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Abstract

We calculate the spin-averaged generalized parton distributions (GPDs) of sea quarks in the

proton at zero skewness from nonlocal covariant chiral effective theory, including one-loop con-

tributions from intermediate states with pseudoscalar mesons and octet and decuplet baryons.

A relativistic regulator is generated from the nonlocal Lagrangian where a gauge link is introduced

to guarantee local gauge invariance, with additional diagrams from the expansion of the gauge link

ensuring conservation of electric charge and strangeness. Flavor asymmetries for sea quarks at zero

and finite momentum transfer, as well as strange form factors, are obtained from the calculated

GPDs, and results compared with phenomenological extractions and lattice QCD.

1



I. INTRODUCTION

Reconstructing the three-dimensional structure of the nucleon and other hadrons in terms

of their fundamental quark and gluon (or parton) constituents is one of the defining prob-

lems in modern nuclear physics, and one which is a major driver of experimental programs

at facilities such as Jefferson Lab and the future Electron-Ion Collider (EIC) [1, 2]. A cen-

tral element of this endeavor is the extraction of generalized parton distributions (GPDs),

which, as Fourier transforms of nonforward (and nondiagonal) matrix elements of nonlocal

operators, contain rich information on the partonic structure of the nucleon. GPDs interpo-

late between exclusive form factors, when integrated over parton momentum fraction x, and

parton distribution functions (PDFs) in the forward limit, and contain considerably more

information about the nucleon’s internal structure than do PDFs or form factors alone (for

reviews of GPDs see, e.g., Refs. [3, 4]).

The mapping of nucleon GPDs requires a comprehensive program of experimental studies

of hard exclusive processes, such as deeply-virtual Compton scattering (DVCS) and hard

exclusive meson production (HEMP), over a broad kinematic range. While theoretical tools

have been developed to formally factorize GPDs from the process-dependent, hard scat-

tering amplitudes [5–7], the reconstructed of the full functional dependence of the GPDs,

including their flavor and spin dependence, from limited experimental data is a formidable

challenge [8]. Experimental data were obtained at the HERA collider by the H1 [9, 10] and

ZEUS [11, 12] collaborations and by the HERMES [13–15] fixed target experiment, as well

as by COMPASS at CERN [16, 17]. A rich program of DVCS and HEMP measurements is

also underway at Jefferson Lab with the 12 GeV energy upgraded, high-luminosity CEBAF

accelerator [18–21].

In addition to the experimental efforts, considerable progress has also been made on

the theoretical front. Because of the complex, nonperturbative properties of QCD, it is

extremely challenging to calculate GPDs from first principles. Since parton distributions

and other light-cone correlation functions are defined in Minkowski space, it has also been

very difficult to simulate GPDs on the Euclidean lattice. Recent breakthroughs, however,

have enabled the x dependence of PDFs to be inferred from matrix elements of nonlocal

operators on the lattice, in the form of quasi-parton distributions using the large momentum

effective theory [22], pseudo-PDFs [23], and lattice good cross sections [24, 25].
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As with PDFs, the simulation of GPDs on the lattice is still at a relatively early stage

of development. Much of the work on GPDs has focused on finding effective ways to

parametrize their dependence on kinematic variables [26]. From more phenomenological

perspectives, characteristics of GPDs have been studied within nonperturbative approaches,

such as the MIT and cloudy bag models [27, 28], the constituent quark model [29, 30], the

NJL model [31], the light-front quark model [32, 33], the color glass condensate model [34],

the chiral quark-soliton model [3, 35], and the Bethe-Salpeter approach [36, 37].

In addition to the phenomenological models, more systematic approaches using heavy

baryon and relativistic chiral effective field theory (EFT) have been widely used to study

hadron structure at small momentum transfer [38, 39]. Historically, most formulations of

EFT have been based on dimensional or infrared regularization. Recently, a nonlocal chi-

ral effective Lagrangian was proposed [40–42], which makes it possible to extend the range

of momentum transfers over which hadron properties can be described. The method is a

relativistic extension of finite range regularization, which has been applied extensively to

extrapolate lattice QCD calculations of quantities such as the vector meson mass, mag-

netic moments, magnetic and strange form factors, charge radii, and moments of PDFs and

GPDs [43–51] from unphysically large quark masses to the physical region. The nonlocal

interaction generates both the regulator which makes the loop integral convergent and the

momentum dependence of the form factors at tree level. The electromagnetic and strange

form factors of the nucleon obtained in this approach have been found to be in excellent

agreement with experiment up to values of the four-momentum transfer squared of ≈ 1 GeV2

[41, 42]. Recently, the method has also been applied to calculate the d̄− ū flavor asymmetry

in the proton [52], the strange–antistrange PDF asymmetry s − s̄ [53–56], and sea quark

Sivers function [57] in the proton.

In this paper we apply the nonlocal chiral effective theory for the first time to GPDs of

sea quarks in the proton. The study is timely, given the ongoing experimental program of

DVCS and HEMP measurements at Jefferson Lab, and plans for future studies of high-Q2

exclusive reactions at the EIC. We begin in Sec. II by introducing the local and nonlical

chiral Lagrangian, including a derivation of the currents which couple to the external vector

field. The one-loop nucleon → meson plus octet and decuplet baryon splitting functions

are derived in Sec. III from the full set of rainbow, Kroll-Ruderman, tadpole, and bub-

ble diagrams. Generalizing the one-dimensional splitting functions relevant for PDFs, the
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splitting functions for nonforward GPDs include dependence on the momentum transfer

squared, in addition to the dependence on the longitudinal momentum fraction variable.

Taking moments of the nonforward splitting functions and expanding in powers of the pseu-

doscalar meson mass, in Sec. IV we derive their nonanalytic behavior, which serves as a

model-independent constraint on phenomenological models. The convolution formalism is

discussed in Sec. V, where we present explicit expressions for the unpolarized electric (H)

and magnetic (E) GPDs in terms of the splitting functions and GPDs of the pseudoscalar

mesons and intermediate state baryons. Numerical results are presented in Sec. VI for the

nonperturbative sea quark contributions to the H and E GPDs for light quark and strange

flavors, interpolating the corresponding constraints from the sea quark contributions to

PDFs and form factors. Finally, Sec. VII summarises our results and anticipates future

extensions of this analysis. Explicit formulas for splitting function integrals are compiled in

Appendix A.

II. THEORETICAL FRAMEWORK

In this section we begin with introducing the basic chiral Lagrangian which is used to

define the theoretical basis of our calculations, as well as its nonlocal generalization which

generates the ultraviolet regulator for loop integrals in a natural way that respects Lorentz

and gauge invariance. The nonlocal formulation relevant for forward PDFs was presented in

Refs. [55, 56]; here we generalize the formalism to the case of nonforward matrix elements

needed to compute GPDs.

A. Local chiral effective Lagrangian

We begin by introducing the lowest-order local Lagrangian of chiral SU(3)L×SU(3)R

effective theory that describes the interaction of pseudoscalar mesons (φ) with octet (B)

and decuplet (Tµ) baryons [58, 59],

L = Tr
[
B̄(i /D −MB)B

]
− D

2
Tr
[
B̄γµγ5{uµ, B}

]
− F

2
Tr
[
B̄γµγ5[uµ, B]

]
+ T

ijk

µ (iγµναDα −MTγ
µν)T ijkν −

H
2

(T µ)ijkγαγ5(uα)kl (T µ)ijl

− C
2

[
εijk T

ilm

µ Θµν(uν)
ljBmk + H.c.

]
+

f 2

4
Tr
[
DµU(DµU)†

]
, (1)
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where MB and MT are the octet and decuplet masses, D, F , C and H are the baryon-meson

coupling constants, and f = 93 MeV is the pseudoscalar decay constant. The octet–decuplet

transition operator Θµν is given by

Θµν = gµν −
(
Z +

1

2

)
γµγν , (2)

where Z is the decuplet off-shell parameter, chosen here to be 1/2 [60]. We define the

tensors γµν = 1
2
[γµ, γν ] = −iσµν and γµνα = 1

2
{γµν , γα}, and εijk is the antisymmetric tensor

in flavor space. The SU(3) baryon octet fields Bij and decuplet fields T ijkµ are represented

by the matrix

B =


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 (3)

and by symmetric tensors with components

T 111 = ∆++, T 112 =
1√
3

∆+, T 122 =
1√
3

∆0, T 222 = ∆−,

T 113 =
1√
3

Σ∗+, T 123 =
1√
6

Σ∗0, T 223 =
1√
3

Σ∗−, (4)

T 133 =
1√
3

Ξ∗0, T 233 =
1√
3

Ξ∗−,

T 333 = Ω−,

respectively. The operator U is defined in terms of the matrix of pseudoscalar meson fields φ,

U ≡ u2 = exp

(
i

√
2φ

f

)
, (5)

where the matrix

φ =


1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K
0 − 2√

6
η

 (6)
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represents the π, K and η mesons. The covariant derivatives of the octet and decuplet

baryon fields in Eq. (1) are given by [61, 62]

DµB = ∂µB + [Γµ, B]− i〈λ0〉υ0
µB, (7)

DµT
ijk
ν = ∂µT

ijk
ν + (Γµ, Tν)

ijk − i〈λ0〉υ0
µ T

ijk
ν , (8)

respectively, where υ0
µ denotes an external singlet vector field, λ0 is the unit matrix, and

〈 · · · 〉 represents a trace in flavor space. For the covariant derivative of the decuplet field,

we employ the shorthand notation

(Γµ, Tν)
ijk = (Γµ)il T

ljk
ν + (Γµ)jl T

ilk
ν + (Γµ)kl T

ijl
ν . (9)

For the meson fields, the covariant derivarive is given by

DµU = ∂µU + (iUλa − iλaU) υaµ. (10)

The mesons couple to the baryon fields through the vector and axial vector combinations

Γµ =
1

2

(
u∂µu

† + u†∂µu
)
− i

2

(
uλau† + u†λau

)
υaµ, (11)

uµ = i
(
u†∂µu− u∂µu†

)
+
(
u†λau− uλau†

)
υaµ, (12)

where υaµ corresponds to an external octet vector field, and λa (a = 1, . . . , 8) are the Gell-

Mann matrices.

While the unpolarized twist-two GPD H receives contributions for each quark flavor

from the lowest-order Lagrangian in Eq. (1), to compute the effects of meson loops on the

magnetic GPD E requires an additional contribution to the Lagrangian for the magnetic

interaction, which enters at a higher order. The magnetic Lagrangian for the octet, decuplet

and octet-decuplet transition interaction is given by [41, 42, 63–65]

Lmag =
1

4MB

(
c1Tr

[
B̄σµν

{
F+
µν , B

}]
+ c2Tr

[
B̄σµν

[
F+
µν , B

]]
+ c3Tr

[
B̄σµνB

]
Tr
[
F+
µν

] )
+

i

4MB

c4Fµν

(
εijk(λq)

i
lB̄

j
mγ

µγ5(T ν)klm + εijk(λq)
l
i(T

µ
)klmγ

νγ5B
m
j

)
+

F T
2

2MT

(T µ)abcσρσ∂συ
q
ρ(λq)

a
e(T

µ)ebc, (13)
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where we adopt the notation c1, c2 and c3 for the octet baryon interaction from Ref. [63] and

c4 for the octet-decuplet transition, which corresponds to the constant µT in Refs. [41, 42],

and following Refs. [41, 42] denote by F T
2 the coupling for the decuplet interaction. In

Eq. (13) the electromagnetic interaction with the individual quark flavors is introduced by

the field strength tensor

F+
µν =

1

2

(
u†F q

µνλqu+ uF q
µνλqu

†) , (14)

where F q
µν = ∂µυ

q
ν − ∂νυ

q
µ for the external field υqµ interacting with the quark flavor q =

u, d, s with unit charge, and the matrix λq is the diagonal quark flavor matrix defined as

λq = diag{δqu, δqd, δqs}. At this order, the magnetic Lagrangian Lmag generates the follow-

ing quark flavor decomposition for the proton anomalous magnetic moment, given by the

proton’s Pauli form factor F p
2 (t) at t = 0,

F
p(u)
2 (0) = c1 + c2 + c3, (15a)

F
p(d)
2 (0) = c3, (15b)

F
p(s)
2 (0) = c1 − c2 + c3. (15c)

Since at tree level there is no strange quark contribution to the proton, we take c3 = c2− c1.

Furthermore, from SU(3) symmetry one also obtains relationships between the octet and

decuplet constants [41, 42],

c4 = 4c1, (16a)

F T
2 = c1 + 3c2. (16b)

Within the flavor SU(3) framework, the magnetic moments of the octet and decuplet

baryons, and the transition moments between the octet and decuplet baryons, can be ex-

pressed in terms of quark magnetic moments, µq. For example, for the proton and neutron

one would have µp = 4
3
µu− 1

3
µd and µn = 4

3
µd− 1

3
µu, respectively, while for the ∆++ baryon

µ∆++ = 3µu.

If we include the higher order magnetic Lagrangian Lmag in Eq. (13), for consistency in

the power counting we also need to consider the next-to-leading order Lagrangian for the

baryon-meson interaction. Generalizing Eq. (1), and using the notation from Ref. [66], we
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therefore include the additional baryon contribution involving two derivatives [66]

L′Bφ =
i

2
σµν
(
b9 Tr

[
B̄uµ

]
Tr [uνB] + b10 Tr

[
B̄{[uµ, uν ], B}

]
+ b11 Tr

[
B̄[[uµ, uν ], B]

])
, (17)

where the values of coefficients have been determined to be b9 = 1.36 GeV−1, b10 =

1.24 GeV−1, and b11 = 0.46 GeV−1 [66]. Expanding the Lagrangians L in Eq. (1) and

L′Bφ in Eq. (17), the lowest order baryon-meson interaction involving the proton can then

be written as

Lint =
(D + F )

2f

(
p̄ γµγ5p ∂µπ

0 +
√

2 p̄ γµγ5n ∂µπ
+
)
− (D − 3F )√

12f
p̄ γµγ5p ∂µη

+
(D − F )

2f

(√
2 p̄ γµγ5Σ+ ∂µK

0 + p̄ γµγ5Σ0 ∂µK
+
)
− (D + 3F )√

12f
p̄ γµγ5Λ ∂µK

0

+
C√
12f

(
−2 p̄Θνµ∆+

µ ∂νπ
0 −
√

2 p̄Θνµ∆0
µ ∂νπ

+ +
√

6 p̄Θνµ∆++
µ ∂νπ

−

−p̄ΘνµΣ∗0µ ∂νK
+ +
√

2 p̄ΘνµΣ∗+µ ∂νK
0 + H.c.

)
+

i

4f 2
p̄ γµp

[
(π+∂µπ

− − π−∂µπ+) + 2(K+∂µK
− −K−∂µK+) + (K0∂µK̄

0 − K̄0∂µK
0)
]

+
i

f 2
p̄ σµνp

(
2(b10 + b11)∂µπ

+∂νπ
− + (4b11 + b9)∂µK

+∂νK
− + 2(b10 − b11)∂µK

0∂νK̄
0
)
.

(18)

For the interactions with the external field υaµ, from the Lagrangian L in Eq. (1) one can

obtain the vector current

Jµa =
1

2
Tr
[
B̄γµ

[
uλau† + u†λau,B

]
+
D

2
Tr
[
B̄γµγ5

{
uλau† − u†λau,B

} ]
+
F

2
Tr
[
B̄γµγ5

[
uλau† − u†λau,B

] ]
+

1

2
T νγ

ναµ
(
uλau† + u†λau, Tα

)
+
C
2

[
T νΘ

νµ(uλau† − u†λau)B + H.c.
]

+
f 2

4
Tr
[
∂µU(U †iλa − iλaU †) + (Uiλa − iλaU)∂µU †

]
. (19)

For the SU(3) flavor singlet case, the current coupling to the external field υ0
µ can be written

Jµ0 = 〈λ0〉Tr[B̄γµB] + 〈λ0〉T νγναµ Tα. (20)

The magnetic current coupling to the external field υqµ can be obtained from the magnetic
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Lagrangian in Eq. (13),

Jµq,mag =
∂ν

4MB

(
c1TrB̄σµν

{
u†λqu+ uλqu

†, B
}

+ c2TrB̄σµν
[
u†λqu+ uλqu

†, B
]

+ c3TrB̄σµνB Tr(u†λqu+ uλqu
†)
)
− F T

2

2MT

∂σ

(
(T ν)

abcσµσ(λq)
a
e(T

ν)ebc
)

− ic4

4MB

(∂σgµν − ∂νgµσ)
(
εijk(λq)

i
l B̄

j
mγσγ5T

klm
ν + εijk(λq)

l
i T σ,klmγνγ5B

m
j

)
, (21)

which satisfies current conservation, ∂µJ
µ
q,mag = 0. The quark flavor currents can be written

in terms of the SU(3) singlet (a = 0) and octet (a = 3, 8), and quark magnetic currents,

Jµu =
1

3
Jµ0 +

1

2
Jµ3 +

1

2
√

3
Jµ8 + Jµu,mag, (22a)

Jµd =
1

3
Jµ0 −

1

2
Jµ3 +

1

2
√

3
Jµ8 + Jµd,mag, (22b)

Jµs =
1

3
Jµ0 −

1√
3
Jµ8 + Jµs,mag. (22c)

Using Eqs. (19), (20) and (22), the quark flavor currents can be written more explicitly in

the form

Jµu = 2p̄γµp+ n̄γµn+ Λ̄γµΛ + 2Σ
+
γµΣ+ + Σ

0
γµΣ0 − 1

2f 2
p̄γµp

(
π+π− + 2K+K−

)
+ 3∆

++

α γαβµ∆++
β + 2∆

+

αγ
αβµ∆+

β + ∆
0

αγ
αβµ∆0

β + 2Σ
∗+
α γαβµΣ∗+β + Σ

∗0
α γ

αβµΣ∗0β

+ i
(
π−∂µπ+ − π+∂µπ−

)
+ i
(
K−∂µK+ −K+∂µK−

)
− i(D + F )√

2f
p̄γµγ5nπ

+ +
i(D + 3F )√

12f
p̄γµγ5ΛK+ − i(D − F )

2f
p̄γµγ5Σ0K+

+
i C√
12f

(√
6 p̄Θµν∆++

ν π− +
√

2 p̄Θµν∆0
ν π

+ + p̄ΘµνΣ∗0ν K+ + H.c.
)

+
1

4MB

∂ν(p̄σ
µνp)

[
4c2

(
1− 1

2f 2
K+K−

)
− (c1 + c2)

f 2
π+π−

]
+
c2 − c1

2MB

∂ν(n̄σ
µνn)

+
3c2 − 2c1

6MB

∂ν(Λ̄σ
µνΛ) +

c1

2
√

3MB

∂ν(Λσ
µνΣ0) +

c2

MB

∂ν(Σ
+
σµνΣ+) +

c2

2MB

∂ν(Σ
0
σµνΣ0)

+
ic4

4
√

3MB

∂ν
[
p̄(γνγ5∆+µ − γµγ5∆+

ν ) + n̄(γνγ5∆0µ − γµγ5∆0
ν)− Σ

+
(γνγ5Σ∗+µ − γµγ5Σ∗+ν )

−
√

3

2
Λ̄(γνγ5Σ∗0µ − γµγ5Σ∗0ν ) +

1

2
Σ

0
(γνγ5Σ∗0µ − γµγ5Σ∗0ν )

]
− F T

2

6MT

∂ν

[
3∆

++

α σµν∆++α + 2∆
+

ασ
µν∆+α + ∆

0

ασ
µν∆0α + 2Σ

∗+
α σµνΣ∗+α + Σ

∗0
α σ

µνΣ∗0α
]
,

(23a)
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Jµd = p̄γµp+ 2n̄γµn+ 2Σ
−
γµΣ− + Σ

0
γµΣ0 + Λ̄γµΛ +

1

2f 2
p̄γµp

(
π+π− −K0

K0
)

+ ∆
+

αγ
αβµ∆+

β + 2∆
0

αγ
αβµ∆0

β + 3∆
−
αγ

αβµ∆−β + Σ
∗0
α γ

αβµΣ∗0β + 2Σ
∗0−
α γαβµΣ∗−β

− i(π−∂µπ+ − π+∂µπ−) + i(K
0
∂µK0 −K0∂µK

0
)

+
i(D + F )√

2f
p̄γµγ5nπ

+ − i(D − F )√
2f

p̄γµγ5Σ+ K0

− i C√
6f

(√
3 p̄Θµν∆++

ν π− + p̄Θµν∆0
ν π

+ + p̄ΘµνΣ∗+ν K0 + H.c.
)

+
1

4MB

∂ν(p̄σ
µνp)

[
(c2 − c1)

(
2− 1

f 2
K

0
K0
)

+
(c1 + c2)

f 2
π+π−

]
+

c2

MB

∂ν(n̄σ
µνn)

+
3c2 − 2c1

6MB

∂ν(Λ̄σ
µνΛ) +

c2

MB

∂ν(Σ
−
σµνΣ−) +

c2

2MB

∂ν(Σ
0
σµνΣ0)− c1

2
√

3MB

∂ν(Λ̄σ
µνΣ0)

− ic4

4
√

3MB

∂ν
[
p̄(γνγ5∆+µ − γµγ5∆+

ν ) + n̄(γνγ5∆0µ − γµγ5∆0
ν)− Σ

−
(γνγ5Σ∗−µ − γµγ5Σ∗−ν )

−
√

3

2
Λ̄(γνγ5Σ∗0µ − γµγ5Σ∗0ν )− 1

2
Σ

0
(γνγ5Σ∗0µ − γµγ5Σ∗0ν )

]
− F T

2

6MT

∂ν

[
3∆
−
ασ

µν∆−α + 2∆
0

ασ
µν∆0α + ∆

+

ασ
µν∆+α + 2Σ

∗−
α σµνΣ∗−α + Σ

∗0
α σ

µνΣ∗0α
]
,

(23b)

Jµs = Σ
+
γµΣ+ + Σ

0
γµΣ0 + Λ̄γµΛ +

1

2f 2
p̄γµp

(
2K+K− +K

0
K0
)

+ Σ
∗+
α γαβµΣ∗+β + Σ

∗0
α γ

αβµΣ∗0β − i(K−∂µK+ −K+∂µK−)− i(K0
∂µK0 −K0∂µK

0
)

+
i(D − F )√

2f
p̄γµγ5Σ+K0 +

i(D − F )

2f
p̄γµγ5Σ0K+ − i(D + 3F )√

12f
p̄γµγ5ΛK+

− i C√
12f

(
p̄ΘµνΣ∗0ν K+ −

√
2 p̄ΘµνΣ∗+ν K0 + H.c.

)
+

1

4MBf 2
∂ν(p̄σ

µνp)

[
2c2K

+K− + (c2 − c1)K
0
K0

]
+

(c1 + 3c2)

6MB

∂ν(Λ̄σ
µνΛ)

+
(c2 − c1)

2MB

∂ν(Σ
+
σµνΣ+) +

(c2 − c1)

2MB

∂ν(Σ
−
σµνΣ−) +

(c2 − c1)

2MB

∂ν(Σ
0
σµνΣ0)

− ic4

4
√

3MB

∂ν
[
Σ

0
(γνγ5Σ∗0µ − γµγ5Σ∗0ν ) + Σ

−
(γνγ5Σ∗−µ − γµγ5Σ∗−ν )

−Σ
+

(γνγ5Σ∗+µ − γµγ5Σ∗+ν )

]
,

− F T
2

6MT

∂ν

[
Σ
∗−
α σµνΣ∗−α + Σ

∗0
α σ

µνΣ∗0α + Σ
∗+
α σµνΣ∗+α

]
, (23c)
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for the u, d and s quark flavors, respectively. As in Ref. [55], terms involving the doubly-

strange Ξ0,− and Ξ∗0,− hyperons and the triply-strange Ω− baryon do not couple directly to

proton states and not included here.

B. Nonlocal chiral Lagrangian

In this section we outline the generalization of the effective local chiral Lagrangian to the

case of nonlocal interactions. Taking the traces in Eqs. (1), (13) and (17) in Sec. II A, we

can write the local Lagrangian density in the form

L(local)(x) = B̄(x)(iγµDµ −MB)B(x) +
CBφ
f

[
p̄(x)γµγ5B(x) Dµφ(x) + H.c.

]
+ T µ(x)(iγµναDα −MTγ

µν)Tν(x) +
CTφ
f

[ p̄(x)ΘµνTν(x) Dµφ(x) + H.c.]

+ Dµφ(x)(Dµφ)†(x) +
iCφφ†

2f 2
p̄(x)γµp(x)

[
φ(x)(Dµφ)†(x)−Dµφ(x)φ†(x)

]
+
iC ′

φφ†

2f 2
p̄(x)σµνp(x)Dµφ(x)(Dνφ)†(x)

+
Cmag
φφ†

4MBf 2
p̄(x)σµνp(x)Fµν(x)φ(x)φ†(x) +

Cmag
B

4MB

B̄(x)σµνB(x)Fµν(x)

+
iCmag

BT

4MB

B̄(x)γµγ5T
ν(x)Fµν(x)− Cmag

T

4MT

Tα(x)σµνTα(x)Fµν(x) + · · · , (24)

where the dependence on the space-time coordinate x is shown explicitly, and for the inter-

action part we show only those terms that contribute to the proton GPDs. The covariant

derivatives in Eq. (24) are given by

DµB(x) = [∂µ − ieqB Aµ(x)]B(x), (25a)

DµT
ν(x) = [∂µ − ieqT Aµ(x)]T ν(x), (25b)

Dµφ(x) =
[
∂µ − ieqφ Aµ(x)

]
φ(x), (25c)

where Aµ is the electromagnetic gauge field, and eqB, eqT and eqφ denote, respectively, the

quark flavor charges of the octet and decuplet baryons, B and T , and meson φ. In the case

of the proton, for instance, one has the flavor charges eup = 2edp = 2, esp = 0, while for the

Σ+ hyperon euΣ+ = 2esΣ+ = 2, edΣ+ = 0, and similarly for the other baryons. For the pion

and kaon, the flavor charges are euπ+ = −edπ+ = 1, eqπ0 = 0 for all q, and euK+ = −esK+ = 1,
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edK+ = 0, with the values for other mesons obtained by charge conjugation. The coefficients

CBφ, CTφ, Cφφ† , C
′
φφ† , C

mag
B , Cmag

BT , Cmag
T and Cmag

φφ†
in Eq. (24) are given explicitly in Table I

for the various processes discussed in this work.

Following Ref. [55], we sketch here the derivation of the nonlocal Lagrangian from

Eq. (24). Details of the methodology used here can be found in Refs. [41, 42, 67–70]. The

nonlocal analog of the local Lagrangian (24) can be written as

L(nonloc)(x) = B̄(x)(iγµDµ −MB)B(x) + T µ(x)(iγµναDα −MTγ
µν)Tν(x)

+ p̄(x)

[
CBφ
f
γµγ5B(x) +

CTφ
f

ΘµνTν(x)

]
Dµ

∫
d4a Gqφ(x, x+ a)F (a)φ(x+ a) + H.c.

+
iCφφ†

2f 2
p̄(x)γµp(x)

∫
d4a Gqφ(x, x+ a)F (a)φ(x+ a) Dµ

∫
d4b Gqφ(x+ b, x)F (b)φ†(x+ b)

+
iC ′

φφ†

2f 2
p̄(x)σµνp(x) Dµ

∫
d4a Gqφ(x, x+ a)F (a)φ(x+ a) Dν

∫
d4b Gqφ(x+ b, x)F (b)φ†(x+ b)

+
Cmag
B

4MB

B̄(x)σµνB(x)Fµν(x) +
iCmag

BT

4MB

B̄(x)γµγ5T
ν(x)Fµν(x)− Cmag

T

4MT

Tα(x)σµνTα(x)Fµν(x)

+
Cmag
φφ†

4MBf 2
p̄(x)σµνp(x)

∫
d4a

∫
d4b Fµν(x)Gqφ(x+ b, x+ a)F (a)F (b)φ(x+ a)φ†(x+ b)

+ Dµφ(x)(Dµφ)†(x) + · · · , (26)

where the gauge link Gqφ is introduced for local gauge invariance,

Gqφ(x, y) = exp

[
−ieqφ

∫ y

x

dzµ Aµ(z)

]
, (27)

and F (a) is the meson–baryon vertex form factor in coordinate space. Note that both the

nonlocal Lagrangian in Eq. (26) and the local Lagrangian in Eq. (24) are invariant under

the gauge transformations,

B(x)→ B′(x) = B(x) exp
[
ieqB θ(x)

]
, (28a)

Tµ(x)→ T ′µ(x) = Tµ(x) exp
[
ieqT θ(x)

]
, (28b)

φ(x)→ φ′(x) = φ(x) exp
[
ieqφ θ(x)

]
, (28c)

for the baryon and meson fields, and

A µ(x)→ A ′µ(x) = A µ(x) + ∂µθ(x) (28d)
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for the electromagnetic field, where θ(x) is an auxiliary function.

The gauge link (27) can next be expanded in powers of the charge eqφ,

Gqφ(x+ b, x+ a) = exp
[
− ieqφ (a− b)µ

∫ 1

0

dt Aµ

(
x+ at+ b(1− t)

)]
= 1 + δGqφ + · · · , (29)

using a change of variables zµ → xµ + aµ t+ bµ (1− t),

δGqφ = − ieqφ (a− b)µ
∫ 1

0

dt Aµ

(
x+ at+ b(1− t)

)
. (30)

TABLE I. Coupling constants CBφ and CTφ for the pBφ and pTφ interactions, respectively, and

Cφφ† and C ′
φφ†

for the ppφφ† coupling, and the tree level magnetic moments Cmag
B , Cmag

T , Cmag
BT

and Cmag
φφ†

, respectively, for all the allowed flavor channels.

B p n Σ+ Σ0 Σ− Λ ΛΣ0

Cmag
B

1
3
c1 + c2 −2

3
c1

1
3
c1 + c2

1
3
c1

1
3
c1 − c2 −1

3
c1

1√
3
c1

T ∆++ ∆+ ∆0 ∆− Σ∗+ Σ∗0 Σ∗−

Cmag
T

2
3
F T

2
1
3
F T

2 0 −1
3
F T

2
1
3
F T

2 0 −1
3
F T

2

BT p∆+ ∆0 Σ+Σ∗+ Σ0Σ∗0 ΛΣ∗0 Σ−Σ∗−

Cmag
BT − 1√

3
c4 − 1√

3
c4

1√
3
c4

1
2
√

3
c4

1
2
c4 0

Bφ pπ0 nπ+ Σ+K0 Σ0K+ ΛK+

CBφ
1
2
(D + F ) 1√

2
(D + F ) 1√

2
(D − F ) 1

2
(D − F ) − 1√

12
(D + 3F )

Tφ ∆0π+ ∆+π0 ∆++π− Σ∗+K0 Σ∗0K+

CTφ − 1√
6
C − 1√

3
C 1√

2
C 1√

6
C − 1√

12
C

φφ† π+π− K0K
0

K+K−

Cφφ†
1
2

1
2

1
C ′
φφ† 4(b10 + b11) 4(b11 − b10) 8b11 + 2b9

Cmag
φφ†

−1
2
(c1 + c2) 0 −c2
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This allows the nonlocal Lagrangian L(nonloc) in Eq. (26) to be further decomposed into free

and interacting parts, with the latter consisting of purely hadronic (L(nonloc)
had ), electromag-

netic (L(nonloc)
em ), and gauge link (L(nonloc)

link ) contributions. The hadronic and electromagnetic

interaction parts of L(nonloc) are obtained from the first term in Eq. (29), and given by

L(nonloc)
had (x) = p̄(x)

[
CBφ
f

γµγ5B(x) +
CTφ
f

ΘµνTν(x)

]∫
d4a F (a) ∂µφ(x+ a) + H.c.

+
iCφφ†

2f 2
p̄(x)γµp(x)

∫
d4a

∫
d4b F (a)F (b)

[
φ(x+ a)∂µφ

†(x+ b)− ∂µφ(x+ a)φ†(x+ b)
]

+
iC ′

φφ†

2f 2
p̄(x)σµνp(x)

∫
d4a

∫
d4b F (a)F (b)

[
∂µφ(x+ a)∂νφ

†(x+ b)− ∂µφ(x+ a)∂νφ
†(x+ b)

]
,

(31)

and

L(nonloc)
em (x) = eqB B̄(x)γµB(x) Aµ(x) + eqT T µ(x)γµναTν(x) Aα(x)

+ieqφ
[
∂µφ(x)φ†(x)− φ(x)∂µφ†(x)

]
Aµ(x)

−ieqφ p̄(x)

[
CBφ
f

γµγ5B(x) +
CTφ
f

ΘµνTν(x)

] ∫
d4a F (a)φ(x+ a)Aµ(x) + H.c.

−
eqφCφφ†

2f 2
p̄(x)γµp(x)

∫
d4a

∫
d4b F (a)F (b)φ(x+ a)φ†(x+ b)Aµ(x)

−
C ′
φφ†

f 2
p̄(x)σµνp(x)

∫
d4a

∫
d4b F (a)F (b)φ(x+ a)∂νφ

†(x+ b)Aµ(x)

+
Cmag
B

4MB

B̄(x)σµνB(x)Fµν(x) +
iCmag

BT

4MB

B̄(x)γµγ5T
ν(x)Fµν(x)− Cmag

T

4MT

Tα(x)σµνTα(x)Fµν(x)

+
Cmag
φφ†

4MBf 2
p̄(x)σµνp(x)

∫
d4a

∫
d4b F (a)F (b)φ(x+ a)φ†(x+ b)Fµν(x), (32)

respectively. The second term in Eq. (29), which explicitly depends on the gauge link, gives

rise to an additional contribution to the Lagrangian density that can be expanded as

L(nonloc)
link (x) = −ieqφ p̄(x)

[
CBφ
f

γργ5B(x) +
CTφ
f

ΘρνTν(x)

]
×
∫ 1

0

dt

∫
d4a F (a)aµ ∂ρ(φ(x+ a)Aµ

(
x+ at)

)
+ H.c.

+
eqφCφφ†

2f 2
p̄(x)γρp(x)

∫ 1

0

dt

∫
d4a

∫
d4b F (a)F (b) (a− b)µ

×
[
φ(x+ a)∂ρφ

†(x+ b)− ∂ρφ(x+ a)φ†(x+ b)
]
Aµ

(
x+ at+ b(1− t)

)
. (33)
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Finally, the quark current for the nonlocal theory can be written as a sum of two terms,

from the usual electromagnetic current obtained from Eq. (32) with minimal substitution,

Jµq,em, and from the additional term associated with the gauge link, δJµq ,

Jµq,em(x) ≡
δ
∫

d4y L(nonloc)
em (y)

δAµ(x)
, δJµq (x) ≡

δ
∫

d4y L(nonloc)
link (y)

δAµ(x)
, (34)

where, explicitly,

Jµq,em(x) = eqB B̄(x)γµB(x) + eqT Tα(x)γανµTν(x) + ieqφ
[
∂µφ(x)φ†(x)− φ(x)∂µφ†(x)

]
− ieqφ

(∫
d4aF (a) p̄(x)

[
CBφ
f

γµγ5B(x) +
CTφ
f

ΘµνTν(x)

]
φ(x+ a) + H.c.

)
−
eqφCφφ†

2f 2

∫
d4a

∫
d4b F (a)F (b) p̄(x)γµp(x)φ(x+ a)φ†(x+ b)

+
Cmag
B

2MB

∫
d4aF (a) ∂ν

(
p̄(x)σµνp(x)

)
− Cmag

T

2MT

∫
d4aF (a) ∂ν

(
Tα(x)σµνTα(x)

)
+
iCmag

BT

4MB

(∂ν
(
p̄(x)γνγ5T

µ(x)
)
− ∂ν

(
p̄(x)γµγ5T

ν(x)
)

+
Cmag
φφ†

2MBf 2

∫
d4a

∫
d4b F (a)F (b) ∂ν

(
p̄(x)σµνp(x)φ(x+ a)φ†(x+ b)

)
, (35)

δJµq (x) = ieqφ

∫ 1

0

dt

∫
d4aF (a) aµ

×∂ρ
(
p̄(x− at)

[
CBφ
f

γργ5B(x− at) +
CTφ
f

ΘρνTν(x− at)
])

φ(x+ at̄
)

+ H.c.

−
eqφCφφ†

2f 2

∫ 1

0

dt

∫
d4a

∫
d4b F (a)F (b) (a− b)µ

×
[
∂ρ

(
p̄
(
x− at− bt̄

)
γρp
(
x− at− bt̄

)
φ
(
x+ (a− b)t̄

))
φ†
(
x− (a− b)t)

−∂ρ
(
p̄
(
x− at− bt̄

)
γρp
(
x− at− bt̄

)
φ†
(
x− (a− b)t

))
φ
(
x+ (a− b)t̄

)]
, (36)

with t̄ ≡ 1−t. Compared with the local theory, Eqs. (18) and (23), the nonlocal formulation

in Eqs. (31)–(36) includes the regulator function F (a). In the limit where F (a) → δ(4)(a),

which corresponds to taking the momentum space form factor to unity, the local limit can be

obtained from the nonlocal result. In the next section we will apply the nonlocal interaction

derived here to compute the hadronic splitting functions for protons transitioning to baryons

and pseudoscalar mesons.
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III. NONFORWARD SPLITTING FUNCTIONS

The GPDs for a quark flavor q in a proton with initial momentum p and final momentum

p′ are defined by the Fourier transform of the matrix elements of the quark bilocal field

operators ψq as∫ ∞
−∞

dλ

2π
e−ixλ〈p′|ψ̄q(1

2
λn)/nψq(−1

2
λn)|p〉 = ū(p′)

[
/nHq(x, ξ, t) +

iσµνnµ∆ν

2M
Eq(x, ξ, t)

]
u(p),

(37)

where nµ is the light-cone vector projection of the “plus” component of momenta and λ is a

dimensionless parameter. From Lorentz invariance, the Dirac (Hq) and Pauli (Eq) GPDs are

typically written as functions of the light-cone momentum fraction x of the proton carried

by the initial quark with momentum kq and the skewness parameter ξ, which are defined as

x ≡
k+
q

P+
, ξ ≡ − ∆+

2P+
, (38)

where

P =
1

2

(
p+ p′

)
, ∆ = p′ − p, (39)

are the average initial and final proton momenta and momentum difference, respectively.

The GPDs are also functions of the hadronic four-momentum transfer squared, t ≡ ∆2. The

dependence of the GPDs on the fourth variable, typically taken to be the four-momentum

transfer squared from the incident lepton, Q2, is suppressed.

Integrating the Hq and Eq GPDs over x, one obtains the Dirac and Pauli form factors

for a given quark flavor q, respectively,

F q
1 (t) =

∫ 1

−1

dxHq(x, ξ, t), F q
2 (t) =

∫ 1

−1

dxEq(x, ξ, t), (40)

and summing over the quark flavors gives the nucleon Dirac, FN
1 , and Pauli, FN

1 , form

factors,

FN
1,2(t) =

∑
q

eq F
q

1,2(t). (41)

The combination of these form factors can generate the usual Sachs electric and magnetic
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form factors as

GN
E (t) = FN

1 (t) +
t

4M2
FN

2 (t), GN
M(t) = FN

1 (t) + FN
2 (t). (42)

In our calculation, we set ξ = 0 and calculate the GPDs in the ∆+ = 0 frame [71], in which

the hadron momenta are parametrized as

pµ =
(
P+, P−,−1

2
∆⊥

)
, p′µ =

(
P+, P−,

1

2
∆⊥

)
, (43)

where the momentum transfer ∆µ is purely in the transverse direction.

In the application of our nonlocal EFT framework to GPDs, we need to compute the

nonforward splitting functions defined by the matrix elements of the hadronic level currents

derived in the previous section. The electromagnetic vertex is given by

〈N(p′)|Jµ|N(p)〉 = ū(p′)
[
γµFN

1 (t) +
iσµν∆ν

2M
FN

2 (t)
]
u(p) ≡

∫
d4k Γ̃µ(k), (44)

where the integrand Γ̃µ(k) depends on the internal meson momentum, k. Defining the light-

cone momentum fraction of the target nucleon carried by the interacting hadron, y = k+/P+,

the Dirac-like splitting function f(y, t) and Pauli-like splitting function g(y, t) are related to

the vertex by

ū(p′)
[
γ+f(y, t) +

iσ+ν∆ν

2M
g(y, t)

]
u(p) =

∫
d4k Γ̃+(k) δ

(
y − k+

P+

)
≡ Γ+. (45)

One can easily verify that the integral of the splitting functions over y leads to the corre-

sponding form factors in (44).

The diagrams that are relevant for the calculation of the one-meson loop contributions to

GPDs are shown in Fig. 1. In the following we outline the calculation of the corresponding

splitting functions, beginning with the diagrams involving only octet baryons [Fig. 1(a)–1(l)],

and then presenting results for contributions with intermediate decuplet baryons. Since the

final results, after integration, for the latter are rather lengthy, we collect the complete

expressions for these in Appendix A.
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(a)

(d)

(g)

(f)

(c)

(i)(h)

(e)

(b)

(u)(t)

(r)

(o)(m)

(p)

(s)

(q)

(n)

(k) (l)(j)

FIG. 1. One-loop diagrams for the proton to pseudoscalar meson (dashed lines) and octet baryon

(solid lines) or decuplet baryon (double solid lines) splitting functions: (a)–(c) octet baryon

rainbow diagrams, (d)–(g) octet baryon Kroll-Ruderman diagrams, (h)–(j) tadpole diagrams,

(k)–(l) bubble diagrams, (m)–(o) decuplet baryon rainbow diagrams, (p)–(q) octet-decuplet

transition rainbow diagrams, (r)–(u) decuplet baryon Kroll-Ruderman diagrams. The crossed

circles (⊗) represent the interaction with external vector field from the minimal substitution, filled

circles (•) denote additional gauge link interaction with the external field, black squares (�) repre-

sent the magnetic interaction in Eq. (13), and gray squares (�) denote the interaction in Eq. (17).
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A. Octet baryon intermediate states

Starting with the octet baryon rainbow diagram in Fig. 1(a), in which the external field

couples to the meson, the contribution of this diagram to the matrix element Γ+ in Eq. (45)

is given by

Γ+
(a) = ū(p′)

C2
Bφ

f 2

∫
d4k

(2π)4
(/k + /∆)γ5 F̃ (k + ∆)

i

Dφ(k + ∆)
2k+

× i

Dφ(k)

i(/p− /k +MB)

DB(p− k)
γ5/k F̃ (k) δ

(
y − k+

p+

)
u(p) (46)

≡ ū(p′)

[
γ+f

(rbw)
φB (y, t) +

iσ+ν∆ν

2M
g

(rbw)
φB (y, t)

]
u(p), (47)

where the propagator factors Dφ(k) and DB(p) are defined as

Dφ(k) = k2 −m2
φ + iε, DB(p) = p2 −M2

B + iε, (48)

and mφ is the meson mass. The function F̃ regulates the ultraviolet divergence in the loop

integration, and for simplicity is chosen to be a function of the meson momentum only (see

Sec. VI below). After simplifying the combinations of Dirac γ matrices in Eq. (46), the

“Dirac” f
(rbw)
φB (y, t) and “Pauli” g

(rbw)
φB (y, t) splitting functions can be written as

f
(rbw)
φB (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

−iF (rbw)
φB

DB(p− k)Dφ(k + ∆)Dφ(k)
F̃ (k)F̃ (k + ∆) δ

(
y − k+

p+

)
,

(49a)

g
(rbw)
φB (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

−iG(rbw)
φB

DB(p− k)Dφ(k + ∆)Dφ(k)
F̃ (k)F̃ (k + ∆) δ

(
y − k+

p+

)
,

(49b)

where the trace factors in the numerator of the integrand are given by

F
(rbw)
φB =

1

2
yk2

(
4k · P + 4MMB + y t

)
− y

(
2(k · p)2 −MMB (2k ·∆ + y t)

)
+ k · p

(
2k · p′ + y t

)
, (50a)

G
(rbw)
φB = −2yM

(
2yM2MB + (MB + 2yM)(k2 − 2k · p)

)
, (50b)

with MB ≡M +MB.

For the baryon rainbow diagram in Fig. 1(b), the photon couples to the intermediate
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octet baryon through an electric vertex. The contribution of this diagram to the nonforward

matrix element Γ+ is given by

Γ+
(b) = ū(p′)

C2
Bφ

f 2

∫
d4k

(2π)4
/kγ5 F̃ (k)

i

Dφ(k)

i(/p′ − /k +MB)

DB(p′ − k)
γ+
i(/p− /k +MB)

DB(p− k)

× γ5/k F̃ (k) δ
(
y − k+

p+

)
u(p). (51)

Using a similar projection as in Eq. (47), the splitting functions f
(rbw)
Bφ (y, t) and g

(rbw)
Bφ (y, t)

are obtained as

f
(rbw)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

−iF (rbw)
Bφ

DB(p′ − k)DB(p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (52a)

g
(rbw)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

−iG(rbw)
Bφ

DB(p′ − k)DB(p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (52b)

where the trace factors in the integrand are given by

F
(rbw)
Bφ = −k · p

(
4k · p′ + yMB∆B

)
+ k2

(
4k · P +MB(MB − 2yM)

)
− 1

2
yMB

(
yMB t+ 2∆B k · p′

)
− k4, (53a)

G
(rbw)
Bφ = −2MMB

t

(
2(k ·∆)2 + y t

(
4k · p+ k · p′ − k2 − yMMB

))
, (53b)

with ∆B ≡MB −M .

The diagram in Fig. 1(c) involves the magnetic photon-baryon interaction. The contri-

bution of this diagram to Γ+ can be written as

Γ+
(c) = ū(p′)

C2
Bφ

f 2

∫
d4k

(2π)4
/kγ5F̃ (k)

i(/p′ − /k +MB)

DB(p′ − k)

iσ+ν∆ν

2MB

i(/p− /k +MB)

DB(p− k)

i

Dφ(k)

× γ5/k F̃ (k) δ
(
y − k+

p+

)
u(p). (54)

The splitting functions f
(rbw mag)
Bφ (y, t) and g

(rbw mag)
Bφ (y, t) in this case are given by

f
(rbw mag)
Bφ (y, t) =

C2
Bφ

2f 2

∫
d4k

(2π)4

−iF (rbw mag)
Bφ

DB(p′ − k)DB(p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (55a)

g
(rbw mag)
Bφ (y, t) =

C2
Bφ

2f 2

∫
d4k

(2π)4

−iG(rbw mag)
Bφ

DB(p′ − k)DB(p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (55b)
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where

F
(rbw mag)
Bφ =

MB

MB

(
2(k ·∆)2 + y t

(
2k · P − k2 − yMMB

))
, (56a)

G
(rbw mag)
Bφ = − 2M

MB t

(
2M

2

B (k ·∆)2 + 2yMB(2M +MB) t k · P − 2y2M2M
2

B t

− 4 t k · p k · p′ + tk2
(
4k · P −MB(MB + 2yM) + k2

))
. (56b)

The magnetic coupling constant Cmag
B does not appear in the splitting functions, but rather

is included in the input GPDs.

For the Kroll-Ruderman diagrams in Figs. 1(d) and 1(e), the contributions to the matrix

element Γ+ is given by

Γ+
(d)+(e) = ū(p′)

C2
Bφ

f 2

∫
d4k

(2π)4

[
/kγ5

i(/p′ − /k +MB)

DB(p′ − k)
iγ5γ

+ − iγ+γ5

i(/p− /k +MB)

DB(p− k)
γ5/k

]
× i

Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
u(p). (57)

The corresponding Kroll-Ruderman splitting functions f
(KR)
Bφ (y, t) and g

(KR)
Bφ (y, t) are then

defined as

f
(KR)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

[ −iF (KR 1)
Bφ

DB(p′ − k)
+
−iF (KR 2)

Bφ

DB(p− k)

]
1

Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (58a)

g
(KR)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4

[ −iG(KR 1)
Bφ

DB(p′ − k)
+
−iG(KR 2)

Bφ

DB(p− k)

]
1

Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (58b)

where the trace factors in the integrands are given by

F
(KR 1)
Bφ = k2 − 2k · p′ + yMMB, (59a)

F
(KR 2)
Bφ = k2 − 2k · p + yMMB, (59b)

G
(KR 1)
Bφ = +

MMB

t

(
2k ·∆− y t

)
, (59c)

G
(KR 2)
Bφ = −MMB

t

(
2k ·∆ + y t

)
. (59d)

The additional Kroll-Ruderman diagrams generated from the expansion of the gauge link

terms are shown in Fig. 1(f) and 1(g), and are important to ensure that the renormalized

charge of the proton (neutron) is 1 (0). The contribution of these two additional diagrams
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with intermediate octet baryons is expressed as

Γ+
(f)+(g) = ū(p′)

C2
Bφ

f 2

∫
d4k

(2π)4
F̃ (k)

×
[
/kγ5

i(/p′ − /k +MB)

DB(p′ − k)

i

Dφ(k)
(/k − /∆)γ5

2ik+

2k ·∆− t
(
F̃ (k −∆)− F̃ (k)

)
(60)

+ (/k + /∆)γ5
−2ik+

2k ·∆ + t

i(/p− /k +MB)

DB(p− k)

i

Dφ(k)
/kγ5

(
F̃ (k + ∆)− F̃ (k)

)]
δ
(
y − k+

p+

)
u(p).

The respective splitting functions for these gauge link diagrams, δf
(KR)
Bφ (y, t) and δg

(KR)
Bφ (y, t),

can be written as

δf
(KR)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4
F̃ (k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[
iδF

(KR 1)
Bφ

DB(p′ − k)

F̃ (k −∆)− F̃ (k)

−2k ·∆ + t
+

iδF
(KR 2)
Bφ

DB(p− k)

F̃ (k)− F̃ (k + ∆)

2k ·∆ + t

]
, (61a)

δg
(KR)
Bφ (y, t) =

C2
Bφ

f 2

∫
d4k

(2π)4
F̃ (k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[
iδG

(KR 1)
Bφ

DB(p′ − k)

F̃ (k −∆)− F̃ (k)

−2k ·∆ + t
+

iδG
(KR 2)
Bφ

DB(p− k)

F̃ (k)− F̃ (k + ∆)

2k ·∆ + t

]
, (61b)

where the numerator factors are given by

δF
(KR 1)
Bφ =

y

2

(
4(k · p)2 − k2

(
4k · P + 4MMB + y t

)
+ 2MMB

(
2k ·∆− y t

)
+ 2k · p′

(
2k · p+ y t

))
, (62a)

δF
(KR 2)
Bφ = −y

2

(
4(k · p)2 − k2

(
4k · P + 4MMB + y t

)
− 2MMB

(
2k ·∆ + y t

)
+ 2k · p

(
2k · p′ + y t

))
, (62b)

δG
(KR 1)
Bφ = −2My

(
MB

(
2k · p′ − 2yM2

)
− k2

(
MB + yM

)
+ 2yMk · p′

)
, (62c)

δG
(KR 2)
Bφ = 2My

(
MB

(
2k · p − 2yM2

)
− k2

(
MB + yM

)
+ 2yMk · p

)
. (62d)

The contribution to Γ+ from the tadpole diagram in Fig. 1(h) is given by a relatively

simple expression,

Γ+
(h) = ū(p′)

Cφφ
f 2

∫
d4k

(2π)4

i

Dφ(k)
γ+F̃ 2(k) δ

(
y − k+

p+

)
u(p). (63)

The splitting function f
(tad)
φ (y, t) in this case can be easily read off from Eq. (63), and is
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given by

f
(tad)
φ (y, t) =

Cφφ
f 2

∫
d4k

(2π)4

i

Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
. (64)

There is no contribution to a Pauli-like splitting function g
(tad)
φ (y, t) from this diagram.

The related tadpole diagram that is associated with the gauge link in Fig. 1(i) makes a

contribution to the Γ+ matrix element that can be written as

Γ+
(i) = ū(p′)

Cφφ
f 2

∫
d4k

(2π)4
2/k F̃ (k)

i

Dφ(k)

2k+

−2k ·∆ + t

(
F̃ (k −∆)− F̃ (k)

)
δ
(
y − k+

p+

)
u(p),

(65)

with the corresponding splitting function δf
(tad)
φ (y, t) given by

δf
(tad)
φ (y, t) =

iCφφ
f 2

∫
d4k

(2π)4
F̃ (k)

y (4k · P + y t)

Dφ(k)(−2k ·∆ + t)

(
F̃ (k −∆)− F̃ (k)

)
δ
(
y − k+

p+

)
.(66)

The tadpole diagram in Fig. 1(j) associated with the magnetic interaction makes a contri-

bution

Γ+
(j) = ū(p′)

Cmag
φφ

f 2

∫
d4k

(2π)4

i

Dφ(k)

iσ+ν∆ν

2M
F̃ 2(k) δ

(
y − k+

p+

)
u(p), (67)

which gives rise to a Pauli-like magnetic tadpole splitting function given by,

g
(tad mag)
φ (y, t) =

Cmag
φφ

f 2

∫
d4k

(2π)4

i

Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
u(p). (68)

The contributions of the bubble diagrams are illustrated in Figs. 1(k) and 1(l). For the

regular bubble diagram in Fig. 1(k), one has

Γ+
(k) = −ū(p′)

Cφφ
2f 2

∫
d4k

(2π)4
i(2/k + /∆) F̃ (k + ∆)F̃ (k)

i

Dφ(k + ∆)
2k+ i

Dφ(k)
δ
(
y − k+

p+

)
u(p).

(69)

As with the tadpole diagrams, this also generates only a Dirac-like splitting function,

f
(bub)
φ (y, t), which is expressed as

f
(bub)
φ (y, t) =

iCφφ
4f 2

∫
d4k

(2π)4

y (4k · P + y t)

Dφ(k + ∆)Dφ(k)
F̃ (k + ∆) F̃ (k) δ

(
y − k+

p+

)
. (70)

Finally, for the bubble diagram derived from the Lagrangian L′Bφ in Eq. (17) and illustrated
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in Fig. 1(l), the contribution can be written as

Γ+
(l) = ū(p′)

C ′φφ
2f 2

∫
d4k

(2π)4
iσλν∆λkν F̃ (k + ∆)F̃ (k)

i

Dφ(k + ∆)
2k+ i

Dφ(k)
δ
(
y − k+

p+

)
u(p),

(71)

and produces a Pauli-like magnetic bubble splitting function given by

g
′(bub)
φ (y, t) =

iC ′φφ
2f 2

∫
d4k

(2π)4

yM (4k · P + y t)

Dφ(k + ∆)Dφ(k)
F̃ (k + ∆) F̃ (k) δ

(
y − k+

p+

)
. (72)

B. Decuplet baryon intermediate states

The splitting functions for the diagrams involving decuplet baryons in the intermediate

state in Figs. 1(m)–1(u) are computed in a similar way, although because of the higher spin

of the decuplet baryons the expressions are typically somewhat more involved. Here we give

the basic expressions for the contributions from each diagram to the matrix element Γ+,

with the full results for the numerator trace factors in the decuplet splitting functions given

in Appendix A.

Beginning with the decuplet baryon rainbow diagram in Fig. 1(m), the contribution to

Γ+ is expressed in a similar form to that for the octet baryon rainbow diagram Fig. 1(a) in

Eqs. (46)–(47),

Γ+
(m) = −ū(p′)

C2
Tφ

f 2

∫
d4k

(2π)4
(k + ∆)λ ΘλαF̃ (k + ∆)

i

Dφ(k + ∆)
2k+

× i

Dφ(k)

i

/p− /k −MT

Sαβ(p− k) Θβρkρ F̃ (k) δ
(
y − k+

p+

)
u(p) (73)

≡ ū(p′)

[
γ+f

(rbw)
φT (y, t) +

iσ+ν∆ν

2M
g

(rbw)
φT (y, t)

]
u(p), (74)

where the octet-decuplet transition operator Θµν is defined in Eq. (2), and the spin-3/2

projection operator Sαβ for a particle of momentum k is given by

Sαβ(k) = −gαβ +
γαγβ

3
+

2kα kβ
3M2

T

+
γα kβ − γβ kα

3MT

. (75)

The corresponding Dirac and Pauli decuplet rainbow splitting functions, f
(rbw)
φT (y, t) and
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g
(rbw)
φT (y, t), can be written as

f
(rbw)
φT (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iF
(rbw)
φT

DT (p− k)Dφ(k + ∆)Dφ(k)
F̃ (k + ∆) F̃ (k) δ

(
y − k+

p+

)
, (76a)

g
(rbw)
φT (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iG
(rbw)
φT

DT (p− k)Dφ(k + ∆)Dφ(k)
F̃ (k + ∆) F̃ (k) δ

(
y − k+

p+

)
, (76b)

respectively. The explicit expressions for the numerator factors F
(rbw)
φT and G

(rbw)
φT are given

in Eqs. (A1) of Appendix A.

In Fig. 1(n), the photon couples to the decuplet baryon in the intermediate state with an

electric vertex. The contribution of this diagram is given by

Γ+
(n) = −ū(p′)

C2
Tφ

f 2

∫
d4k

(2π)4
kλΘ

λσ F̃ (k)
i

DK(k)

i

/p′ − /k −MT

Sσα(p′ − k) γαβ+

× i

/p− /k −MT

Sβρ(p− k) Θρνkν F̃ (k) δ
(
y − k+

p+

)
u(p), (77)

where the corresponding splitting functions f
(rbw)
Tφ (y, t) and g

(rbw)
Tφ (y, t) are

f
(rbw)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iF
(rbw)
Tφ

DT (p′ − k)DT (p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (78a)

g
(rbw)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iG
(rbw)
Tφ

DT (p′ − k)DT (p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
. (78b)

The factors F
(rbw)
Tφ and G

(rbw)
Tφ in the numerators here are given in Eqs. (A2). For the magnetic

photon-decuplet baryon interaction in Fig. 1(o), the contribution to Γ+ is expressed as

Γ+
(o) = −

C2
Tφ

f 2
ū(p′)

∫
d4k

(2π)4
kλΘ

λσF̃ (k)
i

DK(k)

i

/p′ − /k −MT

S α
σ (p′ − k)

−i
2MT

σ+β∆β,

× i

/p− /k −MT

Sαρ(p− k) Θρνkν F̃ (k) δ
(
y − k+

p+

)
u(p), (79)

where the corresponding splitting functions f
(rbw mag)
Tφ (y, t) and g

(rbw mag)
Tφ (y, t) are given by

f
(rbw mag)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iF
(rbw mag)
Tφ

DT (p′ − k)DT (p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (80a)

g
(rbw mag)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

iG
(rbw mag)
Tφ

DT (p′ − k)DT (p− k)Dφ(k)
F̃ 2(k) δ

(
y − k+

p+

)
, (80b)
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and the factors F
(rbw mag)
Tφ and G

(rbw mag)
Tφ are written out in Eqs. (A3).

In Figs. 1(p) and 1(q), the photon couples to the octet-decuplet transition vertex, whose

contribution to the matrix element Γ+ can be written as

Γ+
(p)+(q) =

CBφCTφ
4MBf 2

ū(p′)

∫
d4k

(2π)4
F̃ 2(k)

×
[
−/kγ5

i

/p′ − /k −MB

/∆γ5
i

/p− /k −MT

S+
ρ(p− k) Θρνkν

+ /kγ5
i

/p′ − /k −MB

γ+γ5∆λ i

/p− /k −MT

Sλρ(p− k) Θρνkν

− kλΘλν i

/p′ − /k −MT

Sνρ(p
′ − k)∆ργ+γ5

i

/p− /k −MB

/kγ5

+ kλΘ
λν i

/p′ − /k −MT

S +
ν (p′ − k) /∆γ5

1

/p− /k −MB

/kγ5

]
× i

Dφ(k)
δ
(
y − k+

p+

)
u(p). (81)

The corresponding Dirac and Pauli splitting functions f
(rbw mag)
BT (y, t) and g

(rbw mag)
BT (y, t) are

in this case given by

f
(rbw mag)
BT (y, t) =

CBφCTφ
4f 2

∫
d4k

(2π)4
F̃ 2(k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[

iF
(rbw mag 1)
BT

DB(p′ − k)DT (p− k)
+

iF
(rbw mag 2)
BT

DT (p′ − k)DB(p− k)

]
, (82a)

g
(rbw mag)
BT (y, t) =

CBφCTφ
4f 2

∫
d4k

(2π)4
F̃ 2(k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[

iG
(rbw mag 1)
BT

DB(p′ − k)DT (p− k)
+

iG
(rbw mag 2)
BT

DT (p′ − k)DB(p− k)

]
, (82b)

with the four numerator factors F
(rbw mag 1,2)
BT and G

(rbw mag 1,2)
BT given in Eqs. (A4).

For the KR diagrams with decuplet baryon intermediate states in Fig. 1(r) and 1(s), the

contribution to Γ+ is given by the expression

Γ+
(r)+(s) = −

C2
Tφ

f 2
ū(p′)

∫
d4k

(2π)4
F̃ 2(k)

×
[
kνΘ

νσ i

/p′ − /k −MT

Sσρ(p
′ − k) iΘρ+ − iΘ+σ i

/p− /k −MT

Sσρ(p− k) Θρνkν

]
× i

Dφ(k)
δ
(
y − k+

p+

)
u(p), (83)

26



where the corresponding KR splitting functions f
(KR)
Tφ (y, t) and g

(KR)
Tφ (y, t) are given by

f
(KR)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

[
iF

(KR 1)
Tφ

DT (p′ − k)
+

iF
(KR 2)
Tφ

DT (p− k)

]
F̃ 2(k)

1

Dφ(k)
δ
(
y − k+

p+

)
, (84a)

g
(KR)
Tφ (y, t) =

C2
Tφ

f 2

∫
d4k

(2π)4

[
iG

(KR 1)
Tφ

DT (p′ − k)
+

iG
(KR 2)
Tφ

DT (p− k)

]
F̃ 2(k)

1

Dφ(k)
δ
(
y − k+

p+

)
, (84b)

and the numerator functions F
(rbw mag 1,2)
BT and G

(rbw mag 1,2)
BT are in Eqs. (A5). Similarly, the

additional KR diagrams generated from the gauge link terms with decuplet intermediate

states are shown in Fig. 1(t) and 1(u), and their contribution can be written as

Γ(t)+(u) =
C2
φT

f 2
ū(p′)

∫
d4k

(2π)4

×
[
kνΘ

νσ i

/p′ − /k −MT

Sσρ(p
′ − k) Θρλ(k −∆)λ

2ik+

−2k ·∆ + ∆2

(
F̃ (k −∆)− F̃ (k)

)
+ (k + ∆)νΘ

νσ −2ik+

2k ·∆ + ∆2

(
F̃ (k)− F̃ (k + ∆)

) i

/p− /k −MT

Sσρ(p− k) Θρλkλ

]
× i

Dφ(k)
F̃ (k) δ

(
y − k+

p+

)
u(p). (85)

where the gauge link dependent KR splitting functions δf
(KR)
Tφ (y, t) and δg

(KR)
Tφ (y, t) are given

by

δf
(KR)
Tφ (y, t) = −

C2
Tφ

f 2

∫
d4k

(2π)4
F̃ (k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[
iδF

(KR 1)
Tφ

DT (p′ − k)

F̃ (k)− F̃ (k −∆)

2k ·∆−∆2
+

iδF
(KR 2)
Tφ

DT (p− k)

F̃ (k)− F̃ (k + ∆)

2k ·∆ + ∆2

]
, (86a)

δg
(KR)
Tφ (y, t) = −

C2
Tφ

f 2

∫
d4k

(2π)4
F̃ (k)

1

Dφ(k)
δ
(
y − k+

p+

)
×
[
iδG

(KR 1)
Tφ

DT (p′ − k)

F̃ (k)− F̃ (k −∆)

2k ·∆−∆2
+

iδG
(KR 2)
Tφ

DT (p− k)

F̃ (k)− F̃ (k + ∆)

2k ·∆ + ∆2

]
, (86b)

The complete expressions for the numerator functions δF
(KR 1,2)
Tφ and δG

(KR 1,2)
Tφ are presented

in Eq. (A6) of Appendix A.
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IV. NONANALYTIC BEHAVIOR OF SPLITTING FUNCTIONS

While certain features of the hadronic splitting functions derived in the previous sec-

tion depend on short-distance physics that in the current framework is controlled by the

regulator function F̃ , some aspects of their calculation are in fact model independent. In

particular, the moments of the splitting functions, which can be expanded as a series in

the pseudoscalar meson mass, mφ, contain terms that do not depend on the regularization

method [55, 72–74]. These are the coefficients of the leading nonanalytic (LNA) terms, that

are determined by the low-energy properties of the nucleon, such as the hadronic couplings

and masses. Since the LNA behavior is derived solely from the long-distance characteristics

of the chiral effective theory, understanding these can place constraints on models of the

splitting functions consistent with the symmetries of QCD.

To explore the LNA terms further, we define the lowest moments of the splitting functions

f (x)(y, t) and g(x)(y, t) for the diagram in Fig. 1(“x”), where “x” = “a”, . . . “u”, as

F
(x)
1 (t) =

∫ 1

0

dy f (x)(y, t), (87a)

F
(x)
2 (t) =

∫ 1

0

dy g(x)(y, t), (87b)

which correspond to the Dirac and Pauli electromagnetic form factors of the nucleon, re-

spectively. Taking the values at zero four-momentum transfer squared, t = 0, we expand

the form factors F
(x)
1,2 (t= 0) in mφ, keeping only the nonanalytic (NA) terms in m2

φ, from

which the LNA behavior can be extracted.

For the rainbow diagram in Fig. 1(a), the NA contributions can be written as

F
(a)
1 (0)

∣∣∣
NA

=
3C2

Bφ

(4πf)2

[(
m2
φ − 2∆2

B

)
logm2

φ + 2∆BRB log
∆B −RB

∆B +RB

]
, (88a)

F
(a)
2 (0)

∣∣∣
NA

=
4C2

Bφ

(4πf)2

[(
M∆B + 2∆2

B + 2R2
B

)
logm2

φ

−
(
M + 4∆B

)
RB log

∆B −RB

∆B +RB

]
, (88b)

where RB =
√

∆2
B −m2

φ . If ∆B < mφ, RB will be an imaginary number and the log term

will become an arctangent, according to its definition [55]. The NA terms of F
(a)
1 are the

same as those reported in Eq. (62) of Ref. [55] if one sums the NA contributions from the
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on-shell and δ terms of Eqs. (114) and (117) of [55].

For the baryon rainbow diagram in Fig. 1(b), the NA behavior is given by

F
(b)
1 (0)

∣∣∣
NA

=
3C2

Bφ

(4πf)2

[(
m2
φ − 2∆2

B

)
logm2

φ + 2∆BRB log
∆B −RB

∆B +RB

]
, (89a)

F
(b)
2 (0)

∣∣∣
NA

= −
4C2

Bφ

(4πf)2

[(
m2
φ − 2∆2

B

)
logm2

φ + 2∆BRB log
∆B −RB

∆B +RB

]
. (89b)

Note that the NA terms of F
(b)
1 (0) are identical to those of F

(a)
1 (0). For the diagram in

Fig. 1(c), there is no NA term for F
(c)
1 (0), while the NA part of F

(c)
2 (0) can be written as

F
(c)
2 (0)

∣∣∣
NA

= −
C2
Bφ

(4πf)2

[(
m2
φ − 2∆2

B

)
logm2

φ + 2∆BRB log
∆B −RB

∆B +RB

]
. (90)

For the KR diagrams in Figs. 1(d) and 1(e), the NA contributions to the Dirac form

factor is given by

F
(d)+(e)
1 (0)

∣∣∣
NA

=
2C2

Bφ

(4πf)2

R3
B

M
log

∆B −RB

∆B +RB

. (91)

There is no NA contribution from these two diagrams to the Pauli form factor. For the

tadpole diagrams in Fig. 1(h) and 1(j), the NA terms contain only the LNA contributions,

F
(h)
1 (0)

∣∣∣
LNA

=
Cφφ†

(4πf)2
m2
φ logm2

φ, (92)

F
(j)
2 (0)

∣∣∣
LNA

=
Cmag
φφ†

(4πf)2
m2
φ logm2

φ, (93)

for the Dirac an Pauli form factors, respectively. For the bubble diagram in Fig. 1(k), the

NA behavior also reflects the simple LNA form for the Dirac form factor,

F
(k)
1 (0)

∣∣∣
LNA

=
Cφφ†

(4πf)2
m2
φ logm2

φ, (94)

and is in fact identical to the LNA contributions from the tadpole diagram, Eq. (92), as

required by gauge invariance. The bubble diagram with the magnetic interaction in Fig. 1(l)

gives rise to a contribution to the Pauli form factor given by

F
(l)
2 (0)

∣∣∣
LNA

= −
C ′
φφ†

(4πf)2
Mm2

φ logm2
φ. (95)
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Note that the mass dimensions of the couplings C ′
φφ† here are inverse mass, in contrast to

all the other couplings which are dimensionless (see Table I in Sec. II above). As discussed

in Ref. [55], the additional diagrams in Fig. 1(f), 1(g) and 1(i) generated from the gauge

link yield no NA terms for either the Dirac or Pauli form factors.

The NA terms for the splitting functions involving intermediate decuplet baryon states

can be obtained in a similar manner. For the rainbow diagram Fig. 1(m), the NA behavior

is given by

F
(m)
1 (0)

∣∣∣
NA

=
2C2

Tφ

(4πf)2

[(
m2
φ − 2∆2

T

)
logm2

φ + 2∆TRT log
∆T −RT

∆T +RT

]
, (96a)

F
(m)
2 (0)

∣∣∣
NA

=−
C2
Tφ

3(4πf)2

[(
11m2

φ + 4M∆T − 6∆2
T

)
logm2

φ − 4MRT log
∆T −RT

∆T +RT

]
. (96b)

The NA behavior for the decuplet baryon coupling rainbow diagram in Fig. 1(n) can be

analogously written as

F
(n)
1 (0)

∣∣∣
NA

=
2C2

Tφ

(4πf)2

[(
m2
φ − 2∆2

T

)
logm2

φ + 2∆TRT log
∆T −RT

∆T +RT

]
, (97a)

F
(n)
2 (0)

∣∣∣
NA

=−
8C2

Tφ

9(4πf)2

[(
m2
φ − 2∆2

T

)
logm2

φ + 2∆TRT log
∆T −RT

∆T +RT

]
. (97b)

As in the octet case, the NA term for the Dirac form factor contribution from Fig. 1(n) is

identical to that from Fig. 1(m). For the additional magnetic interaction decuplet baryon

rainbow diagram in Fig. 1(o), the contribution to the F2 form factor is given by

F
(o)
2 (0)

∣∣∣
NA

=
10C2

Tφ

9(4πf)2

[(
m2
φ − 2∆2

T

)
logm2

φ + 2∆TRT log
∆T −RT

∆T +RT

]
, (98)

while there is no NA term for the Dirac F1 form factor.

For the magnetic octet-decuplet baryon transition diagrams in Fig. 1(p) and 1(q), the

combined NA contribution to the Pauli form factor can be written as

F
(p)+(q)
2 (0)

∣∣∣
NA

=
CBφCTφ
6(4πf)2

[(
8m2

φ − 5∆2
B − 6∆B∆T − 5∆2

T

)
logm2

φ

+RT

6m2
φ −∆T (∆B + 5∆T )

∆B −∆T

log
∆T −RT

∆T +RT

−RB

6m2
φ −∆B(∆T + 5∆B)

∆B −∆T

log
∆B −RB

∆B +RB

]
, (99)
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with again no NA contributions to F1(0). Finally, for the KR diagrams with decuplet

intermediate states in Fig. 1(r) and 1(s) the NA behavior of the Dirac and Pauli form

factors is given by

F
(r)+(s)
1 (0)

∣∣∣
NA

=
4C2

Tφ

3M(4πf)2

[
∆T

(
m2
φ − 2∆2

T

)
logm2

φ + 2R3
T log

∆T −RT

∆T +RT

]
, (100a)

F
(r)+(s)
2 (0)

∣∣∣
NA

=−
16C2

Tφ

9M(4πf)2

[
∆T

(
3m2

φ − 2∆2
T

)
logm2

φ + 2R3
T log

∆T −RT

∆T +RT

]
. (100b)

As for the octet baryon case, the additional diagrams derived from the gauge link for the

decuplet baryons do not give rise to any NA terms. Our results for the LNA terms of the

various loop diagrams are consistent with the results for the Dirac form factor discussed in

Ref. [55].

V. CONVOLUTION FORMALISM

Having derived the full set of splitting functions for the diagrams in Fig. 1 involving

the SU(3) octet and decuplet baryon intermediate states, in this section we discuss the

calculation of the GPDs in the proton arising from these contributions. We derive expressions

for the GPDs in terms of convolutions of the splitting functions and GPDs of quarks in the

various hadronic configurations. Using flavor symmetry constraints, we discuss relations for

the GPDs in the hadronic configurations among the various SU(3) baryons.

A. GPDs as convolutions

The n-th Mellin moments of the generalized quark distributions Hq(x, ξ, t) and Eq(x, ξ, t)

are defined as

H(n)
q (ξ, t) ≡

∫ 1

−1

dx xn−1Hq(x, ξ, t) =
n−1∑

i=0, even

(
− 2ξ

)i
A(n)i
q (t) +

(
− 2ξ

)n
C(n)
q (t)

∣∣∣
n even

, (101a)

E(n)
q (ξ, t) ≡

∫ 1

−1

dx xn−1Eq(x, ξ, t) =
n−1∑

i=0, even

(
− 2ξ

)i
B(n)i
q (t)−

(
− 2ξ

)n
C(n)
q (t)

∣∣∣
n even

, (101b)

where A
(n)i
q (t), B

(n)i
q (t) and C

(n)
q (t) are the generalized Compton form factors of rank n. The

generalized form factors can be related to the matrix elements of local twist-2 operators
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O{µµ1···µn−1}
q between nucleon states,

〈N(p′)|O{µµ1···µn−1}
q |N(p)〉 = ū(p′)

[ n−1∑
i=0, even

A(n)i
q (t) γ{µ∆µ1 · · ·∆µiP µi+1 · · ·P µn−1}

− i

2M

n−1∑
i=0, even

B(n)i
q (t) ∆νσ

ν{µ∆µ1 · · ·∆µiP µi+1 · · ·P µn−1}

+
1

M
C(n)
q (t)

∣∣∣
n even

∆{µ · · ·∆µn−1}
]
u(p), (102)

where the symmetric and traceless operators are defined as

O{µµ1···µn−1}
q = in−1 ψ̄q γ

{µ←→D µ1 · · ·
←→
D µn−1} ψq, (103)

with
←→
D = 1

2

(−→
D−
←−
D
)
. The braces {· · · } represent symmetrization over the indices µµ1 · · ·µn

and subtraction of traces.

In an effective field theory, these quark operators are matched to hadronic operators with

the corresponding set of quantum numbers [74],

O{µµ1···µn−1}
q =

∑
j

Q
(n−1)
j O{µµ1···µn−1}

j , (104)

where the subscript j labels different types of hadronic operators. The coefficients Q
(n−1)
j

can be defined through the n-th moments of the generalized parton distributions in the

hadronic configuration j (see Sec. V B below). Matrix elements of the hadronic operators

O{µµ1···µn−1}
j can be used to define the moments of the Dirac-like and Pauli-like hadronic

splitting functions fj and gj, respectively, introduced in Eq. (45),

f
(n)
j =

∫ 1

−1

dy y(n−1)fj(y, t), (105a)

g
(n)
j =

∫ 1

−1

dy y(n−1)gj(y, t), (105b)

where y is the light-cone momentum fraction of the nucleon carried by the hadronic state j.

Taking the matrix elements of the matched operators in Eq. (104) between nucleon states

with unequal initial and final momenta, and contracting both sides with light-cone vector

nµnµ1 · · ·nµn−1 , we then arrive at a relation for the GPD moments in terms of the moments
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of the hadronic splitting functions,

H(n)
q ū(p′)/nu(p) +

i

2M
E(n)
q ū(p′)nµσ

µν∆ν u(p)

=
∑
j

Q
(n−1)
j

[
f

(n)
j ū(p′)/nu(p) +

i

2M
g

(n)
j ū(p′)nµσ

µν∆ν u(p)

]
. (106)

Since Eq. (106) is valid for all moments n, we deduce that the corresponding convolution

relation exists also for the GPDs as a function of x. Specializing to the case of zero skew-

ness, ξ = 0, we can write the contributions to the Hq and Eq GPDs from the hadronic

configurations in the form

Hq(x, t) ≡ Hq(x, ξ=0, t) =
∑
j

[
fj ⊗ qvj

]
(x, t)

≡
∑
j

∫ 1

0

dy

∫ 1

0

dz δ(x− yz) fj(y, t) q
v
j (z, t), (107a)

Eq(x, t) ≡ Eq(x, ξ=0, t) =
∑
j

[
gj ⊗ qvj

]
(x, t)

≡
∑
j

∫ 1

0

dy

∫ 1

0

dz δ(x− yz) gj(y, t) q
v
j (z, t), (107b)

where we define qvj (x, t) ≡ qj(x, ξ=0, t)− q̄j(x, ξ=0, t) as the GPD of the valence quark q in

the hadronic configuration j evaluated at zero skewness. Since the total Hq and Eq GPDs

can each receive contributions from both Dirac-like and Pauli-like GPDs of the hadronic

configurations, the sum over j in Eqs. (107) includes both electric and magnetic couplings,

qj → Hq
j or Eq

j . Note also that crossing symmetry, qj(−x, ξ = 0, t) = −q̄j(x, ξ = 0, t), in

direct analogy to that for forward (t = 0) parton distributions, has been used to write the

integrals in Eqs. (107) over the interval 0 to 1.

To illustrate the application of Eqs. (107) to chiral loop contributions to sea quark GPDs

in the proton, in this paper we focus on the asymmetries between the GPDs for d̄ and ū

quarks, and between the s and s̄ quark flavors. Assuming that the intermediate state octet

and decuplet baryons are flavor symmetric, with mesons φ the only source of antiquarks,

the convolution form for the antiquark electric and magnetic GPDs in the proton involves

contributions only from the diagrams in Fig. 1(a), (k), (l) and (m). Specifically, for the H q̄
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and E q̄ GPDs at zero skewness, we have

H q̄(x, t) =
∑
φBT

[(
f

(rbw)
φB + f

(rbw)
φT + f

(bub)
φ

)
⊗H q̄

φ

]
(x, t), (108a)

E q̄(x, t) =
∑
φBT

[(
g

(rbw)
φB + g

(rbw)
φT + g

′(bub)
φ

)
⊗H q̄

φ

]
(x, t), (108b)

where H q̄
φ is the electric GPD for quark flavor q̄ in the meson φ. The splitting functions

f
(rbw)
φB and g

(rbw)
φB for Fig. 1(a) are given in Eqs. (49a) and (49b), respectively, the decuplet

recoil splitting functions f
(rbw)
φT and g

(rbw)
φT for Fig. 1(m) are given in Eqs. (76a) and (76b),

respectively, and the functions f
(bub)
φ and g

′(bub)
φ for Figs. 1(k) and (l) are given in Eqs. (70)

and (72), respectively.

The convolution form for the quark GPDs received contributions from all other diagrams

in Fig. 1, and so has a more complicated structure,

Hq(x, t) = Z2H
q
0(x, t) +

∑
φBT

[(
f

(rbw)
φB + f

(rbw)
φT + f

(bub)
φ

)
⊗Hq

φ

+ f̄
(rbw)
Bφ ⊗Hq

B + f̄
(KR)
Bφ ⊗Hq(KR)

B + δf̄
(KR)
B ⊗Hq(KR)

B

+ f̄
(rbw)
Tφ ⊗Hq

T + f̄
(KR)
Tφ ⊗Hq(KR)

T + δf̄
(KR)
Tφ ⊗Hq(KR)

T

+ f̄
(rbw mag)
Bφ ⊗ Eq

B + f̄
(rbw mag)
Tφ ⊗ Eq

T + f̄
(rbw mag)
BT ⊗ Eq

BT

+ f̄
(tad)
φ ⊗Hq(tad)

φφ†
+ δf̄

(tad)
φ ⊗Hq(tad)

φφ†

]
(x, t),

(109a)

Eq(x, t) = Z2E
q
0(x, t) +

∑
φBT

[(
g

(rbw)
φB + g

(rbw)
φT + g

′(bub)
φ

)
⊗Hq

φ

+ ḡ
(rbw)
Bφ ⊗Hq

B + ḡ
(KR)
Bφ ⊗H

q(KR)
B + δḡ

(KR)
B ⊗Hq(KR)

B

+ ḡ
(rbw)
Tφ ⊗Hq

T + ḡ
(KR)
Tφ ⊗Hq(KR)

T + δḡ
(KR)
Tφ ⊗Hq(KR)

T

+ ḡ
(rbw mag)
Bφ ⊗ Eq

B + ḡ
(rbw mag)
Tφ ⊗ Eq

T + ḡ
(rbw mag)
BT ⊗ Eq

BT

+ ḡ
(tad mag)
φ ⊗ Eq(tad)

φφ†

]
(x, t), (109b)

where Hq
0 and Eq

0 are the quark GPDs of the bare proton, and Z2 is the wave function

renormalization constant associated with the dressing of the bare proton by the meson

loops in Fig. 1. As shorthand, in Eqs. (109) we use the notation f̄j(y) ≡ fj(1 − y) and

ḡj(y) ≡ gj(1 − y) for the electric and magnetic splitting functions involving couplings to

baryons. Note that both the electric and magnetic operators contribute to Hq(x, t) and
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Eq(x, t) at zero and finite momentum transfer. At zero momentum transfer, however, there

is no contribution from the magnetic term to the matrix element, even though the GPD

Eq(x, 0) itself is nonzero.

The expressions for the quark and antiquark GPDs in Eqs. (108) and (109) form the basis

for our calculations of the meson loop contributions to the GPD flavor asymmetries. For

the case of u and d quarks, the intermediate states include the nucleon and ∆ baryons and

π mesons. For the strange quark, on the other hand, the intermediate states that contribute

are the hyperons Λ, Σ and Σ∗ and K mesons. To compute the quark and antiquark GPDs

numerically, we require information on the GPDs for the various hadronic configurations

that contribute in Eqs. (108)–(109), which we turn to next.

B. GPDs of hadronic configurations

The twist-two operators associated with the PDFs of the hadronic configurations have

been discussed in detail in Refs. [54, 56]. For GPDs at finite momentum transfer t, the

operators are somewhat more complicated, and we consider first the intermediate octet

baryons as the hadronic configuration as an example. The relevant operator here can be

written as

Oµµ1...µn−1

q B =
n−1∑

i=0,even

1

2

(
α

(n)i
A Tr

[
B̄γµ

{
(u†λqu+ uλqu

†), B
}]

+ β
(n)i
A Tr

[
B̄γµ

[
(u†λqu+ uλqu

†), B
]]

+ σ
(n)i
A Tr

[
B̄γµB

]
Tr
[
(u†λqu+ uλqu

†)
] )

∆µ1 · · ·∆µiP µi+1 · · ·P µn−1

+
n−1∑

i=0,even

i

4MB

(
α

(n)i
B Tr

[
B̄σµν

{
(u†λqu+ uλqu

†), B
}]

+ β
(n)i
B Tr

[
B̄σµν

[
(u†λqu+ uλqu

†), B
]]

+ σ
(n)i
B Tr

[
B̄σµνB

]
Tr
[
(u†λqu+ uλqu

†)
] )

∆ν∆µ1 · · ·∆µiP µi+1 · · ·P µn−1

+
1

2MB

(
α

(n)
C

∣∣
n=even

Tr
[
B̄
{

(u†λqu+ uλqu
†), B

}]
+ β

(n)
C

∣∣
n=even

Tr
[
B̄
[
(u†λqu+ uλqu

†), B
]]

+ σ
(n)
C

∣∣
n=even

Tr
[
B̄B

]
Tr
[
(u†λqu+ uλqu

†)
] )

∆µ∆µ1 · · ·∆µn−1 . (110)
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Contracting both sides of Eq. (110) with the light-front unit vectors nµnµ1 · · ·nµn−1 then

gives

nµnµ1 · · ·nµn−1O
µµ1...µn−1

q B =
1

2
α(n) Tr

[
B̄/n
{

(u†λqu+ uλqu
†), B

}]
+

1

2
β(n) Tr

[
B̄/n
[
(u†λqu+ uλqu

†), B
]]

+
1

2
σ(n) Tr

[
B̄/nB

]
Tr
[
(u†λqu+ uλqu

†)
]

+
iα

(n)
mag

8MB

Tr
[
B̄nµσ

µν∆ν

{
(u†λqu+ uλqu

†), B
}]

+
iβ

(n)
mag

8MB

Tr
[
B̄nµσ

µν∆ν

[
(u†λqu+ uλqu

†), B
]]

+
iσ

(n)
mag

8MB

Tr
[
B̄nµσ

µν∆νB
]

Tr
[
(u†λqu+ uλqu

†)
]
, (111)

where for shorthand we define by X(n) and X
(n)
mag, where X = α, β or σ, the following

combinations,

X(n) =
n−1∑

i=0,even

(−2ξ)iX
(n)i
A + (−2ξ)nX

(n)
C

∣∣∣
n=even

, (112a)

X(n)
mag =

n−1∑
i=0,even

(−2ξ)iX
(n)i
B − (−2ξ)nX

(n)
C

∣∣∣
n=even

. (112b)

The n-th moments of the GPDs in octet baryons can then be related to the coefficients X(n)

and X
(n)
mag. By expanding the matrices in Eq. (111), one can derive relations between the

quark GPDs of different flavors in the octet baryons. Since such relations are independent of

the momentum transfer and structure of the γ-matrices of the operator, the relations between

the Dirac-like GPDs Hq(x, t) will be the same as those for PDFs obtained in Refs. [54, 56].

In the following, we therefore focus on the derivation of the relations for the spin-flip GPDs,

Eq(x, t), and examine whether the relations between the different flavors are the same as

those for the PDFs.
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For the magnetic operator, the contraction with the light-front unit vectors gives

nµnµ1 · · ·nµn−1Oµµ1...µn−1
qmag =

iα
(n)
mag

4MB

Tr
[
B̄nµσ

µν∆ν

{
(u†λqu+ uλqu

†), B
}]

+
iβ

(n)
mag

4MB

Tr
[
B̄nµσ

µν∆ν

[
(u†λqu+ uλqu

†), B
]]

+
iσ

(n)
mag

4MB

Tr
[
B̄nµσ

µν∆νB
]

Tr
[
(u†λqu+ uλqu

†)
]

− iθ
(n)
mag

2MT

T
abc

α nµσ
µν∆ν(λ

+
q )aeT

ebc
α

− iρ
(n)
mag

2MT

T
abc

α nµσ
µν∆νT

abc
α Tr[λ+

q ]

+
ω

(n)
mag

4MB

[
εijk(λ

+
q )ilB̄

j
m
/∆γ5nµT

µ,klm

−εijk(λ+
q )ilB̄

j
m/nγ5∆νT

ν,klm
]

+ H.c. (113)

The coefficients
{
α

(n)
mag, β

(n)
mag, σ

(n)
mag, θ

(n)
mag, ρ

(n)
mag, ω

(n)
mag

}
are related to the n-th magnetic mo-

ments of the quark distributions in the corresponding hadronic configurations. With the

simplification of the flavor matrices, the contracted magnetic operator can be rewritten in

the form

nµnµ1 · · ·nµn−1Oµµ1···µn−1
qmag

= Q
(n−1)
BmagOBmag + Q

(n−1)
T magOT mag + Q

(n−1)
BT magOBT mag + Q

(n−1)

φφ†mag
Oφφ†mag, (114)

where the hadronic operators are given by

OBmag =
i

2MB

B̄nµσ
µν∆νB, (115a)

OT mag = − i

2MT

Tαnµσ
µν∆νTα, (115b)

OBT mag = −
√

3

2
√

2MB

(
B̄ /∆γ5nµT

µ − B̄/nγ5∆νT
ν
)
, (115c)

Oφφ†mag = − i

2MBf 2
B̄nµσ

µν∆νB φφ†. (115d)

The coefficients Q
(n−1)
jmag of each of the operators are defined in terms of the Mellin moments

37



of the corresponding distribution functions in the intermediate hadron states,

Q
(n−1)
Bmag =

∫ 1

−1

dx xn−1Eq
B(x, t), (116a)

Q
(n−1)
T mag =

∫ 1

−1

dx xn−1Eq
T (x, t), (116b)

Q
(n−1)
BT mag =

∫ 1

−1

dx xn−1Eq
BT (x, t), (116c)

Q
(n−1)

φφ†mag
=

∫ 1

−1

dx xn−1Eq
φφ†

(x, t), (116d)

where the GPDs correspond to those appearing in the convolution expressions on the right-

hand-sides of Eqs. (109).

The moments U
(n−1)
Bmag, D

(n−1)
Bmag and S

(n−1)
Bmag of the u, d and s quark GPDs in the octet baryons

can be expressed in terms of the coefficients α
(n)
mag, β

(n)
mag and σ

(n)
mag, as listed in Table II. Solving

for the coefficients, one can write these as linear combinations of the quark GPD moments

TABLE II. Moments Q
(n−1)
Bmag of the u, d and s quark GPDs in octet baryons arising from the

magnetic interaction.

B U
(n−1)
Bmag D

(n−1)
Bmag S

(n−1)
Bmag

p α
(n)
mag + β

(n)
mag + σ

(n)
mag σ

(n)
mag α

(n)
mag − β(n)

mag + σ
(n)
mag

n σ
(n)
mag α

(n)
mag + β

(n)
mag + σ

(n)
mag α

(n)
mag − β(n)

mag + σ
(n)
mag

Σ+ α
(n)
mag + β

(n)
mag + σ

(n)
mag α

(n)
mag − β(n)

mag + σ
(n)
mag σ

(n)
mag

Σ0 α
(n)
mag + σ

(n)
mag α

(n)
mag + σ

(n)
mag σ

(n)
mag

Σ− α
(n)
mag − β(n)

mag + σ
(n)
mag α

(n)
mag + β

(n)
mag + σ

(n)
mag σ

(n)
mag

Λ 1
3
α

(n)
mag + σ

(n)
mag

1
3
α

(n)
mag + σ

(n)
mag

4
3
α

(n)
mag + σ

(n)
mag

ΛΣ0 1√
3
α

(n)
mag − 1√

3
α

(n)
mag 0
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in the proton,

α(n)
mag =

1

2

(
U (n−1)
pmag + S(n−1)

pmag

)
−D(n−1)

pmag , (117a)

β(n)
mag =

1

2

(
U (n−1)
pmag − S(n−1)

pmag

)
, (117b)

σ(n)
mag = D(n−1)

pmag . (117c)

Furthermore, assuming the strangeness in the bare nucleon state to be zero, we have

σ(n)
mag = β(n)

mag − α(n)
mag. (118)

In particular, for n = 1 the relation Eq. (118) is consistent with the Lagrangian for the

magnetic interaction, Eq. (13), where c3 = c2 − c1.

The moments of the GPDs in the decuplet baryons, Q
(n−1)
T mag, for u, d and s quarks can be

expressed in terms of the coefficients θ
(n)
mag and ρ

(n)
mag, which are listed in Table III. Solving

TABLE III. Moments Q
(n−1)
T mag of the u, d and s quark GPDs in decuplet baryons arising from the

magnetic interaction.

T U
(n−1)
T mag D

(n−1)
T mag S

(n−1)
T mag

∆++ θ
(n)
mag + ρ

(n)
mag ρ

(n)
mag ρ

(n)
mag

∆+ 2
3
θ

(n)
mag + ρ

(n)
mag

1
3
θ

(n)
mag + ρ

(n)
mag ρ

(n)
mag

∆0 1
3
θ

(n)
mag + ρ

(n)
mag

2
3
θ

(n)
mag + ρ

(n)
mag ρ

(n)
mag

∆− ρ
(n)
mag θ

(n)
mag + ρ

(n)
mag ρ

(n)
mag

Σ∗+ 2
3
θ

(n)
mag + ρ

(n)
mag ρ

(n)
mag

1
3
θ

(n)
mag + ρ

(n)
mag

Σ∗0 1
3
θ

(n)
mag + ρ

(n)
mag

1
3
θ

(n)
mag + ρ

(n)
mag

1
3
θ

(n)
mag + ρ

(n)
mag

Σ∗− ρ
(n)
mag

2
3
θ

(n)
mag + ρ

(n)
mag

1
3
θ

(n)
mag + ρ

(n)
mag
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for the coefficients θ
(n)
mag and ρ

(n)
mag in terms of the GPD moments in the ∆+ baryon, one has

θ(n)
mag = 3

(
D

(n−1)

∆+ − S(n−1)

∆+

)
=

3

2

(
U

(n−1)

∆+ − S(n−1)

∆+

)
, (119a)

ρ(n)
mag = S

(n−1)

∆+ . (119b)

Proceeding in analogy with the nucleon case, we assume no strange quark contribution in

the undressed ∆ baryons, which enables the decuplet coefficients to be written in terms of

the u and d quark GPD moments in the ∆+,

θ(n)
mag = 3D

(n−1)

∆+ =
3

2
U

(n−1)

∆+ , ρ(n)
mag = 0. (120)

This is also consistent with the effective Lagrangian of Eq. (13), where only one term for

the decuplet magnetic interaction is included.

The moments of quark GPDs for the octet-decuplet transition, Q
(n−1)
BT mag, can be expressed

in terms of the coefficient ω
(n)
mag defined in Eq. (113), and are given in Table IV for the allowed

TABLE IV. Moments Q
(n−1)
BT mag of the u, d and s quark distributions arising from the magnetic

interactions for the octet-decuplet transition.

BT U
(n−1)
BT mag D

(n−1)
BT mag S

(n−1)
BT mag

p∆+ 1
3
√

2
ω

(n)
mag − 1

3
√

2
ω

(n)
mag 0

n∆0 1
3
√

2
ω

(n)
mag − 1

3
√

2
ω

(n)
mag 0

Σ+Σ∗+ − 1
3
√

2
ω

(n)
mag 0 1

3
√

2
ω

(n)
mag

Σ0Σ∗0 1
6
√

2
ω

(n)
mag

1
6
√

2
ω

(n)
mag − 1

3
√

2
ω

(n)
mag

Σ−Σ∗− 0 1
3
√

2
ω

(n)
mag − 1

3
√

2
ω

(n)
mag

ΛΣ∗0 − 1√
24
ω

(n)
mag

1√
24
ω

(n)
mag 0
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TABLE V. Moments Q
(n−1)
Bφφmag of the u, d and s quark GPDs arising from the magnetic interactions

involving the BBφφ tadpole vertex. For short-hand we define Γ
(n)
± ≡ α

(n)
mag ± β(n)

mag.

U
(n−1)
φφmag D

(n−1)
φφmag S

(n−1)
φφmag

B

π+π− K+K− π+π− K0K
0

K0K
0

K+K−

p 1
2
Γ

(n)
+ β

(n)
mag −1

2
Γ

(n)
+ −1

2
Γ

(n)
−

1
2
Γ

(n)
− −β(n)

mag

n −1
2
Γ

(n)
+ −1

2
Γ

(n)
−

1
2
Γ

(n)
+ β

(n)
mag −β(n)

mag
1
2
Γ

(n)
−

Σ+ β
(n)
mag

1
2
Γ

(n)
+ −β(n)

mag
1
2
Γ

(n)
− −1

2
Γ

(n)
− −1

2
Γ

(n)
+

Σ0 0 1
2
α

(n)
mag 0 1

2
α

(n)
mag −1

2
α

(n)
mag −1

2
α

(n)
mag

Σ− −β(n)
mag

1
2
Γ

(n)
− β

(n)
mag

1
2
Γ

(n)
+ −1

2
Γ

(n)
+ −1

2
Γ

(n)
−

Λ 0 −1
2
α

(n)
mag 0 −1

2
α

(n)
mag

1
2
α

(n)
mag

1
2
α

(n)
mag

ΛΣ0 1√
3
α

(n)
mag

1
2
√

3
α

(n)
mag − 1√

3
α

(n)
mag − 1

2
√

3
α

(n)
mag

1
2
√

3
α

(n)
mag − 1

2
√

3
α

(n)
mag

configurations. One can write ω
(n)
mag in terms of the proton–∆+ transition GPD moments as

ω(n)
mag = 3

√
2U

(n−1)

p∆+ = −3
√

2D
(n−1)

p∆+ , (121)

with relations for the other octet-decuplet transitions in Table IV.

The moments of the distributions generated by the tadpole vertex are listed in Table V,

where the corresponding moments Q
(n−1)

φφ†mag
of the u, d and s quark GPDs are expressed

in terms of the α
(n)
mag and β

(n)
mag coefficients in Eq. (117). Note that combinations involving

K0K
0

mesons do not contribute to the u-quark moments, while those involving K+K− do

not contribute to the d-quark moments, and contributions from π+π− configurations to the

s-quark moments also vanish.

Since the above relations for the GPD moments are valid for all values of n, one can

derive from the moments explicit relations between the input valence GPDs for different
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quark flavors in various hadrons. Focusing still on the magnetic GPD Eq, we relate the

valence GPDs in the octet baryons to the GPDs in the proton, denoted by Eq ≡ Eq
p(x, t) ≡

Eq
p(x, ξ = 0, t), using the results from Table II,

Eu
n = Ed, Ed

n = Eu, Es
n = Es, (122a)

Eu
Σ+ = Eu, Ed

Σ+ = Es, Es
Σ+ = Ed, (122b)

Eu
Σ0 =

1

2

(
Eu + Es

)
, Ed

Σ0 = Eu
Σ0 , Es

Σ0 = Ed, (122c)

Eu
Σ−= Es, Ed

Σ−= Eu, Es
Σ−= Ed, (122d)

Eu
Λ =

1

6

(
Eu + 4Ed + Es

)
, Ed

Λ = Eu
Λ, Es

Λ =
1

3

(
2Eu − Ed + 2Es

)
, (122e)

Eu
ΛΣ0 =

1

2
√

3

(
Eu − 2Ed + Es

)
, Ed

ΛΣ0 = −Eu
ΛΣ0 , Es

ΛΣ0 = 0. (122f)

For the GPDs in the SU(3) decuplet baryons, using the relations in Table III these can be

written in terms of the GPDs in the ∆+ baryon, which we denote by Eq
∆ ≡ Eq

∆+(x, t) ≡

Eq
∆+(x, ξ = 0, t),

Eu
∆++ = Eu

∆ + Ed
∆ − Es

∆, Ed
∆++ = Es

∆, Es
∆++ = Es

∆, (123a)

Eu
∆0 = Ed

∆, Ed
∆0 = Eu

∆, Es
∆0 = Es

∆, (123b)

Eu
Σ∗+ = Eu

∆, Ed
Σ∗+ = Es

∆, Es
Σ∗+ = Ed

∆, (123c)

Eu
Σ∗0 = Ed

∆, Ed
Σ∗0 = Ed

∆, Es
Σ∗0 = Ed

∆, (123d)

Eu
Σ∗− = Es

∆, Ed
Σ∗− = Eu

∆, Es
Σ∗− = Ed

∆. (123e)

Interestingly, the relations between the Eq GPDs between different flavors in the SU(3)

octet and decuplet baryon configurations are identical to those for the PDFs derived in

Refs. [54, 56]. Similar relations will therefore follow also for the electric Hq GPDs.
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For the octet-decuplet transition GPDs, from Table IV one can write each of the transition

GPDs in terms of the u-quark GPD for the p–∆+ transition,

Eu
n∆0 = Eu

p∆+ , Ed
n∆0 = −Eu

p∆+ , Es
n∆0 = 0, (124a)

Eu
Σ+Σ∗+= −Eu

p∆+ , Ed
Σ+Σ∗+= 0, Es

Σ+Σ∗+= Eu
p∆+ , (124b)

Eu
Σ0Σ∗0 =

1

2
Eu
p∆+ , Ed

Σ0Σ∗0 =
1

2
Eu
p∆+ , Es

Σ0Σ∗0 = −Eu
p∆+ , (124c)

Eu
Σ−Σ∗−= 0, Ed

Σ−Σ∗−= Eu
p∆+ , Es

Σ−Σ∗−= −Eu
p∆+ , (124d)

Eu
ΛΣ∗0 = −

√
3

2
Eu
p∆+ , Ed

ΛΣ∗0 =

√
3

2
Eu
p∆+ , Es

ΛΣ∗0 = 0. (124e)

Finally, for the GPDs associated with the tadpoles, the distributions can be expressed in

terms of GPDs in the proton. For the case of the nucleon, from Table V we have

E
u(tad)

π+π− =
1

2

(
Eu − Ed

)
, E

d(tad)

π+π− =
1

2

(
Ed − Eu

)
, E

s(tad)

π+π− = 0, (125a)

E
u(tad)

K+K−=
1

2

(
Eu − Es

)
, E

d(tad)

K+K−= 0, E
s(tad)

K+K−=
1

2

(
Es − Eu

)
, (125b)

E
u(tad)

K0K
0 = 0, E

d(tad)

K0K
0 =

1

2

(
Ed − Es

)
, E

s(tad)

K0K
0 =

1

2

(
Es − Ed

)
, (125c)

he tadpole GPDs for the other baryons can also be derived from the relations in Table V.

Turning now to the Dirac-like Hq
j (x, t) GPDs for the various hadronic configurations j,

we observe that these have the same relationships as for PDFs [54, 56]. Taking the strange

quark flavor as an example, for the strange GPDs in octet baryons we have

Hs
Σ+ = Hs

Σ0 = Hs
Σ− = Hd, (126a)

Hs
Λ =

1

3

(
2Hu −Hd + 2Hs

)
, (126b)

while for the strange GPDs in decuplet baryons,

Hs
Σ∗+ = Hs

Σ∗0 = Hs
Σ∗−= Hd

∆, (127)

with the strange GPDs in all other baryons vanishing.

For the strange GPDs associated with the tadpole diagram, we find

H
s(tad)

K+K− =
1

2

(
Hu −Hs

)
, H

s(tad)

K0K
0 = Hd −Hs. (128)
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The strange electric GPDs for the KR diagrams are related to the magnetic GPDs, which

for the octet baryons are given by

H
s(KR)

Σ+ = H
s(KR)

Σ0 =
1

F −D
(
H̃d − H̃s

)
, (129a)

H
s(KR)
Λ =

1

3F +D

(
2H̃u − H̃d − H̃s

)
, (129b)

and for the decuplet baryons by

H
s(KR)

Σ∗+ = H
s(KR)

Σ∗0 =
1

2D

(
H̃u − 2H̃d + H̃s

)
, (130)

where H̃q ≡ H̃q(x, ξ = 0, t) are the corresponding spin-dependent GPDs in the proton.

Finally, for the antiquark GPDs in pions and kaons that enter in the convolution formulas,

we have the relations

H s̄
K+ = H s̄

K0 = H d̄
π+ = Hd

π− = H ū
π− = 2H ū

π0 = 2H d̄
π0 . (131)

In our numerical calculations, we will assume valence quark dominance for the undressed

states, so that for the proton Hs = Es = 0. The decuplet and transition GPDs Hq
∆, Eq

∆ and

Eq
p∆+ can be related to the proton GPDs Hq and Eq using SU(3) flavor symmetry, which

constrains the coefficients according to θ
(n)
mag = α

(n)
mag +3β

(n)
mag. Since Hq and Eq have the same

flavor symmetry, the decuplet GPDs can then be written as

Hu
∆ = 2Hd

∆ =
4

3
Hu − 2

3
Hd, (132)

Eu
∆ = 2Ed

∆ =
4

3
Eu − 2

3
Ed. (133)

Similarly, the constraint ω
(n)
mag = 4α

(n)
mag leads to the relations for the transition GPDs,

Eu
p∆+ = −Ed

p∆+ =

√
2

3

(
Eu − 2Ed

)
. (134)

With these relations, all the GPDs used in the calculation in the next section can be ex-

pressed in terms of the GPDs in the proton. Note that because the magnetic coefficients

Cmag
j (j = B, T,BT ) are not included in the splitting functions, the GPDs Eq

j (x, t = 0) need

to be normalized to their magnetic moments with unit charge obtained from c1 and c2.
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VI. NUMERICAL RESULTS FOR SEA QUARK GPDS

In this section we present the numerical results of our calculation of the meson loop

contributions to the sea quark GPDs of the proton. We begin firstly by summarizing the

inputs used in the calculation, followed by discussions of the results for the light antiquark

contributions and the strange quark contributions to the GPDs.

A. Theoretical inputs

For the meson–baryon couplings in our numerical calculations we use the values D = 0.76

and F = 0.5 for the octet baryon couplings (with gA = D + F = 1.26), and C = −2D for

the octet-decuplet transition coupling under the assumption of SU(6) symmetry. The loop

integrals are regularized using a covariant regulator of dipole form,

F̃ (k) =

(
Λ2 −m2

φ

Λ2 − k2

)2

, (135)

with Λ a mass parameter. From previous analyses of nucleon electromagnetic and strange

from factors, we take Λ = 1.0(1) GeV [41, 42]. The parameters c1 and c2 are determined by

fitting to the nucleon anomalous magnetic moments, and we find c1 = 1.40 and c2 = 0.54

reproduce the empirical values µp = 2.79µN and µn = −1.91µN in units of the nucleon

magneton, µN = e~/2M .

For the valence quark GPDs in the proton, we follow Diehl et al. [75] and parametrize

the GPDs as products of forward distributions and t-dependent exponential factors,

Hq(x, t) = qv(x) exp
[
t fq(x)

]
, (136a)

Eq(x, t) = eq(x) exp
[
t fq(x)

]
, (136b)

H̃q(x, t) = ∆qv(x) exp
[
t f̃q(x)

]
. (136c)

Here the unpolarized qv(x), helicity-flip eq(x), and helicity-dependent ∆qv(x) PDFs for the

valence quarks are taken from the parametrizations in Refs. [75–77]. The profile functions

fq(x) and f̃q(x) parameterize the x dependence of the average impact parameter of the

corresponding quark distribution, which can be seen after performing a Fourier transform

to coordinate space [75].
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The valence quark GPD in the pion is parametrized as a simple factorized product of a

pion valence PDF and a t-dependent elastic form factor,

Hq
π(x, t) = qπv (x)Fπ(t), (137)

where qπv (x) is the pion valence quark PDF. For illustration purposes we use the parametriza-

tion of qπv from Ref. [78], while more recent analyses have studied the large-x behavior in

the presence of next-to-leading-log threshold resummation effects [79]. For the pion elastic

electromagnetic from factor Fπ(t) we use a monopole form,

Fπ(t) =
1

1− t/Λ2
π

. (138)

The cutoff parameter Λπ is tuned to be 0.79 GeV, corresponding to the average of the charge

radii for the pion and kaon [80] (since we use the same inputs for all the meson valence quark

GPDs). The valence quark GPDs in other hadronic configurations are obtained through the

SU(3) symmetry relations in Sec. V B. With the calculated splitting functions and the valence

quark distributions as input, we can proceed to evaluate the GPDs of the sea quarks from

the convolution expressions (108)–(109).

B. Light antiquark GPDs

The electric H q̄ and magnetic E q̄ GPDs for the light antiquarks in the proton arising

from the meson loop diagrams in Fig. 1 are presented in Fig. 2 as a function of the parton

momentum fraction x and momentum transfer −t, for the q̄ = ū and d̄ flavors at the input

scale Q0 = 1 GeV. For ū quarks, the function xH ū is positive and peaks at x ≈ 0.1, roughly

independent of the value of t. For any fixed x value, xH ū falls off monotonically with

increasing values of −t. In contrast, the magnetic xEū distribution is negative, peaking in

absolute value at slightly smaller x compared with xH ū, and again decreasing in magnitude

with increasing −t at fixed x. For the d̄ quarks, the shape of the xH d̄ GPD is similar to that

of the xH ū distribution, although at any given x and t the GPD for the d̄ is larger. This

flavor asymmetry stems from the fact that the contribution to H d̄ comes from both the octet

and decuplet intermediate states, while only the decuplet intermediate states contribute to

the H ū GPD.
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(a) (b)

(c) (d)

FIG. 2. Electric and magnetic GPDs for light antiquarks: (a) xH ū, (b) xEū, (c) xH d̄, and

(d) xEd̄, versus parton momentum fraction x and four-momentum transfer squared −t, for cutoff

mass Λ = 1 GeV at a scale Q0 = 1 GeV.

The shapes of the magnetic E q̄ GPDs reflect the important role played by the orbital

angular momentum of the meson in the intermediate state. For octet baryons, the meson

orbital angular momentum tends to be +1, resulting in positive values of E d̄. For ū quarks,

on the other hand, since the intermediate baryons can only be decuplets, the orbital angular

momentum of the meson tends to be −1, resulting in negative values for Eū. The absolute

value of xE d̄ is also much larger than xEū. Note that the δ-function term in the splitting

functions does not contribute to the H q̄ and E q̄ GPDs, although it does contribute to the

lowest moment of these functions.

Turning now to the light flavor asymmetry of the GPDs, in Fig. 3 we show the distribu-

tions xH d̄−ū and xE d̄−ū versus x and −t. Both asymmetries are observed to be positive for

all x values, with a peak at x ≈ 0.1 that decreases with increasing four-momentum transfer

squared. At the peak, the magnitude of the magnetic GPD asymmetry xE d̄−ū is about 4

times larger than the electric asymmetry xH d̄−ū.

To more clearly illustrate the shape and magnitude of the d̄− ū asymmetry, in Fig. 4 we
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(a) (b)

FIG. 3. Light antiquark flavor asymmetry for (a) the electric xH d̄−ū and (b) magnetic

xEd̄−ū GPDs, versus parton momentum fraction x and four-momentum transfer squared −t, for

Λ = 1 GeV.

plot the xH d̄−ū and xE d̄−ū distributions at t = 0, with the error bands corresponding to the

10% uncertainty on the cutoff parameter Λ that was set to 1 GeV. The calculated electric

asymmetry is compared with a recent parametrization of the x(d̄− ū) PDF from the JAM

global QCD analysis of world data [81] at a scale Q = mc = 1.3 GeV. The numerical results

are in good agreement with the phenomenological parametrization of x(d̄ − ū), which is

driven mostly by the Drell-Yan proton-proton and proton-deuteron scattering data [82, 83],

and has a maximum of ≈ 0.3− 0.4 at x ≈ 0.05− 0.10. Within our framework, for a cutoff

parameter Λ = 1.0(1) GeV we find for the integrated values
∫ 1

0
dxH d̄−ū(x, 0) = 0.11(2)

and
∫ 1

0
dx xH d̄−ū(x, 0) = 0.009(2). The magnetic GPD asymmetry xE d̄−ū at t = 0 has a

similar shape, but is ≈ 4 times larger than xH d̄−ū at the peak. After integrating over x,

we find
∫ 1

0
dxE d̄−ū(x, 0) = 1.1(2) and

∫ 1

0
dx xE d̄−ū(x, 0) = 0.034(6). A large magnitude

for the magnetic asymmetry augurs well for future efforts to determine this asymmetry

experimentally.

The xH d̄−ū and xE d̄−ū GPD asymmetries at finite t are also shown in Fig. 4, for −t =

0.25 GeV2. As expected from the 3-dimensional plots in Fig. 3, the distributions are sup-

pressed at larger −t values, with the magnitudes of the functions about half as large as those

at t = 0. The peaks in both functions also shift to slightly larger x values with increasing

four-momentum transfer squared.
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FIG. 4. Light antiquark asymmetries for the electric xH ū−d̄ (red bands) and magnetic xEū−d̄ (blue

bands) GPDs versus parton momentum fraction x at four-momentum transfer squared of t = 0

[(a), (b)] and t = −0.25 GeV2 [(c), (d)], for cutoff parameter Λ = 1.0(1) GeV. The asymmetries

are shown at the input scale Q0 = 1 GeV, except for the electric asymmetry at t = 0, which is

compared with the x(d̄− ū) PDF asymmetry from the JAM global QCD analysis [81] (yellow band)

evolved to the scale Q = mc.

C. Strange quark GPDs

The kaon loop contributions to the strange quark GPDs are shown in Fig. 5. Compared

with the GPDs for the light antiquarks, the strange GPDs are smaller in magnitude, but

display some interesting features. As for the light antiquark GPDs, the signs of the electric

GPDs Hs and H s̄ are both positive. While the shapes of the s and s̄ distributions are

expected to be almost identical perturbatively [84], the kaon loop contributions to these can

be quite different due to their different origins. Assuming the SU(3) symmetric relations for

the GPDs in the hadronic intermediate states discussed in Sec. V B, the s̄ antiquark GPD

arises from diagrams with a direct coupling to the kaon, as in Fig. 1(a), while contribu-

tions to the s quark GPD come from couplings to the intermediate state hyperons, such as
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(a) (b)

(c) (d)

FIG. 5. Electric and magnetic GPDs for the strange and antistrange quarks: (a) xHs, (b) xEs,

(c) xH s̄, and (d) xE s̄ versus the parton momentum fraction x and four-momentum transfer

squared −t, for Λ = 1 GeV, at the scale Q0 = 1 GeV.

in Fig. 1(b) [85, 86].

As evident from Fig. 5, at small values of x the strange Hs GPD is larger than the

antistrange H s̄, while for larger x values, x & 0.5, the antistrange contribution exceeds the

strange. However, the x integrals of Hs and H s̄ at zero momentum transfer can be shown

to be identical with the inclusion of the δ-function term, as is necessary for the requirement

of zero net strangeness in the nucleon. Since the t dependence of Hs is different from that

of H s̄, at finite values of t the lowest moments of the strange and antistrange GPDs need

not be the same, which corresponds to nonzero values of the strange electric form factor at

−t > 0. The behaviors of the magnetic GPDs Es and E s̄ are, on the other hand, rather

different. While the sign of E s̄ is the same as that of E d̄ because of the positive orbital

angular momentum of the meson, the strange GPD Es changes sign with x, from negative

at small x values to positive at x & 0.3.

In Fig. 6 we show the strange–antistrange asymmetries xHs−s̄ and xEs−s̄ versus x and

−t, for a fixed value of Λ = 1 GeV. At nonzero values of x, the xHs GPD is generally
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(a) (b)

FIG. 6. The strange quark asymmetry for (a) the electric xHs−s̄ and (b) magnetic xEs−s̄ GPDs,

versus momentum fraction x and four-momentum transfer squared −t, for Λ = 1 GeV.

larger than xH s̄, with a maximal asymmetry at x ≈ 0.2− 0.3. Unlike the individual s and s̄

contributions, for a given value of x the asymmetry xHs−s̄ does not decrease monotonously

with −t, and in fact increases at higher −t in some cases. For the magnetic asymmetry

xEs−s̄, the change of sign with x is driven by the behavior of the strange contribution, xEs.

Generally, the s − s̄ asymmetry is much smaller than the d̄ − ū asymmetry in the nucleon

for both the electric and magnetic GPDs.

In analogy with the d̄ − ū asymmetry in Fig. 4 above, in Fig. 7 we show the xHs−s̄

and xEs−s̄ asymmetries at t = 0 and −t = 0.25 GeV2 for varying cutoff parameters

between Λ = 0.9 GeV and 1.1 GeV. The change in sign of xHs−s̄ is evident, with the

asymmetry being positive at small x, before turning negative at x & 0.5. The calcu-

lated asymmetry is compared with recent PDF parametrizations of x(s − s̄) from the

JAM [81] and NNPDF [87] global QCD analyses, which show very large uncertainties rel-

ative to the magnitude of the computed result. For the lowest nonzero moment, we find∫ 1

0
dx xHs−s̄(x, 0) = 0.0009

(5)
(4) for Λ = 1.0(1) GeV, which is comparable with other recent

estimates of the strange asymmetry [54, 56, 88]. For the magnetic asymmetry xEs−s̄, the

situation is reversed, with the asymmetry trending negative at small x and becoming pos-

itive at larger x values, x & 0.3. For comparison, the analogous integrated magnetic GPD

asymmetry is
∫ 1

0
dx xEs−s̄(x, 0) = 0.0009

(12)
(8) for the x-weighted moment, while for the low-

est moment, which corresponds to the strange quark contribution to the proton’s magnetic

moment, we find
∫ 1

0
dxEs−s̄(x, 0) = µs = −0.033

(11)
(13).

At nonzero values of t, the strange asymmetry is not as strongly suppressed as the non-

strange d̄ − ū asymmetry. At −t = 0.25 GeV2, for instance, as also shown in Fig. 7, the

magnetic GPD asymmetry xEs−s̄(x, t) is only slightly smaller in magnitude than that at
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FIG. 7. Strange quark asymmetry for the xHs−s̄ (red bands) and xEs−s̄ (blue bands) GPDs versus

x at squared momentum transfers t = 0 [(a), (b)] and −t = 0.25 GeV2 [(c), (d)], with the bands

corresponding to cutoff mass Λ = 1.0(1) GeV. The asymmetries are shown at Q0 = 1 GeV, except

for the strange electric asymmetry at t = 0, which is compared with PDF parametrizations of

x(s− s̄) from JAM [81] (yellow band) and NNPDF [87] (green band) evolved to Q = mc.

t = 0, while for electric GPD asymmetry the peak value of the magnitude of xHs−s̄(x, t) at

−t = 0.25 GeV2 is even larger than that at t = 0.

A more direct representation of the x-integrated strange GPD asymmetries is given in

Fig. 8, where the strange quark contributions to the proton’s electric and magnetic form

factors as in Eqs. (40)–(42) are plotted versus t. The uncertainty bands for the computed

Gs
E,M(t) form factors correspond to the results with Λ = 1.0(1) GeV, and the form factors are

compared with recent lattice simulations at the physical pion mass [89]. While the strange

electric form factor in Fig. 8(a) at t = 0 is normalized to zero, at finite momentum transfer

Gs
E(t) is positive and saturates at around +0.004 over the range −t < 1 GeV2. The strange
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FIG. 8. Strange quark contributions to the (a) electric GsE and (b) magnetic GsM form factors of

the proton versus four-momentum transfer squared −t, with the uncertainty band corresponding

to cutoff values Λ = 1.0(1) GeV, compared with the lattice simulation from Ref. [89].

charge radius can be evaluated from the slope of the electric form factor at t = 0,

〈rsE〉2 = 6
dGs

E (t)

dt

∣∣∣∣
t=0

. (139)

The value found in the present calculation, 〈rsE〉2 ≈ −0.003 fm2, is very similar to that

reported from the lattice simulation in Ref. [90].

The strange magnetic form factor Gs
M(t) is shown in Fig. 8(b) as a function of t, also

compared with the lattice calculation from Ref. [89]. As for Gs
E(t), the absolute value of the

strange magnetic form factor increases with increasing values of the cutoff Λ, and decreases

with−t, consistent with the lattice simulations from Ref. [89]. The strange magnetic moment

Gs
M(0), defined as

〈rsM〉2 = 6
dGs

M (t)

dt

∣∣∣∣
t=0

, (140)

is estimated to be 〈rsM〉2 = −0.023(7) fm2 for Λ = 1.0(1) GeV. Our results are also consistent

with the direct calculation of the strange form factors with a nonlocal chiral Lagrangian

from Ref. [42].
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VII. SUMMARY

This paper has presented a detailed account of unpolarized GPDs of sea quark and

antiquarks in the proton arising from pseudoscalar meson loops whose interactions with

octet and decuplet baryons are described within a nonlocal chiral effective theory with a

finite range regularization. We have restricted this initial study to the special case of zero

skewness, ξ = 0, although the calculation can be straightforwardly extended to the ξ > 0

case. Within the convolution formulation, the dependence of the electric Hq ≡ Hq(x, ξ=0, t)

and magnetic Eq ≡ Eq(x, ξ=0, t) sea quark GPDs on the parton momentum fraction x and

four-momentum transfer squared t has been computed from the derived nonforward hadronic

splitting functions and input GPDs of hadronic configurations constrained by SU(3) flavor

symmetry.

For all light and strange quark flavors the electric, spin-nonflip GPDs Hq are positive. For

the magnetic spin-flip GPDs, the E d̄ and E s̄ distributions are positive, while the Eū GPD

is negative. The strange magnetic GPD Es, on the other hand, displays nontrivial x depen-

dence with changes of sign as a function of x. The electric and magnetic sea quark flavor

asymmetries for the light quarks consequently remain positive across all x values, decreasing

in magnitude with increasing −t. Interestingly, the magnetic asymmetry E d̄−ū is some four

times greater than the corresponding electric asymmetry H d̄−ū, which presents opportuni-

ties for phenomenological studies of this function with future experiments. The shape of

the electric asymmetry is constrained at t = 0 by Drell-Yan and other measurements, and

is quite comparable with the d̄− ū PDF asymmetry from global QCD analysis [81].

For the strange quark GPDs, both the electric and magnetic s − s̄ asymmetries are

significantly smaller than for the nonstrange case, and change sign with x. The integral of

xHs−s̄ favors positive values, and has a magnitude at finite t that may be even larger than the

value at t = 0. The results are also qualitatively consistent with current phenomenological

determinations from global QCD analyses, although within rather large uncertainties. The

electric and magnetic s− s̄ GPD asymmetries, integrated over x, are also broadly consistent

with the strange electromagnetic form factors as a function of t, obtained from recent lattice

QCD simulations [89] as well as from direct calculations within nonlocal chiral effective

theory [42].

While the present analysis has been performed at zero skewness, ξ = 0, in future it will
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be important to extend the GPD calculations to nonzero skewness. Such calculations will

naturally be rather more complicated, but should provide further insights into the three-

dimensional structure of the nucleon. The current analysis can also be easily extended to

the case of spin-dependent GPDs of sea quarks in the proton, where we know from similar

studies of helicity PDFs [91] that chiral loops play a somewhat different role for polarized

and unpolarized distributions. Experimentally, while facilities such as Jefferson Lab are

expected to provide information on GPDs in the valence quark region at larger values of x,

distributions of sea quarks will be ideally suited for study at the future Electron-Ion Col-

lider [92].
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Appendix A: Splitting function integrals

In this appendix, we list the compelte set of formulas for the numerators appearing in

the integrals of the splitting function for the intermediate decuplet states. Starting with the

rainbow diagram in Fig. 1(m), the functions F
(rbw)
φT and G

(rbw)
φT in Eqs. (76) are given by

F
(rbw)
φT = − y

12M2
T

{
4 k · p k · p′

[
4k · P − 2M(2M + 3MT ) + (1 + y)t

]
+ 4M(k · p′)2(∆T −M) + 4(k · p)2

[
M(2M +MT ) + t

]
+ 2k · p′

[
8M3MT + (1 + y)M(∆T −M)t+ 3M2

T t− 4M2k2
]

− 2k · p
[
8M3MT + (1 + 11y)MMT t− 3M

2

T t+ 4M2k2 − yt(5M2 + t)
]

+MMT

[
4k2
(
4M2 − 3(1− y)t

)
− yt(4M2 + 5t)

]
− 12yMM

2

T ∆T t + 4(1− 2y)M2k2 t + 3yM
2

T t
2

}
, (A1a)

G
(rbw)
φT =

yM

3M2
T

{
4k · p

[
k · p′

(
yM +MT

)
+ k · p

(
2MT +MT

)]
+ 4k · P

[
3M

2

T (MT − 2M) + (M − 3MT )k2
]

+ 2k · p′
[
(3 + y)M2MT − 3M3y

]
+ 2k · p

[
yM(5M2 + t)−MT

(
(1 + 11y)M2 − t

)]
−MT

[
k2
(
3t− 4(1 + 3y)M2

)
+ yM2

(
4M2 + 5t+ 12MT (MT − 2M)

)
− 3MMT y t

]
−Mk2

(
8yM2 − t

)}
. (A1b)

For the electric part of the photon coupling to the decuplet baryon in Fig. 1(n), the

functions F
(rbw)
Tφ and G

(rbw)
Tφ in Eqs. (78) are given by

F
(rbw)
Tφ =

1

36M4
T

{
16 k · p k · p′ (k ·∆)2 + 16 k · P

[(
(k · p′)2 + (k · p)2

)(
MT (3MT − 2M)

)
− k · p k · p′

(
2M(MT − 2M) + 3(2 + y)M2

T − 2y t2
)]

+ 16 (k ·∆)2M2M
2

T + 48 yM2
T (k · P )2k2

+ 4 k · p k · p′
[
4MT (4M − 3MT )M

2

T − y2t (8MMT + 3M2
T ) + 6ytMT∆T

+ 2tM
2

T + 6y(3M −MT )M2
TMT + 2MT (4M + 9MT )k2 − 2(1 + y)tk2 + y2t2

]
+ 4
(
(k · p′)2 + (k · p)2

)
×
[
MTM

2

T (9MT − 8M)− 2ytMT (2M − 3MT )− 3yM2
TMT∆T − 4MMTk

2
]
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+ 4 k · P
[
2yt (2M2 + 3MTMT )k2 − 12tMTMTk

2 − 12M2
TMT (3M −MT )k2

− 3y2t2(3M2 +M
2

T )MT∆T + 2yt(2M2 − 7MMT + 6M2
T )M

2

T

− y2t2(2M − 3MT )MT + 12yMM2
TM

2

T∆T − 12M2
Tk

4 + 4y2tM2k2

+ 3yMT (yt− 4MMT )(M +MT )k2
]

+ 48 yM3M2
T MTk

2 − 2y2tM(8M2MT − 3M3
T )k2 + (y2t− 2k2)t(2M − 3MT )2M

2

T

+ 2 yt
(
4M3MT − 3M2

T (5M2 + 3M2
T − 2MMT )

)
k2 + 24MM2

T (M − 2MT )M
2

Tk
2

− 2 y2Mt
(
8M2(M − 2MT ) + 3M2

T (2M +MT )
)
M

2

T

+ 2(1− y)t(2M + 3MT )2k4 + 24MM2
T (3M + 2MT )k4

}
, (A2a)

G
(rbw)
Tφ =

M

9 tM4
T

{
− 32 k · p k · p′ (k ·∆)2MT + 8 k · P

[
(k ·∆)2(2M + 3MT )k2

− 3
(
(k · p′)2 + (k · p)2

)
(2M +MT )MT∆T

− 2 k · p k · p′
(
MT (3MTMT − 6M2 − t) + yt(3M + 2MT )

)]
− 2 (k ·∆)2

[(
8M2MT − 3M2

T (2M +MT )
)
k2

+
(
8M3 +

(
3MT (MT + 2M)− 16M2

)
MT

)
M

2

T

]
+ 4 k · p k · p′

[
3yt
(
4M2 −MT (M + 2MT )

)
MT − yt2MT − tMTM

2

T

+y2Mt(8MMT + 3M2
T ) + yt(4M + 3MT )k2 + t(8M + 9MT )k2 − y2Mt2

]
+ 2
(
(k · p′)2 + (k · p)2

)
t
[
y
(
10M2 − 3MT (3M +MT )

)
MT

+ (2M − 3MT )M
2

T + (1 + y) (2M + 3MT )k2
]

−2 (k · P ) t
[
− 6y2M(4M2 + 2MMT +M2

T )MT∆T

+ y(2M − 3MT )
(
8M2 − 4MMT − 3M2

T

)
M

2

T − yt(2My +MT )(2M −MT )MT

+ (4k2 − yt)(MT + 2MT )k2 + 2y2M
(
4M2 + 3(M +MT )MT

)
k2

+ y
(
24M3 + 32M2MT − 9M3

T

)
k2 + 2

(
8M3 + 2M2MT − 21MM2

T − 15M3
T

)
k2
]

+ t
[
2yMMT

(
4M3 − 9M2

TMT

)
k2 + 2y2M2(8M2MT − 3M3

T )k2

− yt(4M2 − 9M2
T )MTk

2 + (2MTk
2 − y2Mt)(2M − 3MT )2M

2

T

+ 2y2M2
(

8M3 +
(
3MT (M +MT )− 16M2

)
MT

)
M

2

T

+ 2
(
4M3 − 15MM2

T − 9M3
T

)
k4 + 2yM(MT + 2MT )2k4

]}
. (A2b)
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For the magnetic photon-decuplet baryon diagram in Fig. 1(o), the functions F
(rbw mag)
Tφ

and G
(rbw mag)
Tφ in Eqs. (80) are given by

F
(rbw mag)
Tφ =

1

36M5
T

{
8k · pk · p′ (k ·∆)2MT + 8k · P

[
(k ·∆)2

(
(3MT + 2M)k2

−M (MT + 2M)MT

)
+ k · p k · p′ yt (5MT + 2(1 + y)M)

]
+ 2(k ·∆)2

[(
4M3 +

(
3 (M − 2MT )MT − 2M2

)
MT

)
M

2

T

+MT

(
−4M2 +MMT + 12M2

T

)
k2 − (2k2 + yt) (3MT + 2M) k2

]
+ 2

(
(k · p′)2

+ (k · p)2
)
t
[
− y

(
2M2 + 5MMT − 9M2

T

)
MT

− (2M − 3MT )M
2

T + (3MT + 2M) k2 + 2y2M2 (MT − 2M)
]

+ 4k · p k · p′t
[
− y

(
4M2 + 2MMT − 5M2

T

)
MT + y2tMT + ytMT

− 2y2M (3M − 2MT )MT + (2M −MT )M
2

T

− y (3MT + 2M) k2 − (5MT + 2M) k2 − 2y2Mk2
]

− 2k · Pt
[
12M2

TMTk
2 + y2t

(
4M2 − 2MMT − 3M2

T

)
MT

− y (M − 2MT )
(
4M2 + 6MMT − 3M2

T

)
M

2

T + yt (2M − 3MT )M
2

T

− y(2k2 − t) (3MT + 2M) k2 − 8y2M3k2 + y
(
15MM2

T + 12M3
T − 16M2MT

)
k2

+ 2y2M2
(
−8M3 + 9MM2

T +M3
T

) ]
+ t
[
4yM2 (5MT − 2M)M

2

Tk
2

+ yt
(
4M2 − 9M2

T

)
MTk

2 − 4(yM2 −MMT ) (3MT + 2M) k4

+ 2y2M3
(
M2

T − 4M2
)
k2 − 4M (2M − 3MT )MTM

2

Tk
2

+y2(t− 2M2)M
(
4M2 − 8MMT + 3M2

T

)
M

2

T

]}
, (A3a)

G
(rbw mag)
Tφ =

M

18 tM5
T

{
32k · p k · p′(k ·∆)2k · P + 16(k · p)2 (k · p′)2

[
2k2 + 3MMT

− 4MT∆T + (y − 1)t
]

+ 8
(

(k · p)3 k · p′ + k · p (k · p′)3
) [

4MT∆T

− 2
(
k2 +M2

)
+ (1 + y)t

]
+ 8
(

(k · p′)4
+ (k · p)4

)
M(MT − 2M)

+ 8k · P
[
4(k · P )2

(
2M2(2k2 + 4M2)−M2

TM(9M +MT )
)

+ k · p k · p′t
(
2 (5MT −M)MT + 2(1 + y)k2 + 2y

(
5M2 + 4MMT − 2M2

T

)
+ 4y2M2 − yt

)
+
(

(k · p′)2
+ (k · p)2

)
t
(
− 2(1 + y)M2

+MT ((1 + y)M + 3MT )
)]

+ 2(k ·∆)2
[
2M2

(
8MMT − 4M2 − 3M2

T

)
M

2

T
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+ 2M2(M2
T − 4M2)k2

]
+ 2

(
(k · p′)2

+ (k · p)2
)
t
[ (

8MMT + 9M2
T

)
k2

+ yM
(
12M2 − 6MMT − 13M2

T

)
MT − yt (2M − 3MT )MT

+ 4M (M − 2MT )M
2

T + 2yM (3MT + 4M) k2 + 4y2M3 (2M −MT )
]

+ 4k · p k · p′t
[
12yMMTk

2 + 4y2M2 (3M − 2MT )MT

+ yM
(
16M2 − 4MMT − 5M2

T

)
MT − 2

(
M2 − 5MMT + 3M2

T

)
M

2

T

− 2y2tMMT − yt (4M −MT )MT − tM
2

T + 2k4 + (12M2

+ 22MMT + 9M2
T )k2 + 4y2M2k2 − tk2

]
− 2k · P t

[
2yt (4M − 3MT )M

2

T∆T

− 8tMMTk
2 − 2y2tM

(
4M2 − 2MMT − 3M2

T

)
MT + 4yM

(
4M3

+
(
3MT∆T − 5M2

)
MT

)
M

2

T + 4
(
6M3 − 4MM2

T − 9M3
T

)
MTk

2

+ 12
(
2M2 + 4MMT + 3M2

T

)
k4 + 4yM (3MT + 2M) k4 + 16y2M4k2

− yt
(
4M2 + 10MMT + 3M2

T

)
k2 + 4yM (6MT + 5M)

(
2M2 −M2

T

)
k2

+ 4y2M3
(
8M3 −M2

T (MT + 9M)
) ]

+ t
[
8yM3 (3MT + 2M) k4

+ 2 (2M − 3MT )
(
2M3 −M2MT − 3M3

T

)
M

2

Tk
2 − t (2M − 3MT )2M

2

Tk
2

− 2ytMMT

(
4MMT − 9M2

T

)
k2 − 2y2(tM2 − 2M4)

(
4M2 − 8MMT + 3M2

T

)
M

2

T

+ (2k2 − t) (3MT + 2M)2 k4 + 8yM3
(
2M2 +MT (M − 5MT )

)
MTk

2

+ 4
(
4M4 + 6M3MT − 12MM3

T − 9M4
T

)
k4 + 4y2M4

(
4M2 −M2

T

)
k2
]}

. (A3b)

For the magnetic octet-decuplet transition diagrams in Figs. 1(p) and 1(q), the numerator

functions F
(rbw mag 1,2)
Tφ and G

(rbw mag 1,2)
Tφ in Eqs. (82) are expressed as

F
(rbw mag 1)
BT =

1

12M2
TMB

{
8k · p (k ·∆)

[
k · p′

(
3MT + ∆TB

)
− k · pMB

]
+ 8k · p k · p′

[ (
MT +MB

)
k2 +

(
MB∆T +M2 − 3M2

T + t
)
MT

+ yt
(
MT −MB − yM

) ]
− 4 (k · p′)2

[
(2M − 3MT )MT (2MT −∆B)

+ 2 (3MT + 2M) k2
]

+ 4(k · p)2
[
MTMBMT + 2 (2MT −∆B) k2

]
+ 4k ·∆

[
(3MT + 2M) k4 −

(
2M∆TMT + 3MT∆TMT + 2MMT∆TB

)
k2
]

+ 4k · p′t
[
yMT (2M∆B + (M − 3MB)MT )− (3MT + 2M) k2

+ y2M2 (2M −MT )
]
− 2k · pt

[
y2tMB + 2y2M (3MT +M)MB
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+ 2yMTMBMT + 2y (MT + 2M) k2 − 2y2Mk2 + 2∆TBk
2
]

+ t
[
4yM

(
MTMB − 2∆TMT

)
k2 − (2k2 − y2t) (2M − 3MT )MBMT

+ 2y2MMT (4M − 3MT )MBMT + 2y2M (MB (3MT + 2M) + 4MMT ) k2

+ 2 (3MT + 2M) k4
]}

, (A4a)

G
(rbw mag 1)
BT = − M

6 tM2
TMB

{
16k · p k · p′ (k ·∆)2 + 8(k · p)2k · p′

[
2k2 − 4M2 + (y − 3)t

− 2MB (3MT +M)− 5MMT

]
+ 8k · p (k · p′)2

[
− k2 + 3MBMT + 5M2

+MMTB + (1 + y)t
]

+ 8(k · p)3
[
− k2 + 3MBMT +MMB

]
+ 8 (k · p′)3

M (MT − 2M)− 4(k ·∆)2
[

(4M − 3MT )MTMBMT

+ (MB (3MT + 2M) + 4MMT ) k2
]
− 4k · p k · p′t

[
MT (MB + 5∆T )

+ y (MB (M − 3MT )−M (8MT +M)) + (1 + y)k2 + 4y2M2 − yt
]

−4 (k · p′)2
t
[

(2M − 3MT )MT + yM (2M −MT )
]
− 4(k · p)2t

[
(y − 3)k2

− (3y − 1)MBMT

]
− 4k · Pyt (MB (3MT + 2M) + 4MMT ) k2

− 6k ·∆ tMT∆TBk
2 − 2k · p′t

[
yt (2M − 3MT )MT + 2 (2M∆T +M∆TB) k2

+yMT

(
2M (5MB + 3M)MT − 3M2

TMB − 4M2∆B

)
+ 4y2M3 (MT − 2M)

]
−2k · pt

[
4y2M2 (3MT +M)MB + yMT (2M − 3MT )MBMT + ytMBMT

+ 2y2tMMB +
(
4MMT − 2MTMTB

)
k2 + 4yMMTk

2 − 4y2M2k2 + ytk2
]

+ t
[
8MMTMBMTk

2 + 4y2M2MT (4M − 3MT )MBMT + 8MMTk
4

+ 4y2M2 (MB (3MT + 2M) + 4MMT ) k2 − 4yM2
(
MTBMT + 2MMB

)
k2

+ 2ytM
(
MB +MT

)
k2 + 2y2tM (2M − 3MT )MBMT

− 3ytMT∆TBk
2
]}

, (A4b)

F
(rbw mag 2)
BT =

1

12M2
TMB

{
8k · p′ k ·∆

[
k · p′MB − k · p

(
∆TB + 3MT

) ]
+ 8k · pk · p′

[ (
MT +MB

)
k2 +MT

(
MB∆T +M2 − 3M2

T + t
)

+ yt
(
MT −MB − yM

) ]
+ 4 (k · p′)2

[
MTMBMT + 2 (2MT −∆B) k2

]
− 4(k · p)2

[
(2M − 3MT )MT (2MT −∆B) + 2 (3MT + 2M) k2

]
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− 4k ·∆
[

(3MT + 2M) k4 −
(
2M∆TMT + 3MT∆TMT + 2MMT∆TB

)
k2
]

+ 4k · pt
[
yMT (2M∆B + (M − 3MB)MT )− (3MT + 2M) k2

+ y2M2 (2M −MT )
]
− 2k · p′t

[
y2tMB + 2y2M (3MT +M)MB

+ 2yMTMBMT + 2y (MT + 2M) k2 − 2y2Mk2 + 2∆TBk
2
]

+ t
[
4yM

(
MTMB − 2MT∆T

)
k2 − (2k2 − y2t) (2M − 3MT )MBMT

+ 2y2MMT (4M − 3MT )MBMT + 2y2M (MB (3MT + 2M) + 4MMT ) k2

+ 2 (3MT + 2M) k4
]}

, (A4c)

G
(rbw mag 2)
BT = − M

6 tM2
TMB

{
16k · p k · p′ (k ·∆)2 + 8(k · p′)2k · p

[
2k2 − 4M2 + (y − 3)t

− 2MB (3MT +M)− 5MMT

]
+ 8k · p′ (k · p)2

[
− k2 + 3MBMT + 5M2

+MMTB + (1 + y)t
]

+ 8(k · p′)3
[
− k2 + 3MBMT +MMB

]
+ 8 (k · p)3M (MT − 2M)− 4(k ·∆)2

[
(4M − 3MT )MTMBMT

+ (MB (3MT + 2M) + 4MMT ) k2
]
− 4k · p k · p′t

[
MT (MB + 5∆T )

+ y (MB (M − 3MT )−M (8MT +M)) + (1 + y)k2 + 4y2M2 − yt
]

−4 (k · p)2 t
[

(2M − 3MT )MT + yM (2M −MT )
]
− 4(k · p′)2t

[
(y − 3)k2

− (3y − 1)MBMT

]
− 4k · Pyt (MB (3MT + 2M) + 4MMT ) k2

− 6k ·∆ tMT∆TBk
2 − 2k · pt

[
yt (2M − 3MT )MT + (4M∆T + 2M∆TB) k2

+yMT

(
2M (5MB + 3M)MT − 3M2

TMB − 4M2∆B

)
+ 4y2M3 (MT − 2M)

]
− 2k · p′t

[
4y2M2 (3MT +M)MB + yMT (2M − 3MT )MBMT + ytMBMT

+ 2y2tMMB +
(
4MMT − 2MTMTB

)
k2 + 4yMMTk

2 − 4y2M2k2 + ytk2
]

+ t
[
8MMTMBMTk

2 + 4y2M2MT (4M − 3MT )MBMT + 8MMTk
4

+ 4y2M2 (MB (3MT + 2M) + 4MMT ) k2 − 4yM2
(
MTBMT + 2MMB

)
k2

+ 2ytM
(
MB +MT

)
k2 + 2y2tM (2M − 3MT )MBMT

− 3ytMT∆TBk
2
]}

, (A4d)

where we define ∆TB = MT −MB and MTB = MT +MB.

Finally, for the KR diagrams with decuplet baryon intermediate states in Fig. 1(r) and
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1(s), the numerator functions F
(KR 1,2)
Tφ and G

(KR 1,2)
Tφ in Eqs. (84) are expressed as

F
(KR 1)
Tφ =

1

12M2
T

{
− 4k · p′

[
2k · Py + 3k · p′ − k · p

]
+ 2k · p′

[
4k2 + 5yMMT + 6(1 + y)M2 − 3MT∆T +

(
y − y2

)
t
]

+ 2k · p
[
(y − 1)

(
2M2 −MMT

)
+ 3M2

T

]
− 8MMTk

2

+ (y2 − y)t(2M2 −MMT ) + y
(
3tM2

T − 8M3MT

)}
, (A5a)

G
(KR 1)
Tφ =

M

3 tM2
T

{
2k · p′ k ·∆ (4M + 5MT )− k ·∆

[
M
(
4k2 − 6M2

T

)
+ 6MT

(
k2 −M2

T

)
+ 4M2MT

]
− k · p′t

[
2MT + 2

(
2y − y2

)
M + 3yMT

]
+t
[
M
(
2k2 − 3yM2

T

)
+ 3MTk

2 + y
(
(1 + y)M2MT − 2(y − 2)M3

) ]}
, (A5b)

F
(KR 2)
Tφ =

1

12M2
T

{
− 4k · p

[
2y k · P + 3k · p− k · p′

]
+ 2k · p

[
4k2 + 5yMMT + 6(1 + y)M2 − 3MT∆T +

(
y − y2

)
t
]

+ 2k · p′
[
(y − 1)

(
2M2 −MMT

)
+ 3M2

T

]
− 8MMTk

2

+ (y2 − y)t(2M2 −MMT ) + y
(
3tM2

T − 8M3MT )
)}

, (A5c)

G
(KR 2)
Tφ =

M

3 tM2
T

{
− 2k · p k ·∆ (4M + 5MT ) + k ·∆

[
M
(
4k2 − 6M2

T

)
+ 6MT

(
k2 −M2

T

)
+ 4M2MT

]
− k · pt

[
2MT + 2

(
2y − y2

)
M + 3yMT

]
+t
[
M
(
2k2 − 3yM2

T

)
+ 3MTk

2 + y
(
(1 + y)M2MT − 2(y − 2)M3

) ]}
, (A5d)

For the additional gauge link generated KR diagrams in Fig. 1(t) and 1(t), the functions

δF
(KR 1,2)
Tφ and δG

(KR 1,2)
Tφ in Eqs. (86) are given by

δF
(KR,1)
Tφ =

y

12M2
T

{
− 16k · p k · p′ k · P + 4k · p k · p′

[
2M(2M + 3MT )− (1 + y)t

]
− 4 (k · p′)2 (

MMT + 2M2 + t
)
− 4(k · p)2M (MT − 2M)

+ k · P
(
16M2k2 − 12tM2

T

)
+ k ·∆

(
16M3MT − 4tM2

)
+ 2k · p′t

[
6yM2 + (11y − 5)MMT − yt

]
+ 2k · pt

[
2yM2

− (1 + y)MMT

]
+ t
[
12yMMT (MTMT − k2) + 2

(
yt− 2(y − 2)k2

)
M2
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+
(
12k2 − yt

)
MMT

]
− 8

(
2k2 + yt

)
M3MT − 3yt2M2

T

}
, (A6a)

δG
(KR 1)
Tφ =

yM

3M2
T

{
4k · p′

[
k · p′ (2M + 3MT ) + k · p

(
yM +MT

) ]
+ k · P

(
12MTM

2
T − 8Mk2 − 12MTk

2
)

+ 2k · p′
[
ytM + tMT − (11y + 4)M2MT − 2(3y + 2)M3

]
+ 2k · py

(
M2MT − 2M3

)
+ 4M2MTk

2 − 12yM2M2
TMT

+ 2y
(
2k2 − t

)
M3 + tM

(
3yM2

T − 2k2
)

+ y
(
12k2 + t

)
M2MT − 3tMTk

2

+8yM4MT

}
, (A6b)

δF
(KR 2)
Tφ =

y

12M2
T

{
− 16k · p k · p′ k · P + 4k · p k · p′

(
6MMT + 4M2 − yt− t

)
− 4(k · p)2

(
MMT + 2M2 + t

)
− 4 (k · p′)2

M (MT − 2M)

+ 4k · P
(
4M2k2 − 3tM2

T

)
− k ·∆

(
16M3MT − 4tM2

)
+ 2k · pt

[
6yM2 + (11y − 5)MMT − yt

]
+ 2k · p′t

[
2yM2 − (1 + y)MMT

]
+ t
[
12yMMT

(
MTMT − k2

)
+ 2

(
yt− 2(y − 2)k2

)
M2 +

(
12k2 − yt

)
MMT

]
− 8

(
2k2 + yt

)
M3MT − 3yt2M2

T

}
, (A6c)

δG
(KR 2)
Tφ =

yM

3M2
T

{
4k · p

[
k · p′

(
yM +MT

)
+ k · p (2M + 3MT )

]
+ 4k · P

[
3MTM

2
T − (2M + 3MT )k2

]
+ 2k · p

[
ytM + tMT − (4 + 11y)M2MT − 2(2 + 3y)M3

]
+ 2k · p′ y

(
M2MT − 2M3

)
+ 4M2MTk

2 − 12yM2M2
TMT + 2y(2k2 − t)M3

+ tM
(
3yM2

T − 2k2
)

+ y(12k2 + t)M2MT − 3tMTk
2 + 8yM4MT

}
, (A6d)
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