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ABSTRACT: We formulate the basic points of the pseudo-PDF approach to lattice calcu-
lation of polarized gluon PDFs. We present the results of our calculations of the one-loop
corrections for the bilocal Gw(z)é A3(0) correlator of gluonic fields. Expressions are given
for a general situation when all four indices are arbitrary, and also for specific combinations
of indices corresponding to three matrix elements that contain the structures containing the
twist-2 invariant amplitude related to the polarized PDF. We study the evolution properties
of these matrix elements, and derive matching relations between Euclidean and light-cone
Ioffe-time distributions. These relations are necessary for extraction of the polarized gluon
distributions from the lattice data.
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1 Introduction

Lattice calculations devoted to extraction of the parton distribution functions (PDFs) have
attracted recently a considerable interest (see Refs. |1, 2| for reviews and references).
Starting with the paper [3] by X. Ji. Modern, the efforts aim at getting PDFs f(z) as

functions of the fraction variable z rather than just calculate their 2

moments. The key
element of these efforts is the analysis of equal-time bilocal operators that define various
parton functions, in particular, PDFs, distribution amplitudes (DAs), generalized parton
distributions (GPDs), and transverse momentum dependent distributions (TMDs). The
major object of Ji’s approach in the case of ordinary PDFs, are quasi-PDFs Q(y, p3) 3, 4].
Tho get the PDFs from them, one should take the large-momentum ps — oo limit of

Q(y,p3).



There are alternative methods based on the coordinate-space formulation, such as the
“good lattice cross sections” approach [5, 6] and the and the pseudo-PDF approach [7-9],
in which the equal-time correlators M(z3,p3) are considered as functions of the loffe-time
[10-12] v = 23p3 and the probing scale parameter z3. In these latter case, the parton
distributions are extracted by taking the short-distance z% — 0 limit at fixed v.

To convert the data measured at a Euclidean lattice data into the PDFs defined on
the light cone, it should be taken into account that the limits ps — oo and z3 — 0 limits
are singular. To perform the conversion in such a situation, one needs to derive and use
matching relations.

In the quasi-PDF approach, the matching relations were derived for quark [3, 13—15]
and gluon PDFs [16-18|, and also for GPDs [19-21] and the pion DA [19].

The matching relations conditions for the bilocal operators in the coordinate repre-
sentation have been originally derived in applications to singlet PDFs [15, 22-25]. The
pseudo-PDF procedure for lattice extraction of nonforward parton functions, such as non-
singlet GPDs and the pion DA was described in Ref. [26], where the necessary matching
conditions have been also obtained.

The pseudo-PDF approach to extraction of unpolarized gluon PDFs was formulated
in our paper [27] (see also Ref. [28]). The results of one-loop calculations for the gluon
bilocal operators have been presented there, and, in a more detailed form in Ref. [29]. The
matching conditions following from these results have been used in lattice extractions of
the unpolarized gluon PDFs in Refs. [30, 31] and [32].

In the present work, we describe the basics of the pseudo-PDF approach to lattice ex-
traction of the polarized gluon PDFs. The paper is organized as follows. In Section 2, we
investigate kinematic structure of the polarized matrix elements of the gluonic bilocal op-
erators built from the gluon stress-tensor and its dual. In particular, we identify the matrix
elements that contain information about the twist-2 polarized gluon PDF. In Section 3,
we present the results for one-loop corrections to the bilocal operator, and discuss their
ultraviolet and short-distance behavior. The matching relations necessary for the lattice
extraction of the polarized gluon PDFs are derived in Section 4. The summary of the paper
is given in section 5.



2 DMatrix elements

2.1 Definitions

To extract polarized gluon distributions of a nucleon, we consider matrix elements of bilo-
cal operators G (2)Gxg(0) composed of two gluon fields, with the dual field defined by
Gig = %e ApyG?7. The matrix elements are specified by

Myans(2:0) = (0,8 Gua(2) E(2,0; A)Grg(0)|p, s) (2.1)

where E(z,0; A) is the usual 0 — z straight-line gauge link in the gluon (adjoint) represen-
tation

E(2,0;A) = Pexp {igzg /Oldtfi"(tz)] : (2.2)

The standard definition of the polarized gluon PDFs [33] uses the contracted amplitude
go"\mua; A3, but we will keep all four indices p, a, A, B non-contracted. The part that de-
pends on the nucleon spin is determined by the z-odd combination, which vanishes for the
unpolarized case and is linear in the spin-vector s. Thus, we start with the amplitude

Mua;)\ﬂ(zap) = ﬁlua;)\ﬁ(zap) - ﬁlua;k,@(_zyp) . (2'3)

To simplify further formulas, we normalize s, by 5?2 = —m?2, where m is the nucleon mass.
This means that our polarization vector s, is related by s, = mS,, to the usual polarization
vector S, which is normalized by $? = —1.

2.2 Invariant amplitudes

The tensor structures for the decomposition of M, pang(z, p) over invariant amplitudes may
be built from two available 4-vectors p,, 24, one pseudo-vector s, and the metric tensor g,g.
Let us first list the structures in which s carries one of the pua; AS indices. Incorporating
the antisymmetry of G, with respect to its indices, we have

1 —
M,t(wz);)\ﬁ(z’p) =(9urSaPB — GuBSaPr — JarsuPp + gaﬂsupk) Msp

) M
) Mg

(
(gu/\pasﬂ — GuBPaSx — JarPusp + gab’pusz\) Mps
(9ur8a28 — GuBSa?x — GarSuZs + JapSu2x sz
(

+
+
+ (9ur2aSB — GupZaSh — JarZusSp + JapZusSr

(pusa - pasu)(p)\zﬂ - pﬂZA)Mpspz + (puza - pOcZ,u)(pASB - pBSA)MprS
+(Su2a - Sazu)(p)\zﬁ - pBZA)Mssz + (p,uzoz - pazu)(s)\zﬁ - SBZ)\)Mpzsz 5
(2.4)

+

where the invariant amplitudes M are functions of the invariant interval z2 and the Ioffe
time [34] (pz) = —v (the minus sign here is introduced to have v = p3z3 when z = {0, 0,0, z3}).



There are also structures containing s through the (sz) product accompanied by all
the tensor combinations of p, z and metric tensor that have been used in Ref. [27] for the

unpolarized case,

M ,5? s(2:9) =(82) (9urPaPp — GusPaPx — JarPuPs + JapPuPr) Mpp
+(52) (9ur2a28 — Guszais — Jarzuzs + Japzuzr) Mzs
+(52) (gur2aPs — GusZabr — JarzuPs + Japzupr) Moy
+(52) (gurPazs — JupPazx — JarDu2p + JapPuzn) Mp:
+(52) (Ppza — Pazu) (Pr25 — Pa22) Mippz
+(52) (9urgap — GppGar) Mg - (25)

Since Mua;w(z, p) is odd in z, the invariant amplitudes /Wsp, /\71,5, Mpzsz, Mz, Mop, My,
are odd functions of v, while the remaining ones are even functions of v.

Such a decomposition of M, ua:ng (7, p) is quite general. But it may be also constructed, in
particular, from a formal Taylor expansion of G4 (2) E(z,0; A)é 23(0) over local operators,
followed by taking their matrix elements and then recombining back the terms with the
same tensor structure. The implicit assumption of this procedure is that such a Taylor
expansion exists.

In QCD, Mua;)\ﬁ(z,p) has singularities on the light cone 2?2 = 0 due to perturbative
logarithms ln(—z2) generated by gluonic corrections. Thus, we will assume that the invari-
ant amplitudes M (v, 2%) are finite for 22 = 0 at the tree level, and will explicitly calculate
the perturbative one-loop corrections that produce the ln(—ZQ) terms.

2.3 Relation to PDF

The usual light-cone polarized gluon distribution Ag(z) is obtained [33] from the matrix
element go‘ﬁM+a;5+(z,p), with z taken in the light-cone “minus” direction, z = z_. In terms
of the parametrization written above, we have

9P My asps (2-,p) = =2pysy | MGD (1,0) + pyz Myp(v, 0)] : (2.6)

where ./WI(;SF) = ./Wps + ./Wsp. Thus, the PDF is determined by the structure
MG — uMy, = —iZ,(v) - (2.7)

More specifically,

.t
) .
Iy(v) = / dre "™ zAg(z) . (2.8)
-1
Thus, to extract zAg(x), we should choose the operators with particular combinations of
the {pa; A} indices that contain MI(,JSF) and My, in their parametrization.

It is worth stressing that it is the momentum-weighted density Ag(x) that is a natural
quantity in this definition of the polarized gluon PDF. Since M, .54 (2—,p) is an odd



function of z, zAg(x) is an odd function of z. Hence, Z,(v) is an odd function of v, and,
for v > 0 it can be written as a sine transform

1
Z,(v) :/0 dx sin(zv) zAg(z) . (2.9)

An important quantity is the spin AG contributed by the gluons to the total nucleon
spin. It is given by the integral of Ag(x) over all positive . As noted in Ref. |34], this

integral may also be written as an integral over the Ioffe-time distribution

1 0o
AGE/O dmAG(m)—/o dvZy(v) . (2.10)

Thus, to estimate AG, it is sufficient to know the Ioffe-time distribution Z,(v), without
converting it into the PDF AG(x).

2.4 Matrix elements for extraction of Ag(x)

Since the gluon tensor G, is antisymmetric with respect to its indices, the values o = +
and = + may be taken off the summation in Eq. (2.6). Furthermore, since g__ = 0, the
combination g2 ]TL_Q; 3+ (2, p) involves the summation over the transverse indices 7,5 = 1,2
only, i.e. it reduces to g% M+i;j+ (z,p) = M+i;+i(2, p) (summation over 4 implied), for which

we have
M+i;+z‘ = MOZ‘;O@' + MSZ’;& + Moa&‘ + Mzﬁ‘;o@‘ . (2.11)

When z has just the third component, i.e., z = z3, the decomposition of these combinations

in the basis of the M structures is given by

Moiz0; = — 2s0po M) + 208 5323 My, + 25325 Mg (2.12)
My = — 2p3ssML}) — 22353 ML)
+ 23323[p§//\\/l/pp - Mvgg + Z:’%Mvzz + ZSPSM,(Z—;)] ) (213)

Moi;3i = — 2 (sopsMisp + s3poMps) — 25023 M, — 2(52) (Pop3Mpp + PozsM,.)  (2.14)
Ms3i.0i = — 2 (s3p0Msp + s0p3Myps) — 25023 M5 — 2(52) (p3poMpp + 23poMyzp) , (2.15)

where ng) = Msz + //\/lvzs, etc.
One may be tempted to get the “light-cone combination” Mé—;) —vM,, by adding these

three projections like in Eq. (2.11). The result (for z = z3) is given by

Moi,0i + M3;;3i + Mog;3; + M3
== 28+p+/\7§;) + 253232 My
- 25+zgﬂgj) + 233z§’/\7zz + 2532§p+ﬁ7§;) , (2.16)

where p; = po + ps and s = sg + s3.



One can see that only the first two terms on the right hand side resemble the combi-
nation that we had in the case of a light-cone separation. The other terms are built from
the contaminating “Euclidean” terms, which are completely absent in the expression (2.6)
for the z = z_ function gaﬁ]\/zra;@r(z_,p).

Looking at the projection ]\701';01' (2.12), we see that it is rather close in structure to
the desired combination ./\71(,? - w\7pp. Still, Mgi;oz‘ contains the Mgg contamination.
Fortunately, this term can be subtracted if we notice that

Mij;ij = — 28323Mgg . (2.17)
This observation suggests to arrange the combination
Mogoi + Mijij = — 280poﬂ7§;) + 2p8 5323 M (2.18)

that contains just /\72;) and Mpp.
Taking p = {po,0,,p3}, using the requirement (sp) = 0 and the normalization condition
s2 = —m? we get s = {p3,01,po} for the polarization vector in the direction of the

momentum. This gives
Moioi &+ Moii: = — 2papo M) 4+ 29322 M. 2.19
0i;07 + ij317 P3P0 sp Po<3 pp - ( . )
Rewriting the right-hand side as

MOi;Oi + Ej;ij = — 2p3po {Mvgg) —(1+ mQ/Pg)VMvpp} 1 (2.20)

we see that this combination becomes proportional to the desired amplitude /\7(5;) — uﬂpp
for large ps. Writing the ratio
2

Vos + Vo] /(2papo) = [AA) — v, ] — "% i 2.21
01;01‘1‘ YRY /( p3p0) sp VMpp U pp ( ’ )

in terms of v and 232, variables, one may hope to pick out MVEZ) - Vﬂpp exploiting the
strong extra zg dependence of the remaining term.
In a similar way, the My, term may be excluded from Ms3;3; (2.13) by building the

projection
W ors = —2pspol M) — v,
;31 1731 P3Po sp pp
— 2z3p0ng) + 2p0ZE M. + 2popgz§/\/l]()j) . (2.22)
Note that it contains ﬂg,*,) and /ﬁpp in exactly the desired combination. Still, there remain

three contaminations. As they all come with z3 factors, one may hope that these terms are

suppressed for small z3.



Finally, the remaining projections (2.14), (2.15)

Mosa; = — 202 (M — UM, ) +2mE My, — M. + 2p22EM,. | (2.23)

Myir = = 293 (M) = vMyp ) + 2m? My — 20 M + 20323M., (2.24)

contain, again, M( ) and Mvpp in the combination —2p3 [/\722) - I/Mpp] plus ZmQMvsp or
2m? Mps. Hence, they are proportional to Mé—;—) — I///\/lvpp for large pg, but have two other
contaminations.

A possible advantage of ]\701 .3; and ]\731 .0; 18 that they have 2p0 factor in front of ./\/lgp),
while we have the 2p3pg factor in the case of MoZ 0i + MZJ .ij- Hence, Moz .3; and MgZ .0i may

have a stronger signal for small ps than MOZ,OZ + MZNJ

2.5 Relation to E and B fields

So far, our parametrization was based on the most general properties of matrix elements,
like Lorentz covariance and antisymmetry of G, with respect to its indices. Now, let us
incorporate the fact that we deal with the matrix element G (2)G(0) in which both G and
G may be written in terms of the electric £y and magnetic Bk fields.

Namely, we have Go; = Ej, GoZ = B;, Gij = —€;x By, GU = €k Bk, with the familiar
E < B interchange when G — G. To treat the fields in a more symmetric way, we use
translation invariance of the forward matrix elements, and shift the arguments of the fields
by z/2 to find

Moisoi (2) = (Ei (2/2) B; (—2/2)) — {z = —2}
=(EL(2/2)-BL(-2/2)) = {2 = —2} (2.25)

and

Maizi (2) = — [<63ik3k (2/2) 3By (—2/2)) — {z — —z}]
—[(Bi (2/2) B (=2/2)) - {z > =2}
= Mosos (2) . (2.26)
Thus, we arrive at the relation
Ms;.s; (2) = Mogo; (2) - (2.27)

Basically, it results from the fact that changing 0i into 3i corresponds to the E < B
interchange, which makes no change in the E <> B-symmetric GG operator.

However, Eq. (2.27) looks rather unexpected in view of different structure of the
decompositions (2.12) and (2.13) for these projections. Combining these decompositions
with Eq. (2.27) results in the “sum rule”

2Mgy = M) —m’ M, + ZM... + v M) (2.28)



involving the invariant amplitudes both from M(l)w(z p) (2.4) and M;Ea)w( p) (2.5).

Substituting this relation for /\/lgg into Eq. (2 5) changes the tensor coefficients accompa-
nying the invariant amplitudes M, Msz, /\/lpp, Mzz, sz and /\/lpz As an example, M op
will be accompanied by the

p? p?
Gur <pocpﬁ - 4gaﬁ> — 9uB <po¢p>\ - 4ga)\>
p? p?
— Jar <pup5 - 4g,w> + Gop <mm — 4g;m> (2.29)

factor, in which the original p?p?-type tensors are substituted by their traceless versions.
The changes to traceless versions will occur in the structures accompanying all other in-
variant amplitudes listed above. Another sum rule is derived by considering

Mijij (2) = = {<€z’jk3k (2/2) €iiEr (—2/2)) —{z = —z}]

— 9 [<B3 (2/2) B3 (—2/2)) — {z — 72}}
= 2M03;03 (2) - (2.30)

Thus, we have ]\Zj;ij (z2) = 2(E3(z/2) - B3 (—2/2)) — {z = —z} . To use the resulting
relation M;j.;; (2) = 2Mos,03 (2) , we need the decomposition

Mos;03 =poz3(pos3 — P380)M;()sgz + Sopozg/\/lgz,zz $3P5 23 Mpps

+ 523 (/T/ng) + m2Mpp — M. — M) + /\799) , (2.31)

where /\7;;22 = /K/lvpspz + //\/lvpzps, and, similarly, nggz = Mszpz + Mpzsz . Using the sum
rule (2.28) simplifies this expression into

Moz, = poz3(poss — p3so) ML), + Sopongszpz $3D075 Mppzz — s323Mgg . (2.32)
Applying now M{)g;og = %]\Zj;ij = —5323//\/1vgg, we obtain the second sum rule

83p02’3./\/lppzz —(p083 - p380)MéS£z + SoZngzpz (2.33)

VIS

relating the invariant amplitude Mppzz from M ;Si); A3 with the invariant amplitudes Mpspz

and ./\/lszgz from M/ga) \G-

Finally, let us derive the field representation for Mgi;:}i and Mgi;()i. They are obtained
through

MO@';&‘ (Z) = G01 (2/2) GOQ (—2/2) — G()Q (2/2) G01 (—2/2) — {Z — —Z} (2.34)



and

Msi0i (2) = Gay (2/2) Gag (—2/2) — Gag (2/2) Gag (—2/2) — {z = —2} . (2.35)
This gives
Moisi (2) = 2(E1 (2/2) x E1 (—2/2))y (2.36)
and
Mzigi (2) = =2 (B (2/2) x By (=2/2))5 . (2.37)

2.6 Multiplicatively renormalizable combinations

Off the light cone, the Mua; A Mmatrix elements have extra ultraviolet divergences related
to presence of the gauge link. For any set of its indices {pa; A}, each matrix element is
multiplicatively renormalizable with respect to these divergences [35]. However, in general,
the anomalous dimensions are different.

In Ref. [36], it was established that the combinations represented in Eq. (2.11), namely,
Moz‘;io, M?)Z‘;ig, Mgi;ig, Mgi;io, with summation over transverse indices ¢, are each multiplica-
tively renormalizable at the one-loop level. Furthermore, as we will see, the combination
Gijéij (with summation over transverse i, j) has the same one-loop UV anomalous dimen-
sion as Mom-g, while the matrix element of G30C~;03 has the same one-loop UV anomalous
dimension as Ms;.;3. Hence, the combinations of Eqs. (2.18) and (2.22) are multiplicatively

renormalizable at the one-loop level.

2.7 Reduced loffe-time distribution

Within the pseudo-PDF approach [7], the link-related UV divergences are eliminated through
introducing the reduced loffe-time distribution. Namely, for each multiplicatively renormal-
izable amplitude M we build the ratio

M (v, z%) =

M(v, 22
M(v, z5) g) (2.38)

)

in which the link-related UV divergent Z (z%uQUV) factors generated by the vertex and link

<
—
“O
N

self-energy diagrams cancel. As a result, the small—z§ dependence of the reduced pseudo-
ITD 9M(v, 23) comes from the logarithmic DGLAP evolution effects only.

3 One loop corrections

Our next goal is to develop one-loop matching relations for the matrix elements that may
be used in the lattice extraction of polarized gluon PDF. In their calculation, we have used
the same method [37] that was used in Refs. [27, 29] for the unpolarized case.



3.1 Link self-energy contribution

The self-energy correction for the gauge link is given by the simplest diagram (see Fig. 1).
In lattice perturbation theory, it was calculated at one loop in Ref. [38]|. The result is close
to that given by the expression

2
Tuv(23,a) ~ — %Sr o [2'2’” tan~! <‘ij”> —In (1 n 22)] (3.1)

obtained using Polyakov regularization 1/2? — 1/(2% — a?) for the gluon propagator in the
coordinate space, with the parameter a related to the lattice spacing by a = ar /7. An
important property of this contribution is the presence of a ~ z3/ar, linear term, where ay,
is the lattice spacing that provides here the ultraviolet cut-off.

z 11z toz 0

s

Figure 1. Self-energy-type correction for the gauge link.

Clearly, this correction is just a function of z3. It does not induce any r-dependence,
and the resulting v-independent factors cancel in the ratio (2.38). For this reason, the
explicit form of this factor is not essential in the pseudo-PDF approach.

For completeness, we present here the expression for the link self-energy digram in
Feynman gauge obtained using the dimensional regularization,

9*Ne r(d/2-1)
Tl i 2 G- da— g IO (3.2)

where the pole for d = 3 (d = 4) corresponds to the linear (logarithmic) UV divergences
present in this diagram.

3.2 UV divergent vertex terms

UV divergent terms are also present in vertex diagrams involving gluons that connect the
gauge link with the gluon lines, see Fig. 2. Clearly, the gluon exchange produces a correc-
tion just to one of the fields in the Gua(z)é 23(0) operator, while another remains intact. A
minor complication compared to Refs. [27, 29] is the presence of a dual field G in one of the
vertices. But this changes only the tensor structure of the contributions without affecting
the integral.

As established in Refs. [27, 29], the vertex correction may be represented as the sum
of the UV divergent and UV finite parts. The UV-divergent part of the vertex correction

~10 -
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Figure 2. Vertex diagrams with gluons coming out of the gauge link.

to Ga(2) is given by

2 B 1
Z:TQQ (d F;()i(/QZZ)ld)ml /0 du (us_d - “) (2aGop(Uz) — 2,Gr0(02)) (3.3)

where G, = 2°Gps and 4 = 1 — u. As we see, the overall d-dependent factor here is finite
for d = 4, but the u-integral diverges at the lower limit. If one uses the dimensional UV
regularization with d = 4 — 2eyy, the divergence converts into a pole at eyy = 0. Isolating
the UV divergence by taking & = 1 in the gluonic field produces

N.¢g> T(d/2-1 1 1
92 (d — ;)(/_22)11)/2—1 (4 —d 2) (20G2p(2) = 2uG2a(2)) (3.4)

plus the remainder given by

Neg?  T(d/2-1 1 B . )
87792 (d— ;>(/—z2)d)/21 /o du [“3 ‘- “L(o) (2aGeu(tz) = 2Gza(tz)) (3:5)

where the plus-prescription at v = 0 is defined as

/0 dut [ ()] ) 9(1) = /0 duuf (u)lg(u) — 9(0)] (3.6)

As explained in Refs. [27, 29], if we take z = 23, the field G0 (2) = 20G2u(2) — 2,G2a(2)
in Eq. (3.4) is actually proportional to the field G, (%) in the original operator. In explicit
form: gol(z) = 0, gij(Z) = 0, 903(2) = —Z:%Gog(z) and ng(z) = —z%ng(z) Thus, when
one of the indices equals 3, we have a nontrivial vertex anomalous dimension (AD, call it
7), since Gsa(2) = —23G34(2) for all a. In all other cases, we have a trivial (vanishing)
vertex AD, since G;j(z) = 0 and Go;(z) = 0.

For the dual field G A8, the “y-counting” is inverse: if none of the indices A, 8 equals 3,
the field has AD equal to . Otherwise, its AD is zero. Comblmng the ADs from G and
G’ we see that the matrix elements M01 0is Mjwz, M03 .03 and Mdz .3; all have vertex AD
equal to ~y; while MOZ .3; has zero AD and Ms3;.0; has AD equal to 2. These observations
lead to the results announced in Section 2.6. Namely, the matrix element Mlm] has the

— 11 —



same one-loop UV anomalous dimension as Mom-o, while Mgo;og has the same one-loop UV
anomalous dimension as M3;.;3.

Of course, the UV cut-off produced by the dimensional regularization is rather different
from that produced by a finite lattice spacing. The latter, as pointed out earlier, is similar to
the Polyakov regularization 1/22 — 1/(22 — a?) for the gluon propagator in the coordinate
space, with the parameter a related to the lattice spacing by a = ay/m. The UV logarithms
(asCy /4m) In 23 pdy in this case are substituted by (asCy /47) In(1 + 2% /a?) (compare with
Eq. (3.1)). In higher orders, they exponentiate into

asCv /4m (3.7)

Zi(z3/ar) = (1+ 222 a%)
For each particular type of the operator discussed above, one would have ZE(Zg /ar,), where
«v is the number (0, or 1, or 2) corresponding to the operator in question.
Building the matching relations for particular matrix elements entering in the combi-
nations listed in Eqgs. (2.18), (2.22) and (2.24), we will need the following results for the
UV-divergent parts of vertex corrections

_ 2 B 1 B4 _
Giil(z3)Gui(0) — 94]7\:;2;)22/2_21) /o du <d—2> Gii(uz3)Gii(0) (3.8)

where [ = 0,3 or [ = j (in the latter case, also summation over j is implied). We also have

B 2 _ 1 w34 _ oy, _
Gi(23)Gon (0) 2% 2 ;X;ggﬁ?;) /O du <d_2) Ga(azs)G0i(0)  (3.9)

and GOi(Zg)égi(O) E) 0.

3.3 Evolution contribution from the vertex diagrams

The UV finite contribution from the vertex diagrams shown in Fig. 2 generates the evolution
z3-dependence of the matrix element. It may be symbolically written as

2 1 3—d
Gya(Zg)G,\ﬁ(O) 4F2(Z§)d/2_2 0 U Cl - 3

:| Gua(ﬁZ:g)G)\/g(O) . (3.10)
n
In this case, the gluonic operator has the same tensor structure as the original operator
G W(zg)é 23(0) differing from it just by rescaling z — @z. There is no mixing with operators
of a different type. Also, the evolution factor is the same for any combination of the indices
in Guaé A+

The u-integral now does not diverge for d = 4, but the overall T'(d/2 — 2) factor has
a pole 1/(d — 4). Note that the singularity for d = 3 from the pole 1/(d — 3) formally
corresponds to a linear UV divergence. However, it is compensated by a zero coming for
d = 3 from the [u3’d — 1] combination in the integrand. The remaining 1/(d — 4) pole
corresponds to a collinear divergence that appears because all the propagators and external
lines correspond to massless particles. The integrand factor [u?’_d — 1] n for d = 4 produces
the [u/u] . part of the evolution kernel.
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3.4 Gluon self-energy diagrams

0000000000000

b)

Figure 3. Gluon self-energy-type insertions into the right leg.

Another simple type of one-loop corrections is represented by the gluon self-energy
diagrams, one of which is shown in Fig. 3a. These diagrams have both the UV and
collinear divergences. The combined contribution of the Fig. 3 diagrams and their left-leg
analogs is given by

92Nc 1 [2 /BO

82 2—dj2 | 2]\70:| Gua(2)Gs(0) (3.11)

where 5y = 11N./3 in gluodynamics, so that the terms in the square bracket combine into
1/6.

3.5 Box diagram

The most nontrivial is the calculation of the “box” diagram corresponding to a gluon ex-
change between two gluon lines (see Fig. 4). While this diagram has no UV divergences, it
contains DGLAP log zg evolution contributions. In distinction to the vertex diagrams, the
original G, (2)G,3(0) operator generates in this case a mixture of various bilocal operators
in which G o (uz)G,5(0) is projected onto the structures built from the metric tensor g and
the vectors p and z.

IS

000000
00000008 O

Of

]

Figure 4. Box diagram.

The results for arbitrary indices opu are given below. We present them in the operator
form, however, the operators that have the form of a full derivative are abandoned. In other
words, we keep only those operators that survive in the forward matrix element.

The full result for the box correction to the forward matrix element of the Go.pé“,\

operator may be represented by a sum of three terms. The first one has I'(d/2) as an

~13 -



overall factor.

=3

=~ Box,1 2N I'(d/2 1 u
97(/) (Eopuzzz\ - Eap)\zzy,) /0 dungg(uz)Gf(O) (3.12)

Gon(2)Ga(0) = £ 220

The second term is proportional to I'(d/2 — 1)

— Boxa ¢2NJT(d/2 — 1)
Gop(2)Gun(0) —
P H 87'['2 (Zg)d/2 1

e
/ du {egpﬂAngg(uz)Gf(O)

—3

e
— 3 o "Gy (uz)G2pu(0) — <2uu+ 3 > €opn” Gaop(u2)G2(0)

+ ( €opz Gan(uz)G2pu(0) — €5, 2, G (uz) Gy (0) )

F (1 +0) ey Gap(142)Grg (0) — 5,2 Gy (1) G (0) )
22 33

+ < - ) ( €opz (Gpg(UZ)GZS(O) + GzE(UZ)G;f(O))

o2 (Guelu)GE0) + GG 0)) )
_3

f%egpzkzuc;nf(uz)mﬁ (0)} — Ao} (3.13)

+ QﬂEUpZnZuGAS(UZ)Gng(O)
The third term is proportional to I'(d/2 — 2):

~ Box3 1, ¢?N.I(d/2—2) [! ~
G ()G (0) 255 260,,’798 2(( )/M 2 /0 du{ — 2uGy (u2) G (0)

— uG A (u2)Gon(0) + 0(1/2 — w) Gy (uz)G A (0) + 0(1/2 4+ )G\ (uz) Gy (0)
+ aulgyy <Gug(uz)GV§(O) + Gl,g(uz)Gf(O)> +a (gWGAg(uz)G,f(O) - glmG)\g(uz)Gf(O))

’17,3

- ggwgmGgg(UZ)G“(O) } —{A e pu}. (3.14)

We use here the notation €,45, = 2F€,08+, etc.

In practice, however, one may only need the projections of these expressmns onto partlc-
ular combinations of indices corresponding to matrix elements MOI 02+Mw i M- 30:3i — MZ“J,
MOZ;?,Z and Mgz;oz that contain the “twist-2” invariant amplitude ./\/l,(ys —I/Mpp and are listed

in Eqs. (2.18), (2.22), (2.23) and (2.24).
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4 Matching relations

As discussed already, the sum ]\700 = M()i;()i + ]\Zj;ij contains only the invariant amplitudes

//\/lvg;) and Mpp entering in the “twist-2” combination /\A/ng,) - Vﬂpp . Moreover, since
Moo = —2p3po [M(+) - V/\/lpp - l/Mpme/p3] , (4.1)

the ratio ]\700/(—2p3p0) tends to /K/lvg;) —Vﬂpp for large ps at fixed v. Other combinations of
matrix elements, namely, (2.22), (2.23) and (2.24), contain extra “contaminating” invariant
amplitudes, like /\/lgz), M]E,Z), M., etc. For this reason, the combination MgZ .0i + MZ] 4 18
the primary object of the ongoing lattice studies of the polarized gluon distribution.

4.1 Total one-loop correction

Combining all the one-loop corrections for the relevant operator (assuming that it is inserted
into a forward matrix element) we get

Goi(2)Goi(0) + Gij(2)Gi (0)
9 [g < + log (zgf 62:5)) + 2] (Goi(z)éOi(O) + Gji(z)éji(0)>

49 52 /0 du (; — U>+ <G0i(uz)60i(0) + Gji(uz)éji(o))
g°N,
872

—a(l +u) (Ggi(uz)égi(O) + 2Gi30(uz) G (0)) }
+ ;:; du <<;R—10g <Z§M2€2;E>) (2uu+2[
[ e HEC] ) (Guus)Gon(0) + G 021G 0)

+9 K < lR log <Z3M262;E>> /01 du 2iu (Ggi(uz)égi(O)+2G30(uz)630(0))(4 |
2

+ du { @ (Gm(uz)ém(()) + Gij(uz)éij(()))

Ql\@

L 5 (ﬁf + 6> 5(@))

Jr

Using the relations in Eqgs. (2.27) and (2.30) we change Ggi(uz)égi(O)+2G30(uz)630(0)
into Go;(uz)Goi(0) + Gij(uz)G;;(0) and write everything in terms of the latter. Switching
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to matrix elements, we get
Moi;io(2,p) + Mjiij (2, p)

N, [4 /1 e2VE — N
L [ ( + log <Z§H2 1 >> + 2] (MOi;iO(Zap) + Mji;ij(z7p)>

871'2 3 €UV

2N, [* 1 log(1 —
+gN duq 2uu+ |- —1u —4 w

812 Jo a n a N

]_ 2 262’YE _ 2/ ]. BO _
+ <€IR —log (zgu 4>> [{4uu+2 [u /u]+} A +6 ) d(a)
X (Mol';ig(uz,p) + iji;ij (uz,p)) . (4.3)
4.2 Gluon-quark mixing
z 0

Figure 5. Gluon-quark mixing diagram.

In addition to the gluon-gluon transitions, we also need to include the contribution
from gluon-quark mixing. The result that correspons to My;.io + Mjj.i; in the MS scheme
at the operator level is:

2vE

' = 0 9°Cr 2,26 ' =2 0
du 2uu 0o Oy (uz) — 5 log ( z5p 1 du (1 —a*) GOy (uz). (4.4)
0 0

T2

_¢*Cr
872

The singlet combination of quark fields is defined as

1

07 (2) = 5 > (2 15t (0) + Gp(0)7 55 (uz)) (4:5)
f

with f numerating quark flavors. Since (92 is even in z, the matrix element can be

parametrized by

1
(9,51 03 () lpvs) = 26° | cos (ap2) A (0). (46)
0
Then, applying the time derivative, we have:

& (p, | OF (2) Ip, s) = 2pops ALs (v) (4.7)
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where v = —(zp), as usual, and

1
AZg (v) = — / xsin (zv) Afs (z). (4.8)
0
Applying this parametrization to Eq. (4.4), we obtain:
(p, 8|G0 (2) Gio (0) |p, 8) + (. 5| G (2) Gji (0) [p, s)

20 1 2B\
— — 2pop3 98772F / du [log <z§,u2e 1 ) Bgq(u) + QUU] AZg (uv), (4.9)
0

with the gg component of the evolution kernel given by ggq(u) =1-(1-u)

4.3 Building reduced loffe-time pseudodistribution

A disadvantage of Moo(zg, p3) is that it is proportional to ps for small momenta ps, and one
cannot use M00(23, p3 = 0) in the denominator of the ratio defining the reduced pseudo-
ITD, like it is done in Eq. (2.38). To overcome this difficulty, we propose to form the ratio of
Moo (23, p3) and the ps = 0 value of the unpolarized matrix element Moy = Mo;.i0 + Mij.ji of
the operator Go;Gig + GG discussed in Ref.[27]. As established there, at the tree level,
Moo (z3,p3) = 23 Myp(v, 23), with the invariant amplitude M, (v, 23) being proportional
to the pseudo-ITD for the unpolarized gluon density x f4(x) divided by (z4). Thus, we are
going to consider the pseudo-ITD m (1/, zg) defined by

o, .2 — {Moo (23, p3) /p3po}/Z1(z3/ar)
%) = T oo (a5, = 0) /)

The factor 1/Z1,(z3/ar,) (defined by Eq. (3.7)) is included to cancel the UV logarithmic
vertex AD of the Myy matrix element.

(4.10)

As we discussed, the main reason for taking the ratio is to cancel the factor Zy, (22 /a?)
generated by linear divergence in the gluon-link self-energy. This factor is the same in
M()() (z3,p3) and in My (23, p3 = 0), so this factor cancels in the ratio. Furthermore, the
denominator factor does not have DGLAP evolution logarithms, hence the DGLAP struc-
ture of M (V, zg) is determined by DGLAP logarithms of the numerator factor Mgo (23,p3).

Using the results of our calculations for the one-loop corrections to the combinations
Mo,';io(z,p) + Mji;ij(z,p) and Mgi;io(z;;,pg =0)+ Mij;ji(Z;g,pg = 0), and neglecting the
additional term in Eq. (2.21) with factor 23 /v, we obtain the matching relation

i M (1/, zg) (a:g>ug

ch ! >3
=7, (1/, MQ) — % ; duZ, (uy, u2) {log <z§u2e4> Bygg(u)

et L[ )

-0 [ (s (w) - 87 )] {og (407 ) B +200 ) (410

17 -



between the “lattice function” ﬁ(v, 23) and the polarized light-cone ITD Z,(v, u?). Here
~ 2u2
Byy(u) = [Qf + 4uﬂ} (4.12)
u +

is the gg part of the Altarelli-Parisi kernel for polarized gluon distribution.
Eq. (4.11) allows one to extract just the shape of the polarized gluon distribution.

Its normalization, i.e., the magnitude of (x4),2 must be taken from an independent lattice

In
calculation, similar to that performed in Ref. [39]. The singlet quark function AZg(wv, u?)
that appears in the O(a;) correction should be also calculated (or estimated) independently.

Using Eq. (2.9) allows us to write (4.11) directly in terms of the LC polarized gluon

distribution:

— 1 A 2y o
§9 () = [ e L Ry o )
0 g p,Q

1 2y _
+/ dxm}%gq (zv, z?,;f) , (4.13)
0 <wg>u2

where the gluon-gluon kernel }Nﬁgg is given by

~ g2Nc 1 627E ~
Ry (o 30 ) = sinton) =2 [ i) {hog (305 ) By
™ Jo

1 m 2
ra |t e b
u + u +
and the gluon-quark kernel qu is

= 2 2
Rgq (xy, Z3 1 )
aSCF 2’7E

=-— /0 1du [sin(uzv) — sin(zv)] {log <z§,ﬁe I )ggq(u) +2au}. (4.15)

5 Summary

In this paper, we formulated the basic points of the pseudo-PDF approach to lattice calcula-
tion of polarized gluon PDFs. In particular, we have presented the results of our calculations
of the one-loop corrections for the bilocal G W(z)é 28(0) correlator of gluonic fields. We gave
the expressions for a general situation when all four indices are arbitrary, and also specified
them for combinations of indices giving three matrix elements that contain the structures
corresponding to twist-2 invariant amplitude related to the polarized PDF. We have studied
the evolution properties of these matrix elements, and derived matching relations between
Euclidean and light-cone loffe-time distributions that are necessary for extraction of the
polarized gluon distributions from the lattice data.
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