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The feasibility of extracting generalized parton distributions (GPDs) from deeply-virtual Compton scattering
(DVCS) data has recently been questioned because of the existence of an infinite set of so-called “shadow GPDs”
(SGPDs). These SGPDs depend on the process and manifest as multiple solutions (at a fixed scale 𝑄2) to the
inverse problem that needs to be solved to infer GPDs from DVCS data. SGPDs therefore pose a significant
challenge for extracting GPDs from DVCS data. With this motivation we study the extent to which QCD evolution
can provide constraints on SGPDs. This is possible because the known classes of SGPDs begin to contribute
to observables after evolution, and can then be constrained (at the input scale 𝑄20) by data that has a finite 𝑄

2

range. The impact that SGPDs could have on determining the total angular momentum, pressure and sheer force
distributions, and tomography is also discussed. Our key finding is that scale evolution, coupled with data over a
wide range of skewness 𝜉 and 𝑄2, can constrain the class of SGPDs that we studied and potentially make possible
the extraction of GPDs from DVCS data over a limited range in the GPD variables.

I. INTRODUCTION

The three-dimensional imaging of the quarks and gluons (collectively called partons) confined inside hadrons and nuclei is a
key motivation for several particle accelerator facilities around the world, including Jefferson Lab [1, 2], COMPASS at CERN [3],
J-PARC [4], and the forthcoming Electron-Ion Collider (EIC) [5, 6]. The spatial imaging of partons is provided through Fourier
transforms of generalized parton distributions (GPDs). GPDs are formally defined by bilocal light cone correlators of quark
and gluon fields [7–12] and contain a wealth of information on the momentum and spin distributions of the partons (for some
comprehensive reviews see Refs. [13–17]). For example, the first and second Mellin moments of the leading twist spin-independent
GPDs give the electromagnetic and energy-momentum tensor (or gravitational) form factors, respectively, and in the forward limit
a subset of the GPDs reduce to the familiar one-dimensional collinear parton distribution functions (PDFs).
The archetypal process for inferring information on GPDs is deeply-virtual Compton scattering (DVCS) [10, 18], which

contributes to reactions like 𝑒 𝑝 → 𝑒 ′ 𝑝 ′𝛾 . The differential cross section for DVCS can be expressed in terms of complex-valued
Compton form factors (CFFs) that characterize the target hadron or nucleus. In kinematic domains where quantum chromodynamics
(QCD) factorization theorems apply, these CFFs can be expressed as convolutions of complex-valued hard-scattering coefficient
functions (𝐶) with the real-valued GPDs. Inferring GPDs from DVCS data therefore entails an inverse problem, which in this case
is particularly challenging because one of the GPD variables (the average parton momentum fraction 𝑥) is completely integrated
out and does not appear as a kinematic variable for the CFFs.
In Refs. [19, 20], it has been shown that the inverse problem associated with inferring GPDs from DVCS data can yield an

infinite set of solutions or “possible GPDs” at a fixed value of the scale of the reaction 𝑄2 = −𝑞2, which is minus the square of the
four-momentum transfer from the incident lepton. These multiple solutions are characterized by what have been called shadow
GPDs (SGPDs), which are infinite classes of functions that are orthogonal to the various hard-scattering coefficient functions
and therefore do not contribute to the CFFs. The various classes of SGPDs are process-dependent and are also subject to the
constraints associated with the formal properties of GPDs, such as polynominality, correct support, and sum rules. Nevertheless,
SGPDs can still be very large and could render impossible the extraction of GPDs from DVCS data.
To adequately constrain SGPDs and fully infer GPDs from data will likely require a multifaceted approach, which in

addition to DVCS will include data from other processes that are sensitive to GPDs, such as deeply virtual meson production
(DVMP) [13, 14, 21], double DVCS [14, 22], and other processes directly sensitive to the 𝑥 dependence of GPDs [23–26]. A
complementary approach is to also exploit the correlation between 𝑥 and 𝑄2 that is provided by the QCD evolution of GPDs and
hence SGPDs. This is made possible because the known classes of SGPDs at a particular 𝑄2 do evolve with scale, and in so doing
are no longer orthogonal to the hard-scattering coefficients and thereby begin to contribute to the CFFs upon evolution. This
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implies that, in principle, it is likely possible to completely constrain the SGPDs with perfect CFF data over a finite 𝑄2 range.
In this work we study the impact that QCD evolution can have on constraining SGPDs when inferring GPDs from DVCS data

that has kinematics similar to those at Jefferson Lab, COMPASS, and the EIC. This paper is organized as follows: Sec. II reviews
the formalism associated with CFFs, GPDs, and SGPDs. Sec. III introduces a proxy model for the GPDs that is needed for our
analysis. In Sec. IV we use simulated CFF data to study the impact that scale evolution can have on constraining the SGPDs.
Sec. V presents our findings regarding the impact SGPDs could have on determining the total angular momentum, pressure and
shear force distributions, and tomography. Finally, we summarize our results and provide conclusions in Sec. VI.

II. CFFs, GPDs, AND SGPDs

For spin-half targets such as the nucleon, there are four complex-valued CFFs (H , E, H̃ , Ẽ) that enter the DVCS cross section
at leading-twist, which are related to several quark and gluon leading-twist GPDs (𝐻𝑎 , 𝐸𝑎 , 𝐻̃𝑎 , 𝐸𝑎) by [18]

F (𝜉, 𝑡,𝑄2) =
∫ 1

−1
d𝑥

∑︁
𝑎

𝐶𝑎 (𝑥, 𝜉,𝑄2, 𝜇2) 𝐹𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2), (1)

where F = H , E are associated with the leading-twist spin-independent GPDs 𝐹 = 𝐻𝑎, 𝐸𝑎 , respectively, the sum is over all active
parton flavors (𝑎 = 𝑞, 𝑔), and 𝐶𝑎 is a hard-scattering coefficient function. An analogous relation holds between the H̃ and Ẽ CFFs
and the leading-twist spin-dependent GPDs 𝐻̃𝑎 and 𝐸𝑎 , where in this case different hard-scattering coefficient functions (𝐶𝑎) enter
(see App. A) [18]. The GPDs are formally defined through matrix elements of quark and gluon operators at a light-like separation.
For a spin-half target like the nucleon the leading twist unpolarized quark and gluon GPDs are defined by [13, 27]1

𝑃 · 𝑛
∫
d𝜆
2𝜋

𝑒𝑖𝑥𝑃 ·𝑛𝜆
〈
𝑝 ′ ��𝜓𝑞 (− 12𝜆𝑛) /𝑛𝜓

𝑞 ( 12𝜆𝑛)
��𝑝〉 = 𝑢 (𝑝 ′)

[
𝐻𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2) /𝑛 + 𝐸𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2) 𝑖𝜎

𝑛Δ

2𝑀

]
𝑢 (𝑝), (2)

𝑛𝜇𝑛𝜈

∫
d𝜆
2𝜋

𝑒𝑖𝑥𝑃 ·𝑛𝜆
〈
𝑝 ′ ��𝐺𝜇𝛼 (− 12𝜆𝑛)𝐺𝛼

𝜈 ( 12𝜆𝑛)
��𝑝〉 = 𝑢 (𝑝 ′)

[
𝑥 𝐻𝑔 (𝑥, 𝜉, 𝑡 ; 𝜇2) /𝑛 + 𝑥 𝐸𝑔 (𝑥, 𝜉, 𝑡 ; 𝜇2) 𝑖𝜎

𝑛Δ

2𝑀

]
𝑢 (𝑝), (3)

where 𝑛 is a light-like vector (𝑛2 = 0) and analogous expressions hold for the polarized GPDs 𝐻̃𝑎 and 𝐸𝑎 (see App. B) [13, 28].
For legibility we do not display the polarization dependence of the hadron states and spinors nor the color degrees of freedom
in the field operators (which should be implicitly understood as containing gauge links and color sums). We use the notation
𝜎𝑛Δ ≡ 𝜎𝜇𝜈𝑛𝜇Δ𝜈 , 𝑀 is the target mass, 𝑃 = 1

2 (𝑝
′ + 𝑝) is the average of the initial and final target momenta, Δ = 𝑝 ′ − 𝑝 is the

momentum transferred to the target, 𝑡 = Δ2, 𝑥 = 𝑘 · 𝑛/𝑃 · 𝑛 is the average light cone momentum fraction of the active parton
where 𝑘 is the average of the initial and final parton momenta, and 𝜉 = −Δ · 𝑛/(2𝑃 · 𝑛) is a measure of the longitudinal momentum
transfer to the target (skewness). The GPDs also depend on the renormalization scale 𝜇2 in accordance with the renormalization
group equations [10, 29, 30]. GPDs have support in the region −1 6 𝑥 6 1 and −1 6 𝜉 6 1, with the constraint that for a given 𝜉
the maximal value of 𝑡 6 𝑡min 6 0 for a physical process is 𝑡min = −4𝜉2𝑀2/(1 − 𝜉2).
The GPDs exhibit several interesting properties, such as polynomiality [13], which is a consequence of Lorentz covariance and

implies the 𝑥-weighted moments of GPDs are even polynomials in 𝜉 (see App. B for more details). GPDs also formally satisfy
numerous positivity conditions [31–33], with an example for the nucleon including����𝐻𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2) − 𝜉2

1 − 𝜉2
𝐸𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2)

����2 + ����� √
𝑡min − 𝑡

2𝑀
√︁
1 − 𝜉2

𝐸𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2)
�����2 6 𝑞(𝑥in; 𝜇2) 𝑞(𝑥out; 𝜇2)

1 − 𝜉2
, (4)

where 𝑞(𝑥 ; 𝜇2) are the familiar collinear PDFs, 𝑥in = (𝑥 + 𝜉)/(1 + 𝜉), 𝑥out = (𝑥 − 𝜉)/(1 − 𝜉), and this positivity constraint applies
in the region |𝑥 | > |𝜉 |. In the forward limit (𝜉 → 0, 𝑡 → 0) the 𝐻𝑎 and 𝐻̃𝑎 GPDs reduce to [18]

𝐻𝑞 (𝑥, 0, 0) = 𝑞(𝑥) Θ(𝑥) − 𝑞(−𝑥) Θ(−𝑥), 𝐻̃𝑞 (𝑥, 0, 0) = Δ𝑞(𝑥) Θ(𝑥) + Δ𝑞(−𝑥) Θ(−𝑥), (5)
2𝐻𝑔 (𝑥, 0, 0) = 𝑔(𝑥) Θ(𝑥) − 𝑔(−𝑥) Θ(−𝑥), 2 𝐻̃𝑔 (𝑥, 0, 0) = Δ𝑔(𝑥) Θ(𝑥) + Δ𝑔(−𝑥) Θ(−𝑥), (6)

where we have dropped the 𝜇2 dependence, the factor 2 for gluons avoids double counting because gluons are their own anti-particle,
Θ is the Heaviside step function, and 𝑞, 𝑞, and 𝑔 are the PDFs for the quarks, anti-quarks, and gluons, respectively. The first
moments of quark GPDs are related to the quark contributions to the Dirac, Pauli, axial, and pseudoscalar form factors:∫ 1

−1
d𝑥 [𝐻𝑞, 𝐸𝑞, 𝐻̃𝑞, 𝐸𝑞] (𝑥, 𝜉, 𝑡 ; 𝜇2) = [𝐹𝑞1 (𝑡), 𝐹

𝑞

2 (𝑡),𝐺
𝑞

𝐴
(𝑡),𝐺𝑞

𝑃
(𝑡)] . (7)

1We use the Ji convention [27] for the gluon GPDs, which differs from the Diehl convention [13] by 𝐹𝑔Diehl = 2𝑥 𝐹
𝑔

Ji .
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An important reason for the interest in GPDs, is that their second moments are related to the quark and gluon gravitational form
factors. For the nucleon this implies [34]∫ 1

−1
d𝑥 𝑥 𝐻𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) = 𝐴𝑎 (𝑡 ; 𝜇2) + 𝜉2𝐶𝑎 (𝑡 ; 𝜇2),

∫ 1

−1
d𝑥 𝑥 𝐸𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) = 𝐵𝑎 (𝑡 ; 𝜇2) − 𝜉2𝐶𝑎 (𝑡 ; 𝜇2), (8)

where the form factors are defined with respect to matrix elements of the energy-momentum tensor as

〈
𝑝 ′, 𝜆′

��𝑇 𝜇𝜈
𝑎 (𝑥)

��𝑝, 𝜆〉 = 𝑢 (𝑝 ′, 𝜆′)
[
𝐴𝑎 (𝑡) 𝛾

{𝜇𝑃 𝜈 }

2
+ 𝐵𝑎 (𝑡) 𝑃

{𝜇𝑖𝜎𝜈 }Δ

4𝑀
+𝐶𝑎 (𝑡) Δ

𝜇Δ𝜈 − Δ2 𝑔𝜇𝜈

4𝑀
+𝑀𝐶𝑎 (𝑡) 𝑔𝜇𝜈

]
𝑢 (𝑝, 𝜆). (9)

We have introduced the notation 𝑎 {𝜇𝑏𝜈 } = 𝑎𝜇𝑏𝜈 + 𝑎𝜈𝑏𝜇 . The total quark and gluon angular moment is then given by the Ji sum
rule [9] as 𝐽𝑎 (𝜇2) = 1

2 [𝐴
𝑎 (0, 𝜇2) + 𝐵𝑎 (0, 𝜇2)] and 𝐽 = 1

2 =
∑

𝑎 𝐽𝑎 (𝜇2). The 𝐶𝑎 form factors are related to internal stresses within
the nucleon [34–39], with 𝐷 = 𝐶 (0) = ∑

𝑎 𝐶𝑎 (0; 𝜇2) known as the nucleon 𝐷-term, and ∑𝑎𝐶
𝑎 (𝑡, 𝜇2) = 0.

It is made clear by Eq. (1) that inferring GPDs from DVCS data involves solving several inverse problems, subject to some or all
of the constraints given by Eqs. (4)–(8) [16, 40–42]. The first step in this procedure is to obtain the CFFs from DVCS data, which
at leading twist is a closed problem [18] and several leading-twist CFF extractions have been reported in the literature [43–48].
The challenge of extracting GPDs from the CFFs lies in the fact that the 𝑥 dependence of the GPDs is completely integrated out
and does not appear in the CFFs. Nevertheless, GPD extractions are beginning to become available; see, for instance, Ref. [42].
In Refs. [19, 20], it has recently been shown that, at a fixed value of 𝜇2 = 𝑄2 in Eq. (1) and subject to the forward-limit and

form factor constraints of Eqs. (5)–(7), it is not possible to uniquely extract the 𝐻𝑎 GPDs from DVCS data. This is because
there are multiple solutions to the inverse problem of Eq. (1), that each satisfy the forward limit and electromagnetic form
factor constraints. The analysis in Refs. [19, 20] was conducted at leading order (LO) and next-to-leading order (NLO) in the
hard scattering coefficients and also straightforwardly applies to the 𝐸𝑎, 𝐻̃𝑎, and 𝐸𝑎 GPDs. We label these multiple solutions
as 𝐹𝑎

𝐹
(𝑥, 𝜉, 𝑡 ; 𝜇2), with the subscript 𝐹 indicating a “false” GPD which, nevertheless, satisfies all requirements of a GPD, e.g.,

polynominality, forward limit, etc. Then, without loss of generality, these false GPDs can be expressed as

𝐹𝑎𝐹 (𝑥, 𝜉, 𝑡 ; 𝜇
2) = 𝐹𝑎𝑇 (𝑥, 𝜉, 𝑡 ; 𝜇

2) + 𝐹𝑎𝑆 (𝑥, 𝜉, 𝑡 ; 𝜇
2), (10)

where the unique GPD associated with its matrix element definition, such as those given in Eqs. (2)–(3), is labeled by 𝐹𝑎
𝑇
(𝑥, 𝜉, 𝑡 ; 𝜇2)

with the subscript𝑇 indicating the “true” GPD, and 𝐹𝑎
𝑆
(𝑥, 𝜉, 𝑡 ; 𝜇2) are the so-called SGPDs that characterize the difference between

the true and false GPDs. The SGPDs, by construction, do not contribute to any experimentally accessible observable, which
implies, e.g., that 𝐻𝑎

𝑆
and 𝐻̃𝑎

𝑆
must vanish in the forward limit in accordance with Eqs. (5)–(6) and the first moments of 𝐻𝑎

𝑆
, 𝐸𝑎

𝑆
, 𝐻̃𝑎

𝑆
,

and 𝐸𝑎
𝑆
must vanish so that Eqs. (7) remain valid. In addition, SGPDs do not contribute to the CFFs, which implies∑︁

𝑎

𝐶𝑎 (𝑥, 𝜉,𝑄2, 𝜇2) 𝐹𝑎𝑆 (𝑥, 𝜉, 𝑡 ; 𝜇
2) = 0, (11)

where the specific hard-scattering coefficient function 𝐶𝑎 depends on the process and type of GPD. Therefore, SGPDs make it
impossible to distinguish the “true” GPDs, 𝐹𝑎

𝑇
, from the sum of the “true” GPDs and SGPDs, 𝐹𝑎

𝑇
+ 𝐹𝑎

𝑆
, using only DVCS data at a

fixed scale 𝑄2. As shown in Refs. [19, 20], the shape and size of 𝐹𝑎
𝐹
= 𝐹𝑎

𝑇
+ 𝐹𝑎

𝑆
may differ significantly from 𝐹𝑎

𝑇
.

An important caveat is that the known classes of SGPDs do not satisfy Eq. (11) after QCD evolution, and therefore begin to
contribute to CFFs upon evolution to a different scale. Therefore, a SGPD at an initial scale 𝜇20 is no longer a SGPD when evolved
to a new scale 𝜇2. It is therefore plausible that QCD evolution of the GPDs has the potential to help constrain SGPDs and make
viable the extraction of GPDs from DVCS data with a sufficiently large 𝑄2 range. We note that using QCD evolution to help infer
GPDs from data was first suggested by Freund [40].
The original SGPD analysis presented in Refs. [19, 20] suggested that the impact of evolution should be very small. We extend

this analysis by explicitly solving the evolution equations for the GPDs, and study whether QCD evolution may be capable of
providing constraints on SGPDs and render the extraction of GPDs from DVCS data practical.

III. GPD PROXY MODEL AND A CLASS OF SGPDS

To investigate the ability of QCD evolution to constrain the SGPDs, and thereby extract information on the true GPDs from
DVCS data, it is necessary to adopt a proxy model for these true GPDs. We chose the widely-used phenomenological model from
Vanderhaeghen, Guichon, and Guidal (VGG) [49–52], however, the outcome of our analysis does not directly depend on this
choice as the SGPDs are independent of the proxy model. To ensure the polynomiality property of the GPDs it is common to work
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at the level of double distributions [29]. Our analysis will focus on the leading-twist spin-independent nucleon GPDs, which in
terms of double distributions are given by [13]

𝐻𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =
∫
d𝛽 d𝛼 𝛿 (𝑥 − 𝛽 − 𝜉𝛼)

[
𝐻𝑎
𝐷𝐷 (𝛽, 𝛼, 𝑡 ; 𝜇

2) + 𝛿 (𝛽) 𝜉 𝐷𝑎 (𝛼, 𝑡 ; 𝜇2) Θ ( |𝜉 | − |𝑥 |)
]
, (12)

𝐸𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =
∫
d𝛽 d𝛼 𝛿 (𝑥 − 𝛽 − 𝜉𝛼)

[
𝐸𝑎𝐷𝐷 (𝛽, 𝛼, 𝑡 ; 𝜇

2) − 𝛿 (𝛽) 𝜉 𝐷𝑎 (𝛼, 𝑡 ; 𝜇2) Θ ( |𝜉 | − |𝑥 |)
]
, (13)

where |𝛼 | + |𝛽 | 6 1, the functions𝐻𝑎
𝐷𝐷
and 𝐸𝑎

𝐷𝐷
are the double distributions which must be even in 𝛼 to preserve polynomiality, and

𝐷𝑎 (𝛼, 𝑡 ; 𝜇2) is called the D-term [53]. The function 𝐷𝑎 (𝛼, 𝑡 ; 𝜇2) shares the same “D-term” name as the value of the gravitational
form factor 𝐶 (𝑡 ; 𝜇2) = ∑

𝑎𝐶
𝑎 (𝑡 ; 𝜇2) at 𝑡 = 0, and they are related by 𝐶𝑎 (𝑡 ; 𝜇2) =

∫ 1
−1 d𝛼 𝛼 𝐷𝑎 (𝛼, 𝑡 ; 𝜇2).

In the VGG model, and other models such as those from Goloskokov and Kroll [54–56], the double distributions are
parameterized at the input scale as

𝐻
𝑞

𝐷𝐷
(𝛽, 𝛼, 𝑡 ; 𝜇20) = ℎ(𝛽, 𝛼, 𝑡)

[
𝑞(𝛽; 𝜇20)Θ(𝛽) − 𝑞(−𝛽; 𝜇20)Θ(−𝛽)

]
, 𝐻

𝑔

𝐷𝐷
(𝛽, 𝛼, 𝑡 ; 𝜇20) =

1
2
ℎ(𝛽, 𝛼, 𝑡) sgn(𝛽) 𝑔( |𝛽 |; 𝜇20), (14)

𝐸
𝑞

𝐷𝐷
(𝛽, 𝛼, 𝑡 ; 𝜇20) = ℎ(𝛽, 𝛼, 𝑡)

[
𝑒𝑞 (𝛽; 𝜇20)Θ(𝛽) − 𝑒𝑞 (−𝛽; 𝜇20)Θ(−𝛽)

]
, 𝐸

𝑔

𝐷𝐷
(𝛽, 𝛼, 𝑡 ; 𝜇20) =

1
2
ℎ(𝛽, 𝛼, 𝑡) sgn(𝛽) 𝑒𝑔 ( |𝛽 |; 𝜇20), (15)

where ℎ(𝛽, 𝛼, 𝑡) is often called the profile function for which we take a standard form [51]:

ℎ(𝛽, 𝛼, 𝑡) = Γ(2𝑏 + 2)
22𝑏+1Γ2 (𝑏 + 1)

[
(1 − |𝛽 |)2 − 𝛼2

]𝑏
(1 − |𝛽 |)2𝑏+1

|𝛽 |−𝜔 (1−|𝛽 |)𝑡 . (16)

For the 𝑞, 𝑞, and 𝑔 PDFs we take results from the JAM20-SIDIS global analysis [57] and in the profile function take the standard
VGG parameters of 𝑏 = 1 and 𝜔 = 1.105 [51], which provide a good fit to the nucleon’s electromagnetic form factors. The
forward limits of the 𝐸𝑎 GPDs do not correspond to any accessible collinear PDF, nevertheless, we use a common parametrization
introduced in Ref. [52] for 𝐸𝑞

𝐷𝐷
where:

𝑒𝑢 (𝑥 ; 𝜇20) =
𝜅𝑢

𝑁𝑢

(1 − 𝑥)𝜂𝑢 𝑢𝑣 (𝑥 ; 𝜇20), 𝑒𝑑 (𝑥 ; 𝜇20) =
𝜅𝑑

𝑁𝑑

(1 − 𝑥)𝜂𝑑 𝑑𝑣 (𝑥 ; 𝜇20). (17)

The empirical quark anomalous magnetic moments have the values 𝜅𝑢 = 1.673 and 𝜅𝑑 = −2.033. For the 𝑢𝑣 and 𝑑𝑣 PDFs we again
use those from Ref. [57], and the normalization constants 𝑁𝑞 are fixed by requiring that the first moment of the associated 𝑒𝑞
functions give 𝜅𝑞 . This is necessary to reproduce the Pauli form factors of the nucleon at 𝑡 = 0. Following the VGG model we use
𝜂𝑢 = 1.713 and 𝜂𝑑 = 0.566, and set the remaining 𝑒𝑎 (𝑥 ; 𝜇2) functions to zero.2 In our proxy model for the true GPDs we will
omit the D-term because the known classes of SGPDs derived in Ref. [19] have no D-term. This choice does not impact the
results of our SGPD analysis, and is also motivated by the observable CFFs which can directly constrain the D-term via dispersion
relations [19, 59, 60]. See App. A for further details.
In this analysis we focus on the H and E CFFs and associated spin-independent GPDs and SGPDs. For these CFFs the

hard-scattering coefficient functions [see Eq. (1)] for the associated GPDs are odd under 𝑥 → −𝑥 , and therefore only the singlet
combination 𝐹𝑎 (+) = 𝐹𝑎 (𝑥, 𝜉, 𝑡) − 𝐹𝑎 (−𝑥, 𝜉, 𝑡) contributes to the CFFs. In Fig. 1, we present our VGG model results for the 𝑢 quark
singlet 𝐻𝑢 (+) and 𝐸𝑢 (+) GPDs, where we take 𝑡 = −1.2GeV2 in Eq. (16) which accommodates the illustrated skewness values of
𝜉 = 0.01, 0.1, 0.5. Similar results are easily obtained for the other 𝐻𝑎 (+) and 𝐸𝑎 (+) GPDs. Since the GPD singlet combination
is anti-symmetric in 𝑥 we just present proxy model GPDs for 0 6 𝑥 6 1. In Fig. 1 the GPDs are shown at the input scale of
𝜇0 = 1.27GeV associated with the JAM20-SIDIS PDFs and after LO evolution to 𝜇2 = 100 GeV2. Details on the implementation
of the GPD evolution are given in App. C.
To construct our SGPDs we will generally follow the same method as Ref. [19]. Firstly, the class of SGPDs that we consider

will be assumed separable such that

𝐹𝑎𝑆 (𝑥, 𝜉, 𝑡 ; 𝜇
2) → 𝐹𝑎𝑆 (𝑥, 𝜉 ; 𝜇

2) 𝑓 𝑎𝑆 (𝑡). (18)

To construct a general class of singlet SGPDs, we begin with a double distribution parametrization of the polynomial form [19]

𝐹
𝑎 (+)
𝑆,𝐷𝐷

(𝛽, 𝛼, 𝑡 ; 𝜇20) =
𝑚+𝑛6𝑁∑︁

𝑚=0, 2,...; 𝑛=1, 3,...
𝑐
𝑎 (+)
𝑚𝑛 (𝜇20) 𝛼

𝑚𝛽𝑛 𝑓 𝑎𝑆 (𝑡), (19)

2 The functions 𝑒𝑎 defined in Eq. (15) should not be confused with the twist-3 PDFs that use the same symbol [58].
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Figure 1. Our VGG model results for the 𝐻𝑢 (+) (blue) and 𝐸𝑢 (+) (orange) GPDs, with 𝑡 = −1.2GeV2, and from left to right the skewness values
are 𝜉 = 0.01, 0.1, 0.5. The input scale results (solid lines) correspond to 𝜇0 = 1.27GeV, taken from the JAM-SIDIS analysis [57], and the dotted
lines are these results evolved at LO to the scale 𝜇2 = 100 GeV2.

which holds at an initial scale 𝜇20. Polynomiality requires𝑚 to be even, while𝑛 is taken as odd to give SGPDs that are anti-symmetric
in 𝑥 so that they contribute to the singlet GPD combination. This choice also guarantees that the SGPDs do not contribute to the
form factors via Eqs. (7). The 𝑡 dependence of the shadow double distributions, and therefore the SGPDs, is represented by 𝑓 𝑎

𝑆
(𝑡)

and for this analysis is left undefined. The exception is in the forward limit where we will consider two cases, corresponding to
𝑓 𝑎
𝑆
(0) ≠ 0 and 𝑓 𝑎

𝑆
(0) = 0. The positive odd integer 𝑁 gives the order of the double distribution that has (𝑁 + 1) (𝑁 + 3)/8 unknown

coefficients 𝑐𝑚𝑛 . The SGPDs associated with 𝐹𝑎 (+)𝑆,𝐷𝐷
(𝛽, 𝛼, 𝑡 ; 𝜇20) are then obtained by inserting Eq. (19) into either Eq. (12) or (13)

to obtain 𝐹𝑎 (+)
𝑆

(𝑥, 𝜉, 𝑡 ; 𝜇20).
The key relation for the SGPDs is Eq. (11), which is a set of homogeneous equations that place constraints on the coefficients

𝑐𝑚𝑛 in Eq. (19), up to an overall normalization. For the known classes of SGPDs, Eq. (11) can only be implemented at a fixed
scale 𝜇20 and is no longer satisfied after evolution of the GPDs. Additional constraints on the SGPDs for 𝐻

𝑎 and 𝐻̃𝑎 are given by
the forward limit (𝜉 → 0, 𝑡 → 0) results of Eqs. (5) and (6). This means the SGPDs for 𝐻𝑎 and 𝐻̃𝑎 must vanish in the forward
limit, which can be implemented in two ways: 1) Via constraints on the 𝑐𝑚𝑛 coefficients which means these SGPDs vanish when
𝜉 → 0; or 2) Choose the 𝑡 dependence of these SGPDs such that 𝑓 𝑎

𝑆
(0) = 0. We will investigate both of these scenarios, which we

refer to as type A and type B SGPDs, respectively. As we will see, the type B SGPDs are less constrained which has implications
for inferring GPDs from DVCS data. To satisfy the SGPD constraints a minimum order 𝑁 in Eq. (19) is required, where in general
there are more coefficients 𝑐𝑚𝑛 than constraints making this an underdetermined problem. Therefore, for a sufficiently large 𝑁
there are in general an infinite number of SGPDs. To generate examples of SGPDs of order 𝑁 , we need to reduce the number of
unknown coefficients 𝑐𝑚𝑛 to equal the number of constraint equations. This is done by assigning random values to the surplus
coefficients, which are themselves randomly selected from the full set. The constraint equations are then solved to obtain the
remaining coefficients.

Fig. 2 presents example SGPDs 𝐹𝑞 (+)
𝑆

(𝑥, 𝜉 ; 𝜇2) [see Eq. (18)] appropriate for the 𝐻𝑞 (+) and 𝐸𝑞 (+) GPDs, where in Eq. (19) we
have taken 𝑁 = 27, which is the same order as the example SGPDs discussed in Ref. [19]. The top row in Fig. 2 gives results for
type A SGPDs. (Note that in Ref. [19] only type A SGPDs were explored.) In the second row of Fig. 2 this constraint on the 𝑐𝑚𝑛’s
is relaxed, and we illustrate results for type B SGPDs. These type B SGPDs are also appropriate for the GPD 𝐸𝑞 , as in this case
there is no forward-limit constraint. For each type of SGPD we give results for three values of skewness, 𝜉 = 0.01, 0.1, 0.5, and
the input scale is 𝜇0 = 1.27GeV. We also show results where these SGPDs are evolved at LO to 𝜇2 = 100GeV2, where importantly,
these results no longer satisfy Eq. (11) and are therefore not SGPDs and can in principle be constrained by DVCS data.
Since Eq. (11) is homogeneous, the SGPDs can have an arbitrary normalization, so for the results in Fig. 2 and in the following

analysis we fixed the normalization of the SGPDs such that max[|𝐹𝑞 (+)
𝑆

(𝑥, 𝜉 = 0.1; 𝜇20) |] ' 1. From Fig. 2, it is clear that the type
A SGPDs in the top row get very small as 𝜉 → 0, because of how the forward limit is imposed, whereas for large 𝜉 these SGPDs
tend to grow rapidly. Results for the type B SGPDs in the second row, tend to be of similar size independent of 𝜉 . Analogous
results for gluon and spin-dependent SGPDs are easily obtained using procedures similar to those described above.

IV. SIMULATED CFF DATA, SHADOW GPDS, AND QCD EVOLUTION

To replicate the inference of GPDs from DVCS data, we create simulated CFF data by taking the VGG model of Sec. III as a
set of “true” GPDs. Then setting 𝜇2 = 𝑄2 we use QCD evolution of these GPDs, together with Eq. (1) and the hard-scattering
coefficients given in App. A, to construct simulated results for ImH(𝜉, 𝑡,𝑄2) and ImE(𝜉, 𝑡,𝑄2). Results for these CFFs, which
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Figure 2. Results for NLO SGPDs in the spin-independent quark sector. The top row shows three examples of type A SGPDs where the forward
limit is maintained via constraints on the 𝑐𝑚𝑛’s so that the SGPDs vanish as 𝜉 → 0. In the second row, three type B SGPDs are illustrated
where any forward-limit constraint is imposed via the unspecified 𝑡 dependence. In each case, SGPDs with skewness 𝜉 = 0.01, 0.1, 0.5 are
shown in the panels from left to right. The SGPDs are defined at the input scale 𝜇0 = 1.27GeV (solid lines). These results are evolved at LO to
𝜇2 = 100 GeV2 (dotted lines), where these evolved results no longer satisfy the requirements for a SGPD.

include all active quark flavors and the gluons, are illustrated in the bottom rows of Figs. 3 and 4. In particular, we have generated
50 data points for 𝑄2 values between the input scale of 𝑄20 = (1.27 GeV)2 and 𝑄2 = 100GeV2, and assigned a 1% error to this
simulated CFF data. These results were obtained by taking 𝑡 = −1.2GeV2 in the VGG model, which is an arbitrary choice and
does not impact the conclusions drawn from our analysis but does accommodate the skewness values 𝜉 = 0.01, 0.1, 0.5.
The goal of this analysis is to assess the impact that QCD evolution can have on constraining the contribution of the SGPDs,

given simulated data for the imaginary parts of the CFFsH and E over a wide range of kinematics. To implement this we will
consider SGPDs in the 𝑢-quark singlet sector for the 𝐻𝑢 (+) and 𝐸𝑢 (+) GPDs. In this case the false GPDs are given by

𝐻
𝑢 (+)
𝐹

(𝑥, 𝜉, 𝑡 ; 𝜇2, 𝜆𝑖 ) = 𝐻
𝑢 (+)
𝑇

(𝑥, 𝜉, 𝑡 ; 𝜇2) + 𝜆1 𝐹
𝑞 (+)
𝑆1 (𝑥, 𝜉 ; 𝜇2) + 𝜆2 𝐹

𝑞 (+)
𝑆2 (𝑥, 𝜉 ; 𝜇2) + 𝜆3 𝐹

𝑞 (+)
𝑆3 (𝑥, 𝜉 ; 𝜇2), (20)

𝐸
𝑢 (+)
𝐹

(𝑥, 𝜉, 𝑡 ; 𝜇2, 𝜆𝑖 ) = 𝐸
𝑢 (+)
𝑇

(𝑥, 𝜉, 𝑡 ; 𝜇2) + 𝜆1 𝐹
𝑞 (+)
𝑆1 (𝑥, 𝜉 ; 𝜇2) + 𝜆2 𝐹

𝑞 (+)
𝑆2 (𝑥, 𝜉 ; 𝜇2) + 𝜆3 𝐹

𝑞 (+)
𝑆3 (𝑥, 𝜉 ; 𝜇2), (21)

where 𝐻𝑢 (+)
𝑇

(𝑥, 𝜉, 𝑡 ; 𝜇2) and 𝐸𝑢 (+)
𝑇

(𝑥, 𝜉, 𝑡 ; 𝜇2) are the true 𝑢-quark GPDs from the VGG model that is discussed in Sec. III, the 𝜆1,2,3
are arbitrary scaling parameters, and the 𝐹𝑞 (+)

𝑆
are the three example SGPDs illustrated in Fig. 2 which can be either type A or type

B. We do not specify any 𝑡 dependence for the SGPDs but for 𝑡 < 0 are basically assuming 𝑓 𝑎
𝑆
(𝑡) = 1. However, any explicit 𝑡

dependence could be absorbed into the 𝜆1,2,3, so our analysis can be considered general for any 𝑡 < 0. For 𝐻𝑢 (+)
𝐹

we will study both
type A and type B shadow GPDs, whereas for 𝐸𝑢 (+)

𝐹
we just consider type B as there is no forward-limit constraint for this GPD.

The SGPDs in Eqs. (20) and (21) give zero contribution to CFFs at the input scale of 𝑄20 = (1.27 GeV)2, however, upon
evolution to a new scale 𝑄2 they do contribute to the CFFs. Therefore, having data over a finite 𝑄2 range makes it possible to
constrain the SGPDs by putting limits on the values of 𝜆𝑖 , and with perfect CFF data over a large kinematic range it would in
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Figure 3. Top row: Results for the true GPD 𝐻
𝑢 (+)
𝑇

(blue lines) and the range of 𝐻𝑢 (+)
𝑇

± 𝛿𝐻𝑆 (orange bands) at the input scale for three different
values of 𝜉 . The darker orange bands show the results for the three type A SGPDs in Fig. 2, while the lighter orange bands show the results for
the type B SGPDs in Fig. 2. The gray hashed region shows the area that would be excluded by the positivity constraint for 𝐻𝑞 given in Eq. (23).
Bottom row: Simulated data (blue points) for the CFF ImH obtained using the VGG model GPDs with error bars showing 1% uncertainty, as a
function of 𝑄2, for fixed 𝑡 , and three values of 𝜉 . The dark orange bands illustrate the 10000 sample CFFs associated with type A SGPDs.

principle be possible to completely constrain the SGPDs. We have assumed 1% error on our simulated CFF data and we wish to
explore the range of SGPDs (𝜆𝑖 ’s) that cannot be constrained by this data. To achieve this we generate replica SGPDs by randomly
generating the three scaling parameters (𝜆1,2,3) in the range −104 6 𝜆𝑖 6 104, and use these in Eqs. (20) and (21) to generate
replica false GPDs. These false GPDs are then combined with the true GPDs for the other flavors and the gluons to create sample
CFFs for ImH(𝜉, 𝑡,𝑄2) and ImE(𝜉, 𝑡,𝑄2). If these sample CFFs are within the 1% errors of the simulated CFF data, across all
considered kinematics, then the associated replica cannot be ruled out by the data. We then repeat this process until we have
10000 sample SGPDs that cannot be ruled out by the CFF data, and from these SGPDs we define the quantity

𝛿𝐹𝑆 (𝑥, 𝜉 ; 𝜇2) = max
[���𝜆1 𝐹𝑢 (+)𝑆1 (𝑥, 𝜉 ; 𝜇2) + 𝜆2 𝐹

𝑢 (+)
𝑆2 (𝑥, 𝜉 ; 𝜇2) + 𝜆3 𝐹

𝑢 (+)
𝑆3 (𝑥, 𝜉 ; 𝜇2)

���] , (22)

which indicates how well the simulated CFF data can constrain the SGPDs, and therefore provides a measure for how accurately
the true GPDs can be inferred from CFF data with 1% uncertainties.
Results for the inferred 𝐻𝑢 (+) (𝑥, 𝜉, 𝑡 ; 𝜇20) GPD are illustrated in the top row of Fig. 3, for 𝜉 = 0.01, 0.1, 0.5. The solid line

illustrates the true GPD, 𝐻𝑢 (+)
𝑇

(𝑥, 𝜉, 𝑡 ; 𝜇20), and the shaded areas represent 𝐻
𝑢 (+)
𝑇

± 𝛿𝐻𝑆 . For 𝐻𝑢 (+) we consider both type A and
type B SGPDs, where the dark orange shaded regions represent the constraints on the type A SGPDs which vanish in the limit
𝜉 → 0, while the light orange regions correspond to constraints on the type B SGPDs from the simulated CFF data. Analogous
results for the true GPD, 𝐸𝑢 (+)

𝑇
(𝑥, 𝜉, 𝑡 ; 𝜇20), and results for 𝐸

𝑢 (+)
𝑇

± 𝛿𝐸𝑆 are presented in the top row of Fig. 4. However, here only
type B SGPDs are shown for 𝐸𝑢 (+) as this GPD has no forward limit contraint. For the 𝐻𝑢 (+) GPD, we see that at 𝜉 = 0.5 both
type A and type B SGPDs are only constrained at 𝑥 ' 𝜉 and elsewhere the uncertainties are large. As skewness is decreased to
𝜉 = 0.1 both type A and B SGPDs become well constrained for 𝑥 . 0.1, while for larger 𝑥 the uncertainities remain large. Finally,
for 𝜉 = 0.01 type A become well constrained over the entire 𝑥 range, but type B SGPDs are still largely unconstrained for 𝑥 & 0.2.
The constraints on type B SGPDs for 𝐸𝑢 (+) as a function of 𝑥 and 𝜉 are similar to those for type B SGPDs for the GPD 𝐻𝑢 (+) . This
is because the SGPDs are largely independent of the underlying proxy model.
To better understand how the simulated CFF data provides constraints on the SGPDs, in the bottom rows of Figs. 3 and 4 we

illustrate as an orange band the 10000 sample CFFs that contain SGPDs that cannot be constrained by the simulated data. In
Fig. 3 we do this for type A SGPDs and in Fig. 4 for type B GPDs. For both ImH(𝜉, 𝑡,𝑄2) and ImE(𝜉, 𝑡,𝑄2) we notice that the
orange band in the rightmost panel (𝜉 = 0.5) is as wide as the uncertainty of the simulated CFF data, however, for the panels
corresponding to 𝜉 = 0.01, 0.1 the orange bands are generally narrower. This indicates that the simulated data at the largest
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Figure 4. Top row: Results for the true GPD 𝐸
𝑢 (+)
𝑇

(blue lines) and the range of 𝐸𝑢 (+)
𝑇

± 𝛿𝐸𝑆 (orange bands) at the input scale for three different
values of 𝜉 . The orange bands show the results for the three type B SGPDs in Fig. 2, appropriate for 𝐸𝑞 GPDs because this is no forward limit
constrain. The gray hashed region shows the area that would be excluded by the positivity constraint for 𝐸𝑞 given in Eq. (23). Bottom row:
Simulated data (blue points) for the CFF ImE obtained using the VGG model GPDs with error bars showing 1% uncertainty, as a function of 𝑄2,
for fixed 𝑡 , and three values of 𝜉 . The light orange bands illustrate the 10000 sample CFFs associated with type B SGPDs.

skewness value is playing an important role in constraining the SGPDs for the smaller skewness values 𝜉 = 0.01, 0.1. This is
particularly the case for the type A SGPDs in Fig. 3, which suggests that type A SGPDs can be well constrained at lower values of
𝜉 by evolution provided data is available at higher skewness values.
The results presented in Fig. 5 further illustrate these observations, where the top row corresponds to constraints on 𝛿𝐻𝑆 for

type A SGPDs and the bottom row corresponds to constraints on 𝛿𝐻𝑆 for type B SGPDs. In each case, various cuts are made to
the simulated data to illustrate the impact of changes in the 𝜉 and 𝑄2 range of the simulated data. In all four plots, results are
shown as a function of 𝜉 for three values of 𝑥 = 0.01, 0.1, 0.5. In the left two panels, the entire 𝑄2 range of simulated data is
included, the solid lines then show the constraint on 𝛿𝐻𝑆 when the entire 𝜉 range of the simulated data is also included, and the
dashed lines illustrate the case when a cut is made on the simulated data so that 𝜉 6 0.1. We see that for type A SGPDs the large 𝜉
data constrains 𝛿𝐻𝑆 by several orders of magnitude relative to only having data for 𝜉 6 0.1 (difference between solid and dashed
lines), and this remains true for all 𝑥 in the studied domain 𝑥 ∈ [0.01, 0.5]. Note that by construction 𝛿𝐻𝑆 = 0 when 𝑥 = 𝜉 , which
explains the dips in 𝛿𝐻𝑆 at these points. In the bottom left panel we see that large 𝜉 data also provides important constraints on
type B SGPDs, however, not to the extent as for type A, and the dependence on 𝜉 is mild. These findings reflect the features of the
SGPDs illustrated in the bottom row of Fig. 2.
The right panels in Fig. 5 illustrate how 𝛿𝐻𝑆 is impacted by varying the range of 𝑄2 spanned by the simulated CFF data. The

solid lines in these plots are identical results to those in the left panels, however, in this case the dashed and dotted lines represent
the results when the simulated CFF data is restricted to 𝑄2 6 20GeV2 and 𝑄2 6 4GeV2, respectively. Notice that in the top right
panel of Fig. 5 the solid and dashed lines are fairly close together indicating the additional data between 20 GeV2 and 100 GeV2
does not provide substantially more constraint on the SGPDs than was already gained from the 𝑄2 6 20 GeV2 data. In the bottom
right panel of Fig. 5, the results do not seem to change significantly even from 𝑄2 6 4 GeV2 to 𝑄2 6 20 GeV2. Therefore, while
some lever arm in𝑄2 is necessary for evolution to constrain the SGPDs, having a large lever arm in𝑄2 does not seem as important
as having data with a large lever arm in 𝜉 . The results presented in Fig. 5 reflect the various attributes of the type A and type B
SGPDs, and are independent of the choice of proxy model for the “true” GPDs. Our results for the SGPDs associated with the
𝐸𝑢 (+) GPDs which are of type B are similar to those in the bottom row of Fig. 5.
Going back to Figs. 3 and 4, we have illustrated as the hashed areas the regions for the SGPDs that would be excluded by the
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Figure 5. Top row: Results for 𝛿𝐻𝑆 from Eq. (22) for type A SGPDs as a function of 𝜉 , for three values of 𝑥 = 0.01, 0.1, 0.5. Bottom row:
Results for 𝛿𝐻𝑆 from Eq. (22) for type B SGPDs as a function of 𝜉 , for three values of 𝑥 = 0.01, 0.1, 0.5. In both cases, the left panels indicate
results for cuts in the simulated CFF data in 𝜉 , and the results in the right panels illustrate constraints on the SGPDs associated with cuts in𝑄2 on
the simulated CFF data. In each row the solid lines are the same and represent contraints from the full simulated data set.

need to satisfy positivity constraints on the 𝐻𝑢 (+) and 𝐸𝑢 (+) GPDs, which read [31–33]��𝐻𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2)
�� 6 √︄(

1 − 𝑡min 𝜉2

𝑡min − 𝑡

)
𝑞(𝑥in; 𝜇2) 𝑞(𝑥out; 𝜇2)

1 − 𝜉2
,

��𝐸𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2)�� 6 2𝑀
√
𝑡min − 𝑡

√︃
𝑞(𝑥in; 𝜇2) 𝑞(𝑥out; 𝜇2). (23)

It is clear that these positivity constraints can place significant constraints on the SGPDs, and could therefore play an important
role in a global analysis of DVCS data to infer the GPDs. While this is an attractive method of constraining the SGPDs, it is
important to note that these inequalities can be violated by regularization and renormalization effects in QCD [61].

V. SHADOW GPDS AND PHENOMENOLOGY

A driving motivation for DVCS experiments and the extraction of GPDs from this data is to determine key properties of the
nucleon. An important example is the quark and gluon total angular momentum, which is related to the second moments of the
helicity-independent GPDs by the Ji sum rule [9]:

𝐽𝑎 (𝜇2) = 1
2

∫ 1

−1
d𝑥 𝑥

[
𝐻𝑎 (𝑥, 0, 0; 𝜇2) + 𝐸𝑎 (𝑥, 0, 0; 𝜇2)

]
=
1
2
[
𝐴𝑎 (0, 𝜇2) + 𝐵𝑎 (0, 𝜇2)

]
, (24)

where 12 =
∑

𝑎 𝐽𝑎 (𝜇2), and 𝐴𝑎 (𝑡, 𝜇2) and 𝐵𝑎 (𝑡, 𝜇2) are the gravitational form factors defined in Eqs. (8) and (9). In light of the
discussion in the previous section, where simulated CFF data with 1% errors were used to put constraints on the SGPDs, we
can take these results and infer the impact of SGPDs on determining the 𝑢-quark contribution to the Ji sum rule. The SGPDs
for 𝐻𝑎 (𝑥, 0, 0; 𝜇2) vanish in the forward limit and therefore do not contribute to the Ji sum rule, where 𝐴𝑎 (0, 𝜇2) is completely
determined by the parton momentum fractions which are obtained from the collinear PDFs. However, the SGPDs for 𝐸𝑎 (𝑥, 0, 0; 𝜇2)
are of type B and do not necessarily vanish in the forward limit and will impact the Ji sum rule. Taking our results for the true and
shadow GPDs we find that 𝐴𝑢 (0, 𝜇20) = 0.389 and 𝐵

𝑢 (0, 𝜇20) = 0.219 ± 0.009, where the momentum fraction has no error from
the SGPDs because they vanish in the forward limit, while the error in 𝐵𝑎 (0, 𝜇20) is associated with the contribution of 𝛿𝐸𝑆 [see
Eq. (22)] to the second moment of the 𝐸𝑎 GPDs from the type B SGPDs. We therefore find that with accurate data over a wide
range of 𝜉 and 𝑄2 it is possible to sufficiently constrain the SGPDs for an accurate determination of the Ji sum rule.
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The pressure and shear force distributions within the nucleon are also of great interest. These mechanical properties of the
nucleon can be obtained from the 𝐶𝑎 (𝑡, 𝜇2) gravitational form factors which are associated with the 𝜉2 term from the second
moment of both the 𝐻𝑎 and 𝐸𝑎 helicity-independent GPDs [see Eq. (8)]. As discussed in Sec. III and App. A, these form factors
come entirely from the D-term of the GPDs. The D-term can be uniquely extracted from the subtraction constant in the dispersion
relation [see Eq. (A9)] [38] which implies that a SGPD associated with the D-term can be completely constrained. Therefore
SGPDs should not contribute to the pressure and shear stress distributions.
The GPDs provide a 3-dimensional spatial tomography of the nucleon, which is obtained by taking the 2-dimensional Fourier

transform in the transverse plane of the GPDs at zero skewness (𝜉 = 0). This procedure gives the impact-parameter dependent
PDFs [62]. To perform this Fourier transform accurate knowledge of the 𝑡 dependence of the GPDs is required at 𝜉 = 0. However,
𝑡-dependent data at 𝜉 = 0 is not experimentally accessible, so one has to extract the 𝑡 dependence from data at nonzero skewness
and extrapolate to 𝜉 = 0. The type A SGPDs vanish when 𝜉 = 0, and our analysis in Sec. IV also shows that these SGPDs can
be very well constrained at small 𝜉 . Therefore, the impact of type A SGPD on nucleon tomography would be minimal if CFF
data over a large 𝜉 and 𝑄2 range can be obtained. The type B SGPDs can also be well constrained for small 𝜉 and small 𝑥 (see
bottom panels of Fig. 5). On the other hand, at higher 𝑥 these type B SGPDs are not well constrained, and their impact on nucleon
tomography could be substantial. This scenario will need to be explored in a more complete global analysis of real and simulated
CFFs. In addition, it is necessary to explore SGPDs whose 𝑥 , 𝜉 , and 𝑡 dependence is not separable. If the 𝑡 dependence of these
SGPDs in the limit 𝜉 → 0 is substantially different from that of the true GPD, they would have a significant impact on nucleon
tomography. A quantitative analysis of the potential impact of SGPDs on tomography requires a thorough exploration of the
possible 𝑡-dependencies of SGPDs.

VI. CONCLUSION

We have explored the ability of QCD evolution to help limit the size of some example SGPDs when constrained by simulated
CFF data over a large range in 𝜉 and𝑄2. This was achieved by comparing the sample CFFs obtained from a Monte Carlo sampling
of linear combinations of three example SGPDs, to the simulated CFFs obtained from VGG model GPDs that are used as a proxy
for the “true” GPDs. We separately conduct this analysis for both type A and type B SGPDs, where for type A SGPDs the forward
limit constraint is imposed via the skewness dependence and the 𝑡 dependence of type B SGPDs ensures the correct forward
limit. This study demonstrates that evolution can provide important constraints on at least the class of SGPDs represented by this
sampling. Specifically, for type A SGPDs having data at large skewness leads to these SGPDs being very well constrained at
smaller values of 𝜉 over the full range of 𝑥 . We also find that such a level of constraint for type A SGPDs is not reliant on a very
large lever arm in 𝑄2, with the data up to 𝑄2 ' 20GeV2 proving to be sufficient. For type B SGPDs we find that having data at
larger values of 𝜉 only leads to these SGPDs being well constrained in the region where both 𝜉 and 𝑥 are small.
These findings are independent of the proxy model used for the “true” GPDs because the results are driven by the skewness

dependence of the SGPDs not the features of the proxy model. However, it is important to note that we have only conducted an
analysis of a small representation of all possible SGPDs. While we have seen the potential of QCD evolution to constrain the class
of SGPD under study, we currently cannot conclude that this is true for all SGPDs. We have therefore demonstrated that QCD
evolution is a necessary but potentially not a sufficient means of constraining SGPD. A path forward would be to use more flexible
parametrizations for the GPDs, coupled with simulated CFF data over a large range in 𝜉 and 𝑄2, and perform closure tests that
provide robust uncertainty quantification.
We also explored the potential impact SGPDs could have on extracting information on key physical properties of the nucleon,

such as the total quark and gluon angular momentum, and the pressure and shear force distributions. We find that shadow 𝐻 GPDs
are not relevant to the total angular momentum because of the forward limit constraint. However, shadow 𝐸 GPDs could lead to
significant contributions which depend on the uncertainty of the data and kinematics covered. SGPDs would not contribute to the
determination of pressure and shear force distributions, because it is argued that the D-term can be uniquely determined from the
subtraction constant in the CFF dispersion relation. We find the type A SGPDs would not have a significant impact on nucleon
spatial tomography provided that data is available at large enough 𝜉 to impose adequate constraint in the small 𝜉 region. This
remains true for the type B SGPDs in the region of small 𝑥 . But the lack of constraint at small 𝜉 and large 𝑥 would lead to a
significant impact on tomography in that region. A more quantitative analysis of the potential impact of SGPDs on tomography
would require a detailed exploration of the possible 𝑡 dependence of SGPDs.
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A. COMPTON FORM FACTORS, HARD-SCATTERING COEFFICIENTS, AND THE D-TERM

When QCD factorization theorems apply, CFFs can be expressed as convolutions of hard-scattering coefficient functions with
the GPDs, as expressed in Eq. (1). At leading order (LO) in 𝛼𝑠 , the coefficient functions associated with the helicity-independent
(𝐻𝑎, 𝐸𝑎) and helicity-dependent (𝐻̃𝑎, 𝐸𝑎) GPDs are given by [63]

𝐶
𝑞

0 (𝑥, 𝜉,𝑄
2, 𝜇2) = −𝑒2𝑞

(
1

𝜉 − 𝑥 + 𝑖𝜀 − 1
𝜉 + 𝑥 − 𝑖𝜀

)
, 𝐶

𝑔

0 (𝑥, 𝜉,𝑄
2, 𝜇2) = 0, (A1)

𝐶
𝑞

0 (𝑥, 𝜉,𝑄
2, 𝜇2) = −𝑒2𝑞

(
1

𝜉 − 𝑥 + 𝑖𝜀 + 1
𝜉 + 𝑥 − 𝑖𝜀

)
, 𝐶

𝑔

0 (𝑥, 𝜉,𝑄
2, 𝜇2) = 0. (A2)

where 𝑒𝑞 is the quark electric charge and we see that the gluon GPD does not contribute to the CFFs at LO. The next-to-leading
order (NLO) coefficient functions read [63–69]

𝐶
𝑞

1 (𝑥, 𝜉,𝑄
2, 𝜇2) =

𝛼𝑠 𝑒
2
𝑞 𝐶𝐹

4𝜋
[
𝑐
𝑞

1 (𝑥, 𝜉) − 𝑐
𝑞

1 (−𝑥, 𝜉)
]
, 𝐶

𝑔

1 (𝑥, 𝜉,𝑄
2, 𝜇2) =

𝛼𝑠
∑
𝑒2𝑞 𝑇𝐹

4𝜋
[
𝑐
𝑔

1 (𝑥, 𝜉) − 𝑐
𝑔

1 (−𝑥, 𝜉)
]
, (A3)

𝐶
𝑞

1 (𝑥, 𝜉,𝑄
2, 𝜇2) =

𝛼𝑠 𝑒
2
𝑞 𝐶𝐹

4𝜋
[
𝑐
𝑞

1 (𝑥, 𝜉) + 𝑐
𝑞

1 (−𝑥, 𝜉)
]
, 𝐶

𝑔

1 (𝑥, 𝜉,𝑄
2, 𝜇2) =

𝛼𝑠
∑
𝑒2𝑞 𝑇𝐹

4𝜋
[
𝑐
𝑔

1 (𝑥, 𝜉) + 𝑐
𝑔

1 (−𝑥, 𝜉)
]
, (A4)

where

𝑐
𝑞

1 =
1

𝑥 + 𝜉 − 𝑖𝜀

[
9 − 3𝑥 + 𝜉

𝑥 − 𝜉
ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− ln2

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− ln

(
𝑄2

𝜇2

) (
3 + 2 ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

))]
, (A5)

𝑐
𝑞

1 =
1

𝑥 + 𝜉 − 𝑖𝜀

[
9 − 𝑥 + 𝜉

𝑥 − 𝜉
ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− ln2

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− ln

(
𝑄2

𝜇2

) (
3 + 2 ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

))]
, (A6)

𝑐
𝑔

1 =
𝑥

(𝑥 + 𝜉 − 𝑖𝜀) (𝑥 − 𝜉 + 𝑖𝜀)

[
2
𝑥 + 3𝜉
𝑥 − 𝜉

ln
(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− 𝑥 + 𝜉

𝑥 − 𝜉
ln2

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
− ln

(
𝑄2

𝜇2

)
2
𝑥 + 𝜉

𝑥 − 𝜉
ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)]
, (A7)

𝑐
𝑔

1 =
𝑥

(𝑥 + 𝜉 − 𝑖𝜀) (𝑥 − 𝜉 + 𝑖𝜀)

[
−23𝑥 + 𝜉

𝑥 − 𝜉
ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
+ 𝑥 + 𝜉

𝑥 − 𝜉
ln2

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)
+ ln

(
𝑄2

𝜇2

)
2
𝑥 + 𝜉

𝑥 − 𝜉
ln

(
𝑥 + 𝜉

2𝜉
− 𝑖𝜀

)]
. (A8)

We see that the𝐶𝑎 are anti-symmetric in 𝑥 , and therefore only the anti-symmetric quark singlet and gluon combinations of 𝐻𝑎 and
𝐸𝑎 give nonzero contributions to the CFFs. Similarly, the 𝐶𝑎 are symmetric in 𝑥 so that only the symmetric quark non-singlet and
gluon combinations of 𝐻̃𝑎 and 𝐸𝑎 give nonzero contributions to the associated CFFs.
CFFs are complex-valued functions where the real and imaginary parts obey dispersion relations [59, 60]. A LO example reads

ReF (𝜉, 𝑡,𝑄2) =
∫ 1

−1

d𝜉 ′

𝜋
ImF (𝜉 ′, 𝑡,𝑄2)

(
1

𝜉 − 𝜉 ′
− 1
𝜉 + 𝜉 ′

)
± 𝑆 (𝑡,𝑄2), (A9)

where F = H , E, and the plus sign is for the CFFH . Therefore, the subtraction constant 𝑆 (𝑡,𝑄2) is the same forH and E up to
an overall sign. This real-valued subtraction constant is related to the D-term contribution to the GPDs:

𝑆 (𝑡,𝑄2) = 2
∫ 1

−1
d𝛼

𝐷 (𝛼, 𝑡,𝑄2)
1 − 𝛼

. (A10)

This dispersion relation implies that the D-term can be directly determined from CFF data, which justifies excluding the D-term in
our SGPDs.
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B. GPD POLYNOMIALITY RELATIONS

A remarkable property of GPDs is known as polynomiality, which means that the Mellin moments of the GPDs are even
polynomials in 𝜉 . For the nucleon GPDs, polynomiality states that moments of the quark and gluon GPDs satisfy [13]∫ 1

−1
d𝑥 𝑥𝑠𝐻𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =

𝑠∑︁
𝑖=0 (even)

(2𝜉)𝑖 𝐴𝑎
𝑠+1,𝑖 (𝑡, 𝜇

2) +mod(𝑠, 2) (2𝜉)𝑠+1𝐶𝑎
𝑠+1 (𝑡, 𝜇

2), (B1a)∫ 1

−1
d𝑥 𝑥𝑠𝐸𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =

𝑠∑︁
𝑖=0 (even)

(2𝜉)𝑖 𝐵𝑎𝑠+1,𝑖 (𝑡, 𝜇
2) −mod(𝑠, 2) (2𝜉)𝑠+1𝐶𝑎

𝑠+1 (𝑡, 𝜇
2), (B1b)∫ 1

−1
d𝑥 𝑥𝑠𝐻̃𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =

𝑠∑︁
𝑖=0 (even)

(2𝜉)𝑖 𝐴̃𝑎
𝑠+1,𝑖 (𝑡, 𝜇

2), (B1c)∫ 1

−1
d𝑥 𝑥𝑠𝐸𝑎 (𝑥, 𝜉, 𝑡 ; 𝜇2) =

𝑠∑︁
𝑖=0 (even)

(2𝜉)𝑖 𝐵̃𝑎𝑠+1,𝑖 (𝑡, 𝜇
2), (B1d)

where mod(𝑠, 2) gives 1 if 𝑠 is odd and zero otherwise. Note, because we use the Ji definition of the gluon GPDs, the polynomiality
relations for the quarks and gluons take the same form. The quark and gluon total angular momentum is related to the second
moments of the GPDs by the Ji sum rule [9]:

𝐽𝑎 (𝜇2) = 1
2
[
𝐴𝑎
20 (0, 𝜇

2) + 𝐵𝑎20 (0, 𝜇
2)
]
=
1
2

∫ 1

−1
d𝑥 𝑥

[
𝐻𝑎 (𝑥, 0, 0; 𝜇2) + 𝐸𝑎 (𝑥, 0, 0; 𝜇2)

]
, (B2)

where 𝐴𝑎
20 and 𝐵

𝑎
20 are the 𝑠 = 1, 𝑖 = 0 terms from Eqs. (B1a) and (B1b). For completeness, we include the definition for the

leading-twist quark and gluon helicity-dependent GPDs for a spin-half target:

𝑃 · 𝑛
∫
d𝜆
2𝜋

𝑒𝑖𝑥𝑃 ·𝑛𝜆
〈
𝑝 ′ ��𝜓𝑞 (− 12𝜆𝑛) /𝑛𝛾5𝜓

𝑞 ( 12𝜆𝑛)
�� 𝑝〉 = 𝑢 (𝑝 ′)

[
𝐻̃𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2) /𝑛𝛾5 + 𝐸𝑞 (𝑥, 𝜉, 𝑡 ; 𝜇2) Δ · 𝑛𝛾5

2𝑀

]
𝑢 (𝑝), (B3)

−𝑖 𝑛𝜇𝑛𝜈
∫
d𝜆
2𝜋

𝑒𝑖𝑥𝑃 ·𝑛𝜆
〈
𝑝 ′ ��𝐺𝜇𝛼 (− 12𝜆𝑛) 𝐺̃𝛼

𝜈 ( 12𝜆𝑛)
�� 𝑝〉 = 𝑢 (𝑝 ′)

[
𝑥 𝐻̃𝑔 (𝑥, 𝜉, 𝑡 ; 𝜇2) /𝑛𝛾5 + 𝑥 𝐸𝑔 (𝑥, 𝜉, 𝑡 ; 𝜇2) Δ · 𝑛𝛾5

2𝑀

]
𝑢 (𝑝), (B4)

where the gluon dual field strength tensor is given by 𝐺̃𝜇𝜈 = 1
2𝜀

𝜇𝜈𝛼𝛽𝐺𝛼𝛽 . We again use the Ji convention [27] for the gluon GPDs,
which differs from the Diehl convention [13] by 𝐹𝑔Diehl = 2𝑥 𝐹

𝑔

Ji.

C. QCD EVOLUTION OF GPDS

We compute the LO evolution of the helicity-independent GPDs following Ref. [10]. For the quark non-singlet GPDs
𝐹
𝑞

NS = 𝐹𝑞 (𝑥, 𝜉, 𝑡) + 𝐹𝑞 (−𝑥, 𝜉, 𝑡), when 𝑥 > 𝜉 the evolution is given by

d𝐹𝑞NS (𝑥, 𝜉, 𝑡 ; 𝜇
2)

d ln 𝜇2
=
𝛼𝑠 (𝜇2)
2𝜋

[(
3
2
+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐹 𝐹

𝑞

NS (𝑥, 𝜉, 𝑡 ; 𝜇
2) +

∫ 1

𝑥

d𝑦
𝑦

𝑃𝑞𝑞

(
𝑥

𝑦
,
𝜉

𝑦

)
𝐹
𝑞

NS (𝑦, 𝜉, 𝑡 ; 𝜇
2)
]
, (C1)

where 𝐹 = 𝐻, 𝐸, 𝐶𝐹 = 4/3, and the splitting function 𝑃𝑞𝑞 at LO is given by

𝑃𝑞𝑞 (𝑥, 𝜉) = 𝐶𝐹

𝑥2 + 1 − 2𝜉2
(1 − 𝑥) (1 − 𝜉2)

. (C2)

In the region 𝑥 6 −𝜉 , the evolution is given by Eq. (C1) with the replacement of
∫ 1
𝑥

→ −
∫ 𝑥

−1. Finally, in the region −𝜉 6 𝑥 6 𝜉

the non-singlet evolution equation is

d𝐹𝑞NS (𝑥, 𝜉, 𝑡 ; 𝜇
2)

d ln 𝜇2
=
𝛼𝑠 (𝜇2)
2𝜋

[(
3
2
+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐹 𝐹

𝑞

NS (𝑥, 𝜉, 𝑡 ; 𝜇
2)

+
[∫ 1

𝑥

d𝑦
𝑦

𝑃 ′
𝑞𝑞

(
𝑥

𝑦
,
𝜉

𝑦

)
−
∫ 𝑥

−1

d𝑦
𝑦

𝑃 ′
𝑞𝑞

(
𝑥

𝑦
,− 𝜉

𝑦

)]
𝐹
𝑞

NS (𝑦, 𝜉, 𝑡 ; 𝜇
2)
]
, (C3)

where

𝑃 ′
𝑞𝑞 (𝑥, 𝜉) = 𝐶𝐹

𝑥 + 𝜉

𝜉 (1 + 𝜉)

(
1 + 𝜉

1 − 𝑥

)
. (C4)
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The quark singlet [𝐹S = ∑
𝑞 𝐹

𝑞 (+) , where 𝐹𝑞 (+) = 𝐹𝑞 (𝑥, 𝜉, 𝑡) − 𝐹𝑞 (−𝑥, 𝜉, 𝑡)] and gluon GPDs mix under evolution, and when 𝑥 > 𝜉

their evolution is given by

d𝐹S (𝑥, 𝜉, 𝑡 ; 𝜇2)
d ln 𝜇2

=
𝛼𝑠 (𝜇2)
2𝜋

[(
3
2
+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐹 𝐹

S (𝑥, 𝜉, 𝑡 ; 𝜇2)

+
∫ 1

𝑥

d𝑦
𝑦

𝑃𝑞𝑞

(
𝑥

𝑦
,
𝜉

𝑦

)
𝐹S (𝑦, 𝜉, 𝑡 ; 𝜇2) + 2𝑛𝑓

∫ 1

𝑥

d𝑦
𝑦

𝑃𝑞𝑔

(
𝑥

𝑦
,
𝜉

𝑦

)
𝐹 g (𝑦, 𝜉, 𝑡 ; 𝜇2)

]
, (C5)

d𝐹 g (𝑥, 𝜉, 𝑡 ; 𝜇2)
d ln 𝜇2

=
𝛼𝑠 (𝜇2)
2𝜋

[(
11
6

−
𝑛𝑓

3𝐶𝐴

+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐴 𝐹 g (𝑥, 𝜉, 𝑡 ; 𝜇2)

+ 1
2

∫ 1

𝑥

d𝑦
𝑦

𝑃𝑔𝑞

(
𝑥

𝑦
,
𝜉

𝑦

) [
𝐹S (𝑦, 𝜉, 𝑡 ; 𝜇2) − 𝐹S (−𝑦, 𝜉, 𝑡 ; 𝜇2)

]
+
∫ 1

𝑥

d𝑦
𝑦

𝑃𝑔𝑔

(
𝑥

𝑦
,
𝜉

𝑦

)
𝐹 g (𝑦, 𝜉, 𝑡 ; 𝜇2)

]
, (C6)

with 𝑛𝑓 the number of active quark flavors and 𝐶𝐴 = 3. The additional splitting functions are

𝑃𝑞𝑔 (𝑥, 𝜉) = 𝑇𝐹
𝑥2 + (1 − 𝑥)2 − 𝜉2

(1 − 𝜉2)2
, (C7a)

𝑃𝑔𝑞 (𝑥, 𝜉) = 𝐶𝐹

1 + (1 − 𝑥)2 − 𝜉2

𝑥 (1 − 𝜉2)
, (C7b)

𝑃𝑔𝑔 (𝑥, 𝜉) = 𝐶𝐴

𝑥2 − 𝜉2

𝑥 (1 − 𝜉2)2

[
1 + 2(1 − 𝑥) (1 + 𝑥2)

𝑥2 − 𝜉2
+ 1 + 𝑥 − 2𝜉2

1 − 𝑥

]
, (C7c)

where 𝑇𝐹 = 1/2. When 𝑥 6 −𝜉 the quark singlet and gluon GPD evolution is given by the replacement of
∫ 1
𝑥

→ −
∫ 𝑥

−1 in
Eqs. (C5) and (C6). In the region |𝑥 | 6 𝜉 , the quark singlet and gluon GPD evolution equations are

d𝐹S (𝑥, 𝜉, 𝑡 ; 𝜇2)
d ln 𝜇2

=
𝛼𝑠 (𝜇2)
2𝜋

[(
3
2
+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐹 𝐹

S (𝑥, 𝜉, 𝑡 ; 𝜇2)

+
[∫ 1

𝑥

d𝑦
𝑦

𝑃 ′
𝑞𝑞

(
𝑥

𝑦
,
𝜉

𝑦

)
−
∫ 𝑥

−1

d𝑦
𝑦

𝑃 ′
𝑞𝑞

(
𝑥

𝑦
,− 𝜉

𝑦

)]
𝐹S (𝑦, 𝜉, 𝑡 ; 𝜇2)

+ 2𝑛𝑓

[∫ 1

𝑥

d𝑦
𝑦

𝑃 ′
𝑞𝑔

(
𝑥

𝑦
,
𝜉

𝑦

)
−
∫ 𝑥

−1

d𝑦
𝑦

𝑃 ′
𝑞𝑔

(
𝑥

𝑦
,− 𝜉

𝑦

)]
𝐹 g (𝑦, 𝜉, 𝑡 ; 𝜇2)

]
, (C8)

d𝐹 g (𝑥, 𝜉, 𝑡 ; 𝜇2)
d ln 𝜇2

=
𝛼𝑠 (𝜇2)
2𝜋

[(
11
6

−
𝑛𝑓

3𝐶𝐴

+
∫ 𝑥

𝜉

d𝑦
𝑦 − 𝑥

+
∫ 𝑥

−𝜉

d𝑦
𝑦 − 𝑥

)
𝐶𝐴 𝐹 g (𝑥, 𝜉, 𝑡 ; 𝜇2)

+ 1
2

[∫ 1

𝑥

d𝑦
𝑦

𝑃 ′
𝑔𝑞

(
𝑥

𝑦
,
𝜉

𝑦

)
−
∫ 𝑥

−1

d𝑦
𝑦

𝑃 ′
𝑔𝑞

(
𝑥

𝑦
,− 𝜉

𝑦

)] [
𝐹S (𝑦, 𝜉, 𝑡 ; 𝜇2) − 𝐹S (−𝑦, 𝜉, 𝑡 ; 𝜇2)

]
+
[∫ 1

𝑥

d𝑦
𝑦

𝑃 ′
𝑔𝑔

(
𝑥

𝑦
,
𝜉

𝑦

)
−
∫ 𝑥

−1

d𝑦
𝑦

𝑃 ′
𝑔𝑔

(
𝑥

𝑦
,− 𝜉

𝑦

)]
𝐹 g (𝑦, 𝜉, 𝑡 ; 𝜇2)

]
, (C9)

where

𝑃 ′
𝑞𝑔 (𝑥, 𝜉) = 𝑇𝐹

(𝑥 + 𝜉) (1 − 2𝑥 + 𝜉)
𝜉 (1 + 𝜉) (1 − 𝜉2)

, (C10a)

𝑃 ′
𝑔𝑞 (𝑥, 𝜉) = 𝐶𝐹

(𝑥 + 𝜉) (2 − 𝑥 + 𝜉)
𝑥𝜉 (1 + 𝜉) , (C10b)

𝑃 ′
𝑔𝑔 (𝑥, 𝜉) = −𝐶𝐴

𝑥2 − 𝜉2

𝑥𝜉 (1 − 𝜉2)

[
1 − 𝜉

1 − 𝑥
− 2(1 + 𝑥2)

(1 + 𝜉) (𝑥 − 𝜉)

]
. (C10c)

To calculate the evolution in our analysis, we have implemented these expressions and utilized the technique developed by Vinnikov
[30] to make these calculations numerically more efficient.
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