hadron-hadron state,
∣∣En〉L, i.e. 7

√
2EnL3

∣∣En〉L ∼√R̃n ∣∣ϕϕ(E?=E?n)
〉
∞ , (14)

6 The single hadron state in a finite volume will have a mass which
is equal to the infinite volume mass up to exponentially small
corrections.

7 This expression is conceptually useful in the case of 1
J−→ 2

processes, but it is not an identity. For example, it fails to capture
O(L−3) corrections present for finite-volume matrix elements

associated with 2
J−→ 2 reactions [40–42].



6

and it is interesting to consider if such a picture still holds
in the coupled-channel case (still assuming dominance of
a single partial-wave). An important observation is that
the matrix R̃n, whose dimension is simply the number
of open channels, only has rank = 1 at the energies, E?n,
which solve the quantization condition, Eq. (11) [26]. The
reduction in rank can be seen by exploring the eigenvector
decomposition8 of F−1 +M, where the symmetry of the
matrices ensures the orthogonality of the eigenvectors:[

F−1 +M
]

=
∑

i
λi vi v

ᵀ
i ,

where the eigenvalues and eigenvectors vary with energy.
In order that det

[
F−1 +M

]
= 0 we require at least

one eigenvalue to be zero at E = En. In fact, only a
single eigenvalue can be zero, and we label this eigenvalue
by i = 0. In the case that more than one eigenvalue
vanished at some energy, the corresponding pole in energy
would be of order higher than one and would lead to a
correlation function time-dependence incompatible with
the time-evolution of discrete energy eigenstates.

Expanding λ0(E) about the zero at E = En, gives

λ0(E) = (E − En)
dλ0

dE

∣∣∣∣
En

+O
(
E − En

)2
,

and from this and Eq. (13) it is clear that R̃n is rank-one:

R̃n =
2E?n
λ?0
′ v0 v

ᵀ
0 ,

where v0 is a shorthand for the unit normalized eigen-
vector evaluated at En, and where we have used the fact
that

2E ·
(
df

dE

)−1

= 2E? ·
(
df

dE?

)−1

,

and have introduced a ?′ notation to indicate differentia-
tion with respect to E?,

λ?0
′ ≡ dλ0

dE?

∣∣∣∣
E?

n

.

This eigen-decomposition provides us with the concep-
tual picture we desired,

√
2EnL3

∣∣En〉L ∼
√

2E?n
λ?0
′

∑
a

(
v0

)
a

∣∣ϕaϕa(E?=E?n)
〉
∞ ,

which makes it clear that the finite-volume eigenstates
cannot be interpreted as being associated with any one
particular hadron-hadron channel, rather they are a linear

8 Discussion of the use of eigenvector decomposition in order to
efficiently solve Eq. (11) in coupled-channel situations can be
found in Ref. [43]

superpositions of all channels, with weights given by the
eigenvector corresponding to the zero eigenvalue. The
prefactor which features the slope of the eigenvalue with
respect to energy provides the effective finite-volume nor-
malization of the state, and this can take a value very
different to unity.
In practice it is more convenient to use a slightly dif-

ferent decomposition of R̃n, one which makes use of the
eigenvector decomposition of F +M−1:[

F +M−1
]

=
∑

i
µiwiw

ᵀ
i .

Since trivially

F +M−1 = F
(
F−1 +M

)
M−1 ,

it follows that µ0(E) will have a zero at E = En just as
λ0(E) did, and then since

(
F +M−1

)
w0 = 0 at that

energy, we have Fw0 = −M−1w0. Using the symmetry
of the matrices, wᵀ

0F = −wᵀ
0M−1, and we find that

Eq. (13) can be expressed as

R̃n = 2En · lim
E→En

(E − En) · M−1
(
F +M−1

)−1
F

=

(
−2E?n
µ?0
′

)
M−1w0 w

ᵀ
0M−1 , (15)

where all objects are evaluated at E = En. An example
of the numerical determination of µ0 and w0 is presented
in Appendix A where the slope of the zero-crossing eigen-
value is observed to be negative.

A major advantage of the form in Eq. (15) is that it
explicitly removes the potentially rapidly energy-varying
factor ofM from H, leaving only the slowly varying A,∣∣∣〈En,Pf ∣∣J µ(0)

∣∣Pi〉L∣∣∣ = 1
L3
√

2Ei

√
2En

√
− 2E?

n

µ?
0
′ wᵀ

0 ·
(

1
q?`
Aµ
)
,

(16)
and this makes clear the importance of the quantities
w0 and

√
− 2E?

n

µ?
0
′ for each finite-volume energy level: the

first indicates the relative contribution of the various
open channels to the finite-volume matrix element, while
the second makes the (potentially large) finite-volume
correction to the absolute normalization.

When considering finite-volume energy levels which lie
below some of the channel thresholds, the matrix F+M−1

remains real and symmetric, and the eigenvectors remain
orthogonal, so the picture presented above still holds.
Elements of F tend to constant values at energies well
below a closed threshold in such a way that the closed
channel decouples from the scattering system. Details are
presented in Appendix A.
While at low energies we expect the lowest ` values

to dominate, in general multiple partial-waves will be
present, and below kinematic thresholds, we can encounter
situations where F +M−1 is symmetric, but not purely
real. A concrete example might be πK scattering in
the A1 irrep in moving frames, where both S-wave and
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P -wave scattering are present. The symmetry of the
matrices ensures that the eigenvectors remain orthogonal
(wᵀ

i ·wj = δij) but in this case, the P -wave components
of w0 are now pure imaginary. This does not spoil the
reality of the object H·R̃n ·H in Eq. (12) owing to the
compensating factor 1/q? present for a P -wave in Eq. (6).

Should a scattering system feature a stable bound-state
in a particular partial-wave, lying well below all kinematic
thresholds, the properties of F are such that Eq. (12)
reduces to the volume-independent result we would expect
for a transition between stable hadrons. More discussion
is presented in Appendix A. 9

In the remainder of this paper we will present exam-
ples of the implementation of the approach presented
in this section. The idea is that the scattering matrix
for some number of coupled hadron-hadron channels is
determined using energy-dependent parameterizations of
M to describe finite-volume spectra, along the lines de-
scribed in detail in Ref. [22]. The eigen-decomposition of
F +M−1 can then be carried out for the parameterized
M at each solution of det

[
F +M−1

]
= 0 corresponding

to a calculated finite-volume energy level. By evaluating
the eigenvalues in the neighborhood of the finite-volume
energy, one can compute the derivative of the eigenvalue
and hence an implementation of Eq. (16) can be set up
for each calculated finite-volume matrix element. These
are linear equations featuring unknowns, Aa,`m`

(Q2, s),
as well as the known finite-volume matrix elements (com-
ing from explicit lattice QCD computation of three-point
correlation functions). By parameterizing the Q2– and
s–dependence, we can minimize a χ2 built out of all the
implementations of Eq. (16) for the various kinematic
points computed.

We will illustrate the approach using some simple toy-
models of coupled hadron-hadron scattering showing that
with a modest number of computed finite-volume transi-
tion matrix elements, the corresponding infinite-volume
result can be determined. Having constrained such tran-
sition amplitudes in cases where the scattering system
features a resonance, we will also demonstrate that the
continuation to the resonant pole can be performed lead-
ing to the transition form-factor of the resonance.

9 For a recent discussion of this scenario in the context of 2 J−→ 2
matrix elements see Ref. [44].

III. TOY MODELS OF SCATTERING AND
TRANSITIONS IN INFINITE AND FINITE

VOLUME

We choose to model a system of two coupled hadron-
hadron channels, (ϕ1ϕ1, ϕ2ϕ2), where ϕ1, ϕ2 are scalar
mesons with massesm1,m2 = 1.25m1 respectively. These
channels can be reached from a production process γχ
where χ is a scalar meson of mass M = 1.25m1, and
where γ represents the action of a conserved vector cur-
rent. We will examine two simple toy-models describing
coupled-channel resonant scattering in S-wave and the cor-
responding transition amplitudes describing γχ→ ϕ1ϕ1

and γχ→ ϕ2ϕ2.

A. Toy model scattering amplitudes

We can ensure coupled-channel unitarity, described by
Eq. (3), by making use of a K-matrix parameterization
in

M−1 = K−1 − iρ ,

where K is a symmetric matrix taking real values for all
real energies. We will explore two models in which the
K-matrix has elements

Kab(s) =
ga gb
m2 − s + γab , (17)

where constantsm, g1, g2, γ11, γ12, γ22 are parameters. We
will see that two different choices of values for these lead
to qualitatively rather different amplitudes.

First we construct a resonant amplitude with very
strong coupling between the channels, featuring a
“cusp-like” enhancement at the second threshold. The pa-
rameters values,

{
m/m1 =2.60, g1/m1 =15, g2/m1 =19,

γ11 = 0.1, γ12 = 30, γ22 = 11
}
, generate this amplitude,

where the elements of the resultingM are shown for real
scattering energies in Figure 1(a).

While a cusp in ϕ1ϕ1 → ϕ1ϕ1 is generically expected at
the opening of the ϕ2ϕ2 channel, due to the square-root
in ρ2(s), the strength of the observed feature, and the
rapid turn-on of amplitudes leading to the ϕ2ϕ2 final-
state suggests resonant behaviour, and indeed this am-
plitude is found to have a nearby pole singularity at√
sR/m1 = 2.59− i

2 0.13 on unphysical sheet II10. This
pole has couplings c1, c2 which have comparable magni-
tudes, indicating that this resonance couples strongly to
both channels.

10 For a two channel scattering system, there are three unphysical
Riemann sheets. Above the first threshold, but below the second,
sheet II is closest to physical scattering, while above both thresh-
olds, the proximal sheet is III. More detailed discussion of sheet
structure can be found in Ref. [22] and references therein.
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Figure 1: (a) “cusp-like” and (b) “Flatté-like” scattering matrices shown as a function of E? via ρ21 |M11|2 (blue), ρ1ρ2 |M12|2
(green), and ρ22 |M22|2 (red). Open circles on the axis indicate kinematic thresholds for channels 1 and 2.
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Figure 2: Orange curves indicate the finite volume spectra obtained by solving Eq. 11 for the (a) “cusp-like” and (b) “Flatté-like”
amplitudes described in the text. Each panel shows the spectrum for a different total momentum P = 2π

L

[
nxnynz

]
. Blue and

red lines show the spectrum of ϕ1ϕ1 and ϕ2ϕ2 states that would be present in a non-interacting theory. In (a) the points with
errorbars show a synthetic spectrum on three volumes generated with statistical uncertainties, to be described in Section IV. In
(b) the points without errorbars show the exact spectrum on a single volume to be considered in Section IV.

Our second amplitude choice, which we will describe
as “Flatté-like”, reflects a more straightforward picture of
a coupled-channel resonance. Using the parameter val-
ues,

{
m/m1 = 2.80, g1/m1 = 10, g2/m1 = 5, γ11 = 0.01,

γ12 = 0, γ22 = 0.5
}
, we obtain theM elements shown in

Figure 1(b), which we observe to be simply an isolated
“bump” lying above both thresholds. Examined for com-
plex values of the energy, the bump reflects the presence
of a sheet III pole lying very close to the real energy axis
at
√
sR/m1 = 2.80− i

20.21 11 . The pole couplings c1, c2,
which are close to being real, have magnitudes which
closely reflect the hierarchy selected for the K-matrix pa-
rameters g1, g2, indicating a significantly weaker coupling
of the resonance to ϕ2ϕ2 relative to ϕ1ϕ1.

This second amplitude is “Flatté-like” in that were it
not for the small non-zero values of γ11, γ22, it would be

11 An additional “mirror” pole, less relevant to the bump region by
virtue of being more distant, is present on sheet II.

of the form,

MFl.
ab =

ga gb
D(s)

,

where D(s) = m2 − s− ig2
1 ρ1(s)− ig2

2 ρ2(s) ,

commonly referred to as the Flatté-form [45]. Such an
amplitude intuitively describes a single resonance coupled
to two channels with no “background”, but its simplicity
gives rise to some rather peculiar properties. These follow
from the fact that the scattering matrix factorizes, such
that even in an N -channel case whereM = g gᵀD−1(s)
with g = (g1, g2 . . . gN ), the matrixM has a rank of only
1, having one non-zero eigenvalue with eigenvector g, and
N − 1 zero eigenvalues with eigenvectors orthogonal to g
12.

12 One immediate consequence of this is thatM−1 does not exist
at any energy for the Flatté amplitude. The small non-zero γ
values in our amplitude choice regulate the singular nature such
thatM−1 does exist.
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Given an amplitude parameterization, and a set of pa-
rameter values, we can solve the quantization condition,
Eq. (11), in several volumes and moving frames13. The
volumes and frames selected are designed to mimic ac-
cessible cases considered in contemporary lattice QCD
calculations [15–21]. For the “cusp-like” and “Flatté-like”
amplitudes, the resulting finite-volume spectra are shown
in Figure 2.

B. Toy model transition amplitudes and
finite-volume matrix elements

Equation (8) relates the transition amplitudes Ha to
the scattering matrixM and Lorentz-invariant transition
form-factors Fa(Q2, s). In order to proceed further with
our toy-modelling exercise, we must make explicit choices
for the current-virtuality (Q2) and scattering energy (s)
dependence of the form-factors.

In principle, the form-factors are subject to constraints,
for example those arising from unitarity applied to the
crossed-channels. In this first investigation we will not
attempt to implement these constraints, which primarily
impact significantly time-like (negative) values of Q2, in-
stead focussing on values of Q2 in or close to the space-like
region. Our intention is to test the practicality of extract-
ing the form-factors from finite-volume matrix-elements,
and for this exercise their detailed analytical structure in
Q2 is not of primary interest.

With this discussion in mind, we can construct a range
of parametrizations for the form factors, similar to the
ones used to describe γπ → ππ in Refs. [33, 34]. We
discuss this broad class of parametrization in Sec. IVA,
where they will be used in fits. Here we select one pa-
rameterization, which will serve as our underlying model
from which we generate synthetic data:

F̃a(Q2, s) = m1

f
(0)
a + f

(1)
a

s
m2

1

Q2 +m2
Q

, (18)

where the f (i)
a coefficients are dimensionless. As previously

mentioned, s-channel unitarity applied to the transition
amplitudes, Ha(s), ensures that the form-factors do not
have any singularities in s, justifying a polynomial-in-s
construction. The choice of a simple-pole in Q2 gener-
ates a typical monotonically decreasing behavior in the
space-like region. It is worth noting that this parametriza-
tion does respect one analytic property of the form-factors,
namely that any singularities in Q2 be independent of the
hadron-hadron channel produced – this is manifest in the
fact that the pole location, m2

Q, does not carry a channel
index.

13 The subduction into [000]A+
1 and moving frame A1 irreps is

trivial for these purely S-wave amplitudes.

We select parameter values,
{
mQ = 3.5m1,

f
(0)
1 = 12.25, f (1)

1 = 0.1, f (0)
2 = 1, f (1)

2 = 0.4
}
, and with

our model choices for F andM in hand, we can construct
transition amplitudes according to Eq. (8). Given that
the overall kinematic pre-factor is in general non-zero
and finite, we can divide the transition amplitude by this
factor. For convenience, we will define,

Kµ ≡ (Pi + Pf )µ + s−M2

Q2 (Pf − Pi)µ , (19)

and using this the dynamical quantity that one hopes
to constrain is the scalar ratio Hµ/Kµ. The energy-
dependence of these amplitudes at a sample set of Q2

values is shown in Figure 3.

Note that the similarity of our “Flatté-like” amplitude,
M, to a factorizing rank-one form has an important im-
pact on the properties of the transition amplitude. For
the Flatté amplitude, the combination∑

b
FbMFl.

ba =
(
Fᵀ ·g

)
gaD

−1(s) ,

which in the two-channel case depends upon F1,F2 only in
the combination g1F1 + g2F2, and as such one should not
expect to be able to determine F1,F2 separately 14 . The
intuitive origin of this effect is that rather than the general
case of γχ producing either ϕ1ϕ1 or ϕ2ϕ2 which then
rescatter into each other, for the Flatté amplitude, in effect
γχ at any real energy can only produce “the resonance” (in
this case meaning the energy dependence D−1(s) rather
than the complex-s pole). This suggests an interpretation
of g1F1 + g2F2 as an effective coupling g(γχ→ ‘R’). In
a more general amplitude, this exact factorization would
hold only at the complex resonance pole position, s = sR,
and in principal it should be possible to determine F1,F2

separately for real energies for generic amplitudes.

Our approach to generating synthetic finite-volume
matrix-element data is to make use of Eq. (16). For our
toy-model amplitudes we can find the values of µ?0

′ and
w0 for each finite-volume energy-level shown in Figure 2.
Given the parameterizations of F1,2 described above, we
can hence construct matrix-element values for a number
of discrete kinematical points where the initial χ state
has an allowed lattice momentum,

Pµi =
(√

M2 +
(

2π
L

)2 |n|2, 2π
L n
)
,

and where the final-state is one of the finite-volume energy
eigenstates from Figure 2.
In generating the possible kinematic points, we limit

the spatial momentum of the initial/final states and the
current to have |n|2 ≤ 4, and we restrict to a region of

14 In this two-channel case, there is a single orthogonal combination
g2F1 − g1F2 which is inaccessible.
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Figure 3: Transition matrix elements for (a) “cusp-like” and (b) “Flatté-like” amplitudes using the form-factor model in Eq. (18).
Plotted is the ratio |Hµ/Kµ| ρ, which removes the trivial kinematic factor, for production of channel 1 (blue) and channel 2
(red). The amplitudes are plotted as functions of the final-state energy for two values of the current virtuality, Q2.

virtuality −2.5m2
1 < Q2 < 2.5m2

1, and final-state energy
E? < 3.5m1. The resulting set of points is comparable to
those which can be obtained in contemporary lattice QCD
calculations, while still giving a broad range of kinematic
constraint on the desired transition amplitudes. Figure 4
illustrates the kinematic coverage for the “Flatté-like” am-
plitude using only a single volume of L = 5/m1 – the
“cusp-like” amplitude has a comparable coverage.
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<latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit>

[110]
<latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit>

[111]
<latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit>

[002]
<latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit>

[000]
<latexit sha1_base64="QIHC9YZUt568QqUaHmvlUo78js8=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQEvbrDdIkc+BV4pWkASXa/fpXb5CyPOHKMkmNCTyS2bCg2gom+bTWyw3PKBvTIQ8cVTThJizmx07xmVMGOE61K2XxXP09UdDEmEkSuc6E2pFZ9mbif16Q2/g6LITKcssVWyyKc4ltimef44HQnFk5cYQyLdytmI2opsy6fGouBG/55VXSuWh6pOndXzZaN2UcVTiBUzgHD66gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC3v430</latexit><latexit sha1_base64="QIHC9YZUt568QqUaHmvlUo78js8=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQEvbrDdIkc+BV4pWkASXa/fpXb5CyPOHKMkmNCTyS2bCg2gom+bTWyw3PKBvTIQ8cVTThJizmx07xmVMGOE61K2XxXP09UdDEmEkSuc6E2pFZ9mbif16Q2/g6LITKcssVWyyKc4ltimef44HQnFk5cYQyLdytmI2opsy6fGouBG/55VXSuWh6pOndXzZaN2UcVTiBUzgHD66gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC3v430</latexit><latexit sha1_base64="QIHC9YZUt568QqUaHmvlUo78js8=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQEvbrDdIkc+BV4pWkASXa/fpXb5CyPOHKMkmNCTyS2bCg2gom+bTWyw3PKBvTIQ8cVTThJizmx07xmVMGOE61K2XxXP09UdDEmEkSuc6E2pFZ9mbif16Q2/g6LITKcssVWyyKc4ltimef44HQnFk5cYQyLdytmI2opsy6fGouBG/55VXSuWh6pOndXzZaN2UcVTiBUzgHD66gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC3v430</latexit><latexit sha1_base64="QIHC9YZUt568QqUaHmvlUo78js8=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQEvbrDdIkc+BV4pWkASXa/fpXb5CyPOHKMkmNCTyS2bCg2gom+bTWyw3PKBvTIQ8cVTThJizmx07xmVMGOE61K2XxXP09UdDEmEkSuc6E2pFZ9mbif16Q2/g6LITKcssVWyyKc4ltimef44HQnFk5cYQyLdytmI2opsy6fGouBG/55VXSuWh6pOndXzZaN2UcVTiBUzgHD66gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC3v430</latexit>

[001]
<latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit><latexit sha1_base64="NIXqu29Vvcm2bWRRT4oDA1quK6w=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhLCHfqLK2vrG5Vd2u7ezu7R/UD486Js014z5LZaq7ETVcCsV9K6zk3UxzmkSSP0bj25n/+MS1Eal6sJOMhwkdKhELRq2T/IAQL+zXG6RJ5sCrxCtJA0q0+/Wv3iBlecKVZZIaE3gks2FBtRVM8mmtlxueUTamQx44qmjCTVjMj53iM6cMcJxqV8riufp7oqCJMZMkcp0JtSOz7M3E/7wgt/F1WAiV5ZYrtlgU5xLbFM8+xwOhObNy4ghlWrhbMRtRTZl1+dRcCN7yy6ukc9H0SNO7v2y0bso4qnACp3AOHlxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG5RI31</latexit>

[110]
<latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit><latexit sha1_base64="trANQp4ldZVTtLkVm9F5Yc87h6M=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCvLBfb3hNbw68SkhJGlCi3a9/9QYpyxOuLJPUmIB4mQ0Lqq1gkk9rvdzwjLIxHfLAUUUTbsJifuwUnzllgONUu1IWz9XfEwVNjJkkketMqB2ZZW8m/ucFuY2vw0KoLLdcscWiOJfYpnj2OR4IzZmVE0co08LditmIasqsy6fmQiDLL6+SzkWTeE1yf9lo3ZRxVOEETuEcCFxBC+6gDT4wEPAMr/CGFHpB7+hj0VpB5cwx/AH6/AG6zI32</latexit>

[111]
<latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit><latexit sha1_base64="mlJGFTD4Eul3DZIDwlN1rV1CGHs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWxE0GPRi8cKbi1sl5JNs21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelElhrOd9o8ra+sbmVnW7trO7t39QPzzqmDTXjPsslanuRtRwKRT3rbCSdzPNaRJJ/hiNb2f+4xPXRqTqwU4yHiZ0qEQsGLVO8gNCSNivN7ymNwdeJaQkDSjR7te/eoOU5QlXlklqTEC8zIYF1VYwyae1Xm54RtmYDnngqKIJN2ExP3aKz5wywHGqXSmL5+rviYImxkySyHUm1I7MsjcT//OC3MbXYSFUlluu2GJRnEtsUzz7HA+E5szKiSOUaeFuxWxENWXW5VNzIZDll1dJ56JJvCa5v2y0bso4qnACp3AOBK6gBXfQBh8YCHiGV3hDCr2gd/SxaK2gcuYY/gB9/gC8UY33</latexit>

[002]
<latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit><latexit sha1_base64="dh8klD/gdqOVv6wmMm1BzHgVJfA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU9kUQY9FLx4rmLaQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnepubW//4PCofnzS1UmmKPNoIhLVD4lmgkvmGW4E66eKkTgUrBdO7xZ+74kpzRP5aGYpC2IyljzilBgreT7GrWBYb+AmLoDWiVuSBpToDOtfg1FCs5hJQwXR2ndxaoKcKMOpYPPaINMsJXRKxsy3VJKY6SAvjp2jC6uMUJQoW9KgQv09kZNY61kc2s6YmIle9Rbif56fmegmyLlMM8MkXS6KMoFMghafoxFXjBoxs4RQxe2tiE6IItTYfGo2BHf15XXSbTVd3HQfrhrt2zKOKpzBOVyCC9fQhnvogAcUODzDK7w50nlx3p2PZWvFKWdO4Q+czx+6yY32</latexit>

Figure 4: The distribution of kinematically accessible points
for the “Flatté-like” amplitude for a single volume of L = 5/m1.
The legend labels the total momentum of the final hadron-
hadron state in units of 2π/L. The channel thresholds are
depicted by the vertical dashed lines.

In performing a global analysis of matrix elements over
a range of kinematic points, it is convenient to extract the
trivial kinematic factor present in Eq. (7). We achieve
this by defining

FL(Q2, s) ≡
√
−2E?n
µ?0
′ wᵀ

0 ·F(Q2, s) , (20)

and using this Eq. (16) becomes∣∣∣〈En,Pf ∣∣J µ(0)
∣∣Pi〉L∣∣∣ = 1

L3
√

2Ei

√
2En

Kµ FL ,

where the normalizations are such that in the limit of
an infinitesimally narrow resonance, FL(Q2, s) coincides
with the definition of the 1

J−→ R form-factor, treating R
as a stable particle 15.

Figure 5 illustrates the behavior of µ?0
′ and w0 for

the “Flatté-like” and “cusp-like” models in a volume
L = 5/m1 for the rest frame and one moving frame. For
each finite-volume energy level, we provide the value of√
− 2E?

n

µ?
0
′ and the relative sizes of (w0)1 and (w0)2

16.
These illustrate two important features of the coupled-
channel finite-volume formalism: First, that the magni-
tude of the finite-volume scaling characterized by

√
− 2E?

n

µ?
0
′

is in general not close to unity, and varies significantly
level-by-level – this is just one indication of serious sys-
tematic errors that can be introduced if matrix-elements
of unstable hadrons are studied ignoring effects due to
the finite-volume of the lattice. Second, we see a very
different behavior for w0 depending on the model. For the
“cusp-like” model the relative sizes of the components of
the eigenvector, (w0)1, (w0)2, change depending upon the
energy level, indicating that each discrete finite-volume
energy is sensitive to a different linear combination of
F1,F2 evaluated at that energy. On the other hand, for
the “Flatté-like” amplitude, the ratio (w0)2

(w0)1
appears to

take essentially the same value for every energy level, one
which is extremely close to the value of g2g1 . This was
to be expected, and simply reflects the impact of the
near-rank-one nature of the “Flatté-like” amplitude on
the finite-volume spectrum. In Appendix B we show that

15 For the electromagnetic current, FL is dimensionless, as expected
for transition form factors coupling scalar initial/final states.

16 The figure shows pie charts constructed as (w0)i
(w0)1+(w0)2

to show
the relative sizes of (w0)1, (w0)2, but in Eq. (20), the unit-
normalized vector (wᵀ

0 ·w0 = 1) should be used.
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Figure 5: Finite volume spectrum for L = 5/m1 in two frames for (a,c) “cusp-like” and (b,d) “Flatté-like” amplitudes. Shown
alongside each energy level are the corresponding values of

√
−2E?

n
µ?
0
′ (black numbers, in units of m1), w0 (pie chart, blue for

channel 1, red for channel 2), and FL (as defined in Eq. (20), green points). The pie charts shown indicate (w0)i
(w0)1+(w0)2

, and the
discrete Q2 values correspond to the set of kinematic points previously plotted in Figure 4. The origin of the errorbars shown
for the FL points will be described in Section IV.

an N -channel Flatté amplitude will always have w0 ∝ g
for every finite-volume energy eigenstate. Our addition
of small values for γ11, γ22 has a negligible impact on w0

in the energy region we consider. A consequence of this
is to ensure that our previous expectation, that only the
combination g1F1 + g2F2 should be accessible, remains
true in a finite-volume.

IV. EXTRACTION OF INFINITE-VOLUME
TRANSITION MATRIX-ELEMENTS FROM

SYNTHETIC FINITE-VOLUME DATA

With our toy models defined, we may generate synthetic
data with errors designed to resemble that which can be
obtained in contemporary lattice QCD calculations, and
with that data in hand we can attempt to reconstruct the
s and Q2 dependence of the input transition amplitudes
using parameterizations. We will consider two situations:
the first assumes (unrealistically) that we know the exact
scattering amplitude, such that only the form-factors need
to be parameterized, while in the second, more realistic
case, we must also determineM(s) using finite-volume
spectrum data with errors.
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A. Idealized situation

We explore the sensitivity of the finite-volume process
to the transition form-factors by first assuming that the
scattering matrix M(s) is known exactly, but that we
still have only a limited number of finite-volume matrix
elements evaluated at final-state energies corresponding
to the discrete spectrum in a finite-volume. We choose
to use only those kinematic points presented in Figure 4,
and generate synthetic data for FL defined in Eq. (20)
by drawing from a gaussian probability distribution such
that the points have a 5% error and a random fluctuation
of the mean value commensurate with that. For simplicity,
the values at different kinematics are treated as being
uncorrelated.

This procedure applied to the “cusp-like” amplitude
leads to values of FL at 80 kinematic points across 22 E?n
levels, and for the “Flatté-like” amplitude, 92 values across
24 E?n levels. For comparison relatively recent lattice QCD
calculations of elastic πγ → ππ [34, 35], each on a single
volume, featured 42 and 48 kinematic points respectively.
Considering that a coupled-channel system inevitably
leads to an increase in the density of finite-volume energy
levels and hence the number of accessible kinematic points,
our data set appears to be a quite reasonable estimate of
the number of points that will be available in forthcoming
calculations.

Given these FL data, we minimize a χ2 assuming a pa-
rameterization for the channel form-factors Fa=1,2(Q2, s),
treating this form as essentially unknown. As such we ex-
plore a range of possible parameterizations. In all cases, a
low-order polynomial in s is considered, consistent with a
lack of s-channel singularities (with one caveat, see below).
In Q2, polynomials, a simple-pole and exponential forms
are used. The following form captures the variations,

Fa(Q2, s) =
b
(0)
a + b

(1)
a ·s+ b

(2)
a ·s2 + c

(1)
a ·Q2 + c

(2)
a ·Q4

α
(
m2
P +Q2 + da ·s

)
+ βeQ2/r2 + γ

,

(21)
by selecting α, β, γ to be 1 or 0. The da ·s term in the
denominator does allow for (Q2-dependent) poles in s,
which can be viewed as a very crude approximation to
having a left-hand cut in the transition amplitude.

A second class of parameterization, which might be ar-
gued to be less model-dependent, makes use of a mapping
to a variable z for which a polynomial form is expected
to converge rapidly [46–48, 48]. z is defined as,

z(Q2) =

√
tc +Q2 −√tc√
tc +Q2 +

√
tc
,

where tc = (2m1)2 is the position of the nearest hypothet-
ical branch-point singularity in −Q2. The coefficients in
the polynomial of z are allowed to be low-order polyno-

mials in s,

Fa(Q2, s) =
∑
n=0

an(s) zn

where an(s) =
∑
m=0

a(n)
m sm ,

where in practice we allow up to quadratic order in each
of z, s.

We retain all parameterizations found capable of de-
scribing the finite-volume matrix element data with a
χ2/Ndof below a nominal 17 cutoff of 2.5. The results are
shown in Fig. 6 for the “cusp-like” amplitude and in Fig. 7
for the “Flatté-like” amplitude.

Fig. 6 for the “cusp-like” amplitude shows 11 successful
descriptions which demonstrate that we can reliably re-
construct the transition process using just the limited set
of matrix-element values on a single volume. This was per-
haps to be expected given the relatively mild s-dependence
and simple monotonic fall off in Q2 of F̃a(Q2, s).

Fig. 7 for the “Flatté-like” amplitude, shows 13 suc-
cessful descriptions, and is superficially similar to the
“cusp-like” case in panels (c) and (d), which show an ac-
curate reconstruction of the transition amplitude and the
form-factor at the resonance pole. On the other hand,
panel (a) has the individual channel form-factors showing
a high degree of scatter over parameterizations, to the
extent that we cannot even make qualitative statements
about their behavior. In fact we anticipated this as a
feature of the near-rank-one nature of our “Flatté-like”
amplitude, where only the combination g1F1 + g2F2 is
well defined. This quantity is plotted in panel (c) and we
see that it has a drastically reduced scatter over parame-
terizations compared with panel (a).

This exercise shows that, apart from a rather unique
quirk of the “Flatté-like” amplitude, the set of finite-
volume matrix elements we are considering is sufficient to
reconstruct the underlying transition amplitude, making
only mild assumptions about the behavior of the form-
factors. However, this is a deliberately idealized situation
in that we have assumed the scattering matrixM(s) to be
known exactly, while in practical lattice QCD calculations
this is not the case, as M(s) has to be determined by
describing finite-volume energy spectra extracted from
lattice QCD computed two-point correlation functions.
We will now extend our synthetic data study to more
closely resemble this.

17 Given our relatively simple approach to placing uncorrelated
errors on our synthetic data, one should not assign too much
meaning to the particular value of this cutoff.
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Figure 6: For the “cusp-like” amplitude, 11 successful descriptions of the FL synthetic data using the exact M. In all panels the
dashed black line shows the exact input function. (a) The infinite-volume form-factors, F1 (blue), F2 (red), at two values of
E?. (b) Sums of Fa weighted by the channel couplings ga used in Eq. (17). (c) The transition amplitudes. (d) The transition
form-factor of the resonance obtained from the residue at the pole, real part in purple, imaginary part in green.
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Figure 7: As Fig. 6 but for the “Flatté-like” amplitude where there are 13 successful descriptions of the FL synthetic data.
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B. Practical situation

In this case we restrict our attention to the “cusp-like”
model, noting that the “Flatté-like” model gives similar
results modulo the peculiarities arising from its near-rank-
one nature.
In order to mimic a realistic lattice QCD spectrum,

we take the finite-volume spectrum coming from so-
lution of the quantization condition on three volumes
(m1L = 3, 4, 5) in five frames. The exact spectra for our
“cusp-like” amplitude is shown as the orange curves in
Figure 2(a), and for each discrete energy level on the three
volumes we draw from a gaussian probability distribution
such that the error on the energy is at the 5% level with
a commensurate random fluctuation of the mean. The
resulting uncorrelated data are shown in Figure 2(a) as
the points with errorbars.
This procedure provides us with 63 energy levels, and

the selected set of volumes and frames is rather similar to
the explicit lattice QCD calculations of coupled-channel
scattering presented in Refs. [17, 18]. We have a compa-
rable number of energy levels to those calculations, while
our synthetic data errors are actually somewhat larger
than those found for most levels therein.

With these energy levels in hand, we proceed assuming
that we do not know the form of the underlying scattering
matrix M(s), beyond that it satisfies coupled-channel
unitarity. We propose a range of parameterizations, and
by minimizing a χ2 for each one in an attempt to describe
the spectra, obtain a set of plausible amplitudes. Seven
such amplitudes are found describing the spectra with
χ2/Ndof < 1.5. They are all K-matrix forms – several
use Eq. (17) with some elements of the γ matrix set to
zero, others generalize Eq. (17) to use a polynomial in
s in place of γ, one uses two poles in s, and two make
use of a form where the elements of K are expressed as a
ratio of low-order polynomials.
Figure 8 shows the results of these amplitude applied

to description of the synthetic finite-volume spectra. The
bands (1σ variation) show the amplitude obtained using
the correctM parameterization (the one used to generate
the spectra) and hence this reflects the best possible de-
scription of the scattering system given the noise on the
finite-volume energy levels. The curves show the other
parameterizations, where we observe that in the region
where there is constraint from energy levels, the descrip-
tions broadly agree, differing only at a level comparable
to the statistical fluctuations on the correct amplitude.
Also shown are the pole singularity location and couplings
for each parameterization, which we observe to also be in
quite reasonable agreement. These observations regarding
the description of finite-volume spectra using a range of
coupled-channel parameterizations are quite similar to
those made in Ref. [14], and subsequently observed in
several explicit lattice QCD calculations [15–21].

With a set of plausibleM(s) forms, we can now repeat
the analysis of the previous subsection, but this time prop-

agating the parameterization variation ofM(s) into the
matrix element analysis. Practically, we generate the µ?0

′

and w0 in Eq. (16) for each of the plausibleM(s) models,
and for each one consider in addition the variations of
Fa(Q2, s) parameterization detailed previously. Doing so
in a description of the synthetic FL data we find 57 com-
binations which have a χ2/Ndof below a nominal cutoff of
2.5. The resulting amplitudes are shown in Fig. 9 where
we observe, in comparison to Fig. 6, a somewhat larger
spread in F1,2 curves, but still relatively little variation
in the transition amplitudes, H1,2, in the energy region
where there is data providing constraint. We suggest that
this is due to the fact that on the real energy axis, the
polynomial behavior in s of the form-factors can compen-
sate for erroneous slow s-dependence inM caused by use
of an imperfect parameterization. Given this hypothesis
we might expect the resonance form-factor, evaluated at
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Figure 8: Variation in the “cusp-like” M when describing
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the amplitude obtained using the correct M parameterization
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central values of six other parameterizations. (b) Second sheet
pole location. (c) Pole couplings to ϕ1ϕ1(blue) and ϕ2ϕ2(red).



15

°1

0

1

2
m

1F
1

°2 °1 0 1 2 Q2/m2
1

°1

0

1

2

m
1F

1

0

0.8

1.6

m
1
|H

µ a
/K

µ
|Ω

a

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 E?/m1
0

0.8

1.6

m
1
|H

µ a
/K

µ
|Ω

a
E? = 2.6m1

<latexit sha1_base64="g/Q3g1lhnw2UYXmdEamBFICGrHE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSRN0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvKg6p/4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4tyeV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkDA3WShg==</latexit><latexit sha1_base64="g/Q3g1lhnw2UYXmdEamBFICGrHE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSRN0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvKg6p/4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4tyeV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkDA3WShg==</latexit><latexit sha1_base64="g/Q3g1lhnw2UYXmdEamBFICGrHE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSRN0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvKg6p/4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4tyeV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkDA3WShg==</latexit><latexit sha1_base64="g/Q3g1lhnw2UYXmdEamBFICGrHE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSRN0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvKg6p/4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4tyeV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkDA3WShg==</latexit>

E? = 3.2m1
<latexit sha1_base64="lWjwjkN7YNEdt7wr5Grgzve1k4U=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSBd0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvDhxqv4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4t6eV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkD/sqSgw==</latexit><latexit sha1_base64="lWjwjkN7YNEdt7wr5Grgzve1k4U=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSBd0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvDhxqv4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4t6eV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkD/sqSgw==</latexit><latexit sha1_base64="lWjwjkN7YNEdt7wr5Grgzve1k4U=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSBd0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvDhxqv4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4t6eV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkD/sqSgw==</latexit><latexit sha1_base64="lWjwjkN7YNEdt7wr5Grgzve1k4U=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkJSBd0IRRFcVrAPaGKYTKft0JlJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRpV23W+rsLS8srpWXC9tbG5t79jl3aaKU4lJA8cslu0IKcKoIA1NNSPtRBLEI0Za0fBq4rceiFQ0Fnd6lJCAo76gPYqRNlJol6/vfaWRvDhxqv4x5KEX2hXXcaeAi8TLSQXkqIf2l9+NccqJ0JghpTqem+ggQ1JTzMi45KeKJAgPUZ90DBWIExVk09PH8NAoXdiLpSmh4VT9PZEhrtSIR6aTIz1Q895E/M/rpLp3HmRUJKkmAs8W9VIGdQwnOcAulQRrNjIEYUnNrRAPkERYm7RKJgRv/uVF0qw6nut4t6eV2mUeRxHsgwNwBDxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkD/sqSgw==</latexit>

Q2 = �2.4m2
1<latexit sha1_base64="EZQX5egnwCre74tRNPuTCtHnVPg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwoSEJBd0IRTcuW7APaNMwmU7aoTOTMDMRaumXuHGhiFs/xZ1/47TNQlsPXDiccy/33hOljCrtut/W2vrG5tZ2Yae4u7d/ULIPj5oqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRaO7md96JFLRRDzocUoCjgaCxhQjbaTQLtV7/s2l71S6Fzz0en5ol13HnQOuEi8nZZCjFtpf3X6CM06Exgwp1fHcVAcTJDXFjEyL3UyRFOERGpCOoQJxooLJ/PApPDNKH8aJNCU0nKu/JyaIKzXmkenkSA/VsjcT//M6mY6vgwkVaaaJwItFccagTuAsBdinkmDNxoYgLKm5FeIhkghrk1XRhOAtv7xKmr7juY5Xr5Srt3kcBXACTsE58MAVqIJ7UAMNgEEGnsEreLOerBfr3fpYtK5Z+cwx+APr8wfGpJE1</latexit><latexit sha1_base64="EZQX5egnwCre74tRNPuTCtHnVPg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwoSEJBd0IRTcuW7APaNMwmU7aoTOTMDMRaumXuHGhiFs/xZ1/47TNQlsPXDiccy/33hOljCrtut/W2vrG5tZ2Yae4u7d/ULIPj5oqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRaO7md96JFLRRDzocUoCjgaCxhQjbaTQLtV7/s2l71S6Fzz0en5ol13HnQOuEi8nZZCjFtpf3X6CM06Exgwp1fHcVAcTJDXFjEyL3UyRFOERGpCOoQJxooLJ/PApPDNKH8aJNCU0nKu/JyaIKzXmkenkSA/VsjcT//M6mY6vgwkVaaaJwItFccagTuAsBdinkmDNxoYgLKm5FeIhkghrk1XRhOAtv7xKmr7juY5Xr5Srt3kcBXACTsE58MAVqIJ7UAMNgEEGnsEreLOerBfr3fpYtK5Z+cwx+APr8wfGpJE1</latexit><latexit sha1_base64="EZQX5egnwCre74tRNPuTCtHnVPg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwoSEJBd0IRTcuW7APaNMwmU7aoTOTMDMRaumXuHGhiFs/xZ1/47TNQlsPXDiccy/33hOljCrtut/W2vrG5tZ2Yae4u7d/ULIPj5oqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRaO7md96JFLRRDzocUoCjgaCxhQjbaTQLtV7/s2l71S6Fzz0en5ol13HnQOuEi8nZZCjFtpf3X6CM06Exgwp1fHcVAcTJDXFjEyL3UyRFOERGpCOoQJxooLJ/PApPDNKH8aJNCU0nKu/JyaIKzXmkenkSA/VsjcT//M6mY6vgwkVaaaJwItFccagTuAsBdinkmDNxoYgLKm5FeIhkghrk1XRhOAtv7xKmr7juY5Xr5Srt3kcBXACTsE58MAVqIJ7UAMNgEEGnsEreLOerBfr3fpYtK5Z+cwx+APr8wfGpJE1</latexit><latexit sha1_base64="EZQX5egnwCre74tRNPuTCtHnVPg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwoSEJBd0IRTcuW7APaNMwmU7aoTOTMDMRaumXuHGhiFs/xZ1/47TNQlsPXDiccy/33hOljCrtut/W2vrG5tZ2Yae4u7d/ULIPj5oqySQmDZywRLYjpAijgjQ01Yy0U0kQjxhpRaO7md96JFLRRDzocUoCjgaCxhQjbaTQLtV7/s2l71S6Fzz0en5ol13HnQOuEi8nZZCjFtpf3X6CM06Exgwp1fHcVAcTJDXFjEyL3UyRFOERGpCOoQJxooLJ/PApPDNKH8aJNCU0nKu/JyaIKzXmkenkSA/VsjcT//M6mY6vgwkVaaaJwItFccagTuAsBdinkmDNxoYgLKm5FeIhkghrk1XRhOAtv7xKmr7juY5Xr5Srt3kcBXACTsE58MAVqIJ7UAMNgEEGnsEreLOerBfr3fpYtK5Z+cwx+APr8wfGpJE1</latexit>

Q2 = 2.4m2
1<latexit sha1_base64="CiyGTFSkUhLezbEirdnCdK8RfMs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJCEgl6EohePLdgPaNOy2W7apbtJ2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm0Xdoq7e/sHh6Wj46aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gvHdzG89UqlYHD3oSUJ9gYcRCxnB2ki9es+78exK91L03Z7XL5Ud25kDrRI3J2XIUeuXvrqDmKSCRppwrFTHdRLtZ1hqRjidFrupogkmYzykHUMjLKjys/nVU3RulAEKY2kq0miu/p7IsFBqIgLTKbAeqWVvJv7ndVIdXvsZi5JU04gsFoUpRzpGswjQgElKNJ8Ygolk5lZERlhiok1QRROCu/zyKml6tuvYbr1Srt7mcRTgFM7gAly4gircQw0aQEDCM7zCm/VkvVjv1seidc3KZ07gD6zPH+LOkM0=</latexit><latexit sha1_base64="CiyGTFSkUhLezbEirdnCdK8RfMs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJCEgl6EohePLdgPaNOy2W7apbtJ2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm0Xdoq7e/sHh6Wj46aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gvHdzG89UqlYHD3oSUJ9gYcRCxnB2ki9es+78exK91L03Z7XL5Ud25kDrRI3J2XIUeuXvrqDmKSCRppwrFTHdRLtZ1hqRjidFrupogkmYzykHUMjLKjys/nVU3RulAEKY2kq0miu/p7IsFBqIgLTKbAeqWVvJv7ndVIdXvsZi5JU04gsFoUpRzpGswjQgElKNJ8Ygolk5lZERlhiok1QRROCu/zyKml6tuvYbr1Srt7mcRTgFM7gAly4gircQw0aQEDCM7zCm/VkvVjv1seidc3KZ07gD6zPH+LOkM0=</latexit><latexit sha1_base64="CiyGTFSkUhLezbEirdnCdK8RfMs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJCEgl6EohePLdgPaNOy2W7apbtJ2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm0Xdoq7e/sHh6Wj46aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gvHdzG89UqlYHD3oSUJ9gYcRCxnB2ki9es+78exK91L03Z7XL5Ud25kDrRI3J2XIUeuXvrqDmKSCRppwrFTHdRLtZ1hqRjidFrupogkmYzykHUMjLKjys/nVU3RulAEKY2kq0miu/p7IsFBqIgLTKbAeqWVvJv7ndVIdXvsZi5JU04gsFoUpRzpGswjQgElKNJ8Ygolk5lZERlhiok1QRROCu/zyKml6tuvYbr1Srt7mcRTgFM7gAly4gircQw0aQEDCM7zCm/VkvVjv1seidc3KZ07gD6zPH+LOkM0=</latexit><latexit sha1_base64="CiyGTFSkUhLezbEirdnCdK8RfMs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJCEgl6EohePLdgPaNOy2W7apbtJ2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm0Xdoq7e/sHh6Wj46aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gvHdzG89UqlYHD3oSUJ9gYcRCxnB2ki9es+78exK91L03Z7XL5Ud25kDrRI3J2XIUeuXvrqDmKSCRppwrFTHdRLtZ1hqRjidFrupogkmYzykHUMjLKjys/nVU3RulAEKY2kq0miu/p7IsFBqIgLTKbAeqWVvJv7ndVIdXvsZi5JU04gsFoUpRzpGswjQgElKNJ8Ygolk5lZERlhiok1QRROCu/zyKml6tuvYbr1Srt7mcRTgFM7gAly4gircQw0aQEDCM7zCm/VkvVjv1seidc3KZ07gD6zPH+LOkM0=</latexit>

(a)

(b)

(c)

°2 °1 0 1 2
Q2/m2

1

0

5

10

15

20

F
R

Figure 9: (a) Form-factors, (b) transition amplitudes, and (c)
transition form-factor of the resonance, shown for 57 descrip-
tions of the synthetic finite-volume spectra and finite-volume
matrix element data, as described in the text.

the pole in the complex energy plane (Eq. 10), to show
a larger degree of parameterization variation than H1,2,
since the s-dependence “compensation” described above
is only constrained on the real energy axis. Indeed this is
what we observe in Fig. 9(c), but the degree of fluctuation
is modest, and it is clear that the Q2 behavior of the
dominant real part is reproduced, as is the large hierarchy
with respect to the imaginary part.

Similar to the spectral analysis leading toM(s), one ob-
serves that the transition amplitudes are more poorly con-
strained at higher energies. This can be easily understood
by revisiting the synthetic data for the spectrum shown in
Fig. 2(a), where one sees that for the L = 5/m1 volume,
there is only a single energy level above E? = 3.2m1

providing constraint.
The precise degree of scatter observed is a function

of the χ2 cutoff imposed on the descriptions of the
finite-volume spectra and the finite-volume matrix ele-
ment data. As this is sensitive to how one generates the
noise on the synthetic data, and since we chose a rather
simple approach, we selected a rather loose cutoff. More
careful consideration of the statistical behavior will be
justified when real lattice QCD is in hand. But given
this slight caveat, this second analysis does expose the
importance of considering the systematic uncertainty aris-
ing from the description of the scattering matrix when
performing calculations of transition matrix elements.

V. SUMMARY

In this work we have presented a first investigation of
the implementation of the formalism derived in Refer-
ences [26, 27] for studying 1

J−→ 2 transition processes
where the final state can be one of several open chan-
nels. We have rewritten the generalized Lellouch-Lüscher
matrix using an eigenvalue decomposition, which pro-
vides a relatively simple conceptual picture, where the
finite-volume hadron-hadron states are normalized by a
factor featuring the slope of the eigenvalues, while the
channel admixture is provided by the eigenvectors.
We have explained how a Lorentz decomposition for

these transition amplitudes can be performed, parametriz-
ing the dynamics of such processes in terms of Lorentz
scalar functions that can be understood as energy-
dependent form factors. We have performed this de-
composition explicitly for the simplest non-trivial case,
where the current is a conserved Lorentz vector and the
initial and final states are scalars.

We built a pair of toy-models each featuring a single res-
onance coupled to two meson-meson scattering channels,
and demonstrated that even with a realistically limited
number of matrix-element values with reasonable uncer-
tainties, one can extract the transition amplitudes, and
also place significant constraints on the resonance tran-
sition form-factors though analytic continuation of the
amplitudes into the complex energy plane.
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Within this toy-model analysis we observed a system-
atic uncertainty in the transition process which arises from
parameterization variation when describing the scattering
amplitude, constrained by the finite-volume spectrum.
For kinematical regions where there are significant num-
bers of synthetic spectrum points and matrix elements,
the systematic error in the amplitudes are comparable to
the statistical, while in kinematical regions where there
are fewer constraints, the systematic errors due to the
parametrization choice is likely to dominate the error
budget.

The toy-model examples considered here are expected
to be most immediately relevant for transition amplitude
studies involving the a0 resonance. In particular, two
phenomenologically interesting processes that could be
studied using these techniques are γω → (ηπ,KK) and
γφ → (ηπ,KK) where the coupled system in the final
state features the a0 resonance in S-wave. In a previous
lattice QCD determination of the scattering amplitude,
Ref. [18], a result rather similar to the “cusp-like” model
was found. By studying the ω → a0 and φ→ a0 resonance
transition form factors, identifying ω and φ as being
predominantly of `` and ss construction respectively, one
can begin to explore the internal quark flavor structure
of the a0.
Extensions of these ideas for baryonic systems like

γN → πN, ηN is feasible [27]. The Lorentz decompo-
sition and cubic-subduction is more complex than the
scenario considered in this paper, but the extension is a
straightforward application of known methods. The main
practical challenge for phenomenologically interesting re-
actions is that three-hadron thresholds open in the energy
region of interest. For example, for physical values of the
quark masses, transitions coupling πN and ηN in the
final state will also couple to ππN . Three-body states
present a new class of challenges, but in recent years there
has been tremendous formal process to understand the
spectrum of three-particle systems [49–53] which has re-
sulted in the first determination of a three-body scattering
amplitude from lattice QCD [54]. Most recently the first
step towards generalizing the Lellouch-Lüscher matrix for
kinematics where three-body systems can go on-shell has
been presented [55]. As a result, it is not unreasonable to
expect these ideas to be extended in the upcoming years
to accommodate mixing between two- and three-particle
states.

Finally, we comment that similar analysis techniques to
those proposed in this paper will be necessary in the im-
plementation of the already existing formalism for 2

J−→ 2
reactions [40–42]. The finite-volume formalism, which
has already gone through rigorous formal testing [42, 44],
when combined with an understanding of the analytic

structure of the subsequent amplitudes [37] will provide
access to the elastic form-factors of narrow hadron reso-
nances. Such quantities provide a set of novel observables,
not accessible in experiment, which can inform our un-
derstanding of the internal structure of unstable excited
hadrons.
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Appendix A: Properties of R̃n

The matrix whose eigenvalues and eigenvectors we
need in order to construct R̃n is F (E?,P;L) +M−1(E?).
This features F (E?,P;L) which houses ‘kinematic’
finite-volume functions and which is diagonal in
channel-space, but in general has entries connecting dif-
ferent partial-waves. Its definition, and the technology to
subduce it into irreducible representations of cubic sym-
metry can be found in the appendix of Ref. [22]. In short,
the elements of the matrix F subduced into irrep Λ are
of the form

FΛ
`n;`′n′ = iρ

(
δ``′δnn′ + ifΛ

`n;`′n′

)
where the embedding label n is required in cases where `
subduces more than once into Λ.

1. Properties of F +M−1 for a single partial-wave

We can illustrate some properties of the matrix F+M−1

using the example of two coupled-channels in a single par-
tial wave of angular momentum `. The phase-space ρ
and the finite-volume functions f are real above kine-
matic threshold for each channel, and imaginary below.
Hence for energies lying above both kinematic thresh-
olds, assuming time-reversal symmetry such that M is
symmetric,
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F +M−1 =

[
iρ1

(
1 + if1

)
0

0 iρ2

(
1 + if2

)]+

[−iρ1 + Re
(
M−1

)
11

Re
(
M−1

)
12

Re
(
M−1

)
12

−iρ2 + Re
(
M−1

)
22

]
=

[−ρ1f1 + Re
(
M−1

)
11

Re
(
M−1

)
12

Re
(
M−1

)
12

−ρ1f1 + Re
(
M−1

)
22

]
,

where use has been made of the unitarity condition, Eq. (3). Clearly F +M−1 is real and symmetric, ensuring that
its eigenvectors are orthogonal, wᵀ

i ·wj = δij .

In practice we may have to evaluate R̃n at a finite-volume energy which lies above threshold for some channels, but
below the threshold for others. In our two-channel illustration we can consider the energy region above the threshold
for channel 1, but below the threshold for channel 2. In that case,

F +M−1 =

[
iρ1

(
1 + if1

)
0

0 i(iρ̂2)
(
1 + i(if̂2)

)]+

[−iρ1 + Re
(
M−1

)
11

Re
(
M−1

)
12

Re
(
M−1

)
12

Re
(
M−1

)
22

]
=

[−ρ1f1 + Re
(
M−1

)
11

Re
(
M−1

)
12

Re
(
M−1

)
12

ρ̂2

(
f̂2 − 1

)
+ Re

(
M−1

)
22

]
,

where ρ̂2, f̂2 are real functions. It is clear that F +M−1 is still real and symmetric and its eigenvectors remain
orthogonal.

An interesting case is when we remain above threshold
for channel 1, but are far below threshold for channel 2, as
here we would expect the physics of scattering in channel 2
to become irrelevant. The property of the finite-volume
functions required here is that far below the threshold for
channel a, fa → i, and hence Fa → 0. It follows that

F +M−1 →
[−ρ1f1 + Re

(
M−1

)
11

Re
(
M−1

)
12

Re
(
M−1

)
12

Re
(
M−1

)
22

]
,

and if we compute the determinant of this matrix we
obtain

det
(
F +M−1

)
=
M11

detM

[
iρ1

(
1 + if1

)
+

1

M11

]
,

where we recognize the object in square brackets as the
corresponding quantization condition if only channel 1
existed and not channel 2. So, as expected, far below
the threshold for channel 2, the finite-volume spectrum
is controlled only by channel 1. It is straightforward to
show that in this case the relevant eigenvector at the
finite-volume energy is

w0 ∝
[ (M−1

)
22

−
(
M−1

)
12

]
,

but because the combination M−1w0 appears in the
construction of R̃n, Eq. (15), and

M−1w0 ∝
[(M−1

)
11

(
M−1

)
12(

M−1
)

12

(
M−1

)
22

] [ (M−1
)

22
−
(
M−1

)
12

]
=

[
detM−1

0

]
,

we see that channel 2, as anticipated, decouples completely
from the problem.

2. Properties of F +M−1 for multiple partial-waves

While F +M−1 is always a symmetric matrix, it is
not guaranteed in general that all elements are real. An
illustration is provided by the case of a single scattering
channel in which the scattering particles have differing
masses and can scatter in two partial-waves. Considering
the ` = 0 (S) and ` = 1 (P ) partial waves in the [110]A1

irrep, the relevant f -functions below the kinematic thresh-
old are shown in Fig. 26 of Ref. [22]. We observe that
fSS and fPP are imaginary and positive, while fSP is
real and positive. Since the phase-space below threshold
is imaginary and positive, ρ = iρ̂, and the diagonalM−1

is real below threshold, we have

F+M−1 =

[
−ρ̂
(
1− f̂SS

)
+ 1
MS

−iρ̂fSP
−iρ̂fSP −ρ̂

(
1− f̂PP

)
+ 1
MP

]
,

which is symmetric but not real. The symmetry is suf-
ficient to ensure that the eigenvectors are orthogonal,
wᵀ
i ·wj = δij , but note that we must unit normalize with

the transpose and not the hermitian conjugate. In fact
from the form of the matrix having real diagonal elements
and imaginary off-diagonal elements, it is clear that the
normalized eigenvector having zero eigenvalue will take
the form

w0 =
1√

b2 − a2

[
b
i a

]
,

where we see that the P -wave component is imaginary.
We might worry that this will cause a problem in Eq. (16)
as this should be a real-valued matrix-element. In fact
there is no problem because of the required factor 1

q? for
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a P -wave, which below kinematic threshold provides a
compensating factor of i.

Within this illustrative example, we can also consider
how the presence of a deeply-bound bound-state would
manifest in a finite-volume. Far below the kinematic
threshold, as can be seen in Fig. 26 of Ref. [22], f̂SS → 1,
f̂PP → 1, fSP → 0, such that F +M−1 →M−1 and the
dependence on the finite-volume disappears. SinceM is
diagonal in partial-waves, the eigenvalues are trivially

1
MS

, 1
MP

with eigenvectors [ 1
0 ], [ 0

1 ] respectively.

If we place a deeply-bound pole in S-wave by writing
MS(E?) = g2

m2
bs−E?2 , then the finite-volume energy will

be at E?n = mbs, and

R̃n =
(
− 2mbs

µ?
0
′

)
M−1w0 w

ᵀ
0M−1

=

(
m2

bs−E?2
)2

g2

[
1 0
0 0

]
.

Then using Eq. (12) we have

〈
J
〉

=
1

L3
√

2Ei
√

2Ef

m2
bs−E?2
g

HS ,

and it is natural to write HS = g h
m2

bs−E?2 where h is
interpreted as the coupling for (γi→ bs) so

〈
J
〉

=
1

L3
√

2Ei
√

2Ef
h ,

which is what we would expect for the transition, induced
by the current, from stable single particle i, to stable
single particle (bs), where Ef =

√
m2

bs + P2
f .

3. Zero-crossing eigenvalues of F +M−1

The finite-volume normalization factor appearing in
Eq. (16),

√
− 2E?

n

µ?
0
′ requires that the slope of the zero

crossing eigenvalue of F +M−1 at E?n must be negative.
Indeed as shown in Fig. 10, which illustrates the case of
the “cusp-like” amplitude discussed in this paper, the zero
crossing eigenvalue of F +M−1 falls-off monotonically on
the intervals between non-interacting energies and crosses
zero with a negative slope. This proves to be the case for
every amplitude we have considered, and is presumably a
general property.

2.0 2.2 2.4 2.6 2.8 3.0 3.2

E?/m1
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Figure 10: The zero-crossing eigenvalue of F + M−1, eval-
uated for the “cusp-like” amplitude, in the irrep [002]A1

with L = 6/m1. The vertical dashed lines indicate the non-
interacting energies for this system. The other eigenvalue of
this two channel system takes values of much large magnitude
than the scale of this plot.

4. R̃–matrix away from finite-volume energies

An approach which has been followed in past elastic
calculations [33–35] is generalize the factor Rn such that
it is a continuous function of energy. This can be seen
in Eqs. (19) and (20) of Ref. [34] where the variable r(E)
takes value 1 at the energies En satisfying the quantiza-
tion condition, but varies from 1 away from these energies.
The motivation for this choice was to be able to evaluate
the finite-volume normalization factor at the actual com-
puted lattice QCD energies. In fact, this is not a unique
procedure, and can lead to an uncontrolled systematic
error, as we will now illustrate for the more general case
of coupled-channel transition amplitudes.

Suppose we take the defining equation for R̃n,

R̃n(P, L) ≡ 2En· lim
E→En

(E−En)
(
F−1(E?,P;L)+M(E?)

)−1

,

and consider there to be a generalization,

R̃(E,P, L) ≡ 2En· (E−En)
(
F−1(E?,P;L)+M(E?)

)−1

,

valid in an energy region around each En, and which
is equal to R̃n when E = En. We might consider this
to be a way to obtain the “Lellouch-Lüscher” factor at
lattice QCD energies, even when the scattering model
in finite volume does not exactly match those energies
(Elat. 6= En).

One immediate issue with this is that there is not a
unique matrix function with this property – for example,

R̃′ ≡ −2En · (E − En)M−1
(
F +M−1

)−1M−1 ,

is also equal to R̃n when E = En. This follows from the
fact that at this energy,

R̃n =
2E?n
λ?0
′ v0v

ᵀ
0
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and because at this energy
[
F−1 +M

]
v0 = 0,

F−1v0 = −Mv0 , v0 = −FMv0 , vᵀ
0 = vᵀ

0 (−MF ) .

The last of these expressions makes it clear that there are
an infinite number of such variations on R̃ possible, gener-
ated by left multiplying with arbitrary powers of (−FM)
or right multiplying by powers of (−MF ). Focussing on
just R̃′ and R̃′ is sufficient to illustrate the point, that as
shown in Figure 11, these matrices can differ significantly
at energies away from E = En. In addition, the property
that R̃n is rank-one does not hold for R̃ at generic energy
values away from E = En, and as such the conceptually
vital property of factorization which allows Eq. (16) to
be extracted from Eq. (12) is removed.

0.000

0.005 R̃
R̃0

2.0 2.5 3.0
E?/m1

0.000

0.005

2.0 2.5 3.0

E?/m1

11

12 22

Figure 11: R̃ and R̃′ as defined in the text calculated with
the “cusp-like” amplitude in the [000]A1 irrep in a volume
L = 5/m1. The vertical lines indicate the locations of the
finite-volume spectrum, E?n.

This observation has an impact in practical lattice QCD
calculations in the following way: in the approach we have
proposed in this paper, the Lellouch-Lüscher factor is only
ever evaluated at finite-volume energies, E?n, which corre-
spond to solutions of the quantization condition for the
parameterization ofM being used to describe the lattice
QCD spectrum data. In this case there is no ambiguity in
the definition, as only R̃n ever appears. Of course these
energies for the parameterized amplitude will typically
not be exactly equal to the computed lattice QCD ener-
gies, rather as a set they form the best overall description
of the spectrum under a χ2 minimization. An apparently
appealing alternative approach is to evaluate R̃(E) at
the lattice QCD energies, but one sees immediately that
in this case the problem of selecting a particular repre-
sentation of R̃ arises, and the value of the finite-volume
correction depends explicitly upon that choice. Further-
more, the ambiguity in the choice of representation of
R̃ affects the propagation of uncertainty from the spec-
trum energies into the transition amplitude H such that
the uncertainties of the observable quantity will depend
(unreasonably) upon which representation of R̃ is chosen.

Appendix B: Flatté amplitude in a finite-volume

A scattering matrix of Flatté type in N -channels can
be written,

MFl.(E?) = g
1

D(E?)
gᵀ ,

where the real-valued couplings to each channel ap-
pear in a vector gᵀ =

(
g1, g2, . . . , gN

)
and where

D(E?) = m2 − E?2 − i∑a g
2
a ρa(E?). Trivially we ob-

serve this matrix has one non-zero eigenvalue gᵀ·g
D(E?) with

eigenvector g, and N − 1 zero eigenvalues with eigenvec-
tors orthogonal to g.
In a finite volume, the quantization condition

det
[
F +M−1

]
= 0 can equivalently be written

det
[
MF + 1

]
= 0, and for the Flatté amplitude,

MFl.F + 1 =
1

D(E?)

(
g gᵀF (E?,P;L) +D(E?)

)
,

and hence

gᵀ
(
MFl.F + 1

)
g =

gᵀ ·g
D(E?)

(
gᵀF (E?,P;L)g +D(E?)

)
.

It follows that if we perform an orthogonal transforma-
tion on the matrix MFl.F + 1 using a basis of vectors
given by g and N − 1 vectors orthogonal to g (and each
other), we will obtain a matrix which is the identity
apart from one diagonal element which takes the value
gᵀ·g
D(E?)

(
gᵀF (E?,P;L)g + D(E?)

)
. Upon taking the de-

terminant it is clear that the finite-volume spectrum is
given by solutions of

∑
a
g2
a Faa(E?,P;L) = −D(E?) .

For the corresponding zero eigenvalue of F +M−1,(
MF + 1

)
w0 = 0 so

(
g gᵀF +D

)
w0 = 0 ,

and given the condition for a zero eigenvalue,
D(E?) = −gᵀF (E?,P;L)g, we have

(
g gᵀF − gᵀFg

)
w0 = 0 ,

which by inspection is solved by w0 = g, manifestly inde-
pendent of the particular energy level under consideration.
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