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Abstract

Overlap fermion on the lattice has been shown to properly reproduce topological aspects of gauge
fields. In this paper, we review the derivation of Overlap fermion formalism in a torus of three space-
time dimensions. Using the formalism, we show how to use the Overlap fermion determinants in the
massless and infinite mass limits to construct different continuum topological gauge actions, such as
the level-k Chern-Simons action, “half-CS” term and the BF coupling, in a gauge-invariant lattice
UV regulated manner. Taking special Abelian and non-Abelian background fields, we demonstrate
numerically how the lattice formalism beautifully reproduces the continuum expectations, such as the

flow of action under large gauge transformations.
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I. INTRODUCTION

The space of Euclidean continuum gauge fields, A = A, (z)dx,, in even dimensional space,
D = 2m, usually has infinitely many disconnected pieces and each piece has an associated

topological number! given by
Q= i [ PalF) Pu(F) = TP g

ml!(2m)™

where F' = dA +iA N A is the Euclidean field strength associated with A, (z) and F™ =
FAF---NF. As such not all gauge fields can be connected to the trivial one, A,(z) = 0.
One way to nonperturbatively regularize a gauge theory is using lattice, where one introduces
gauge fields via gauge-links that connect neighboring lattice sites. Link variables belonging to

the Lie group defined by the path ordered product of the Lie group elements,
I+ﬂ ; - Alat
Uu(z) = 7( e AW dy = A @) (2)

along the path connecting x and = + 1 (we have set the lattice spacing to unity and x takes
on integer values) are lattice gauge fields. Naively, Ul(z) = ¢4 @) for some real valued
parameter ¢, continuously connects any gauge field configuration on the lattice to the trivial
one, U,(z) = 1, by sliding the value of ¢ from 0 to 1 seemingly without encountering any singular
behavior in gauge-links or the plaquettes at any x during the process. Notwithstanding the
apparent lack of discontinuity on the lattice between any two gauge-fields that could otherwise
be topologically distinct from each other in the continuum, an assignment of a topological
integer to every gauge field configuration is still possible. A straightforward approach is to
invoke the Atiyah-Singer index theorem [2] and use fermions to match ¢ with the index of a
lattice Dirac operator. For every lattice gauge field background in even dimensions and the
associated massive Hermitian Wilson-Dirac operator, H,,(U;m,,), the index is the difference
between the total number of negative eigenvalues of H,,(U;+m,,) [3]. If the index associated

“4u(@) is not zero, we will see an eigenvalue of H, (U9 m,,) cross

with a particular, U,(z) = e
zero as one smoothly changes ¢ € [0,1] in Ul(z) = e'14u(@)  Therefore, there is one value of ¢

where the ground state of the many body operator

Ho(U;my) = a' Hy (U may)a, (3)

I This is well known and a chapter or more is attributed to this topic in all modern books on quantum field
theory. We will find it useful to refer to the lecture notes by Bilal [1] which has a complete self-contained

description and has citations to other relevant lecture notes and books.



for a D + 1 dimensional auxiliary fermionic system, with af, a being canonical fermion creation
and annihilation operators, is doubly degenerate. As is also well known, chiral gauge anomalies
in even dimensions are closely related to the topological index [1] and this can also be understood

in terms of the ground state, |0; U; my,), of H,,(U;m,,) as explained in [4] . Having defined the

one form,
4|0; U3 mu) = ZaA 0: U5 my)d Ay () (4)
it is shown in [4] that
d[j" — 7] = Tr [PdP N dP]; P = |0; U;my)(0; Us my | (5)
is a well defined function of the lattice gauge field background and ;" and j°°V are the

consistent and covariant currents. The problem of anomaly cancellation can be studied using
Eq. (5) and the need to fine tune the lattice Wilson-Dirac operator is discussed in [4]. The
above discussion on the ability of massless overlap fermion to detect and classify topologically
distinct gauge sectors on the lattice is well-known. In this paper, we review the aspects of
overlap fermions in odd-dimensions, especially in 241 dimensions, and how the parity anomaly
of overlap fermions can be used to introduce topological gauge actions that are characteristic
of odd-dimensional gauge theories.

Chiral anomaly inducing topological index in even dimensions and parity anomaly inducing

Chern-Simons action in odd-dimensions are locally related as [1]
Pm<F) - szmfl(A, F) (6)

where Qaop—1(A, F') is the Chern-Simons form in one dimension lower, namely, D = 2m — 1.
Setting a one-parameter family of gauge fields equal to A, = tA, and noting that F, = tdA +
itPAN A, X

Qom-1(A, F) = m/o dt Tr(A A F"h); m > 1. (7)

Focusing on m = 2, we have
2
Qg(A,F):Tr[AAdAHSAAA/\A . (8)

Similar to our discussion on the challenge in defining the topological index simply as a
local operator constructed out of local Wilson-loop operators on the lattice, it is not simple to
define the above Chern-Simons form as a local gauge-link-based operator and be able to satisfy
invariance under large gauge transformations of the type we will discuss later in this paper.

Solution to this problem again is to introduce the Chern-Simons action using the fermions on
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the lattice; concretely, through the parity-odd part of the induced gauge action from overlap
fermions. An early study in Ref. [5] showed that the Abelian parity anomaly is reproduced
using lattice perturbation theory with a single-flavor of two-component Wilson fermion with
non-zero mass at lattice UV scales [5]. The important point we stress in this paper is that the
massive two-component Wilson Dirac operator X on any background field A immediately

leads to a gauge covariant unitary operator [6], V/,
v=(xx)"x (9)

and the gauge-invariant phase of det(V') is parity-odd and becomes the lattice realization of
the Chern-Simons action for any gauge field background. The unitary operator V is nothing
but the overlap operator of a two-component fermion of mass of inverse lattice spacing. The
phase within lattice regularization has been extensively analyzed in [7] for various Abelian back-
grounds. In addition to the Chern-Simons action, the recent literature on fractional quantum
Hall states rely heavily on parity-anomalous two-component exactly massless Dirac fermions
that leads to the so-called “half-Chern-Simons” term. Subtleties arise when discussing half
the Chern-Simons action while maintaining gauge invariance [8-10]. We also show how the
construction of the unitary lattice operator V' also immediately leads to the generalization of
the Chern-Simons term to include the BF terms such as A A dB.

In order to keep this paper as self-contained as possible, we first review the derivation and
the salient features of overlap fermions in three dimensions in Section-II. In Section-I1I we focus
on the variation of overlap fermion determinant as fermion mass is varied from 1/a to massless
limit; the point of this discussion is to show that the infinite mass and zero fermion mass limits
indeed correctly reproduce the Chern-Simons and “half-Chern-Simons” terms correctly in the
continuum limit and independent of any lattice UV regulator parameters, such as the mass
term in the Wilson fermion kernel. More interestingly, in Section-IV, we take specific Abelian
backgrounds with non-trivial topology on 2d spatial planes and show how the flow from infinite
mass to zero mass limit preserves gauge invariance. For this, we follow the discussion in [6].
In Section-V, we take a non-Abelian background to discuss how the A A A A A part of CS
term present for non-Abelian case is correctly reproduced. After the discussion of the Chern-
Simons terms, in Section-VI, we focus on straight-forward extensions of overlap formalism to
implement mixed Chern-Simons terms that couple two different gauge field backgrounds, and
as a consequence, provide dictionary between some of the recently proposed fermion-boson

dualities in the continuum to those on the lattice.



II. OVERLAP FORMALISM IN THREE DIMENSIONS

This section follows [11] very closely and we repeat the derivation while keeping a phase am-
biguity intact till the very end. Despite this paper being about nonperturbative regularization
of topological field theories, the lattice formalism is strictly presented on toroidal S x S x §
manifold tessellated into uniform cubes of volume a®, with a being the lattice spacing. The
naive massless Dirac operator on a three dimensional lattice (we will set the lattice spacing to

unity) is given by
3
1
D:§Zau (T,-T!); D'=-D; (10)
pn=1

where o, are Pauli matrices satisfying 0,0, = d,, + t€,005, and the action of translation

operator (1,1)(x) = ¢ (x + ) up to lattice periodicity. Under parity,
T,—T, — D-—-D. (11)
and under a gauge transformation G,
T, = GT.6"%  (Go)(2) = g(x)¢(x); GG' =1, (12)

which implies

D — GDG". (13)

The naive massless Dirac operator has a two fold degeneracy in all gauge field backgrounds.
Furthermore, for every eigenvalue there is one with the opposite sign. To see these two features,
we observe that the anti-Hermitian operator only couples odd lattice sites with even lattice
sites. The eigenvalues come in i\ pairs and the fermion determinant is real and positive
in all gauge backgrounds and there is no parity anomaly. In order to realize a single flavor
two-component massive Dirac fermion without any doublers in the overlap formalism [3], we

define two Hamiltonians that act on four component spinors:

B D
H_ = o3 H, = . (14)
-D —B
We have added the Wilson term,
13
_ T . — Rt
B—§;(2—T#—TH)—mw, B = B, (15)

with a Wilson mass parameter 0 < m, < 2 and B — B under parity. Under a gauge
transformation

B—GBG',  H,—GH,G" (16)



Define the many body Hamiltonians by

He=— (aT bT> Hy Z (17)

with af, b and a, b being canonical creation and annihilation operators for fermions. With |04)
denoting the ground states of H.., the generating functional for a single two-component overlap

fermion with a mass, m, is

Z(n,n) = (0—|exp [ﬁb +a'n+ maTb} |0-+)
_ / QB0 — [exp [¥b+alx] [04):  Y=n4+m&  x=n+E (1)

The problem of diagonalizing H, in three dimensions is simplified by going to a new basis.

Let
1 (11
Y= oY= »?=1. (19)
V2 1 -1

The rotated Hamiltonian is

, 0 B-D 0 X'
H, =YH. Y = = . (20)
B+D 0 X 0
We can write
X =LAR"Y;,  Ay=XNdy; M\>0; RR=LL=1. (21)
We define the unitary operator as
1
V =LR = X (22)

VXXT
and does not suffer from the phase ambiguity present in R (L is fixed once R is fixed). Under
parity,

X — X V=Vt (23)

and under a gauge transformation
X = GXgh, V- gvgh (24)

Let us make the dependence of V' on U explicit and derive the relation under charge conjugation
(U — U*):
V(U*) :O'Qvt(U)O'Q. (25)

We first note that
T,(U)=T,U") = B*(U)=02B(U")oy; D*(U) = —o3D(U") 0. (26)
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From this we obtain
X(U*) = 0o X U)oy, = XI(UHX(U") = 0o X (U)X (U)o,

and our relation, Eq. (25), follows.

We can diagonalize H, as

A O 1{R+L R—L
H,=U Ut U=~
0 —A 2\R-L R+1L

We define new sets of canonical creation and annihilation operators by

C_RT+LTG+RT—LTb' d_RT—LTa+RT+LTb
2 2 92 2 ’

and we can write

H, = —c'Ac+ dTAd.

; UUt =1.

(27)

(28)

(29)

(30)

The ground states, |04), are obtained by filling all the states corresponding to ¢’ and a'

respectively. Therefore, we have
cfo+) =0;  d|o+) =0; (0—la=0; (0—|pf = 0.

Using Eq. (29), we can write

2 2
F= — b4y b=———d
a CR+L : N + Ga,
where
1-V
G=——.
1+V

Using the above equations, we can write

)_(b+CLTX = Q++Q—7

where
2 2

_ ;
“RyLN YR

Q+ d; Q- =xGa—0b'Gx.

Since

Qr=a'y +b'Gxy — xGa+ xb

it follows that
Q4+, Q-] = —2xGx.

7
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Therefore, we have

Zn) = [ dédee (0~ [expl@s +Q-]0+)
= [ ddeeexp (50 Q1) 0 e oy
— [ attee e (510-.01) 0~ 10+)

_ / QEE exp|—E€ — (7 + mE)G(n + )] det
1+V

R+ L

77] det(1 +m@G) det det R

- {_ﬁl +mG

_ ~ 1-V (1+m)+(1-—m)V
= exp {—771 e m)Vn} det [ 5 det R. (38)

The fermion mass is in the range m € [—1,1] and the fermion determinant is gauge invariant.
There is a phase ambiguity present in the fermion determinant due to det R and the fermion
determinant at m = 1 is det R. The choice of fixing this phase is tied to the choice of preserving
parity symmetry at m = 0 at the cost of introducing gauge anomaly, and the choice of preserving
gauge invariance at the cost of losing parity symmetry at m = 0. For the latter option, the
choice of det(R) = 1 fixes the phase of infinite mass, m = 1, fermion and preserves gauge

invariance for all values of m. In this paper, we will set det R = 1 from here on.

III. INTRODUCING CHERN-SIMONS AND HALF-CHERN-SIMONS TERMS ON
THE LATTICE

With the choice of phase as explained in the last section, the fermion determinant becomes

(1+m)+(1-m)V

Z(m) = det 5 : (39)
and it satisfies
Z(m)
——— =det V. 4
Zi(—m) (40
This is the parity anomaly which has the built in feature that if we write
Z(m) = |Z(m)le"*" (41)
then
e—i[é(m)-‘rq)(—m)} _ €—2i<1>(0) _ detV, (42)

and ®(0) is usually written using the n-invariant as %! (Note, the propagator satisfies G(m) =

—GT(—m) and preserve parity. Thus the anomaly is in the fermion induced gauge measure.)



With this lattice formalism, we have all the required ingredients for constructing Chern-Simons
theories on lattice by the identification of the parity-odd phase of det(V') with level-1 Chern-

Simons action. As the simplest case, we can introduce a level-k Chern-Simons action as
edes(k) — det(V)k. (43)

In the massless limit, it is easy to see that the phase of det(1 4+ V') is half of det(V') up to %1.

We can introduce the so-called Uy, /2(1) “half-Chern-Simons” theories on the lattice as

etScs(k+N1/2) — et <#> v det(V)*. (44)

First, how do we know that det(V) is the same as Chern-Simons term? In the study in [5], it

is analytically shown that the phase of det(X) in the massive Wilson fermion case is the same
as Chern-Simons term. The pure phase det(V') in the case of overlap fermions is the same as the
phase of det(X), and hence we can borrow their results for overlap fermions. In the subsequent
two sections, we will also take an empirical approach and show that for cases of Abelian and
non-Abelian background fields where Chern-Simons term can be exactly be worked out, the
phase det(V') indeed approaches the expectations in the continuum limit. Second, how did we
manage to introduce “half-Chern-Simons” term in an evidently gauge-invariant manner? Using
a non-trivial Abelian background in the next section, we demonstrate this through the flow of
the phase of massless overlap fermion determinant as a function of the Wilson loop, e??™3 for
hs € [0,1], and show that at specific hy where there is a discontinuity in the phase at m = 0,

the determinant also vanishes.

IV. FERMION DETERMINANT IN AN ABELIAN BACKGROUND WITH UNI-
FORM MAGNETIC FLUX AND NON-TRIVIAL TEMPORAL WILSON LOOP

We now analyze the complex fermion determinant of a two-component three dimensional
fermion in a well known Abelian background of interest both from the view point of show-
ing subtle properties under gauge invariance and also from its relevance in condensed matter

physics [10]. The gauge field background on a continuum ¢3 torus is

271'@372 27Th3
_6—2; Ay =0; Az = 7

A = . (45)

Since A;(x1,¢,x3) has to be gauge equivalent to A;(xq,0,23), @ has to be an integer. In

addition, gauge invariance sets all h3 + n to be equivalent for any integer n. The evaluation of



the Chern-Simons action for this background in Eq. (45) is tricky [9] and yields
Ses = 2mhs Q. (46)

Since F' = ZZF—Qdel Adzxo, for this background, @) is the topological charge in all two-dimensional
slices at a fixed x3 and the deformation of A to tA has to connect two dimensional gauge fields
in disconnected spaces. With a lattice regularization, tQ), as ¢t goes from 0 — 1, will result in
Q) levels of the two dimensional Wilson-Dirac operator crossing zero [7| and the phase within
lattice regularization properly reproduces the gauge invariant Chern-Simons action [7]. Overlap
fermions can be used to study the complex fermion determinant strictly in the massless limit
with the lattice regularization in place and we will show that the massless fermion determinant
has a zero in the path connecting h3 and hs + 1 for a fixed () enabling it to correctly reproduce
(1) a smooth function of hs, (2) that is gauge invariant under hy — hs + 1, (3) equal to half of
Ses in Eq. (46) at all values of hs, and (4) has a jump in the phase at the location of the zero
of the fermion determinant.

We can implement the above Abelian background on the lattice by using the gauge-links as

1 T1 7£ L—-1 27 Q .
Ui(z) = ;o Ua(x)=e 22" Us(w) =€ 17, (47)
e VT gy =L-1
on a three dimensional periodic lattice defined by the points z1, s, x3 € [0, L — 1] and
U,U(x—i_Lﬁ) = U#(m)7 M?V: 17273' (48)

Only the plaquettes in the (1,2) plane have a non-zero flux and they are given by

exp [zzz—zQ] r#(L—1,L—1,x3) - (49)

exp [222—52 — 2'27TQ] r#(L—1,L—1,x3)

Ulz(I) = U1($)U2($+1)Uf($+Q)U;(x) =

We note that the flux is not uniform and singular in the continuum limit if ) is not an integer.
Therefore, we will set () to be integers.

Since the gauge field background does not depend on x3, one can go to momentum space in
this direction. We will assume fermions obey antiperiodic boundary conditions in this direction.

Setting these momenta to be [% — ﬂ, ks € [0, L — 1], the operators B and D reduce to

W(h3—%+k3)

2
1
B(ks) = 5 E (2—TM—TJ)—I—2sin2 7 — My,
pn=1
2 1
1 . . 27'(' (hg — =+ ]{33)
D(k3) = 3 E ou(T, — T)) +iossin L2 : (50)

p=1
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FIG. 1: The top panel shows the flow of the phase ®}(Q,h3) in the infinite mass case, m = —1, as
a function of Wilson-loop variable hs € [0,1] at @ = 1,2,3. The Wilson mass entering the kernel of
overlap operator is fixed at m,, = 1. For fixed ) = 1, the variation with reduction in lattice spacing
by increasing L from 4 to 8 is also shown. The bottom panel shows similar flow of the phase of the

determinant in the massless case. The variability with respect to the regulator parameter m,, and
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FIG. 2: The flow of the overlap fermion determinant in the complex plane as a function of h3 at a
fixed @ = 1 on L = 16 lattice. The flows are shown for m = -1 (black), —1/L (red), 0 (green), 1/L

(blue). The flow starts at (1,0) for hg = 0, goes clockwise and returns back to (1,0) for hg = 1.

with the gauge fields in the (1-2) plane being U;(x) and Us(z). Let us denote the fermion
determinant by Zp(hs, @, m;m,,) on the L? periodic lattice in this background and note that

Z3(hs, Q,m;my) = Z} (ks + 1,Q, m;my,). (51)

We define

ZL(h?n Q7 m; mw) —
ZL(O7 Qa m; mw)

Zg<h37Qam;mw> = ‘Zg(h&vaamw)‘ eXp [—'Lq)%(hg,Q,T)’%mw)} : (52)

and
ZL(07 Q? m; mw)
ZL<07 Oa m; mw)

as the determinant with reference to h3 = 0 and the determinant at hs = 0 with respect to

= exp [—FL(Q, m;my,)] (53)

the free determinant respectively and F7, is a real function. The key properties of the overlap
fermion determinant are shown in the figures from Figure 1 to Figure 5. Let us start with the
top panel of Figure 1 which focuses on the Chern-Simons action, namely, ®9 (hs, Q, —1;m,,).

We have shown the results only for m,, = 1 but the L — oo limit is independent of m,, and we

12
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FIG. 3: The flow of the overlap fermion determinant in the complex plane as a function of h3 at a

fixed @ = 2 on L = 16 lattice. The description is the same as in Figure 2.

should find
Llim Y (hs, Q, —1;my) = 27h3Q. (54)
— 00

The top panel clearly shows that the correct limit is approached for @ =1 as L — oo (L = 8
and L = 16 fall on top of each other) and the dependence on @ is also as expected and the
overlap fermion correctly reproduces the first subtle properly and this is an obvious consequence
of the same result with Wilson fermions seen in [7]. We move on to behavior of the phase for

the massless fermions in the bottom panel of Figure 1. We should find

lim 2®Y (hs, Q,0;m,,) = lim ®) (hs, Q, —1;my,) (55)
L—o0 L—o0
and
lim @Y (hs, Q,0;m,,) = lim ®Y(hs +1,Q,0;my). (56)
L—oo L—oo

This necessitates a jump in the phase when the flux quantum, @), takes on odd values. First
of all, we see that the phase has a limit when L — oo as seen by comparing the behavior for
L =8m,=1and L = 16,m, = 1. Furthermore, the results for L = 16, m, = 0.5 and

L = 16,m,, = 1.5 are indistinguishable from L = 16, m, = 1 showing the independence on
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FIG. 4: The flow of the overlap fermion determinant in the complex plane as a function of h3 at a

fixed @ = 3 on L = 16 lattice. The description is the same as in Figure 2.

the regulator parameter, m,,, as L — oo. Finally we see that the phase shows a jump of 7 at
hgzéfoerlandQ:?;.

The plot of the full determinant, Z9(hs, Q,m;1), is shown for Q = 1, Q =2 and Q = 3 in
Figure 2, Figure 3 and Figure 4 respectively. In these plots, hs € [0, 1], and the motion along
the closed curve is clockwise starting from the normalized value of Z2(0,Q,m;1) = 1. When
m = —1, the closed curves are unit circles that wind @ times and this is shown for reference in
all three plots. We set mL to be a constant when m € (0,1) to maintain a constant physical
mass. On the one hand, we see that Z9(hs, @, m;1) winds around @ times for m < 0 and
its magnitude changes with h3. On the other hand, we see that the phase of Z%(hs, Q,m; 1),
reaches a maximum and minimum value in the range (—g, %) for m > 0 and its magnitude
changes with h3. With the behavior in place for m < 0 and m > 0, we see that Z? (%, Q,0; 1) is
zero and enables a jump in the phase for odd values of () with it being a smooth function of h3.
Finally, we show the results for F7(Q, m;m,,) in Figure 5. It remains finite as L — oo, which is

the continuum limit of the background field, and independent of the regulator parameter, m,,.
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FIG. 5: The plot demonstrates the existence of the continuum limit of the overlap fermion action in
constant flux background at zero hz. The continuum extrapolations (L — oo) are shown using an
expansion in lattice spacing 1/L. The consistency in the extrapolated values using different regulator

parameter m,, is seen.

V. FERMION DETERMINANT IN A NON-ABELIAN 5U(2) BACKGROUND WITH
NON-ZERO Tr(AA AA A)

The second background we will consider is a constant su(2) background on a ¢3 torus given

by
_ 2mqity _ 2mqats _ 2mqsts
- 6 ) 2 — g ) 3 — g )

where ¢, are the su(2) generators in color space given by Pauli matrices, normalized such that

Ay (57)

L

tyty, = 04 + i€u,t,. In this case ¢; € [O, 5} are all gauge inequivalent and the Chern-Simons

action reduces to

Ses = 1672q1¢23. (58)

Contrary to the Abelian background the phase of the massless fermion determinant is simply
given by 872¢;¢2q3 and we will show this to be the case. Defining Z1(q1, g2, g3, m; m,,) as the

lattice regulated overlap fermion determinant on a L3 periodic lattice with m being the fermion
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FIG. 6: The figure is similar to Figure 1 showing the flow of the phase of the fermion determinant as
a function of SU(2) gauge field magnitude g3. The top panel shows the result for infinitely massive
fermion, m = —1 with regulator parameter m,, = 1. The convergence of the results at different L

towards a continuum result is shown. The bottom panel shows the flow with ¢3 at different fermion

masses m.
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FIG. 7: The dependence of the magnitude of the fermion determinant on ¢3. The result at zero and
non-zero masses are shown. The determinant at zero mass vanishes are certain values of g3, though
not for any reasoning from invariance under large gauge transformation as seen in the case of Abelian

background field studied in this paper.

mass and m,, being another regulator parameter, we will show that both

. ZL(qlan7q3am;mw>_ . ZL((]l,QQ,O,m;mw)
lim ; lim
L—o0 ZL(Q27Q2707m§mw) L—o0 ZL(anvoam;mw)

are both finite and independent of the regulator m,,. This constant SU(2) background can be

introduced on the lattice as the link variables
2mquty

U, = e (59)

We will consider this background on a three dimensional periodic lattice defined by the points

ni,ng,ng € [0, L — 1] and
Uu(n+Lo) = Up(n); v =1,2,3 (60)

All values of g, that remain finite as L — oo are gauge inequivalent.

One can go to momentum space in all three directions and write

Bia,jb(k) 6@j5ab + Z S,u 6z]tab:|
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D) = iy [eula)sp(k)ofis] +i )y [su(@)eh(k)oit] (61)
where

b=3—my— 3 [eul@)ei(h)]

“w
2 2
c.(p) = cos 2Pk .(p) = sin 729”;
27k, _ . 2mky, _
cos —+ w=12 sin —*+ pw=172
(k) = 2Lk o si(k) = 2Lk . (62)
Ccos %J”r w=3 sin %ﬂ w=3

We have assumed anti-periodic boundary conditions for fermions in the p = 3 direction. The
matrix X (k) is given by

a1 a3 ay Qs

al g o oy

*

-y o Q] O3

where

a; = b+ s3(q)s§ )

ar = b—s3(q)s5(k) + ics(q)s5(k) — iss(q)c5(k)
az = s1(q)si(k) — is2(q)s5(k)

ay = ici1(q)sy
as = is1(q)cy
ag = is1(q)ci (k) + isa(q)cs (k). (64)
Let us denote the fermion determinant by Z(gs,m;m,) on the L? periodic lattice in this
background and define

ZL(Q1>Q2aC]3amS mw)

ZL(QI; q2, 07 m; mw)
= |Zg((.ha g2, 43, M; mw)| eXp [_Zq)%(QD q2, 43, 1M; m’w)] : (65)

ZE(QI, 42,43, M; mw) -

and
ZL(Ql; q2, O? m; m’w)
ZL(Oa Oa 07 m; mw)

as the determinant with reference to q3 = 0 and the determinant at q3 = 0 with respect to the

= exp [—FL(q1, g2, m, ;M) (66)

free determinant respectively and F7, is a real function. We will set ¢ = %‘ and ¢ = % and

vary ¢q3. The nonabelian Chern-Simons action given in Eq. (58) reduces to S, = 2mgs and we
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show the phase of the overlap fermion correctly reproduces this result as L — oo in the top

panel of Figure 6. Since all g3 are gauge inequivalent, we should find

. 1 1
[}glolo (I)([], (ZJ %7Q370;mw) = Tq3 (67)

and we should also find

1 1 m 1 1 m
. 0o (= . of=- - . —
dim lch (4’ o B L’m“’) oL (4’ o B L’m”” 2mas (68)

Both these features are correctly reproduced in the top panel of Figure 6. Since all g3 are gauge
inequivalent, we see that the phase at q3 = 1 and g3 = 2 only approaches 27q3 as L — oc.
Note that unlike the Abelian case, the determinant winds around the origin for all values of

fermion mass and the fermion determinant remains non-zero for all values of ¢3. This is made

11
4 21

clear through a plot of ’Zg ( a3, T 1)’ in Figure 7.

We note a curious observation in this particular background. The fermion determinant for
massless fermions becomes very small for certain values of g3 and it has zeros even at finite L
that remains stable as L — oo as seen in Figure 7. For our choice of ¢; and ¢o, we find zeros a
pair of zeros at g3 = 0.508 and g3 = 0.646 and another pair at g3 = 1.502 and g3 = 1.556 that
remain stable across L. In spite of the fact that all g3 are gauge inequivalent, we see non-trivial

behavior seen in the complex determinant for massless fermions in this particular background.

1 1

Finally, similar to the Abelian background, we found the results for FJ, (Zu g,m;mw) to be

finite as L — oo and independent of the regulator parameter, m,,.

VI. MIXED CHERN-SIMONS ACTION AND DUALITIES

Let us denote V4 to denote the dependence of the unitary operator in Eq. (22) on the Abelian

gauge field background, A. A mixed Chern-Simons term can be written as
det |:VAVBV1I+B] = det [VJVBTVA—B] ~ ei fd3x6#,,>\AH8UB)\ (69)

We have used ~ in the last step to denote that it is essentially a mnemonic and it suggests

relations of the form
/ dA det [VA_BV){_C] — §(B-0),
/ dA det [VA_BVA_CVQ_DVQ_E] = VpVeVVE 8(B+C — D - E), (70)

which can be verified provided one uses a suitable measure for A that allows one to take a

continuum limit.
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Dualities among various three dimensional theories start with the conjecture [10] that a
theory with one massless two component fermion coupled to a dynamical gauge field A and a

classical background C' defined by

1+ V]

1
i VA A det VAfc, (71)

Z(C) = / [dA]e®s @ det

is parity even and dual to a theory at the Wilson-Fisher fixed point. An explicit computation

det [VJVA,C} - / [dA]eSs™ det

shows that
Z*(C) = / [dAleSs@ det L VA et Vig= / [dA]eS 4 det 1+ Vea 1o Vi
= 7°(C) = / [dA]e5 @ et . J;VA det {(VDQ (vé)QVAcl . (72)
If Z*(C) = Z(C), we arrive at a non-trivial relation
(det VI) = det V2 (73)

where the expectation value is with respect to the measure in Eq. (71) and the lattice regular-

ization can be used to verify this relation. In fact, if we use
Vaa = Vi (74)

which has been verified in the continuum limit when a measure for the gauge field is in-

cluded [12], we see that if we assume that the dynamical fermion has a charge of 2 units,
Vs
Z,(C) = / (A5 det +2 24 Qet (VA> det [VjVéVA_C} (75)

then Z5(C) = Z5(C) is trivially satisfied.

Regularized versions of the various duality relations discussed in [10] can be obtained by
following the steps found there. We multiply both sides of Eq. (71) by det Vg +¢»> promote C
to the dynamical field with B being a background field and arrive at a regularized version of a

fermion-boson duality,

1+ V)

%95 det - / [dC)Z(C) det Vi, (76)

after using Eq. (70). If we assume Z(C') is real we arrive at a regularized version of a boson-
boson duality

/ [dC)Z(C) det [VBV;W} - / [dC)Z(C) det Vi.co. (77)
We can multiply both sides of Eq. (71) by det Vp. ¢, promote C' to a dynamical field with B

being a background field and arrive at a regularized version of a fermion-fermion duality

| 1
/ (dA][dC]eSa) det L VA +2VB

det [VAVA CVBW} — ¢50(B) et (78)
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and we have used Eq. (76) and Eq. (77).

A regularized version of a duality involving a fermion with charge of 2 units discussed in [13]
can be obtained by setting B = —2X in Eq. (78). In this case, we can multiply both sides
by detQV;( to make the right-hand side even under parity. WE also multiply both sides by
det [VXVYV;{_Y] to couple it to an external flux and promote X to a dynamical field. Then

we have

v,
Z2(Y) = / (dA|[AC][dX] 5@ det L Y4 S det V] det [Va-oVoax ] det?V det [VXVYVX Y}

= / [dX]e52%) det +2V2X det?V det [vxvyvx Y} (79)
Defining a change of variable, X = Z 4 C, in the first integral, we obtain
V.
Z(Y) = / (dAJeS ™ det +2 A det V] det Vi / [dC[dZ] det [VA_CI/QZ+CVZT+CVZT+C_Y] . (80)

The integral over C' can be performed using Eq. (70) This forces A =Y and we arrive at the

regularized version of a fermion-fermion duality
14+ W 14 V&
e59(Y) Jet % /[dZ] det [VZV;VZJrY] — /[dX] 59(2X) Jet % det [V;(VYV;(,y} (81)

that connects a fermion with 2 units of charge to a fermion with 1 unit of charge.

We should remark that for the sake of simplicity and to a first degree of approximation,
we assumed that the massless fermion limits of the odd-flavored theories considered above
occurs at the “bare” fermion mass m = 0. Unlike the parity-invariant theories with SU(2N)
flavor symmetry where the mass term is protected by the symmetry, there is no such symmetry
consideration in odd flavored theories. Thus, it could be possible that one needs to tune the
overlap fermion mass m = m, in order to reach criticality, provided there is one. In that case,
the above set of equations might have to be modified accordingly with such mass terms, but it

is a straightforward exercise.

VII. CONCLUSIONS

Overlap formalism was developed three decades ago [3] to properly reproduce all salient
features of massless fermions in even dimensions. This was extended to odd dimensions in [6]
and we showcase the salient features of massless fermions in odd dimensions; particularly, we
extend the formalism and spell out the lattice constructions of topological gauge actions that are
being investigated currently in the context of TQFTs coupled to fermions, and in the context of

infrared dualities. We focused on the overlap fermion determinant and used two examples, one
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Abelian background and one non-Abelian background. We showed that the overlap fermion
determinant correctly reproduces all known properties of the phase of the fermion determinant;
especially, we discussed how the lattice regularization manages to implement the half-Chern-
Simons term (or half-the-eta-invariant) in a gauge-invariant manner. While it is satisfying that
we can nonperturbatively formulate the topological gauge theories on the lattice, an actual
numerical study of such theories is not yet practical due to the sign problem and we did not
address such issues in this paper.

An interesting possibility of having a lattice regularized Chern-Simons theory is the following.
As we noted in this paper, it is important to realize that the identification of overlap det(V)
with the continuum Chern-Simons action €?¢s is possible only in the continuum limit (as usual,
the continuum limit taken at the trivial UV fixed point of the lattice gauge theory). However,
as a lattice gauge theory that is away from any critical points, the overlap fermion determinants
offer a great way to introduce new parity-odd gauge-invariant gauge-actions. Thus, one could
now ask about the phase diagrams of such well defined lattice gauge theories as a function of

different lattice couplings. This would be an exciting direction to think about in the future.
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