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The gravitational form factors furnish information on the mechanics of the nucleon. It is essential
to compute the generalized isovector-vector form factors to examine the flavor structure of the
gravitational form factors. The flavor-decomposed form factors reveal the internal structure of the
nucleon. The up quark dominates over the down quark for the mass and spin of the nucleon, whereas
the down quark takes over the up quark for the D-term form factor. We investigate for the first
time the isovector cosmological constant term of the nucleon and its physical implications. The
flavor-decomposed cosmological constant terms of the nucleon unveil how the up-quark contribution
is exactly canceled by the down-quark contribution inside a nucleon within the framework of the
pion mean-field approach. While the nucleon cosmological constant term does not contribute to the
nucleon mass, its flavor structure sheds light on how the strong force fields due to the cosmological
constant term characterize the stability of the nucleon.

Introduction.– The cosmological constant term (CCT)
in Einstein’s equation in general relativity encodes the
vacuum energy density of the universe, arising from the
quantum fluctuations [1–3]. The cosmological constant
(CC) is also known to be connected to the dark en-
ergy [4, 5]. In nonperturbative quantum chromodynam-
ics (QCD), the gluon condensate gives the energy of the
QCD vacuum [6, 7], which can be identified as the QCD
CC. The CCT also furnishes critical information on un-
derstanding the mechanics of the nucleon [8]. When
both the quark and gluon degrees of freedom are con-
sidered, the nucleon CCT disappears, because of conser-
vation of the energy-momentum tensor (EMT) current.
However, the nucleon CCT comes into play when the fla-
vor structure of the nucleon gravitational form factors
(GFFs) as well as the nucleon mass decomposition is ex-
plored. The nucleon mass is decomposed in terms of πN
sigma terms, the quark and gluon energies, and the trace
anomaly [9, 10]. On the other hand, the nucleon CCT
was recently interpreted as the partial isotropic pres-
sure [11, 12] by showing the relation between the GFFs
in the forward limit and the perfect fluid in general rel-
ativity. It also gives a clue in understanding the partial
internal energy inside a nucleon. When one investigates
the flavor structure of the nucleon GFFs, the effects of the
CCT emerge. To carry out the flavor decomposition of
the GFFs, one has to compute the generalized isovector-
vector form factors (GIVFFs). Since there is no physical
reason for conservation of the isovector EMT-like current,
the isovector CCT form factor survives.

In this Letter, we will investigate the nucleon CCTs
arising from the GIVFFs. Since we do not have any
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empirical information on the GIVFFs, we will employ
the pion mean-field approach or the chiral quark-soliton
model (χQSM) [13, 14], to calculate the nucleon GFFs
and GIVFFs. The gluon degrees of freedom were inte-
grated out via the instanton vacuum [7, 15], so that the
dynamical quark mass, which is originally momentum-
dependent, carries effectively partial effects from the
gluon degrees of freedom. It indicates that the quark
EMT current alone is conserved. Consequently, the nu-
cleon CCT vanishes. Interestingly, the von Laue condi-
tion for the nucleon stability is deeply connected to the
zero value of the nucleon CCT [16]. In Ref. [17], it was
shown that both the quark and gluon contributions were
tiny, even if one goes beyond the leading order in the
large Nc expansion. Thus, it is plausible to take the nu-
cleon CCT from both the quark and gluon contributions
large Nc suppressed.

Gravitational form factors and nucleon cosmological
term.– The matrix element of the bilocal quark and gluon
vector operators on the light cone are parametrized in
terms of the vector GPDs Hq,g(x, ξ, t) and Eq,g(x, ξ, t),
where q and g denote the quarks and gluon degrees of
freedom, respectively. They are given as functions of the
longitudinal momentum fraction carried by partons x,
the skewedness variable ξ, and the momentum transfer
squared t. Here we consider quark contributions to them
only. In the leading-twist accuracy, this matrix element
can be expressed in terms of the unpolarized GPDs as
follows [18]:∫
dλ

2π
eiλx 〈N(p′, J ′3)|ψ̄q

(
−λn

2

)
/nψq

(
λn

2

)
|N(p, J3)〉

= ū(p′, J ′3)

[
Hq(x, ξ, t)/n+ Eq(x, ξ, t)

iσµνnµ∆ν

2MN

]
u(p, J3),

(1)

where ψq is the quark field with flavor q and MN repre-
sents the nucleon mass. p and p′ denote the initial and
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final momenta. Their sum and difference are defined by
P = p′ + p and ∆ = p′ − p with ∆2 = t, respectively.
n stands for a light-cone vector. The first and second
Mellin moments of the vector GPDs are identified as the
electromagnetic (EM) form factors and GFFs, respce-
tively. Note that the Mellin moments of GPDs should
satisfy the polynomiality, of which the maximal order is
given as n + 1 due to Lorentz invariance [18, 19]. Thus,
the nucleon generalized form factors are defined by the
(n+1)th Mellin moments of the GPDs as follows [18, 19]:∫ 1

−1

dx xnHq(x, ξ, t) =

n∑
i=0,even

(−2ξ)iAqn+1i(t) + (−2ξ)n+1Cqn+10(t)|n,odd,

∫ 1

−1

dx xnEq(x, ξ, t) =

n∑
i=0,even

(−2ξ)iBqn+1i(t)− (−2ξ)n+1Cqn+10(t)|n,odd, (2)

where Aqn+1i, B
q
n+1i and Cqn+10 stand for the generalized

form factors of the quark part in QCD. The first Mellin
moments Aq10(t) and Bq10(t) are identified as the Dirac
and Pauli form factors of the nucleon, F q1 (t) and F q2 (t),
respectively.

The second Mellin moments are derived as∫ 1

−1

dxxHq(x, ξ, t) = Aq20(t) + 4Cq20ξ
2,∫ 1

−1

dxxEq(x, ξ, t) = Bq20(t)− 4Cq20ξ
2. (3)

The GFFs are given by the linear combinations of the
second Mellin moments. The matrix element of the sym-

metric EMT current T̂µν,q = 1
4 ψ̄qi
←→
D {µγν}ψq [20, 21]

with the covariant derivative
←→
D ν =

←→
∂ ν − 2igAν and←→

∂ ν =
−→
∂ ν −

←−
∂ ν is parametrized in terms of the three

different GFFs Aq, Jq and Dq:

〈N(p′, J ′3)|T̂ qµν(0)|N(p, J3)〉

= ū(p′, J ′3)

[
Aq(t)

PµPν
MN

+ Jq(t)
i(Pµσνρ + Pνσµρ)∆

ρ

2MN

+Dq(t)
∆µ∆ν − gµν∆2

4MN
+ c̄q(t)MNg

µν

]
u(p, J3), (4)

where Aq, Jq, Dq, and c̄q are called the mass, spin, D-
term, and CCT form factors of the nucleon, respectively.
As mentioned above, the second Mellin moments of the
vector GPDs are related to the GFFs as follows

Aq20(t) = Aq(t),
1

2

[
Aq20(t) +Bq20(t)

]
= Jq(t),

4Cq20(t) = Dq(t). (5)

As we observe from Eqs. (3) and (5), the leading-twist
GPDs do not provide the nucleon CCTs. Higher-twist
GPDs are required to define them.

Note that the symmetric EMT current is conserved
only when both the quark and gluon parts are considered:

∂µT̂µν = 0, T̂µν = T̂u+d
µν + T̂ gµν . (6)

At the zero momentum transfer t, thus, the GFFs Au+d

and Ju+d (or nucleon GFFs) are normalized as AN =
Au+d(0) + Ag(0) = 1 and JN = Ju+d(0) + Jg(0) = 1

2
together with the gluon contributions. However, there is
no such constraint on the GIVFFs as well as the D-term.
Note that the GIVFFs are derived from the isovector
EMT-like current that is not consered. It implies that c̄q

with a specific flavor q does not vanish. Thus, the flavor-
decomposed cosmological terms of the nucleon should be
finite. In the current work, we will scrutinize the physical
implications of the flavor-decomposed c̄q.

In the Breit frame, the nucleon matrix elements of the
temporal and mixed components of the EMT current are
given as

〈N(p′, J ′3)|T̂ 00
q |N(p, J3)〉 = 2M2

N [Aq(t) + c̄q(t)

− t

4M2
N

(Dq(t)− 2Jq(t))

]
δJ′

3J3
,

〈N(p′, J ′3)|T̂ ikq |N(p, J3)〉 =

[
∆i∆k − δik∆2

2
Dq(t)

−2M2
Nδ

ij c̄q(t)
]
δJ′

3J3
,

〈N(p′, J ′3)|T̂ 0k
q |N(p, J3)〉

= −2iMNε
klm∆lŜmJ′

3J3
Jq(t), (7)

where ŜJ′
3J3

denotes the matrix element of the spin op-
erator.

Defining the static symmetric EMT tensor distribu-
tions in a Wigner sense [22, 23]

Tµνq (r) =
1

2P 0

∫
d3∆

(2π)3
e−i∆·r

× 〈N(p′, J ′3)|T̂µνq |N(p, J3)〉 , (8)

we obtain the expressions for the flavor-decomposed
GFFs

Aq(t) + c̄q(t)− t

4M2
N

(Dq(t)− 2Jq(t))

=
1

MN

∫
d3rj0(r

√
−t)εq(r),

c̄q(t)− t

6m2
Dq(t) = − 1

MN

∫
d3rj0(r

√
−t)pq(r),

Dq(t) = 4MN

∫
d3r

j2(r
√
−t)

t
sq(r),

Jq(t) = 3

∫
d3r

j1(r
√
−t)

r
√
−t

ρqJ(r). (9)
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When t → 0, we get the flavor-decomposed mass, spin,
D-term, and CC as follows

Aq(0) + c̄q(0) =
1

MN

∫
d3rεq(r).

Dq(0) = −4MN

15

∫
d3r r2sq(r),

c̄q(0) = − 1

MN

∫
d3r pq(r),

Jq(0) =

∫
d3r ρqJ(r). (10)

The first and the third relations in Eq. (10) coincide with
the thermodynamic interpretations of the partial internal
energy and isotropic pressure [11, 12]. Thus, the flavor-
decomposed CCs contribute to the decomposition of the
nucleon mass.

Pion mean-field approach.– Since the χQSM has al-
ready been used for deriving the GFFs [16, 24, 25], we
will mainly present the main results for the GFFs and
GIVFFs. The detailed formalism and results for the
GIVFFs will be found elsewhere. The χQSM is charac-
terized by the low-energy QCD effective partition func-
tion in Euclidean space [7, 13–15]

Zeff =

∫
Dπa exp [−Seff(πa)] , (11)

where πa is the pseudo-Nambu-Goldstone boson fields
and Seff denotes the effective chiral action expressed as

Seff = −NcTr log
[
i/∂ + iMeiγ5π

aτa

+ im̂
]
. (12)

Nc designates the number of colors and m̂ is the current-
quark mass matrix diag(mu, md). We assume isospin
symmetry (mu = md). Introducing the hedgehog ansatz
πa = P (r)na, we can determine the profile function
P (r) by solving the classical equation of motion self-
consistently. Since the pion-loop corrections are of 1/Nc,
we suppress them and carry out the functional integra-
tion over πa, considering the rotational and translational
zero modes, which is called the zero-mode quantization.
Introducing the external tensor source field, we can com-
pute the matrix element of the EMT current.

Taking into account the rotational 1/Nc corrections,
we obtain the three-dimensional distributions corre-
sponding to the GFFs as follows:

εχ(r) = E(r)δχ0 − 2

I1
〈DqiJi〉 J1(r)δχ3,

ρχJ(r) = −I1(r) 〈J3〉
1

I1
δχ0

+ 〈Dχ3〉
(
Q0(r) +

1

I1
Q1(r)

)
δχ3,

sχ(r) = N1(r)δχ0 − 2

I1
〈DχiJi〉 J3(r)δχ3,

pχ(r) = N3(r)δχ0 − 2

I1
〈DχiJi〉 J5(r)δχ3, (13)

where εχ, ρχJ , sχ, and pχ denote the mass, spin, shear-
force, and pressure distributions, respectively. Note that
the index χ designates the corresponding flavor. The fla-
vor indices χ = 0 and χ = 3 represent the isoscalar (u+d)
and isovector (u − d) ones, respectively. The dummy
subscripts i run over i = 1, 2, 3, and 〈...〉 denotes the
matrix element of the collective operator for the nucleon
state. All the explicit expressions for the relevant den-
sities and form factors will be presented elsewhere. The
three-dimensional Fourier transformations, which comes
from the translational zero modes, yield the GFFs and
GIVFFs.

Finally, we want to mention the Nc dependence of the
GFFs and GIVFFs, which are given as

Au+d(t) ∼ O(N0
c ), Au−d(t) ∼ O(N−1

c ),

Ju+d(t) ∼ O(N0
c ), Ju−d(t) ∼ O(N1

c ),

Du+d(t) ∼ O(N2
c ), Du−d(t) ∼ O(N1

c ),

c̄u+d(t) ∼ O(N0
c ), c̄u−d(t) ∼ O(N−1

c ). (14)

We observe that Au+d and Au−d have the sameNc depen-
dence as the isoscalar and isovector CCTs, respectively.

Results and discussion.– To calculate the GFFs and
GIVFFs, we need to fix the parameters. We introduce the
proper-time regularization to tame the divergences of the
quark loops. The cutoff mass Λ is fixed by reproducing
the pion decay constant fπ = 93 MeV. The current u-
quark and d-quark masses are fixed to be mu = md =
17.6 MeV by the physical pion mass mπ = 140 MeV [14,
26]. The dynamical quark mass is an only free parameter
in the χQSM. However, we choose M = 420 MeV, with
which the EM form factors obtained from the model are
in good agreement with the experimental data.

The solid curves in Fig. 1 present the numerical results
for the GFFs, i.e. the mass form factor, spin form factor,
and the D-term form factor in the upper, middle, and
lower panels, respectively. The results are the same as
those in Refs. [16, 25]. The GIVFFs Au−d, Ju−d, and
Du−d can be considered as the isovector partners corre-
sponding to the GFFs. Decomposing the GFFs into the
up-quark and down-quark form factors, we find a very in-
teresting feature. The up quarks dominate over the down
quarks for the mass and spin form factors. On the other
hand, the down-quark contribution turns out almost two
times larger than the up-quark one, both of which have
negative values.

Figure 2 depicts the flavor decomposition of the nu-
cleon CCT form factor. Since the gluon degrees of free-
dom were integrated out in the present approach [7, 15],
the quark EMT current is conserved in the present work.
As expected, thus, c̄u+d vanishes, which is also related
to the Von Laue condition. However, the c̄u−d remains
finite because the isovector tensor current is in general
not conserved. The solid and dot-dashed curves in Fig. 2
indicate this feature of the nucleon CCT. When we de-
compose it into the up- and down-quark contributions,
their magnitudes are exactly the same but their signs
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FIG. 1. The flavor decompositions of the mass, spin, and D-
term form factors are drawn in the upper, middle, and lower
panels, respectively. The solid curves draw the correspond-
ing GFFs and the dot-dashed ones depict the corresponding
GIVFFs. The dashed and dotted ones represent the up-quark
and down-quark contributions to the corresponding GFFs.

are opposite each other, so that they are canceled each
other. So, while the flavor-decomposed nucleon cosmo-
logical terms do not contribute to the nucleon mass, they
play a certain role in describing the isotropic pressure in-
side a nucleon [11, 27]. In Table I, we summarize the val-
ues of the flavor-decomposed GFFs at zero momentum
transfer, comparing them with the lattice data [28, 29].
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FIG. 2. The flavor decomposition of the nucleon CCT form
factor is drawn. The solid curve draws nucleon CCT form
factor and the dot-dashed ones depicts c̄u−d . The dashed
and dotted ones represent the up-quark and down-quark con-
tributions to the nucleon CCT form factor.
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FIG. 3. Contribution of the nucleon CCTs to the internal
force fields inside a nucleon. Notations are the same as in
Fig. 2.

As mentioned previously, the nucleon CCT contributes
to the isotropic pressure and force fields. As secured by
the global stability condition for the nucleon [31], the
pressure density of the nucleon is balanced between the
level-quark and Dirac-continuum (pion-cloud) contribu-
tions [16] in the χQSM. When it comes to the nucleon
CCT, the cancelation takes place between the up- and
down-quark contributions. To demonstrate it, we first
derive the contributions of the flavor-decomposed CCTs
by the Fourier transforms. In doing so, we parametrize
c̄q in terms of the dipole-type parametrization with the
parameters Λq = 1.5 MeV. The conservation of the EMT
current yields ∂iTu+d

ij = fuj + fdj = 0, which can be con-
sidered as an equilibrium equation for the internal forces
between the u- and d-quark subsystems. A similar in-
terpretation of the internal forces between the quark and
gluon subsystem was conducted in Ref. [17]. The force-
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TABLE I. We list the separate quark contributions to the EMT form factors of the proton within the framework of χQSM
and compare them with results from the lattice QCD and the χQSM [30]. The data from the lattice QCD are taken from
Refs. [28, 29]. Their data are obtained from the chiral extrapolation at t = 0 and mπ,phys.

This work (µ ≈ 0.6 GeV) Lattice QCD (µ = 2 GeV) [28] Lattice QCD (µ = 2 GeV) [29]

Au(0) 0.97 0.34 0.40

Ad(0) 0.03 0.18 0.15

Ju(0) 0.53 0.21 0.37

Jd(0) -0.03 -0.00 -0.04

Du(0) -0.82 -0.57 -0.13

Dd(0) -1.71 -0.50 -0.07

c̄u(0) -0.11 − −

c̄d(0) 0.11 − −

field vectors fqj and their magnitudes fq are derived from
the CCTs as follows

fqj = −MN
∂

∂rj

∫
d3∆

(2π)3
e−i∆·r c̄q(t) (15)

In Fig. 3, we illustrate fq(r). As already shown in Fig. 2,
fu is exactly canceled by fd. Interestingly, the up-
quark force field directs toward the center of the nucleon,
whereas the down-quark on pushes outward. As a result,
the force field from the CCT vanishes. By integrating
the fq(r) over three-dimensional space, the magnitude of
the total force F q acting on the internal subsystem can
be estimated. The total forces due to the up and down
quarks are obtained to be the magnitudes of which reach
about 1.6× 105 N in the SI unit.

Fu = −1.025 GeV/fm, F d = 1.025 GeV/fm, (16)

In Fig. 4 we visualize the flavor-decomposed force fields
from the nucleon CCT, which portrays how fu(r) and
fd(r) are distributed inside a nucleon. They are canceled
each other at each point, so that the effects of the CCT
completely vanish for the nucleon.

Conclusions.– The general isovector-vector form fac-
tors of the nucleon enable us to perform the flavor de-
composition of the nucleon gravitational form factors,
which reveal novel features for the mechanical proper-
ties of the nucleon. While the up-quark contributions
dominate over the nucleon mass and spin, the D-term
form factor is governed by the down-quark contribution.
The nucleon isovector cosmological constant-term form
factor arises from the nonconservation of the isovector
energy-momentum tensor-like current. This yields the
flavor-decomposed the cosmological constant-term form
factors that do not vanish. They exhibit partial internal
pressure and energy inside a nucleon, which are canceled
each other. It results in vanishing the nucleon cosmo-
logical constant. In conclusion, the flavor-decomposed

0

5

10

15

0

5

10

15

FIG. 4. Visualization of the flavor-decomposed force fields
from the nucleon CCT. In the upper (lower) panel, the up-
quark (down-quark) force field is illustrated.

cosmological constants shed light on how the quarks de-
scribe the mechanics of the nucleon.
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