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ABSTRACT: We present results for the gg-part of the one-loop corrections to the recently
introduced “topological charge” PDF F (x). In particular, we give expression for its evolution
kernel. To enforce strict compliance with the gauge invariance requirements, we have used
on-shell states for external gluons, and have obtained identical results both in Feynman and
light-cone gauges. No “zero mode” §(x) terms were found for the twist-4 gluon PDF F(z).
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1 Introduction

Parton distribution functions (PDFs) f(x) [1| provide an efficient way to describe hadron
structure. At present, PDFs are the objects of both intensive experimental research and
lattice QCD calculations. In fact, it is believed that the lattice studies may provide infor-
mation about interesting PDFs that are difficult or impossible to investigate in accelerator
experiments. Among such PDFs, one may list two twist-4 gluon functions proposed recently
in Refs. [2, 3].

One of them, introduced in Ref. [2] and denoted there as F(x), describes the mo-
mentum distribution of the “gluon condensate”. The z-integral of F'(x) corresponds to the
matrix element (P|F),, (0)F"”(0)|P) of the local operator that may be related to the gluon
contribution into the proton mass. The z-integral of another twist-4 gluon PDF F () in-
troduced in Ref. [3] corresponds to the matrix element <P|FW(O)6’“’(O)|P> that gives the
nucleon “topological charge”.

A rather intriguing question raised in Ref. [4] is whether twist-4 gluon PDFs have
singular §(z) “zero-mode” contributions, similar to those that have been found [5] in calcu-
lations of one-loop perturbative QCD corrections for the twist-3 quark PDFs. For F'(z), this
question was originally investigated in Ref. [2]. However, the matrix element of the bilocal
operator F,, (z)F'*(0) in the calculation of Ref. 2] was taken between gluon states with
nonzero virtuality. This is a risky exercise because it violates gauge invariance. Indeed, as
shown in our paper [6], the calculations with virtual external gluon lines in Feynman and
light-cone gauges give different results, both of which are incorrect.



To perform the calculation in a gauge-invariant way, one needs to do the calculations
using on-shell external gluons. However, there is a complication that both the tree-level and
one-loop matrix elements of the F,,(0)F*"(z) operator for on-shell gluon states vanish. To
escape this problem, we took a nonforward matrix element, i.e. considered the generalized
parton distribution (GPD) corresponding to the same bilocal operator F,, (0)F*"(z).

In the case of the “topological charge” PDF, the forward matrix element of F#I,(O)ﬁ“” (2)
operator vanishes, even if the external gluons are off-shell. Hence, the use of a nonforward
kinematics is mandatory. The calculation of the relevant GPD at one-loop level was done
in Ref. [3], but still using off-shell gluons.

Our goal in the present paper is to perform a one-loop calculation for the matrix element
of the F, W(O)ﬁ H¥(z) operator between on-shell gluon states. As expected, our calculations
performed both in Feynman and light-cone gauges have produced the same result, which,
however, is different from the result given in Ref. [3].

The content of the paper is organized as follows. In Section 2, we discuss the definition
of the F (z) PDF and introduce the GPD related to a nonforward matrix element involving
on-shell gluons. In Section 3, we present diagram-by diagram results for all contributing
one-loop diagrams. In Section 4, we write down the total result and discuss its structure.
In Section 5, we give a summary of the paper and discuss further steps in the study of
twist-4 gluon PDFs. The table of basic integrals that appear in our calculations is given in
the Appendix.

2 PDF for topological charge

The gluon PDF F () corresponding to the momentum distribution of the topological charge
is defined through a matrix element of twist-4 bilocal bilocal combination of gluon fields

1 _
~ dz— . ~ ~
F(z) :P+/ QLe”P” <P)FW(0)W[O,Z—]FW (z‘)‘P> (2.1)
—1 ™
switched between the nucleon states with momentum P. As usual, FVW = %swa/gF af

and €, is the Levi-Civita tensor. The summation over the gluon colors and division by
their number N, = N2 —1 is assumed. Also, the summation over the hadron polarizations
is implied. The gluon fields F(0) and F (z—) are connected by the straight-line gauge
link W10, 27] in the “minus” direction specified by the light-cone vector n. The “plus™
components for an arbitrary vector a are obtained by a scalar product with n, i.e., a™ = n-a .

The nucleon topological charge () is given by the matrix element of the local operator
Frv (O)EW (0), or, equivalently, by the z-integral of ﬁ(aj)

Q= <P (FW(O)EW (0)‘ P> - /_ 11 deF(z) . (2.2)

In QCD, PDFs have also a dependence on the factorization scale . The latter emerges
as an ultraviolet cut-off in the perturbative corrections to the relevant operator on the light
cone. To calculate such corrections in momentum representation, one needs to consider the
matrix element (2.1) between the parton states. In the present paper, we will study the case



of gluon external states |g(p, €)), where p is the gluon momentum and e is its polarization.
At the tree-level, we deal with the following forward matrix element

b [ e (ot ) [P OWI R () alpen))

1 *V v _*
= pWe” —p es')eapu (p%€] — pPef) [5(n p—an-p)+dn-p+an-p)
= capupes €] |51~ 2) + 51+ )| = 0. (2.3)

We took here different gluon polarizations €; and e for the initial and final states. Still,
the tree-level matrix element vanishes because the momentum vector p enters twice in the
convolution with the Levi-Civita tensor. Moreover, this happens no matter if the gluons
are on-shell or not. To get a nonzero result in the £,4,, ... convolution, we need another
vector instead of one of the “p” factors. To this end, we shall consider the function defined
by a non-forward matrix element

+ —
P dz eifoz*

N, ] om
e (VW 22 e (5 ) |stre ). 20

<g(p +4q,€3)
where P = W. In general, the skewness is defined by £ = —2‘;%, so that n-p =
(1 +&)n - P. However, in the present work, we take £ = 0. The gluons both in the initial
and final states are on-shell, i.e.,

F(z,& 4%

p’=0, (p+¢*=0,p-e1=0, (p+q)-€5=0. (2.5)

It is convenient to take also n - €; =n - ey = 0. The tree-level result is now given by
1 . .
FO(,¢) =gn- P (0 + /' — (0 + 0)'es") cap (0] —p7e})
X [5(n-P—xn-P)+6(noP+xn-P)}
1 *V v _*
—2asn (0] — D) (e — ¢ €) |31 — ) + 3(1 + @)
——2¢(p,q,e1,63) [5(1 — 2) + (1 + )]

—II(p, g, €1, €5) [5(1 —z)+6(1+ x)} . (2.6)
where we have denoted F(z,& = 0,¢%) = F(z,¢%),

e(p, g1, 8) = e pagaryss (2.7)

and

H(p)Q7 61765) = _25(17,(]7 61765)' (28)



3 One-loop corrections

Our goal is to investigate the structure of this matrix element at the one-loop level. To
be on safe side, we have performed our calculations both in the light-cone gauge and in
Feynman gauge. The gluon propagator in the light cone gauge is given by —iD*(k)/k?,

where
ktnY + kEYn#
DM"(k) =g — —— 3.1
(k) =g — (3.1)
In Feynman gauge, we have
D* (k) = gM". (3.2)

To handle ultraviolet and collinear divergences, we use the dimensional regularization, defin-
ing the dimension d of space-time by d = 4 — 2e.

Below, we discuss the results calculations in Feynman gauge. The relevant diagrams
are shown in Fig. 1.

We will express the results for particular diagrams in terms of basic integrals

A’k n-k 1
Stmn = | =0 |z — , 3.3
: /ww(xanMWTQ 33
4’k n-k ke
v :/5 - , (3.4)
mn (2m)d n-P ) D\DyDy
dk kN kMY
T :/ 5(z—" : (3.5)
mn (2m)d n-P) D'DmnDy

where Dy = k‘2, Dy = (p — k)z, Ds = (k+ q)2.
3.1 Box diagram

For the “box” diagram shown in Fig. (1a), we have

Fua) (z,p,q, €1, €2) 0 2i€apuvp [(2‘/0011 —Vion + Vo — 2612‘/1%1)‘1“6'1/6;/)
AP (2T € 5+ VD - €5) + AphaUes (2T e 5 + Vid1g - e1) (3.6)

Using explicit expressions for the basic integrals and simplifying, we obtain
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Figure 1. One-loop diagrams (mirror diagram e’ is not shown).
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‘IR MR [(—2emr)
—x —2e72(1 _ 6 € 26 2\ €
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+ 2[6(n,p, q,€1)q - €5 +e(n,p,q,€5)q - 61] (1 —2x(1— 6))] (3.7)

Note that, in addition to the (p, g, €1, €2) structure, there are other ones. Let us show
that the other structures can be reduced to e(p, g, €1,€2). Indeed, if the vectors p, g, €1, €2
are linearly independent in the d = 4 space-time, the vector n can be expressed in terms of
the other 4 vectors as

n* = a1p" + az(p + Q)" + asél + aséy, (3.8)

Contracting above equation with p, p + ¢ and n respectively, we have
2

n-p= —az% — a4q - €, (3.9)
2
n-p—l—n'q:—al%—i—agq-q, (3.10)



O=an-p+ax(n-p+n-q). (3.11)
In the zero-skewness case, we have n - ¢ = 0, hence a; + a2 = 0 and also
e(n,p.¢,€1)q- € +e(n,p,q, €3)q - €1 =2n-pe(p,q,e1,€) (3.12)
Similarly, for the £(n, g, €1, €) structure, we have
e(n,q,e1,€5) = (a1 + az)e(p, g, €1,€3) =0 (3.13)

As a result, the terms proportional to d(x) and ¢’(z) vanish, and the remaining terms may
be written as

2
i g°Cy .
Fla) (2,p,q, €1, €2) ‘:pzo = 0(z)0(1 — if)Tﬂgﬁ(Paq, €1,€3)
2 2 _ve\ fIR _ —1-2eirT2(__
X [:c (—1 L1 I+ <MIR€2 ) (1-x) [ (—em)I'(1 + 61R)>
€ CR MR —q I'(—2er)
2(1 — 2)72T2(1 — )T(e) [ p2e2\"
- 1—-2 . 14
(2 — 2¢) —z ) (1729 (3.14)

Thus, box diagram has both ultraviolet (UV) and infrared (IR) singular contributions,
reflected by the UV poles 1/e and IR poles 1/erg.
3.2 Bremsstrahlung diagrams

For the diagram (1d), containing insertion into the gluon link, we have
e Cauplp ) |1 P+ ) Vi — 20T
n-P(l—uzx)

B asCy

(1 1 2\ [z(1 +2)
= = - — +In— _ 1— 1
o 8(]),(},61762) <6 €IR +1n ,Uf%R> |: 1—1 0(1')0( 1’) N (3 5)

For the mirror diagram (1d’), we have

21
n-P(1—x)

200 (55 (55 + V)~ 5 (Vi + ¢Som) |
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— ") (1 ol ) | -] L @)
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Thus, the final expressions for contributions of diagrams (1d) and (1d’) coincide, and their
combined contribution is given by

E asCA ¥ 1 1 Mz
Faay+aa) (#,p,4, €1, €2) )120 =T e(p,q,€1,€5) <6 - +1n MIQR>
1
< | Do - o) 317
1-2z N



Note, that these diagrams contain the ~ 1/(1 — z) “bremsstrahlung” or soft-gluon ex-
change term. The singularity for x = 1 comes here in regularized by the “plus” prescription.
In fact, the diagram (la) also has the ~ 1/(1 — ) contribution, but it is not accompanied
by the “plus” prescription. Namely, it comes from the term containing (1 — x)~ =2,

To combine the contributions of the diagrams (1a), (1d) and (1d’), we write the ex-
pression for the diagram (la) as a sum of a term having the plus-prescription for x = 1
and a §(1 — z) term. Expanding in €, eir, and neglecting the terms vanishing when € = 0,
eir = 0, we obtain

a *
F(la) (xapa q, €1, 62) ’x>0 = ?SCAE(]?, q, €1, 62){9($)9(1 - ZL')

2 1 1 2 2 2
x{— —|—x+az( ) [——i—ln'lg]— In 2’“ 2—4(1—3:)]}
€ l1—x €IR IR -2 —¢*(1—1x) i

1 1 2 1 2 2 5/1 1 2
P e ] e T | IR
€fr €IR —¢ 2 —q 12 2\ ¢ €IR, iR

Note that the combination proportional to the IR factor [—i +In ;‘TQ} in the second line
IR

of Eq. (3.18) cancels the IR part of the bremsstrahlung contribution (3.17).

3.3 Other vertex diagrams

The remaining vertex diagrams (1b), (1b’) , (1c), (1e), (1e’) and (1f) vanish in Feynman
gauge. In particular, for the diagram shown in Fig. (1b), we have

6icaumpVilopt eres’ =0, (3.19)
since V5, ~ p® according to Eq. (A.4). For the diagram (1b’), the result is
Gicauper &” (0" Vot1 + ¢ Vit — p*¢" Sou) - (3.20)

It also vanishes after we use Viij; = —((1 — x)¢® — zp®)So11 (see Egs. (A.2), (A.5)). For
the diagram (1c), the result is identically zero. The contributions of the diagrams (1le)

2

mé‘a,guynapﬂefezysmo (321)
and (1¢')
27 « B K _xv
m&aﬁ’uyn (p+q) 6162 5010 (322)
are proportional to the function
d%k n-k



For n? = 0, it reduces to

d
Soto = 0(z — 1) / (231)5;:2 , (3.24)

i.e., to the integral containing just one propagator. Such integrals are treated as zero in
the dimensional regularization. Finally, the contributions of the four-gluon vertex diagram
(1f) is identically zero.

3.4 Self-energy-type diagrams

Finally, we should include the contributions of the diagrams of self-energy type. They
have both UV and IR logarithmic divergences. We will present here the results for > 0,
understanding that one should complement them by the {x — —x} contributions in the
final result. In particular, the diagram (1g) is given by

—i6(1 — 2)e(p, q, €1, €3)9°C / o : o
PGS A | iondi2p — k)2 |
which produces
asCa3 (1 1 W
. G0sCa3 (11 g 3.26
(A= 2)e(p.ge1,6)— (6 aw n:uIQR) o

1 2
51— 2)e(p, g, 1, eg)o‘scf‘z < 1l im “2) . (3.27)

The self-energy corrections (1h), (1h") to the external gluon lines produce

s as (5 1 1 1 2
2,0 (@) = ~2¢(p, g, 1, €§)5(1 — )2 (OA - Tan) ( -t ‘2) - (3.29)
T \ 12 3 € €R HiR

4 Total result

Combining the contributions from all diagrams, we get the total result, which, including
the tree-level contribution, reads

F(z,¢% 12, pig) =I(p, q, €1, €3)

4 € €R MR
Qs 1 1 p 1 o pip T
— —C46(1 | -1 - — =
a0l =) <2612R 2¢ir - —q2 * 4 ¢ 24
+{z— -z} . (4.1)



The coefficient accompanying the 1/¢ pole (multiplied by the /27 factor) gives the evo-
lution kernel

PE(z) = P51~ a)+ Ca [

2 1—2x

} +{x — —x} (4.2)
+

for ﬁ(m) It has two ingredients. The ~ £y term corresponds to the anomalous dimension
of the local operator F*¥ (O)ﬁw(()). The “plus-prescription” term, displayed in the second
line of Eq. (4.1), is specific for the nonlocal case. Note that it does not contain the IR
poles e and the IR scale ur. As already mentioned, the terms ~ [—1 /e + In u? / N%R]
present in the box and bremsstrahlung diagrams, cancel each other. As a result, the IR
cutoff in this term is provided by the momentum transfer ¢2, just like in the case of the
“gluon condensate” PDF F'(z) discussed in our recent paper [6]. (A similar observation was
made in the studies of the quark GPDs [7], [8]).

Another observation is that the kernel PgI;(x), coincides with that for the “gluon conden-
sate” PDF F(z), despite the difference in the structure of the relevant nonlocal operators.
However, our expression differs from that obtained in Ref. [3]. The calculations there
have been performed using external gluons with nonzero virtualities, which violates gauge
invariance. In the present paper, we use massless on-shell external gluons. While we give
diagram-by-diagram results in Feynman gauge, we have also performed calculations in the
light-cone gauge, and obtained the same final result.

The UV finite “Sudakov” term, shown in the 4th line of Eq. (4.1), is an artifact of the
IR regularization by a finite momentum transfer q. Recall that, to maintain the necessary
strict gauge invariance in our calculations, we have chosen to take zero-virtuality initial and
final momenta py, p2. Next, to get a non-vanishing result for the overall kinematical factor
(g, €1, €2) (see Eq. (2.6)), we have imposed a nonzero momentum transfer ¢ = (pz —p1)?.
As a result, the box diagram (1a) is formally in the Sudakov kinematics —q? > [p}| ~ [p3,
which is signalized by double logarithms in the Sudakov term. Because of its purely IR
nature, we may absorb the “Sudakov” term into a “bare” PDF. In other words, since it does
not contain the UV parameter pu, the “Sudakov” term does not affect the relation between
the functions F M (z, ¢%; u?) at different evolution scales y. Similarly, calculating the matrix
element (pa| F* (—z/2) W [—2/2,2/2] ﬁw(z/Q\pﬁ for 22 # 0 (i.e., off the light cone, which
is necessary for lattice calculations of F (z, %)), one would get the same Sudakov terms,
that would cancel in the matching condition between off-the-light-cone and on-the-light-
cone versions of the PDF.

Finally, we would like to mention that we do not have ¢(x) terms in our one-loop result
which could be identified as a “zero-mode” contribution.

5 Summary and outlook

In this paper, we have presented the results of one-loop corrections in the 2-gluon sector to
the “topological charge” PDF F(z) introduced in Ref. [3]. Just like in our paper [6] about
the “gluon condensate” PDF F(z), to get a nonzero contribution for the gluon matrix
element at the tree level and maintain gauge invariance, we took a nonforward matrix



element between on-shell massless gluons, i.e. we have considered a GPD reducing to ﬁ(x)
in the forward limit. Ref. [3] also deals with a GPD, however, the calculation was done for
off-shell gluons, which violates gauge invariance.

We have performed our calculations with on-shell external gluons both in Feynman
and light-cone gauges, and obtained the same result. Our Feynman-gauge calculation is
described in the present paper on the diagram-by-diagram level. It gives a result differing
from that of Ref. [3], thus demonstrating once more the importance of doing the calculations
of gluon matrix elements in a strict compliance with the gauge invariance requirements.

In Ref. [4], it was suggested that some twist-4 gluon PDFs may have §(x) zero-modes,
similar to those observed in one-loop perturbative QCD expressions for the twist-3 quark
PDFs (see, e.g., [5]). However, our one-loop expressions for the twist-4 gluon PDF F(z) do
not contain such terms.

It should emphasized that our calculation deals with the matrix elements of the twist-4
bilocal operator F* (—z/2) ﬁu,,(z/ 2 (we skip the link factor W here and below) between
two external gluon states. In the OPE language, this means that we are picking out the

FH (uz) ﬁu,,(vz) terms in the expansion of the original operator product F* (—%) ﬁuy(%)
However, one can easily imagine twist-4 nonlocal operators built from three and even four
gluon fields (like 2%2°F,, (uz) F“”(vz)ﬁyg(wz), etc.). To pick out coefficient functions
corresponding to such operators, one should consider matrix elements of F*¥ (—%) ﬁwj(%)
between three and four external gluons. In the momentum representation, such a procedure
of calculating mixing between different types of gluon operators involves some element of
guessing and uncertainty about whether all possible combinations have been taken into
account.

Another way to approach this problem is to calculate corrections in the operator form,
without making projections on external states at all, like it was done in Refs. [9-12| for
the “twist-2” quark and gluon bilocal operators outside the light cone. This gives a possible
direction for future studies of the twist-4 gluon PDFs. A natural first step would be a
coordinate-space formulation of the results obtained using the momentum-space techniques

in the present paper and in Ref. [6].
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A Table of integrals

Soo1 ~0, (A1)
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Note: The sign ~ means that, in addition to the explicitly written terms, the contri-
bution also contains [ d?k/k? terms which are treated as zero.
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